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VECTOR SINGULAR INTEGRAL
OPERATORS ON A LOCAL FIELD

SERGIO A. TOZONI

A theory of vector singular integral operators in the context of the
local fields, is established. Applications to maximal functions, a diag-
onal multiplier theorem of Mihlin-Hormander type and applications
to Besov and Hardy-Sobolev spaces are given.

Introduction. The theory of the vector singular operators with oper-
ator valued kernels on Euclidean space was treated systematically by
Rubio de Francia, Ruiz and Torrea [6] (see also Garcia-Cuerva and
Rubio de Francia [3]). On the other hand, the classical singular in-
tegral operators of the Calderén-Zygmund type on finite product of
local fields were considered by Phillips and Taibleson [5].

The goal of the present paper is to give a version for local fields of
some results of Francia-Ruiz-Torrea [6] that generalize from several
perspectives the quoted paper by Phillips-Taibleson.

The contents of the paper is as follows. We begin in §1 some basic
notations, definitions and results that we can find in [9]. In §2 we state
an inequality of Fefferman-Stein type and, we apply it to obtain an in-
terpolation theorem of Marcinkiewicz-Riviere type. The main results
are in §3 where we state the version of the integral singular operator
theorem given in [6], for local fields, giving also sequential extensions.
Next in §4 we obtain maximal inequalities of F. Z6 and Fefferman-
Stein type. A diagonal multiplier theorem of Mihlin-Hérmander type
(for the Euclidean case see Triebel [11]) that generalize the scalar mul-
tiplier theorem of Taibleson [8] is given in §5. Finally, in §6 we give ap-
plications of some results obtained in the foregoing sections to Besov
and Hardy-Sobolev spaces in local fields.

The extension of all results in this paper for a finite product of
local fields will be an immediate consequence of a M. H. Taibleson’s
theorem (see [10], pp. 548-549) which states that, if K is a local
field and d is an integer greater than 1, then K%e, the d-dimensional
vector space over K, has a field structure, as a local field, which is
compatible with the usual vector space norm of K¢ .

1. Preliminaries. A local field is any locally compact, non-discrete
and totally disconnected field. Let K be a fixed local field and dx a
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Haar measure of the additive group K* of K. The measure of the
measurable set 4 of K with respect to dx we denote for |4|. Let m
be the modular function for K*, that is, M(1)|4]| = [A4] for 1 € K
and A measurable. We also let |x| = m(x). The sets

D={xeK:|x|<1} and B={x€eK:|x|<1}

are the ring of integers of K and the unique maximal ideal of D,
respectively. Let g = p¢ (p prime) be the order of the finite field D/B
and 7 a fixed element of maximum absolute value of B. The Haar
measure dx is normalized such that |D| = 1 and thus |z| = |B|=¢~'.
We observe that dx/|x| is a Haar measure on the multiplicative group
K* of K. We let

BX = {x eK: |x| < g7}, k € z.

If B and R are two balls of K such that BNR # &, then B C R or
R C B, For each k € 7, there is only one sequence (B));ey of balls
with radius g* that is a partition of K. We fix a character y on K*
that is trivial on D but is non-trivial on B™! = {x € K: |x| < ¢g}. If
we take yx,(x) = x(x-p), then the mapping y — y, is a topological
isomorphism of K onto the group of characters of K*. The Fourier
transform of a function f € L'(K) is defined by

(1) flx) = / FOT0) dy,

and the inverse Fourier transform of a function f € L?(K) is defined
by

) FU(x) = / 1) dy.

We denote by S(K) the space of all finite linear combinations of
characteristic functions of balls of K. The space S(K) is an algebra
of continuous functions with compact support that is dense in L?(K),
1 < p < . We observe that the Fourier transform is a homeomor-
phism of S(K) onto S(K). The space S'(K) of continuous linear
functionals on S(K) is called the space of distributions. We will con-
sider S’(K) with the weak topology.

Let E be a Banach space. The space /*(E) is the set of all sequences
(cj)jez of elements of E, such that the sequence of its norms is in
[S. The space of the quasi-null sequences of elements of E, i.e. of
the sequences (c;) such that ¢; = 0 for |j| > N, for some N >0,



SINGULAR INTEGRAL ON LOCAL FIELDS 163

will be denoted by [§°(E). We denote by S(K, /§°) the space of the
quasi-null sequences of functions of S(K). The space S(K, [§°) is
dense in the space L7 (K, [*) for 1 <p,s < oo.

The space /[(E), for 1 <r < oo and s € R, will be the set of all
sequences (x;);>o of elements of E, such that

1Gx) 2001y = 1@ 1%)11) 2ol < 0.

The Hardy-Littlewood maximal function of f € L. (K, E) is de-
fined by

3) M) =supd [ flsdy.
kez ly—x|<q
The function M f(x) is measurable,
— 1 k
4) 11l = Jim ¢ [ W0y,
and
(5) /(e < Mf(x),

for almost all x € K. Moreover, M f is of the weak type (1, 1) and
of the strong type (p,p), 1 <p <oo.
For the details see [9].

2. The BMO(E) space.

2.1. DEerFINITION. Let f € L] (K, E). The sharp maximal func-
tion M?*f is defined by

MU f) =supd [ ) - )l dy,
kez [y—x|<q

where

i =d [ sy

2.2. DeriniTION. The space BMO(E) of the functions of bounded
mean oscillation is the set of the functions f € L! (K, E) such that

(1) 1Al = 1127 flloo < oo

2.3. REeMaARKks. (a) The application f — || f|« is a seminorm on
BMO(E) and | f||« = 0 if and only if f is constant. We consider
the space BMO(E) like a quotient space with respect to constant
functions. (b) We can prove that BMO(E) is a Banach space analo-
gously to the real case (see [4]). (c) We have L*(K, E) C BMO(E),
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L>*(K, E) # BMO(E) because the function f(x) = log|x| if x € K*
and f(0) =0 is in BMO(E) but is not in L®(K, F).

A classical inequality of Fefferman-Stein also holds in the local field
setting.

2.4. THEOREM. Let f € L. (K, E) such that Mf € L'(K) for
some r with 0 <r < oo. Then for every p with r < p < oo, there is
a constant C, depending only on p, such that

(1) 1M fllp < CollM* £

The proof of this theorem is an adaptation of the Euclidean case
(see [3], Chapter 2, Theorem 3.6). To obtain this adaptation we must
remember that the balls of K have the same properties of the dyadic
cubes. We do not need to take dilations of balls, the number 2 that
appears in the proof of [3] is the prime number ¢ here, and the func-
tions a(¢) and B(¢) that are considered in [3] are equal in this case.

2.5. REMARK. The inequality 2.4(1) is not true when p = co (see
2.3(c)).

As a consequence of the Fefferman-Stein inequality we obtain an
interpolation theorem of Marcinkiewicz-Riviere type, which will be
fundamental in the study of the singular integrals.

2.6. THEOREM. Let E and F be Banach spaces and let T be a
linear operator from L*®(K, E) into L°(K, F) such that, T has a
bounded extension from L' (K, E) into L"(K, F), for some r with
1<r<oo, and

(1) ITfll« < CllfllL=E)» feLXK, E).

Then T has a bounded extension from LP(K, E) into LP(K, F), for
all p with r<p < oo.

3. Singular integral operators.

3.1. DerINITION. Let £ and F be Banach spaces. A linear opera-
tor T defined on L°(K, E), the space of the E-valued L°°-functions
with compact support, with values in L%(K, F), the space of all F-
valued strongly measurable functions, is a singular integral operator
with an operator valued kernel, if the following two conditions are
fulfilled:

SIO 1. T has a bounded extension from L"(K, E) into L'(K, F),
for some r with 1 <r < 0.
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SIO 2. There is an operator valued kernel K, locally integrable
from K x K\A into L(E, F), such that

(1) Tf(x) = / K(x, v)f () dy,

forall fe€ L®(K, E) and for a.e. x ¢ supp f.

3.2. DEerINITION. Let T be a singular integral operator with a
kernel K. We say that K satisfies (H;) if

[ K - Kl pdx < C
x=y'[>ly=y'|
for all y #)', and we say that K satisfies (Hy,) if
’ ly =yl
(2) “K(x’y)_K(x’y)“L(E,F)Sclx_y,lz

for |x —y'| > |y —y'|. Moreover, we say that K satisfies (H)), for
r=1orr=o00,if K'(x,y)=K(y, x) satisfies (H,).

3.3. REMARK. The condition (H,) implies the condition (H;).
In fact, if [y —)'| = ¢/ and |x —y'| > |y — 3’|, then

dz
/ 1K (e, )= K66 Ple mdx =cq' [ A2
x=y'1>ly=»'| 212" |2
o0
dz - - -
=Cq' Y /lzl—q"'|_;|7 =Cq'(1-¢"H(1-gH7"
k=I[+1 =

Analogously, (H[,) implies (H]).
Now we are ready to state the main theorem.

3.4. THEOREM. Let T be a singular integral operator with kernel
K, which has a bounded extension from L'(K, F), for some r with
q <r<oo. The following hold:

(i) if K satisfies (Hy), then T is of weak type (1, 1) and of strong
type (p, p) for p with g <p <r;

(ii) if K satisfies (H|), then T is of strong type (L*, BMO)
and of strong type (p, p), for p with r <p < c©.

The proof of the above theorem is obtained like the Euclidean case
(see [3] or [6]). The crucial part uses a decomposition of the Calderén-
Zygmund type (see [9], Chapter 3, results 7.6 and 7.9). Thanks to
the decomposition it follows that 7 is of weak type (1, 1). The
Marcinkiewicz interpolation theorem then shows that 7 is of
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strong type (p,p), | < p <r. The proof that T is of strong type
(L°°, BMO) is similar to the Euclidean case. Finally, to conclude
that T is of strong type (p, p) for r < p < oo, we need the Marcin-
kiewicz-Riviere interpolation Theorem 2.6.

3.5. THEOREM. Let (T}) ez be a sequence of singular integral op-
erators uniformly bounded from L"(K, E) into L'(K, F), for some
r with 1 < r < oo. Suppose further that the sequence of associated
kernels (K;)jcz satisfies

(1) / sup |Kj(x, y) - Ki(x, V)oE rdx < C,
=y |1>ly=y'| J
y#Y,
and
(2) / , sup ||K;(x, y) = K;(x", Y, ,dy <C,
y—x'|<|x=x"| Jj
x #x.

Then, given p and s with 1 < p <oo and 1 <s < oo, there is a
constant A, s depending only on p, s, C and r, such that

(3) {x; Z 1T/l > ’ls} < Al,si~1[|(fj)j||L‘(1Y(E)>
J

and

@ KTl Ey < Ap sWUD il e ey » 1 <p<oo,

SJorall A>0 and f=(f;); € L®(K, I(E)). Moreover, the inequality
(4) can be extended for all f = (f;); € LP(K, IS(E)).

Proof. For each positive integer m, let T,, be the operator from
L (K, IS(E)) into LYK, [*(F)) defined by
(5) To(f); = (Tif))mej<m (f))j € L™K, (E)),

and let K,, be the kernel from K x K\A into L(/S(E), I*(F)) defined
by

(6)  Km(x,»)(a)); = (Kj(x, ¥)e)-msjsm>  (a;); € L(E).

We observe that the operators 7; are uniformly bounded from
LP(K,E) into [P(K,F) forall p, 1 < p < . Now, we fix
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s, 1 < s < oo. The operators T,, are uniformly bounded from
LK, IS(F)) into L*(K, /*(F)) and it is clear that

Tnh)0) = [ Rl 950, dy
for all (f}); € L®(K, I*(E)) and a.a. x ¢ supp(f;);. Since

1K (X, W ey p ey < |S|11p \K;i(x, MILE, F

then it follows by (1) and (2) that the kernel K,, verifies (H;) and
(H]). Therefore, by Theorem 3.4, for each p with 1 < p < oo, there
is a constant A4, ; depending only on p, s, C and r, such that

{ > ITif(x IIF>/1S}

lilsm

(7) < Ay ANy

and

8)  NTwU)illrewy < Ao slE) ey,  1<p<oo,

forall A >0 and f = (f)); € L>(K, [*(E)). Moreover, the inequality
(8) can be extended for all f = (f]) € LP(K, IS(E)). Then, letting
m — oo on both sides of the inequalities (7) and (8) we obtain (3)
and (4).

3.6. CoROLLARY. Let T be a singular integral operator with kernel
K satisfying (H,) and (Hj). Then, given p and s with 1 <p < o
and 1 < s < oo, there is a constant A, s depending only on p, s, C
and r, such that

(1) { ZIITJ} M >/15} < Ay AUy

and

(2) T )il ariry < Ap sl eyy » 1 <p<oo,

forall >0 and f=(f;); € L¥(K, I*(E)). Moreover, the inequality
(2) can be extended for all f = (f;); € LP(K*(E)).

3.7. REMARK. In our applications we shall consider singular in-
tegral operators of convolution type, that is, with kernels of the type
K(x,y)=K'(x—y) where K’ is locally integrable from K\{0} into
L(E, F).
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4. Applications to maximal functions.

4.1. DErFINITION. Let ¢ € L'(K) and for each ¢ € K*, let ¢,(x) =
|f| '@ (r~'x). The maximal operator M? is defined by

M“’f(X)=§l;Igl(¢z*f)(X)l, f € L2 (K).

The Euclidean version of the following theorem is due to F. Z6 (see
[6] or [12]).

4.2. THEOREM. Let ¢ € C.(K) such that

(1) / sup|p:(x —y) - p(x)|dx < C,  y #0.
Ix|>|y| ¢#0

Then, given p and s with 1 < p < oo and 1 < s < oo, thereis a
constant A, s depending only on p, s, C and |\¢||,, such that

) {x: SIM? f(x) > AS} < Ay 27N
J

and

(3) NM? f)ille sy < Ap,sI(F)illr ey » l1<p<oo,

SJorall A>0 and f = (f;); € L¥(K, I°). Moreover, the inequality (3)
can be extended for all f = (f;); € L’(K, [°).

Proof. Step 1. Owing to continuity of the function ¢ — (¢, * f)(x),
it is enough to calculate the supremum, in the definition of M¥?, on
a countable dense subset {f;};cy of K*, that is,

M?f(x) = Sl}p‘((ﬂt} * )(x)].

Consider the operators M,, defined by
My f(x)= sup |(p: * f)(x)|.
1<j<m

We have that M), f(x) 1 M? f(x) for all x € K. Therefore, obtaining
estimates for M7 f that do not depend on m, we shall be obtaining
also estimates for M7 f.

Step 2. For each positive integer m, let T,, be the linear operator
from L®(K) into LO(K, /*) defined by

(4) Tnf = (91, * icjsm, € LK),
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and let K, be the kernel (of convolution type) from K into L(C, [*®°)
defined by

(5) Km(X)A= (9, (0)D1<jam. AEC,

Since ||¢:||; = ||@||; for all ¢ # 0, we have

6)  NTmfllL=u>) =esssup sup (1, * )(x)]

<j<m

<esssup sup || fllolloe Il = llollill oo »
xeK 1<j<m

i.e., the operator T}, is bounded from L*(K) into L*(/*). On the
other hand, we have

/K 1Kn(lzic,mydx = [ sup oy (0]dx

K 1<j<m

> [ 1oyl dx = mipl < oo,

l<]<m

( /K 91 (x = y)f(¥) dy) <

= [0, =9I Orssemdy = [ Knx =9)f ) dy.

for all f € LX(K) and for ae. x ¢ suppf. Consequently T,
1s a singular integral operator of convolution type with kernel K, .
Moreover, the kernel K, satisfies, for all y # 0,

Y [ on = 9) = Kl o) dx
IxI>1v]

and

T f(x)

=/l sup |g; (x —y) —¢; (x)|dx

<yl 1<j<m

< / sup |@:(x — y) — ¢«(x){dx < C.
{x|>|y| 1#0
Step 3. The inequalities (6) and (7) show that the operators 7,
and its kernels K, satisfy uniformly the hypothesis of the Corollary
3.6. Therefore, given p and s with 1 < p <oo and 1 < s < o0,
there is a constant 4, ,, depending onlyon p, s, C and ||¢||;, such
that

8) < Al,sl_lu(fj)j“L‘(P)

{ ZIITme |Iz°°>'15}




170 SERGIO A. TOZONI

and

9) (T i) ill e ey < Ap, s jller ey s l1<p<oo,

forall A >0, meN and f = (f;); € LP(K, I*). Moreover, the
inequality (9) can be extended for all f = (f;); € L?(K, I°). Since

1T S5 = = M fi(x) 5

then, letting m — oo on both sides of (8) and (9), we obtain (2) and
(3).

From 4.2 we obtain the maximal theorem of Fefferman-Stein (see
[2] or [6]) in the context of the local fields.

4.3. THEOREM. Given p and s with 1 <p<oo and 1 <s < oo,
there is a constant A, s depending only on p and s, such that
{x: STIMf(x)lf > /ls}
J

(1) < Ay AN

and
(2) WM f3)llr sy < Ap sW(F)illr ey » l<p<oo,

Jorall 2>0 and f = (fj); € L®(K, I*). Moreover, the inequality (2)
can be extended for all f = (f;); € L(K, I¥).

Proof. Let ¢ be the characteristic function of the ball B?. If |x| >
ly|, then [t~!(x —y)| = |t"!x| and hence ¢(t~!(x —y)) = o(t"!x).
Therefore

l9(x =) = 0: ()| = |t Mot~ (x = »)) —p(t7'x)| = 0
and consequently

3) / sup |p:(x — y) — ¢:(x)] dx = 0.
|x|>]y| ¢£0

On the other hand, we have

(If1 p0)(x) = / £(x =)o) dy
= |g! / £x = »)lo(t'y) dy
= |7|~! —\d
1 /Iylgmlf(x »)|dy
= ¢! d
|| /Iy—xlsltllf(y)l y



SINGULAR INTEGRAL ON LOCAL FIELDS 171

and hence
(4) M?|fl(x) = S[;Ig(lfl * 0r)(x)
= supltl“l/ |f(»)|dy
1#0 ly—x|<le
= supg* [ 1f0)ldy = M)
kez ly—x|<q

From (3) it follows that the maximal operator M? satisfies the in-
equalities 4.2(2) and 4.2(3). Then, by (4) we obtain the inequalities
(1) and (2) for the Hardy-Littlewood maximal operator.

5. A multiplier theorem on LP(K, [*)-spaces.

5.1. LEMMA. Let g € L*(K) and o > 0. Then, there is a constant
A, depending only on o, such that

) g / |12 (x) 2 dx
< Aq // lg(x +y) — g(x)*y|" "+ dx dy.
KXK

Proof. See [9], page 220.

5.2. LemMA. Let (gj)jcz be a sequence of elements of L*(K) and
suppose that there are B > 0 and ¢ > 0, such that

+00
WS g - gy axay < 5
KXK

j=—00

Then, there is a constant A depending only on &, such that, for all
kez,

(2) / sup |&;(x)|dx < A, Bq*¢/2.
Ix|>4"

Proof. 1t follows from Holder’s Inequality that
[ swlgx)lax
IxI>¢" J

1/2 1/2
<[ [ msuplgoPax) ([ ptdx
K J x[24"

1/2 _1N 172
. 1-g! _
= (/K e[ (1) sgplgj(X)tzdx) (————1 _q_g> g ke,
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Now, setting a = 1 + ¢ and applying Lemma 5.1, we obtain

q"aj/ |x|*sup|&;(x)|> dx
K J

+00
< A, / Y lgi(x+) — g(PRY"*) dx dy < 4,B2
KXK ;
J

=—00

and consequently

X 1—g\'? _
/l|> ASQp|gj(x)]de(Aaqua)l/z (1_—3_8) g kel
x|2q" J

— Aqu—ks/Z-

5.3. THEOREM. Let (m;);c; € L¥(K, [2) and suppose that there
are B> 0 and ¢ > 0, such that, for all j€Z,

+00

M [ [ Y Imixy) = moP dxdy < B,
yl<q’ Jx|=¢’ ;2"

Then, for all (¢;); € S(K, [§°) and 1 <p,s < oo, we have

(2) 1((m;9))illray < Cll@)jllreey »

where C is independent of (9;); .

Proof. Step 1. Let ¢, be the characteristic function of the ball
BX and mf = m;¢r, k € Z. Since (9;); € S(K, I§°) has compact
support we see that ((mﬁ?qﬁj)v)j = ((m;@;)V); for k small enough.
Hence, if we wish to show (2), we only need to show that, for all
(p;); €SK,I§°), k€Z and 1 <p,s < oo, we have

(3) I((m* e ) ilr sy < CH O Nr ey »
where the constant C is independent of k and (¢;);.
Step 2. Foreach k, j€Z,let Tjk be the linear operator defined by
(4) Tfp = (mfp)Y = (m§) xp, ¢ eS(K).
Forall k, j€Z and ¢ € S(K) we have
(5) ITFplla = (m5 ) [l = llmf o1z
< “mf”oonqﬁHZ < ”(mj)j||L°°(12)”¢“2-
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Therefore (Tjk) jez 1s a sequence of singular integral operators of con-

volution type uniformly bounded from L?(K) into L2(K), with se-
quence of associated kernels ((mf)v) jez -

Step 3. Let mj; = mj“l

that

- m}‘[ for j,! € z. It follows from (1)

+00
(6) / , / S Imu(x +p) = my(x)Plyl~ 9 dx dy
lyi<q J|x

1
|=q Jj=—00

+00
=Av|<ql (xl=d' > Imi(x +p) = m;(x)Ply|"**9 dx dy
=7

=~—00

S qu—-b‘[.

We have also

+00
(7) /|I> I Z lmji(x +y) —mjl(x)|2|y|‘(2+€) dxdy
yi2q

i
lxl—q j:-—oo

+00
5/ ,/ 23 (mu(x +y)P + imy(x)P)ly|~** dx dy
yvi>q Jix|=q

Jj=—0c0

2 _ie g le
S4||(mj)j||Loo(12)(1—q )°q 1T—g-(7e =Cig™";

q'—(l-f-é'
+00
®) / S Imu(x +y) = m(x)PRly| =% dx dy
l=q' Jix|<q' J—
+00
:q—(2+£)1/ , [ Z lmj(x+y)|2dxdy
=4 JIxl<d' ;T2

<Ml m (L= a7 Vg™ a7 = Crg™;

+00
O [[ Y imule+ ) - my R0 dxdy
Ix|=lyl>q j

=—00

+00
<[[ 3 It n)P O dx dy
l

xjl=ly>d' ;T

SNl (1 —a~")2a (@8 /1 - q7%) = C3g™%.
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Therefore from (6), (7), (8) and (9) we obtain

(10 // Z Imji(x +y) = mj(x)Ply|~*9 dxdy < C?q¥,
KXK j=—00
for all / € z, where the constant C depends only on ||(m;) ;]| =z,
B and ¢. Then, it follows by Lemma 5.2 that, for all k €z,

WV - Ny~
(11) /lxlzqksupl(mﬂ) (x)ldx /Wq,su_pl(m,;) (x)ldx

J
< A.,Cq” 1+k)/2

Since m;;¢_; = mj;, the (m;;)V(x+y) = (m;)¥(x) forall x,yeK
with |y| < g~! (see [9], page 126). Therefore, for all ¢, j, k € Z and
x,y €K with |y| < g', we have

[e.0]

(M) (x + ) = (mf)Y(x) < Y (my)¥ (x + ) = (m)V(x).
I=—t+1

Hence we obtain by (11) that, forall ¢,k €z,

(12) / sup | ()" (x + ) — (m*)¥(x)] dx
|x|>¢" J

<2 3 [ suplim) (oldx
I=—p1 />4

< 2AEC(q——e/2/1 _ q—s/2) — Cl,

and consequently for all kK € Z, we have

sup / sup |(mk) (x — y) — (m*)" (x)| dx

YO Jix|>lyl J

—sup sup [ sup|(m)Y (x +y) - ()" (x)| dx < C'.
1€2 |y|<q' JIx|>q" J
Therefore, the sequences of kernels of convolution type ((mf)v) jez
satisfy uniformly 3.5(1) and 3.5(2). Consequently we obtain (3),
which proves the theorem.

6. Applications to Besov and Hardy-Sobolev spaces. In this section
we will give some applications of some foregoing results to Besov and
Hardy-Sobolev spaces and to spaces of Bessel potentials.

6.1 Let 4/ =B/ —B/*! = {x € K: |x| = ¢/} for j € Z. We will
consider the sequence (®;);>o of elements of S(K), where ®; is the
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characteristic function of 4=/ for j > 1, and 3)0 is the characteristic
function of D.

For each distribution f € §'(K) and j > 0 we have that ®; * f is
a function (see [9], p. 126). We can easily see that the function @,
satisfies:

(1) QixP;, =P, and P, +xD, =0 fori#j;
(2) ®;(x +y) = ®;(x) for x| > |y|;

[o,0]
(3) & =1

j=0

6.2. DEFINITIONS. Let s€R and 1 < p <. For 1 <r < o0,
the distribution f € §'(K) is in B;,(K) if

AW 5z, = 1D * f)jzollrzry < oo
For 1 <r < oo, the distribution f € §'(K) is in Fj;,(K) if

1A llE: = 1@ * £)jzollrary < o0

6.3. ReEMARK. The sequence (®;);>o used in Definition 6.2 and
given as in 6.1 is unique. In fact, if (y;);>0 is a sequence of elements
of S(K) such that sup; C A~/ for j > 1, suppp CD and 3, 7, =
1, then ; is the characteristic function of 4~/ for j > 1, and
is the characteristic function of D, thatis, y; = ®; for j > 0.

6.4. REMARK. As in the Euclidean case, there is another way to
define the spaces B,,(K) and Fj,(K) (see [11]). We can say that the
distribution f isin B;.(K) (F,,(K), respectively) if there is a sequence
(aj)j>0 of elements of S'(K) such that }°.a; converges in S'(K) to
f, suppa; c A~/ for j > 1, suppap C D and

(@) j>ollrry <00 (l(aj)j>0llrgry < 00, respectively).

But this definition is trivial because there is only one sequence (4;);>0
for each f, namely, the sequence (®; * f);>o. In fact,

(@j*f)" =@;f =B, > &y = Z @4 =a;,
k=0 k=0

and hence a; =®; « f for j > 0.
If s €R and f € S'(K), the Bessel potential of order s of f is
defined by

(J° )~ = (max{1, |x[})’f.
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For a, f € R, the map f +— J*f is a homeomorphism from §'(K)
onto §'(K), (J*)~!=J~® and JotBf = Jo(jE f) for f € S'(K) (see
[91, p. 137).

The next theorem shows that J* is an isometry on F;, and B),.

6.5. THEOREM. Let s,t€R and 1 <p <oco. Then

W) WSl =l EELE®), 1<r <o
(2) I flg = Allg, » [ €Bp(K), 1<r<oo.
Proof. We can easily verify that J°®; = ¢*/®; for j > 0. Then,
for j >0, seR and f €S (K) we have
(3) J(®@) * f) = (J*D;) « f = ¢/ (D) * /).
For f € F;,(K) and 1 <r < oo, it follows from (3) that
1° fll prms = 1(g*{®; * f})js0ll o)
= 1(g"{®; = /})j>0ll ()
=1/l
Now, for f € B},(K) and 1 <r < oo, it also follows from (3) that
1 Fllg= = 1@ {@s % sl
= 1(g"{®; * /1) js0llr )
=1/l

Now, we will give a theorem of the Littlewood-Paley type. It is a
variant of Taibleson’s theorem (see [9], pp. 200 and 202), but our
proof makes use of vector singular integral operators.

6.6. THEOREM. For each 1 < p < oo, there are constants A, and
B, , depending only on p, such that, for all f € L?(K) we have

(1) A1y < 1@, % Dysoll ey < Boll S

Proof (Sketch). Let us consider the operator 7 from L°(K) into
LK, [?) defined by

(2) Tf = (®; = f)j>0,
and S from L (K, [?) into L°(K) defined by
(3) S(aj)jz0 =Y ®j*aj.

J=0
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We can show that
1Al 2y = 1512
and
18(ej) j>oll2 < lI(aj) j>o0ll 22y

Therefore we can conclude that 77 has a bounded extension from
L%(K) into L2(K, [?) and S has a bounded extension from L2(K, /%)
into L%(K).

Let K; and K, be the kernels defined by

(4) Ki(x)A = (®j(x)4);>0> XEK, A€C;

(5)  Kax)(A)jzo=Y_ @i(x)4;, x€K, (4j)z0€l’
j=0

We have that

K20 L2, ¢) S MK e, 2y = 1P (X)) 20l 25

therefore, showing that x — ||(®;(x));>0ll2 is locally integrable we
can conclude that K; and K, -are locally integrable. Since

|Ky(x —y) = Kl(x)”L(c,[Z) = ||Kx(x = y) - K2(x)||L(12,C) =0

for |x| > |y|, we have that K; and K, satisfy the conditions (H;)
and (H]) of Theorem 3.4. We can easily verify that

Tf(x) = / Ki(x =) f () dy

and
Sa(x) = / Ky(x — y)a(y)dy,

forall x eK, f€ LX(K) and a € L¥®(K, [2). Then, it follows from
3.4 that T and S are singular integral operators of the strong type
(p,p) for 1 < p < o0, and consequently we have the inequalities
6.6(1).

In Taibleson [9] the space of Bessel potentials L% (K) is defined for
s€R and 1 < p < 00, as the set of all distributions f € §'(K) such
that

1Al = I fllp < oo

The next theorem is a consequence of Theorem 6.6.
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6.7. THEOREM. If s€ R and 1 < p < oo, then the spaces L% (K)
and F},(K) are isomorphic.

Proof. If f e S'(K), it follows from 6.6(1) and 6.5(1) that
1Az = 105 £l 19 Flgs = 1f

6.8. To close this section we will show that B;.(K) (F;,(K), re-
spectively) is a retract of [[J(L?(K)) (LP(K, []), respectively). Let us
consider mappings .# and & given as follows. The mapping .# is
defined on the elements of S'(K) by

(1) Ff=(Pj* f)j>o.

The mapping & is defined for sequences o = (a;);>o of elements of
S'(K) by

(2) Pa=) ®jxaj,
j=0

where the convergence is considered in S’(K). We are not saying that
& is defined on all sequences a = (a;);>o of elements of S'(K), but
only on those sequences for which the series defining Za converge
in S'(K). It follows from the property 6.1(1) that #£7f = f for all
S € B3,(K) UF,(K).

6.9. THEOREM. The space By (K) is a retract of I{(L?(K)) and
F;(K) is a retract of LP(K, [{), for s€R and 1 <p, r <oo.

Proof. First we note that
I g = W Ny and Nl = I ey

Since Cf)j(x+y) = &)j(x) for |x| > |y|, it follows that {&)j: j>0}isa
family of scalar multipliers uniformly bounded on L”(K), 1 < p < o0
(see [9], p. 218). Thus, using properties of the functions ®; we obtain
for a = (Ozj)jz() S S(K, 180) ,

|Pellz, = I
= (@ * ;) >0l
= [I(g*11®; * ejllp) jzollr
< Cll(@* Nlejllp) jzollr = Cllellyrzry.-

@) x Za)j>ollr L
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On the other hand, since dADJ-(x +y) = &)j(x) for |x| > |y|, it follows
from 5.3 that (&)j)jzo is a multiplier on LP(K,["), 1 <p,r < oco.
Consequently, by the properties of the function ®; we have for a =
(aj)j>0 € S(K, [§°),

£l

F = (@) * ) jzoll oy
= [[(@; * o)) j>o0ll 7 (1)
= [[(®; * {g” ;})50ll (1)
< Cll(g¥ ) jzoll iy = Clladlzr .-

Hence, . is bounded from B;,(K) into L{(L”(K)) and from Fj,(K)
into LP(K, I[), and & is bounded from //(L?(K)) into Bj,(K) and
from LP(K, [J) into Fj;,(K), for s€R and 1 <p, r <oco.

6.10. ReMARK. Due to Theorem 6.9 it is possible to obtain inter-
polation theorems for the spaces L{(K), B;,(K) and Fpr'(K) as in
the Euclidean case. For instance, we have (see [1], p. 153) that

(L2 (K), LE (K))g,, = BS,(K),

where s = (1-0)s9+6; , 0< O <1, 5 #5,1<p<oo, 1 <r<oo.
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