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¢-BETA INTEGRALS AND
THE ¢-HERMITE POLYNOMIALS

W. A. AL-SALAM AND MouraD E. H. IsmaIL*

The continuous g-Hermite polynomials are used to give a new proof
of a g-beta integral which is an extension of the Askey-Wilson inte-
gral. Multilinear generating functions, some due to Carlitz, are also
established.

1. Introduction. Let ¢ € (—1, 1) and define the g-shifted factorials
by

(a)o=(a;q) =1,
A =(a:q)n=(1-a)(l—aq)---(1 —ag"™"), n=1,2,...,

(@)oo = (4;¢)0 = H(I - aqk)

k=0
Basic hypergeometric series are defined by
_ a1, a2, ... 8,41
ret®r(@, @2, a0 300, b, ... by 2) =r+l¢r[ b b ; Z]
1: 2 Uy

_ = (an)n(@2}n--(@redn _p
-Z (@)n(b1)n - (br)n z

The continuous g-Hermite polynomials {H,(x|q)} are given by

(1.1) Hy(cos8lq) = Z mhe:(n—zkw

(see [2]). Their orthogonality [2, 3] is
(1) [ w(®)Hin(cos la) Hn(cos Bla)d6 = (¢:0)ndum

where

(1.3) w(6) = (‘2:“’ (€30) oo (e™20)
Rogers also introduced the continuous g-ultraspherical polynomials

{Cul(x; Blq)} generated by
(1.4) >~ Culcos6; Blg)t" =

n=0

(Btem)oo(ﬂfe_m)oo

(te?)oo(te= )

209
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whose weight function was found recently {8, 9]. It is casy 1o see that

(L.5) Cn(x;0|q) = Ha(x]g)/(q)n.

Rogers solved the connection coefficient problem of expressing
Cy(x; B|g) in terms of C,(x;y|g) a consequence of which we get

WZ] k gkk=1)/2

k=0

n-26(x(q).

Rogers evaluated explicitly the coefficients in the linearization of prod-
ucts of two g-Hermite polynomials. He proved

mxin{n,m)

(17) Hu(x|9)Ha(x|l) = )
k=0

(@)m(q)n
(DD n-1(@m-k

H,ynok(Xlq),

which can be iterated to obtain the sum

(1.8) Hi(x|q)Hn(x|q)Hn(x|q)
Y (DD ( DD msn—2r
(q m—r(Q)n—r(Q)r(Q)k—s(q)m-l-n—Zr—s(Q)s

X Hy ymn-2r-25(X(q)-

We shall also need the formula
(19) EmdDe, (x; plg)
-3 (= B)eghktk-12(g), .
@ @@ (@2t

Hpyyn—2k-27(x|q),

which follows from (1.6) and (1.7).
We shall also use the polynomials

(Q)n k
hn(xia) = Z DD

50 that
(1.10) Hy(cos8lg) = e h, (e~ |q).

It was shown in [1] and [14] that {4,(a|q)} arc moments of a discrete
distribution dy,(x), viz.,

(1.11) h,,(a|q)=/°° x"dya(x), n=0,1,2...,

—00
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where dy,(x) is a step function with jumps at the points x = g* and
x=ag* fork=0,1,2,... given by

k ky qk
Wdad") = 7 D@

_ q
(112) dvald") = T

where a < 0, 0 < g< 1.
Askey and Wilson [9] proved

(L13) @D [ (€Nl _ (01443800
2t Jo T (@je®)oo(aie™")ao I @a)e
1<j<4 1<ras<a

where |a,] < 1 for r =1, 2, 3, 4. They used this integral to prove the
orthogonality of what is now known as the Askey-Wilson polynomials.

Ismail and Stanton [15] observed that the left hand side of (1,13} is
a generating function of the integral of the product of four g-Hermite
polynomials times the weight function w(&). They used this obser-
vation, combined with (1.8) and (1.3), to give a new proof of (1.13).
Other analytic proofs of (1.13) can be found in [6] and [18]. Further-
more a combinatorial derivation of {1.13) is given in [16].

Nasrallah and Rahman [17] proved the following generalization of
(1.13).

THEOREM (NASRALLAH AND RAHMAN). If |a;| < 1, j=1,2,3,4,5
and |g| < 1 then

. (Aase”)oo{dase”")eo
1.14 e : d6
.14 [ e T (@re®)maree
1<k<s
_ {@18384a5) (81828384 )00 (A305) 00 { AQu @5 )0 {421 @5 )0 (2285) oo
(Aaia3a4as}00 H {@id))oo

1€i<j<5

-1
% gWaldaazaaasq ;Aaslaz, A, d1ay, 4144, a;“dldzdj).

where

) _ aqva,—gva,b,c,d. e, f
sWila;b,c.d, e, [|z) = g¢7 V@, —a. qalb, qajc, qald, qale, qa) f z].
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Rahman [19] observed that the g¢; in (1.14) can be summed when
A = ayayazas. In this case we have

(1.15) /n w(d) (ala2a3a4a5ei9)?o(ala2a3aéa5e—i9)md6
0 ],—,[ (akehg)oo (ake“e)oo

1gk<s
ﬁ (01020304({5)
k=1 a" %0
[T @ape
1<k< <5

Askey [7] gave an elementary proof of (1.15) by showing that the two
sides of (1.15) satisfy the same functional equation.

The main purpose of this paper is to prove (1.14) and (1.15) us-
ing different techniques that are based on the orthogonality and some
multilinear generating functions for the g-Hermite polynomials. This
shall be done in §3. In §2 we shall start by illustrating this technique
in rederiving some results of Carlitz on the g-Hermite polynomials
({(2.1) and (2.5)). We shall also obtain incidentally a transformation
formula for 3¢, functions. In §4 we derive a new multilinear gen-
erating function for the continuous ¢-Hermite polynomials. In the
process of deriving such a formula we prove a reduction formula for
the double series of the Kempe de Fériet type.

2. Generating functions. To illustrate our {echnique we begin by
deriving Carlitz [11] extension of Mehler formula

@1y §= Zhn(ﬂlq)hn+k(5|4)é;—
n=0 n

(abz%)oo £

" (oo (b7)0(02)a(@b7)s *

(@) (b2)r(ab2)r s
< (@)r(qx—r(abz2),

We begin by the generating function

_ 1
T {(2)eo(82)00

(2.2) 3 ho(alg)-
,g (9)n
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Multiply by z*, then replace z by xz and use (1.11). We get

Zh <a|q)hn+k(blq
={
_ 1 i
= Be@e@)e 2"5‘{ q H]
bk bz, abz

" (Ub)wtbz)w(abz)m”‘{ bq

z,az

q/b

qk+l]_

Now using a transformation formula of Sears [21] (see also [12])

(2.3) zqs.[“'cb }J, (8)oo( @/ ool 6/ @)eo(a2/@)00(a? [aZ) o

(€/@)oo(bq/C)oo(@/ @)oo (az/C)oo(gc/ @z )0

d

X 26, [qa/q'céﬁb/c

_ (@bz/¢)uol@/)e , [¢/a.cqfabz
T (@/a)wlaz/0)e 2¢1[ cqfaz bQ/c]
we get that the left hand side of (2.1) is
_ (abz%g%)oo q/bz,q'"% jabz?
S= et e (7]
By Heine’s transformation formula
B Blol@2)o , [v/B.2
24 [ ’ ] (Poo(Z)oo 2‘?‘[ oz |P ]
we get that
_ (abz?g")oo(2) BF ,abz
S = (2)oo(@Z)oo{bZ)oo(@b2) 2¢)1[ gi=k/z b _]

Now by a transformation formula [12; ex 1.14(ii)]

(zfey

g7".b b{(c/b)n = (g™") (b)Y (q) 2)(—1)i g~ /U]
2¢][ | ] (€)n g (q);(bgt="/c);

we get the right hand side of (2.1).
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We next consider the sum

n Lk
(25)G=G(a,bx,y.z)=Y (q)my ‘

m,nk ka+k(alq)hn+k(b[q)

" k o0
—Z P ;’)j(q) Bk (bla) [ W gy )

”(zu)k
f (xu)mz(q)n(q)k ()

= f_oo i)es E} (q),.”’“’ |9)hr(2u/ v1g)dya(a).

Using the g-Mehler formula (formula (2.1) with £k = 0)

B 1 % (byzit)o0
Giab.x. 09 = Gy | e i

From (1.11) we get
(2.6) Gla,b.x,y,2)
_ (byz)oo s [
(o0 (Yoo (@)oo (X oo (2)o0 (0Z)o0 2

+ (abzy)oo
(3 )oo (Yoo (1/ @)oo (X )00 (@Z }oo (@D Z) 00

% 36 ax,az,abz
371 aq,abzy d
But Carlitz [11] showed that
2.7y Gla.b.x.y.z}

x,z, bz
g/a.bzy

d

_ (ax2)oo(bY2) o0 m[ X,y z bz].
('x)oo(ax)oo(y)oo(by)oo(z)oo(az)oo(bz)oo axz,byz
Although {2.6) and (2.7) are the same we shall nevertheless need to
use {2.6) for the representation of G(a, b, x, y, z). Equating & in (2.6)
and (2.7) we get the transformation formula
X,V z
x,z bz

axz, byz abz}
32 [fﬂa, bzy q]

_(axX)oo(@2) oo
T (@)oo(@XZ)eo
(abz1) o0 (X)oo(2)oo(DZ) 00
(62¥) oo (1/@)oo{@2) 00 (aXZ) 0

(2.8) m[

ax,az,abz
aq,abzy

]

3@52[
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An interesting special case of (2.8)isx =g " forn=0,1,2,.... We
-
be] = [0 02

get
(g/az)nz">"*| q/a, bzy ]

2, . 2
@9 el 20
which is due to Sears {20]. Formula (2.9} in turn implies Jackson’s
Theorem for the summation of a terminating balanced (Saalschiiltzian)
3¢, with argument g, viz.,

] _ {e/a)nlc/b)n

g " ab
(2.10) 3¢2[ = ()ulcfab),

c,abg!-"/c
Formula (2.8) can also be obtained as a limiting case of Bailey’s trans-
formation [12; (3.3.1)]

3. The g-beta integral. . We consider in this section the Nasrallah-
Rahman formula (1.14). We first consider the integral

] {i] —-if
(3.1) J= / w(§) A€ Jeol s oo 4o
0 IT (@e®)(ace™)o
1<k<5

We recall from (1.4) and (1.5) that

1
2 E n = . - ,
(3.2) o= OH COSQ'G’)( In (fe’e)oo(fe_la)oo

so that

J= Zfoxw(ﬂ){ f[H,,,(cosﬂq)a}"}
n; 1

H,,(cos8|q)
8 { (Q)m

We now linearize the quantities in braces using {1.7) and (1.9) respec-
tively, We get

Cn,(cos 0; ayazazas|q)ay as’ }dﬁ.

J = Z al a22a33a4 ass( A) ,{,-I}ﬁ(q}rx2+n3-—2k("4)ns—r
(@D HAD (Ds(@ik(@ny =l By =k (P, — (@I nyany =2k = 5 (@Ing =5 (@ ps~ 273

Hi K ES

Xj{; Hn4+n5—2r—2$(cosSIQ)Hnl+n2+n3—2;—1k(cos6|Q)w(6)d9-

We apply the orthogonality relation (1.2) and then shift the sum-
mation indices so that n;y — ny + j, my = m+k, m3—m+k, ng—
ng+s, ns— Rs+2r+s.
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We get

ay ™t apayayal () (asas) (- Aa3) g

/= @ DD DD D@D D

n ks

5 (q)n4+n5(Q)n;+n3(A)n5+r+s§

K N +R+ 13— Hy+Hs
(Q)ﬂz +n3—}

so that j = ny + n; + n3 — ng — ns.
Evaluating the sums over s and &

J=% 4™ (@12)"(a185)" (aafa1) ™ (as/1)" (~Aa}) 'V
(@) (2} (@)n, (@) (@) (@n(@)n,

(q)n“"'ﬂﬁ (Q)ﬂz +H3(A)n5+r (A 4as qr’HIs )oo
(@) narns—n,(A485)00(0203) 0

g r

X

The sum over r is

gag].

Apply Heine transformation (2.4) to the ,¢, in the above limit to
identify the r-sum as

y (q)r(4dasasq™), B 2| dagasqn

(Aqn’)oo(Aag)oo & aqas,0
(dasasq™)ee | Aal

Aq”’] .
We therefore get

{4445 )o0 (@203 )00
(A)oo(Aa3)oo
_ N 9(@13:)"(@1a3)" (a0 /1) (@s/@))"(AG"™)"
- P (@D ng+nyrns=ne=-ns{ D r(@n (@0, (D)0, (@) 5 (D) n
(q)ﬂd+ﬂs(4)ﬂz+n3(a4a5)r
(4)n4+n5—m(1‘13§)r
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Now set m =n4+ns, n =ny + 13, k=n4+ns —n;. Thus
(@4a5)00(2243) 00
33
) @ eo(daD
a2 e ay el ag (@) m()n(aads)r (Ag™Y
(DD k(@D n=ns( D= @D (D1 () r(Aa3),
ayay'a S Zk(aftaS)r (as r ) (aZ )
= A | —= h, | =
Z(G)r(Q)k(q V(@i (daZ), " a.? 19 ) n aslq
-y 4 atralaP A (asas)* (asas),
(@)r (q)m(Q)n(Aag)r(Q)k
X hn+k(az/a3|Q)hm+k(asqr/a4|Q)

a a
G —5q’, —2,01614.01(13,(13(14 .
dy as

Ar(atlaS)r
= (4):(4a3),
Using (2.6) for the value of G we get, after some simplifications,

H]<j<k<5(ajak)oo
(ala2a3a4)oo(ala2a3a4)oo(A)oo(Aas)oo
_ (@145)00{a285) 00 {4385 )0
T (@1828305)00(@5/24) o
E (a1a4) j{@2a4) j(a3as) ¢’ b [a4as,asq‘1/a4
(q){a1ara3a4);(qas/as); Aa?

(a1a4)00(a2a4)oo(a3a4)oo
(@122a304) {4/ a5)00
) (a1as) j(asas) {a2as) ;47 [q‘f. a4as
(@) (a13:a3a5);(qas/aq);° Aa?

_ (8185)0(@285)00(4385) 00 (A5 / @4)00( Adaa5 )0
(85/04) 00 (@1 320305) 00 (A2 Yoo (A) oo
a)144, 284, a384, A
X493 [qa4/as 41820304, A04as q]
(4104)00('512&4)00(&304)004 . [alas,azas»asas,/las/&a q]
(aa/as)o0(@1320384)00 Aas, qas/as, ayarazas ||
We now can use Bailey’s transformation of a very well-poised g, se-
ries in terms of two balanced 4¢3 series ([10; p. 69] and [12; (2.10.10}]).
In that transformation put ga = Aayayaqas, f = A, § = azay, h =
aay, d = Aasjas, e = a,a; we get the Nasrallah-Rahman formula
(1.14).

Aqf]

Aasq’
a4
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However if we choose

f=amas, g=wma; h=ama, qa=amaaas,
d = ayamasas /A, e = aas

we get

(3.4) J = (A24a5) 00 (aG/ Aaa1) 50 (2G/ G204 Yoo (2G] @124 )00 (@1 20385 ) 20 (A5 [ 24) 00
) (qa}oo I, < jcr <5(@it)oo

qa
x g7 | a;
87 ( asasA

, Qads, dady, T1dy, G3ayA E) .
aq
Formula (3.4) seems to be the more useful form of (1.14). In fact
if we put 4 = ag,ayazq, it then follows that ga = a4asA4 and in this
case the g5 in (3.4) becomes t and (1.15) follows immediately. In
contrast Askey [7] used the summation of a very well-poised ¢¢s to
show that in that case (1.14) reduces to (1.15).

4. Miscellaneous results. We next consider the integral

o1 (t)o(at ) 0 (2651 Joo (X52) oo

= {$1)00(52) 00 (51 Yoo (352 )00 S — 0o (xfl)oo(x£2)°°(xf3)oo(xt4)md'}‘/a(x)

and integrate it in two different ways. If we evaluate I directly using
{1.12) we get

7 = (@t)oo(@tr)00(at3) 00l @t4) o0 [fi-fz,t3,t4 q]
(@)oo (aS1 )oo(@52) 00 3| 51,52, q/a
(II)OO(IZ)OO(I3)OO(I4)OO {atl,at2,0t3,0t4
(@/@)0o(51)oo(52)00 a3 as,, asz, aq

q]-

Thus if we choose s| = 5; = g/a, a’f,t3t4 = ¢*, and use a transfor-
mation formula of Bailey [10, p. 69)]

(4.1) 1= sla)e(@hs)oo(alls) o(aN )0

Wiqja’; Lafat. b, 13, .
(@l2t30)o0 (@51 )oo (@S2)00 © afagfan. afan. b, 83, Llaty)




¢-BETA INTEGRALS AND THE ¢-HERMITE POLYNOMIALS 219
On the other hand if we first expand the integrand in 7 we get

(Sl)oo(sz)oo(asl)oo(asz)ool
Hj:l{(fj)oo(atj)oo}
— t?ltgztgjf?(sl/tl)n. (Sz/fz)nz e P+ + e
- nhm;_‘.m (q)m(‘i")nz(Q)m(Q)m ./:.oox dWa(X)
- 03 (1 t)n 82/ 02)n,
- N ,f;m,m (q)ﬂl(Q)nz(Q)ng (qu

— (51 /) (82/ E2)n, 4
B m%n2 (@)n, (@) (@) b (;4|q) Py mem(alq)

o~ dfan) |, [a7%. q/a,
_EE (@)m(@) 2¢'[ atyq—*

m+m+nyrn, (Q1G)

afl] {13/ 14| @) P i (alq).

Equating the two values of I we get
ek (g/aty) g%, q/at

42) S A2 [ » 4o

(*2) ~  (@Dmlak 21 atyq=*

- ('?/a)oo(Q/a)oo(42/‘3234)00(42/021’3)00(‘?2/“2{2)00(afl)oo
(92/@2)o0 [T}21 {(1)) o0l @t} o0}
x sWrlg/a®;q/aty, q/aty. 12, 15, ta|aty).

an]hmua/ruq)kmk(alq)

Since I is symmetric in ¢, and ¢, it follows from (4.1) that

(4.3) sWi(g/a%; q/at,, qfaty, by, by, ta|aty)
(aIZ)oo

= 22 Wi(g/a’; q/at, glats. 1y, 13, Ls|aty).
(atl)oo

Let us now reconsider the last step in the derivation in (3.3). Instead
of replacing the inside sum by (2.6) we use (2.7). The result is

- (A)oo{Aa}) 0o(@18304a5) 00 (3132830400 (3285 ) 0

J
[i<jck<s(@iai)o

A" (aqas)r(ar1as).(azas)r aia; , a\as , azdy r
Z 2 3 r dxdsq
~ (g)r(A4a5)-(a1aza44s), a1@3a4a5q" , 4, A20304
_ — (a1a4) (a1 a3) j(asas) f{azas)’ asas, azas, mas |
=2 32| 402 | 4g’ |-
7~ (9);(018304a5) /(41420344), Aas, ayazaqasq’
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We then transform the 3¢, using Hall’s formula [13]

ab,c _ (e/c)ooledfab)s dia,dib,c
3"*52[ de ¢ “bc] = Orted]abe) 3‘”[ d. dejab

we obtain, after some simplification, that

e/c]

7= (Aas5/3)00(A0385) 00 (1820304) 00 (@1 030485) 00 (3285)
ITi<jckss(@iti)oo
XZ (A)n{(@184)2(23a5)m(@183)m+n(@30) nem
et (@)n(@)m(@1020304)1(A0305) 4 n (01238445 ) i n
x (azas)"'(dasfaz)™.

If we compare this value for J with that in (3.4) we get a reduction
formula of a g-analog of a Kampé de Fériet type function to a single
very well-poised series. After some simple change of notation this can
be stated as

S (A)m{0)m(B)n(8)nem(P)m+n ﬁ " ﬁ "

@D 2. 2 @B lmem(AB e (%) (45)

_ (A0B[8)oa(B/8)ocl 6BN/3)co BRI Vo AB/ )
(@B1/8)oo( A0 BI87) o AP Mo B 67)cd

afy n of n
XSWT( qa ’A, 6 ’§’a’?|Aﬁ/?)
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