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Let M =T\N be a compact nilmanifold. A system of differential
operators D, ..., D, on M is globally hypoelliptic (GH) if when
lezgla cee s Dkf:gk with feg,(M)’ 81y -5 8k ECOO(M)
then f € C*(M). Let X;, ..., X; be real vector fields on M in-
duced by the Lie algebra .7/~ of N. We study the relationships
between (GH) of the system X;, ..., X, on M, (GH) of the oper-
ator D = X? +---+ X7, the constancy of D-harmonic distributions
on M, and related algebraic conditions on X, ..., X, €./

0. Introduction. Let M = I'\N be a compact nilmanifold, where
N is a connected, simply connected real nilpotent Lie group with a
discrete subgroup I'. There is a unique probability measure u de-
fined on the Borel sets on M and invariant under the action of N on
M by right translations. Every u-integrable function f on M de-
fines a distribution by the formula (f, ¢) = [, fodu, ¢ € C*(M).
Let .7 be the Lie algebra of N. If X € # then X induces a vec-
tor field (which we will denote also by X) on I'\N by (Xf)(I'n) =
(d/dt)| ;=of(TnexptX). Consider the left-invariant sum of squares
of such vector fields X, ..., Xy €.#°. This second order differential
operator D = X? +---+ X? can be regarded as acting on the right on
distributions on I'\N . A distribution u € 2'(M) is D-harmonic if
Du =0 on M. The operator D is globally hypoelliptic (GH) if when
Df = g with f € ' (M), g € C®°(M), then f € C°(M). The
system of vector fields X, ..., X; on M is (GH) if when X f =
gl,...,Xi f = g with f € M), g,...,8 € C®(M), then
S € C®(M). In this paper we investigate relationships between (GH)
of D, (GH) of the corresponding system X, ..., X; of vector fields,
the constancy of D-harmonic distributions on M, and related alge-
braic conditions on X, ..., X €./ '

Our results are summarized in the figure below. In this figure, func-
tionals A € #;* are assumed to be integral, i.e. A(logI'n.7) C Z;
N =M DND - DA DAy = {0} is the lower central series
of & (wesay ./ 1sof step r), and & is the subalgebra of .#" Lie-
generated by X, ..., X;. Let 7Z; be an ideal in ker(dz) such that
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A |#; has one dimensional center on which 7 is non-trivial. Then
P =L+, and T =F + ;.

A((Z NA) + A1) #0

D-harmonic distributions
VA € (1) S 41)" >

are constant

j=1,...,r (2.2
4
U2 dimker(D) < oo
16
4
§ [System is (GH) % D is (GH)
2 3
ZNnZT #{0}, Vre (I\N)3
4.1)  (2°).

We explain below the labeled implications in the above figure referring
the reader to indicated sections of the paper for details.
1. This is Theorem (2.1). Condition (2.2) with j = 1 provides
constancy of the D-harmonic distributions on the associated torus.
2. This holds with the necessary assumption that the system
X1, ..., X is (GH) on the associated torus (proved in [C-R2], The-

orem 1).
2. This requires the assumption that the system X;,..., X is

(GH) on the associated torus (implicitly contained in [C-R2] and dis-
cussed here in §4).

3. This is proved in §4 for N with exclusively flat coadjoint orbits
(which includes step 2 groups), and also for any nilpotent semidirect
product R x R".

4. This is always true. (If X,f,..., X;f are C*®, then so is
Df=(X}+---+X?)f and by (GH) of D, fe C®)

5. We prove this converse to implication 4 for N of step 2, if
D = X} + X? with X; € #, X, € # and with a necessary growth
condition on X, in §1. A growth condition on X; follows from (GH)
of the system X;, X,. Implication 5 is false for solvmanifolds, even
if all the vector fields X, ..., X) are algebraic, and hence satisfy all
growth conditions. Indeed, the example in §3 shows such a D with a
non- L2 distribution in its kernel.

6. See e.g. [G-W3], Lemma 3, p. 161.
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1. 2-step nilmanifolds. In this section we show that global hypoellip-
ticity of the system X, ..., X, is insufficient for (GH) of D, even
if N is step 2, (Example (1.4)). Growth conditions on all the vec-
tor fields are needed. Under such conditions D can be proven to be
(GH), at least on step 2 nilmanifolds (Theorem (1.1)). We’ll see in §3
that this cannot happen in general solvmanifolds.

(1.1) THEOREM. Let ¥ be a step 2 rational nilpotent Lie algebra,
N the corresponding connected, simply connected group, and T" a co-

compact discrete subgroup of N. Let Yy, ...,Y,; Zi,...,Z; bea
linear basis for ¥ selected from logI' and such that Y, + [V, V],
l=1,...,nisabasisof V[V, ¥),and Z,, p=1,...,k isa
basis of [V, /). Then the operator

D= X}+ X2,
where Xi=a 1+ +a,Y,, Xo=Z+-- -+ﬂka, is (Gf[) on the
compact nilmanifold T\N , provided both o, , ..., a, and By, ..., B
satisfy the following growth condition (which we state for the a’s only):
(1.2) latky + -+ ankn| > C(kE + -+ k2)7P,
for some p, C >0 and all integers k,, ..., k, not all zero.

Proof. Let Du = g € C®°(I'\N) with u € 2'I'\N). We use
an irreducible (non-canonical) Fourier series decomposition of u,
U= ty+ Y, T tx,q, where uy € (I[N, N\N). Thus u,
lives on the associated torus. The sum is over all oco-dimensional rep-
resentations 7 € (I'\V)~ (with multiplicities m(n)). Also, g has a
Fourier series decomposition with gy € C*®(I'TN, N]\N). Condition
(1.2) assures that the operator D = (;8/0x; + --- + @,8/0x,)* on
the associated torus is (GH) by the Theorem in [G-W1]. We conclude
that ug is in fact smooth. The proof that the sum over co-dimensional
m is smooth is a modification of the proof of global regularity of a
real vector field on a compact nilmanifold (Theorem 1, page 351 of
[C-R3]). For each fixed oco-dimensional # we construct a suitable
Schrédinger model. Since 7 is co-dimensional, there exists [ such
that [Y;, X;] € ker(dn). Let 7, be an ideal in ker(dn) such that
A |#7 has 1-dimensional center. Passage to this quotient does not af-
fect dn(D). Introducing a Kirillov subalgebra generated by the images
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of X:=Y; and Y := X, in /' /%, we obtain a Schrodinger model
for z. In that model dn(D) = —A%¢? - A(X;)?, where A € #* corre-
sponds via Kirillov theory [K] to 7. Moreover, A([.7", #]Nlogl’") C Z
and A = A([Y;, X;]). We use the formula (1.8) on page 353 of [C-R1]
to write for any U € Z(#"), the universal enveloping algebra of ./ :
(L.3) (Ufga==n{[D[D...[D,U]...1lg+D[D...[D,U]...1g
+---4+D"2[D, Ulg+ D" 'Ug}P;™
=hnP; ™.
Here P(&), ..., &) = —A2¢2 — A(X>)? and (instead of (1.9) on page
353 of [C-R1]) we use the estimate
|hm P ™| < |l |A(X2)| 2"

< CNZ) + -+ MZ)*P | = 17 (V)|
for some V e Z (/).

The second inequality is where we need the assumption (1.2) about
the coefficients S;, ..., Bx of X;. Also, (1.3) works only if (ad D)"U
= 0 for some m (depending of course on U). Since D = X? + X?
with X, central in ./, this is the same as (ad(X?))"U = 0. The
latter condition is true for any nilpotent Lie algebra .#", any X; € /"
and U € Z(7). To see this, wlog we assume that U = U, U, --- U,
with U; € #, i = 1,...,p. Note that ad(X?) is a derivation of
the associative algebra # (/). By Leibnitz’s rule ad(X?)"U =a lin-
ear combination of the terms of the form of ad(X?)h Uy ---ad(X?)5U,,
where /; +--- + [, = m. Thus it suffices to show that there exists a
number / such that ad(X?)! maps .#" into 0. This last statement is
contained in Lemma 5.1 on page 230 of [G].

(1.4) ExampLE. Let N be a direct product of the 3 dimensional
Heisenberg group and R. Let X, Y, Z,and Z; with [X,Y]=Z2
be a rational basis of .#". Consider D = (X + aY)? + (Z + BZ,)?
with « irrational non-Liouville and B a Liouville number. As in
the proof of Theorem (1.1), for # € (I'\N)~, pick a Schrodinger
model with Kirillov subalgebra generated by Y and X + aY . In that
model dn(D) = =222 — (A + BA}) with A = A(Z), A = A(Zy),
where A € #* corresponds to n. Computations similar to those of
Example 1 on page 355 of [C-R3] show that D cannot be (GH) on
NN.

2. D-harmeonic distributions on nilmanifolds. The following Theo-
rem (2.1) does not require any growth assumptions on X;, ..., Xj.
(Whether D in the Theorem is (GH), even with X, ..., X, and
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their commutators satisfying (1.2), is still an open problem. This
problem is still open even if X;,..., X; are algebraic.) Consider
the case k = 1, with I'\V being the torus, say two dimensional,
and D = (Y] + a;Y,)? = X?. Then Theorem (1.1) corresponds to
the statement that D is (GH) provided a;/a; is an irrational non-
Liouville number. On the other hand, the 2-torus version of Theorem
(2.1) says that kerD =C -1 provided aj/a; is irrational.

(2.1) THEOREM. Let ¥ be a rational nilpotent Lie algebra of step
r, N the corresponding connected, simply connected group, and T" a
cocompact discrete subgroup of N. Let X, ..., X, generate a Lie
subalgebra & of ./ . Suppose that # has the property

(2.2) For each non-zero integral linear functional A € (/¥;[Nj+1)*,
A(&ZNA)+ A1) #0,j=1,...,r.
[A € 4} is called integral if A(logI'N./j) C Z.]

If ue 2'(\N) and (X} +---+ X})u=0, then u can be identified
with a constant function.

REMARK 1. Xi, ..., X satisfying condition (2.2) in general do not
generate the whole tangent space of I'\ V. Consequently, D-harmonic
distributions a priori need not even be continuous functions. There-
fore, compactness of I'\N alone cannot guarantee such ‘harmonic’
distributions to be constants.

REMARK 2. If r = 1, then Theorem (2.2) is about a torus. (Recall
that ./ = 4] and .#; is the commutator of .7".)

We start the proof of Theorem (2.1) with the following proposition.

(2.3) PROPOSITION. The condition (2.2) above and the following con-
dition (2.4) are equivalent for every compact nilmanifold T'\N .

(2.4) For each m € (\N)~ ~ {1}, if 1 < j <r is such that
n(Njy1) =1, but n(N;) # 1, then dn(& NAj) # 0,
where N; = exp#j, and (I'\N)~ denotes the irreducible
unitary representations of N contained in the quasi-
regular representation of N on L*(T'\N).

Proof (2.2) & (2.4). Each n € (I'\N)~ corresponds to some A€
A* integral on a rational maximal subordinate subalgebra .# of ./
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([H],[R1]). In particular, for j asin (2.4) #; C .#, and
(2.5) dﬂl/;/ zAl,V IA with A € (/#}//#]41)" integral.

Conversely, any integral A € (/] //VJ+1) can be extended by O on a
rational basis of .#° to an integral Aes . ne N corresponding
via Kirillov theory to A is in the spectrum of I'\N ([M]). Equation
(2.5) holds as before. Thus (2.2) and (2.4) are equivalent.

In view of the Proposition (2.3), all we need to prove Theorem (2.1)
is the following:

(2.6) LEMMA. Let X, ..., X; generate a Lie subalgebra % of a
nilpotent Lie algebra . Let m € N be such that dn(Z N.J) # 0.
Then for every uy € (HP)', dn(X}+---+X?)uz =0 implies u, = 0.
Here N = exp.# and ¥ is the lowest non-zero term of the lower
central series of /N .

Proof of Theorem (2.1). We write an irreducible Fourier series ex-
pansion

m, r m,
Do DUng=Uo+) D D Ung,

nG(F\N)A g=1 Jj=1 HGH} g=1
where
Il ={n e (I'\N)" : n(Nj.1) =1, n(N;) # I}, j=1,...,r.

Note that Il; consists of all 1-dimensional non-trivial representations
in (I'\N)~. We apply Lemma (2.6) to u, , with = €Il,, then again
apply Lemma (2.6) to .#"/.#; which takes care of u, , with = €Il,_,
in the above sum, etc. We are left with u, which corresponds to
trivial 7, i.e. ¥ = uy is a constant function on M .

The proof of Lemma (2.6) will follow from Lemma (2.7) below,
but first we need some definitions (cf. [F-S]).

A Lie algebra . is called graded if it has a direct sum decompo-
sition ¥ = 37 @ ¥/ with the property that [V/, V¥] c VA if
k+j<rand [VkK,V/1=0 if k4 j > r. A graded algebra is always
nilpotent. A connected simply connected nilpotent Lie group L is
called graded if its Lie algebra .# is graded.

Any graded (nilpotent) Lie algebra ¥ has a natural family of dila-
tions {a;};>0 (one parameter group of automorphisms of .#’) defined
on each V/ by «;(Y) =AY, Y € V/, A> 0. By the exponential
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map «,; corresponds to a one-parameter group of automorphisms of
L, the simply connected nilpotent Lie group carresponding to .# .

A linear differential operator P on a graded group L is homoge-
neous of degree d if P(foa;)=A4(Pf)oa, forany fe C®(L).

We call a differential operator P on a graded group L a Rockland
operator if (i) P is left-invariant and homogeneous, and (ii) dzn(P)
is injective on H° for every n € L except the trivial representation.
By a theorem of Helffer and Nourrigat [H-N], a Rockland operator
(on a graded group L) is hypoelliptic: i.e. if u is a distribution on L
such that Pu is C* on an open Q C L, then u is C*® on Q.

(2.7) LEMMA. Let . be a graded Lie subalgebra of a nilpotent Lie
algebra v, and let P € #(%), the universal enveloping algebra of
&, be a Rockland operator on the graded group L corresponding to
Z. If m e N is such that dn(Z NA) # 0, then dn(P)uz = 0 for
Uz € (H) implies uz = 0. (A is the lowest non-zero term of the
lower central series of /" .)

Proof of Lemma (2.7). Suppose dn(P)u = 0 for some 0 # u €
(H)' . We are going to show then there is a non-smooth function
on L such that Pit = 0. That would contradict the hypoellipticity of
P on L. We adapt the proof of Lemma (4.6) of Rothschild and Stein
[R-S] to our situation. Let yw € HS° be such that (u, y) # 0, and
let {a;};50 be the one-parameter group of dilations of L. For each
dilation / — (/) (A €R*) of L define the representation n; of L
by n;(/) := n(a(/)). Observe that if n(P)u =0, it follows from the
homogeneity of P that n;(P)u =0 too. Let

(2.8) a(l) = /1 Y, w)iQdi, e,

where the exponent Q is to be specified later. First we check that the
integral in (2.8) converges for each fixed / € L. Since u € (HX®)', we
have

(2.9)  |(mu, )l =|u, 2(a("NW)| £ Clllm(ead= )|l -

By [K], H; can be identified with L2(RP), H® with #(RF), the
Schwartz space of rapidly decreasing functions, and we can think of
[I| - ||| in (2.9) as being a combination of .#(RF) seminorms of the
form |||¢||| = ||x#Dad(x)||, where || || is the L2(RF) norm. In our
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case
(2.10) p=n(q(I" )y =n (exp (lei’j)) v,
where J
(2.11) 1og1=Y=ZYJ-e@VJ=3.

j=1

The representation 7 € N acting on ¢ € L2(RF) can be written (cf.
[H-N], page 904)

(2.12) n(exp Y)¢(x) = exp(i(A, v(Y, x)))é(o(x, Y)),
where 0 € R (= #\/#) and v € # are polynomials in x € R”
and Y € ¥, and # C .# is a maximal subordinate subalgebra for

A € #*. Combining (2.10) and (2.12) we see that |||¢||| can be
estimated by a combination of expressions of the form

(2.13) lvi(-, Y)(Daw) (o (-, YD, Y =logl
with ¢ asin (2.12) and some polynomial v; of x eRf and Y € .&,
the norm || || being the L?(R?) norm with respect to the x € RF

variable marked by a dot. Since 7 is unitary, we can rewrite (2.13)
as

(2.13a) |z(exp(=Y)){vi(-, Y)(Dat)(o(-, Y))}H
which can be written
(2.13b) lv2(-s Y)(Daw) (Il

with some polynomial v, . This is because a(x, Y) (see (2.12)) comes
from the multiplication of exp X (on the right) by exp Y, and subse-
quent multiplication of expo(x, Y) by exp(—Y) makes it x again.
Suppose now that Y dependson 4 via Y =Y, =Y Y; (cf. (2.11)).
It follows from (2.13b) that

(2.14) [ll¢lll < a polynomial in A of some degree Q, with
coefficients of the form |jvs(-; Y1, ..., ,)(Daw)()|,
(vs being a polynomialin x eR? and Y, ..., Y,) and
with Q) independent of Y or x.

Thus #(/) is well-defined and continuous for any Q > Q; + 2. As
in [R-S] Pit = 0, since the differentiation under the integral sign can
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be justified as follows. (Recall that P acts on the right and is left-
invariant.)

(2.15) [P(m(Du, w)| = [(m(Dma(Pu, w)
= 2|(mu(Dr(Pyu, w) = A|(u, 2('P)n(I"")y)
< 2C Iz (" Pyl (I~ )wlll < A2 Cilllm(aaHw)lIl

where d = degree of homogeneity of P and ||| ||| means that we’ve
“absorbed” m(P) into the Schwartz space seminorm ||} ||| . The last ex-
pression in (2.15) can now be estimated in exactly the same way as the
one in (2.9), resulting in an estimate similar to (2.14), with a polyno-
mial in A of degree Q,, say. Thus [° P(m;(l)u, w)A=2 dA converges
absolutely whenever Q > Q»+2, and Pii = [ P(m;(Du, )i~ Cdi =
[P (m(Dm(P)u, w)A=2dA=0.

The key thing now is that by the assumption of the lemma there is
aZetgpnY suchthat dn(Z)=ic#0, ceR. Forthis Z we have
n;(exptZ) = e’ and

i(exptZ) = / (n(exptZ)u, w)i~2dA
1
— (4, ¥) / et 10 g
1
= (u, V/)r”/ eicth =0y g !
1

where Q3 = Q/r+ (r—1)/r and ¥ = 1". We pick now Q in (2.8) so
that Q > max(Q;, O»)+2, and that Q3 is an integer > 2. With this
choice of Q, as in [R-S] (/) defines a distribution on L, Pit =0,
yet @ restricted to exp(RZ) C L is not smooth.

(2.16) CorOLLARY. In particular, Lemma (2.7) holds true for 4 =
&, the free nilpotent Lie algebra of step r on k + m generators
X, ..., X, Yi,..., Yy, and & the subalgebra of & generated
by Xy,..., Xy. Here P = /X~’12+--'+)?§ is the Rockland operator (cf.
[F-S], p. 130) and p € F is such that dp(Z) # 0 for some Z € LNS;.

Proof of Lemma (2.6). Suppose a’7z(X12 +--+ X,f)u =0 for u e
(HX) and let Z € ¥ N be such that dn(Z) # 0. By the above
corollary, u = 0. This can be seen as follows. We construct a chain
of subgroups from L to N, each of codimension ! in the next, so
that /" =RY| X --- X RY,, x &, forsome Y;,..., Y, €/ . Let ®
be a homomorphism of % onto .#* given on the generators of ¥ by
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OX)=X;, j=1,....k; ®¥)=Y;, j=1,....,m.Let Z bea
preimage of Z in ¥ N4 . We apply the corollary to p = nodeF
noticing that H, = H, and dp(X? + -+ X?) =dn(X} +--- + X}?).

Lemma (2.7) also implies the following version of Theorem (2.1)
in case .Z, the Lie algebra generated by X, ..., X, is graded.

(2.1') THEOREM. Let M =T'\N be a compact nilmanifold and let
& be a graded subalgebra of .#". Suppose that & has the property
(2.2). Let P € #(&%) be a Rockland operator on L acting on T\N .
If ue 2'(I'\N) is in the kernel of P then u = const.

REMARK 1. Theorem (2.1’) states that if % is a large enough
graded subalgebra of .7 (i.e. & satisfies (2.2)) and P € (%) is
homogeneous, then injectivity of dp(P) on Hg° for all non-trivial p
in L implies injectivity of dz(P) on (H) for all non-trivial 7 in
(I\N)~.

REMARK 2. The existence of Z in .#;N.Z at the end of the proof of
Lemma (2.7) and the choice of Z in ¥ N in the proof of Lemma
(2.6) use condition (2.2). We don’t know whether the assumption
(2.2) in Theorem (2.1) can be replaced by the weaker condition (2°)
of Theorem (4.1).

3. A solvmanifold (counter)example. Here we produce an example
of a (GH) system of two vector fields on a class of 3-dimensional
(“hyperbolic”) solvmanifolds. We show that the kernel of the sum of
squares of these vector fields contains a distribution which is not a
C*>-function. Also, Lemma (3.4) might be of independent interest.

Consider the following class of three-dimensional compact solvman-
ifolds, M = I'\S (see [A-G-H] and [Brl, 2] for details). S is the
semidirect product of R and R?> (with R? normal in S), in which
the group operation is

(x,)(x", )Y =(x+AX,t+71), x,x eR*, t, €R.

Here A’, t € R, is a l-parameter subgroup of SL(2, R) through a
fixed matrix 4 € SL(2, Z). The discrete subgroup I" can be taken to
be the set of points in S with integer coordinates. (The fact that 4 €
SL(2, z) is equivalent to 4 mapping the integer lattice Z? into itself.)
We’ll consider the case in which 4 has unequal positive eigenvalues
A and A~!. Choosing the eigenvectors of A as a basis of R? we can
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write the group operation in S in the new u, v coordinates
(3.1) (u,v, )W, v',)=w+id, v+, t+1),
u,u,v,v',t,t eR.

In these new coordinates R2NI is no longer Z?. (For each A > 1 such
that A, A~! are eigenvalues of a matrix 4 € SL(2, Z) we get a distinct
solvmanifold I';\S, although § is not changed up to isomorphism by
altering A.) Letting 7', U, and V' be the infinitesimal generators of
the one-parameter subgroups of S corresponding to ¢, u, and v we
have [T, U]l = InAU, [T, V] = —InAV . We consider the operator
P = T?4 U? and the system {T, U} of vector fields induced on I'\S
by T and U.

(3.2) ProposITION. Let T, U and T'\S be as described above.
Then ,

(a) The system of vector fields {T , U} on M =T\S is (GH);

(b) The operator P = T? + U? is not (GH) on T'\S. In fact, there
is a distribution u € 2'(T'\S) ~ L*(T'\S) such that Pu = 0.

Proof of (a). Let u € 2'(I'\S) be such that Tu = f, Uu = g,
and Vu=nh,with f, g, he C°(IT\S). Let u= u0+2,,,jun,j be
an irreducible Fourier series of u, the summation being over infinite
dimensional n € (I'\S)~ with j counting the multiplicities and with
ug € 2'(I'lS, SI\S), so ug lives on the associated torus. On that 1-
dim torus, T actsas d/dt. Thus Tuy = fy € C(I'[S, SI\S) and
is smooth. As for the u, ;’s, each oo-dimensional = € (I'\S)~ acts on
L*(R, dt) and dn(U)u,, ; = 2niad'u, ; for some 0 # a € R. Since
dn(V) acts by multiplication by 2zifA~! with 0 # B €R, u, ; =
(—4n2af)tda(V)dn(U)uy ; = (—4n2aB)~1(Vg)r, ;. In fact, for
any R € # (%) we have (Ru), ;j = (—4n%aB) ' (RV )., ;, and

(33)  Rull}x s, = (472D IRV g2 (@) 2 + [[(Ru)o|”
T,Jj

< CY IRVl + [|(Ru)ol®
n’j

< C||RVg||§z( <.

I'\S)
The last expression is finite since g € C*®°(I'\S). The first inequality
in (3.3) is a consequence of the following.

(3.4) LEMMA. Let S = R?> x R be a solvable Lie group with the
group law (3.1). Let T be a cocompact discrete subgroup of S. Then



40 JACEK M. CYGAN AND LEONARD F. RICHARDSON

T NR? x {0} is an abelian lattice of points (a, b) € R*> having the
property that the product ab is bounded away from zero, except of
course for the group identity.

(3.5) COROLLARY. In the setting of the lemma above, the dual lattice
I'™ = {xa,p : T — 1} is also a lattice of points (a, B) such that the
product af is bounded away from 0, except for (o, f) = (0, 0).

Proof of Lemma (3.4). Let (0,0, m) and (a,b,0) € I' C S.
Then (0,0, m)(a, b,0)(0,0, m)~! = (A™a, A~™b,0). Suppose
(@n, bn,0), n=1,2,... were a sequence of points in ' N R? x {0}
such that a,b, — 0 as n — oo. Wlog we may suppose a, > b, > 0.
Then for every n there would be an integer k, such that

(3.6) 225D < by fay < A
Define a new sequence of points of I" by
(@, b, 0) := (Aay, A5by, , 0), n=1,2,....
We have a,b,, = a,b, — 0 and b),/a), = A~*ub,/a, . The inequalities
(3.6) imply now
At<bl/d <1, n=1,2,....

Thus I" > (a),, d,,0) — (0,0,0) as n — oo, which violates the
discreteness of I .

Proof of (b). For a fixed infinite dimensional 7 € (I'\S)~ acting on
L%(R, dt) we’ll construct a non-zero function u#(¢) on R such that
dn(P)u =0 and dn(U)u € L*(R). Such a u defines a distribution i
on ¢ € C*(I'\S):

(@, ¢)| :=(u, Q¢n)l

= |(u, (—4n*ap)”'2(U)7(V)Q¢x)|

= |(x(U)u, (VQ¢)x)| [4n°ap| ™!

< Clla@ull |(Vd)all < CillV dll 2 s

< GlVllr=ms) s
where ¢, denotes a projection onto a fixed irreducible subspace H, of
L%(T"\S) corresponding to n, and Q : H; — L*(R) is an intertwining
operator onto a Schrodinger model for n.

To find such u we write

(3.7)  dn(P)u=(d?*/dt* — 4n*a?2*")u
= {(InA)r*(d/dr* + r~'d/dr) — 2nar)?}u,
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where we have put r = A’, and we have defined u;(r) = u(t), r >0,
and we take advantage of the fact that d2?/dr? + r~'d/dr, r > 0, is
the radial part of the Laplacian A on the plane. Thus (3.7) becomes
equivalent to

(3.8) A-a®>)u; =0, a=2ma/Ini
for a radial function u, on R* ~ 0. A solution u, of
(3.9) (A—a*)uy =y on R?,

where J; is the Dirac function supported at the origin 0 of R?, satis-
fies (3.8), and if it is radial, also (3.7). Applying the Fourier transform
on R? to (3.9) we obtain (cf. e.g. [S-W], page 6)

(¢, M

— @nH) 7Y+ +a?)7!

= — (4n?)7! / " exp[—(& + n? + a?)s]ds
0
= /R2 exp[—2mi(Ex + ny)lua(x, y)dxdy
where

(3.10)  us(x,y) =ui(r) = —(1622)7! /oo s~ le™b exp(—n®r?/s)ds
0

with 2 = x2 +y? and b = (a/InA)?2. Thus letting r = A/, —o0 <
t < oo, ui(r) given by (3.10) is a non-zero solution to (3.7) we were
after. It remains to show that dz(U)u € L?(R). For this we write

(3.11) ||dn(U)u||2=/°° 2raru, (r)? dt

—00

=c/wr(/oo...ds/oo...da) dr,
0 0 0

where ¢; [;°...ds=u;(r)=c [;°... do are given by (3.10). Chang-
ing the order of integration in (3.11) to drdsdo and grouping the
terms containing r only, the dr integral becomes

o0

/ exp[-n2ri (s~ + o Hrdr = (s7! +a‘1)‘1/ exp(—n2r¥)rdr
0 0

=2n%(s" + o)7L,
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Substituting this back into (3.10) we obtain
(3.11) / / expl—b(s + 0)](s0)" (s~ + =)' ds do

=C/0 /0 exp(—bs)exp(—=bo)(s + o) 'dsdo

<(C'/2) (/Ooo exp(—bs)s~1/? ds)2 < 0.

REMARK. Similarly one can show that oo = |u|| w)- We claim
it € 2'(I'\S) is not given by any L2-function on I'\S. Suppose the
negation, i.e. # is given by some w € L?(T'\S). Since & : H® — 0 for
all ' 2, o' € (I'\S)"~, we have w € H;. Then Qw € L?(R) and
Qw = u a.e. because it gives the same distribution—a contradiction.
In particular, @# cannot be continuous or smooth on I'\S.

4. Necessary and sufficient conditions for (GH) of systems. Theorem
1 on page 366 of [C-R2] states a necessary and sufficient condition
for (GH) of a system L on I'\N. The proof of necessity, however,
has a gap in the last paragraph of page 367. Namely, it is not clear
whether or not there is a A’ € @y(A) such that A'(Z) = 0. On the
other hand, the proof of sufficiency establishes the (at least formally)
stronger sufficiency theorem below.

(4.1) THEOREM. If (1°) L+ 1[4, 4] is (GH) on I'[N, N\N, and
(2°) for each = € (T\N)3, (& + ) NZ (V' |#;) # {0}, then
L is (GH) on T\N. (Here, #; is an ideal in ker(dm) such that
dmZ (W [/# )e = 1 and n | Z(N/Wy) # I. Also, = € ('\N)g
means w is infinite dimensional, and & is a Lie subalgebra of /"
generated by L.)

(4.2) CoNECTURE. Conditions (1°) and (2°) of Theorem (4.1) are
necessary for (GH) of . on I'\NV.

Although we do not have any counter-example to this conjecture,
we have been able to prove it only under special conditions.

To prove the conjecture, we assume that ¥ is (GH) on I'\NV,
so that (1°) is automatically satisfied. Then we suppose that .Z N
ZW|? ) = 0, and we try to prove there exists A’ € &y(A) such
that A'(¥) = 0. By the lemma on page 368 of [C-R2], this would
contradict (GH) of .# on I'\N.
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(4.3) ProPOSITION. Suppose that n € (I'\N)Z, implies either that
the corresponding co-adjoint orbit @(n) in #™* is flat, or else that
n is induceable from a polarization of codimension one in W . If
L={Xy,..., Xi} isa (GH) system of vector fields on I'\N , then (1°)
L+ [, /] is (GH)on I'[N, N\N, and (2°) for each n € (I'\N)g,,
(Z + ) N2Z(# [ 7) #{0}.

Before proving this theorem and giving examples, we state the fol-
lowing immediate consequences. If .7 is of step 2, then Proposition
(4.3) shows that Conjecture (4.2) is true for N, since all orbits will
be flat. Also, for each natural number n > 2, there exist nontrivial
rational nilpotent Lie algebras of step » such that all orbits (i.e., of
all dimensions) will be flat [R3]. Thus the conjecture will have been
proved for a large class of nilmanifolds. Also, the conjecture will have
been proved for the important class of nilpotent semi-direct products
R x R”, with arbitrarily long lower central series.

Proof. The case of flat orbits is easiest. Fix a n# € (I'\N)g . By
repeatedly factoring out the part of the center in the kernel of dx,
we may assume wlog that Z (/") = RZ, that ¥ N2 = {0}, and that
n =np where A=Z*. Then @y(A) =Z*+(Z)*. £ is spanned by

abasis L;,..., L, notin Z. Pick A, ..., Ay in Z+ such that
0, if i #7,
Ai(L) =
i(Li) {—A(Lj), ifi=j.

Thenlet A' = Z*+ Y} A; € &y(A), and A'(#) = 0. This proves the
conjecture in the flat orbit case.

Now, suppose 7 is induced from a (rational) polarization .# of
codimension 1. (Hence .# is an ideal.)

(4.4) LEMMA. If Z(/#') =RZ and # is a polarizing ideal for any
Aes* with A(Z) #0, then # is abelian.

Proof of Lemma. Since # is subordinate, Z & [# , #],and # <V’
implies [.# , .#] is an ideal too, since (ad X)[M;, M;,] = [(ad X )M,
(ad X)M;]. If there exists 0 # [M,, M| € [# , #], then [M,, M,] ¢
Z , so there exists U; € .#" such that (ad U;)[M;, M,] = [(ad U;) M, ,
(ad U))M,) € [# , #]1~{0} too. Hence (ad U))[M,, Myl € [# , #]~
Z . So there is a U, such that [(ad U,)(ad U;) M, , (ad U,)(ad Uy) M5>]
# 0, and so on. Since there is no end to this process, the nilpotence
of .7 has been violated. Thus [/, #]1=0.



44 JACEK M. CYGAN AND LEONARD F. RICHARDSON
This proves the lemma.

Now we have /" = R X .# , where .# = R" is a rational abelian
ideal of codimension one in .# . Since % is (GH) on I'\V, and
since .# 1is rational, .¥ ¢ .# . Thus there exists X € & ~ .#. We
are supposing .¥ N Z = {0}, and it will suffice to prove that there
exists A’ € @y(A) such that A'(¥)=0.

If . were not abelian, there would exist a central element C # 0,
Celrv,vy1c#,s0 [C,#] =0. But [C,X] =0, and /" =
RX®.# . Thus [C,#]=0,sothat Ce Z(#)~{0}. But CeZ,
and ¥ N.Z # {0}. This is a contradiction, and so .# is abelian.

Now, suppose there existed L € ZNA# ~ {0}. Then [X, L]=0=
[#,L],so Le Z ~ {0}. This is a contradiction. Soif X # L €
% ~ {0}, then L =aX + M, for some a # 0 and M € #. Also,
since . is abelian, [X, M]=0=[#, M]. Hence M € Z ~ {0},
so that .# contains the R-span of X and aX+AM . Butthen 2 C .Z.
This is a contradiction.

Hence .# = RX. Now, pick Y € # ~ Z suchthat [X,Y]=Z,
and (Ad"expRY)A = Z*+RX*. Hence there exists A’ € @y(A) such
that A'/(X) =0=A/(¥).

This proves the proposition.

(4.5) ExaMPLE. Let ./ be spanned by X;, X,, Y;, Y>,and Z,
where all non-zero brackets are generated by [X;, Y] =Y,, [Xi, Y]
= Z,and [X,, Y] = Z. Thus  is 3-step, with ./ = [/, 4]
spanned by Y, and Z, and 2 =RZ.

Let X = X; +aY; and Y = X; + aY, + BZ, where « is an
irrational, non-Liouville number. Then .¥ = RX @ RY is an abelian
Lie subalgebra of .#", (GH) on I'[N, N\N. Since ZNZ = {0},
condition (2°) of Proposition (4.3) is not satisfied. However, every
Kirillov orbit @y Cc #* is flat (of all possible dimensions) [R3]. By
Proposition (4.3), .# is not (GH) on I'\IV, regardless of the choice
of £, and regardless of the choice of . This example illustrates the
necessity of conditions (1°) and (2°) of Proposition (4.3).

(4.6) EXAMPLE. Let /" = Rx R"*! be the n-step nilpotent “chain”
Lie algebra spanned by X, Yi,...,Y,, Y,y = Z, with all non-
zero brackets generated by [X, Y;1=Y,,, i =1,..., n. Then let
& =RL,where L=X+o;Y1+ - +a,Y,+a,.1Z. Then & is
(GH) on I'[N, N]\N, but .¥ is not (GH) on I'\N, since condition
(2°) of Proposition (4.3) is not satisfied. That is . N.Z = {0}.
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There are of course many variations and combinations of these two
examples.

The following example supports Conjecture (4.2) by showing how
ZNZ = {0} canlead to .% not being (GH) even under circumstances
not covered by Proposition (4.3). In particular, it will be a 3-step non-
flat orbit example in which .# is (GH) on I'[N, N]\N and also on
I'’Z\N and on I'M\N, and yet .2 is not (GH) on I'\N, apparently
because ¥ N.Z = {0}. here, /' /# will be of dimension two.

(4.7) ExaMpPLE. Let ./ be the R-span of Wy, W,, X, X2, 11,
Y,,and Z . Let all non-zero brackets be generated by [W;, X;] =Y;,
and [W;,Y]=2Z, i=1,2. Let & be the R-span of {W| +al; +
BX,i+yX2+EZ, Yy — oY, +nZ} where the real numbers, 1, a, S,
y are linearly independent over Q and satisfy the growth condition
(1.2), and &, n € R are arbitrary but fixed. The abelian Lie algebra
% . is (GH) on I'[N, N)\N and on I'Z\N, but ¥ nN2Z = {0}. Let
A = Z*, so the polarizing subalgebra is the ideal .# spanned by
{X1, X5, Y1, Y, Z}. However, we can act on A by exp (W, — W)
toget A': Y,—aY,+nZ, — 0. And wecanacton A’ by exps(Y;+7Y3)
toget A": Wi+aW,+ X, +yX,+¢Z — 0. Thus A” € &y(A), and
AN'(Z) ={0}. By Lemma on page 368 of [C-R2] .& is not (GH) on
NN.
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