Pacific Journal of

Mathematics

AUTOMATIC CONTINUITY OF *-MORPHISMS BETWEEN
NONNORMED TOPOLOGICAL *-ALGEBRAS

MARIA FRAGOULOPOULOU




PACIFIC JOURNAL OF MATHEMATICS
Vol. 147, No. 1, 1991

AUTOMATIC CONTINUITY OF *-MORPHISMS
BETWEEN NON-NORMED TOPOLOGICAL *-ALGEBRAS

MaRriA FRAGOULOPOULOU

Every *-morphism of a O locally m-convex (lmc) *-algebra E,
in an Imc C*-algebra F , is continuous. The same is also true if F
is taken to be a Fréchet locally convex *-algebra. Thus, the topology
of a Fréchet locally convex C*-algebra (< Fréchet Imc C*-algebra)
is uniquely determined. Each lmc C*-algebra has a continuous in-
volution. In the general case, one has that the involution of a bar-
relled Ptdk (e.g. Fréchet) locally convex algebra E is continuous iff
the real locally convex space H(E) of its self-adjoint elements, is
a closed subspace. In particular, every algebra E as before, which
admits a continuous faithful *-representation, has a continuous invo-
lution. Furthermore (without assuming continuity of the involution),
we obtain that every *-representation of an involutive Fréchet Q lmc
algebra E, is continuous, while if £ has moreover a bounded ap-
proximate identity, the same holds also true for each positive linear
form of E .

1. Introduction. The continuity of (homo)morphisms between non-
normed topological algebras has been considered by several authors.
An extensive exposition of what is known about this problem, partic-
ularly for multiplicative linear forms, has been given by T. Husain
in [14]. In this regard, a relevant result is provided by Corollary
3.7 of this paper (cf. also comments following Corollary 3.7). Af-
ter the recent increasing applications of the theory of (non-normed)
topological *-algebras in other fields of mathematics, as for instance,
quantum mechanics (cf. [17] as well as comments in [8; p. 115]),
the continuity of *-morphisms between this sort of algebras receives
considerable attention. The known results on automatic continuity of
*-morphisms between topological *-algebras concern mainly (Hilbert
space) *-representations (cf., for instance, [3; Lemma 3.1], [15; The-
orem 3], [17; Theorem 4.1]).

This paper provides, in the context of locally convex algebras, new
generalizations and extensions of previously known Banach algebra
results. Namely, §2 presents the background material. Section 3 deals
with several cases of automatic continuity of *-morphisms between
locally m-convex (Imc) *-algebras (see, for example, Theorems 3.1,
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3.3, 3.11). As a byproduct one gets sufficient conditions under which
Imc C*-algebras become classical C*-algebras (cf. Proposition 3.8,
Corollary 3.12). In this regard, note that the only complete Q Imc
C*-algebras are C*-algebras (cf. [11; Theorem 4.3]). Section 4 gives
necessary and sufficient conditions under which the involution of a lo-
cally convex algebra becomes continuous (Propositions 4.1, 4.2). In §5
no-continuity of the involution is assumed for the algebras involved.
Thus, (Hilbert-space) *-representations of involutive Fréchet Q Imc
algebras are continuous (Theorem 5.2), while the same also holds for
the positive linear forms if the preceding algebras possess a bounded
approximate identity (bai) (Theorem 5.7). In this regard, every pos-
itive linear form of C*°(X, E) is continuous, whenever X is an n-
dimensional compact metrizable C*°-manifold and E is, for instance,
an involutive commutative Banach algebra with a bai (Corollary 5.9).

2. Notation and definitions. All the algebras we deal with are com-
plex, while the topological spaces involved are assumed to be Haus-
dorft.

A Q-algebra is a topological algebra whose set of quasi-invertible
elements is open [19, 18]. A locally m-convex (Imc) algebra is a topo-
logical algebra whose topology is defined by a directed family of sub-
multiplicative seminorms [1, 19, 18]. Such an algebra will be usually
denoted by (E, (pa)), @ € A. In case E is endowed with an invo-
lution * such that p,(x*) = p.(x), forany x € E, a € 4, we will
speak of an /mc *-algebra. When no-continuity of the involution is
involved the term involutive topological algebra will be used. Denote
by H(E) the set of the self-adjoint elements of an involutive algebra
E. Every C*-seminorm on E is then automatically submultiplica-
tive and *-preserving [22]. Thus, one defines an /mc C*-algebra as
an involutive topological algebra whose topology is defined by a di-
rected family of C*-seminorms. Complete Imc C*-algebras are called
locally C*-algebras in [16] and pro- C*-algebras in [20]. For a given
Imc algebra (E, (pa)), o € A, one has

(2.1) E ¢ lim E,,

(07

up to a not necessarily surjective topological algebraic isomorphism,
where E, is the completion of the normed algebra (E/N,, || - |l.),
a € A, with N, =ker(p,) and ||Xa||a := Da(Xx), Xoa =X+ Ny € E/N,,
a € A [1, 18, 19]. Equality in (2.1) occurs when E is moreover
complete. Now, a bounded approximate identity (bai) of E, is a net
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(ej), j€J,in E with p,(e;) <1, forall a € 4, j € J and
lim;(ejx) = x = limj(xe;), for each x € E. Every complete Imc C*-
algebra has a bai [16; Theorem 2.6]. Example of an Imc algebra with
a bai can be found in [4; p. 610]. For a given algebra E, denote by
spg(x), re(x) the spectrum, respectively the spectral radius of x € E .
If E is an advertibly complete Imc algebra [18; Definition I, 6.4] one
has

(2.2) re(x) = suprg (Xa), VxeF,

[ibid., Theorem III, 6.1].

Furthermore, if E is an involutive topological algebra by a *-
representation of E we mean a *-morphism ¢ of E in the *-algebra
Z(H,) of all bounded linear operators on some Hilbert space H,, .
Denote by P(E) (resp. P(E)) the set of all positive (resp. contin-
uous positive) linear forms of E. Then, #(E) = P(E) whenever
E is a Fréchet locally convex *-algebra with a left bai [6; Theorem
4.3]. In this respect, E is called P-commutative if xy — yx €
(WL f € P(E)}, forall x,y € E, where Ly = {x € E: f(x*x) =
0} (cf. [23, 9]). Finally an involutive algebra E is called symmetric
if —x*x is quasi-invertible for all x € E [19, 21].

3. Continuity of *-morphisms between Imc *-algebras. The next the-
orem has a special bearing on [S; 1.3.7. Proposition].

3.1. THEOREM. Let (E, (p,)), a € A, be a Q Imc *-algebra and
(F, (qp)), B€B, anlmc C*-algebra. Then, every *-morphisim ¢ of
E in F is continuous. In particular, for each B € B, thereis ag € A,
such that

4p(p(x)) < pa (x),  Vx€E.

Proof. Without loss of generality we assume F to be complete.
Then, by [21; Lemma (4.8.1), (ii)] one has

re,(2pzp) = llzp2pllp = ap(2*2) = qp(2)?,  Vz€EF.

On the other hand, using (2.2), [18; Proposition II, 1.1] and the fact
that E isa Q-algebra (see [19; Proposition 13.5] and/or [24; Corollary
1]), we conclude that for every B € B, there is ag € A with

ap(9(x))? < rg(x*X) € Pa(X*X) < pa (X)?, Vx € E.

3.2. CoRrOLLARY. Every *-representation ¢ of a Q Imc *-algebra
(E, (pa)), a € A, is continuous. In particular, there is ag € A, such
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that
o)l € Pay(x),  VX€EE.

The continuity of a *-representation of a sequentially complete Q
Imc *-algebra has been proved by T. Husain-R. Rigelhof [15; Theorem
3] by means of another technique. For other alternatives of Corollary
3.2, see Theorem 5.2 below, as well as [3; Lemma 3.1] and [17; Theo-
rem 4.1]. In [12; Corollary 4.7] there is an improvement of [3; Lemma
3.1)], according to which every *-representation of a Fréchet locally con-
vex *-algebra is continuous.. Now, an alternative of Theorem 3.1 is
the next Theorem 3.3, which besides provides a slight extension of
[20; Theorem 5.2]. In fact, N. C. Phillips proves Theorem 3.3 in case
E is a Fréchet Imc C*-algebra and F a complete Imc C*-algebra.

3.3. THEOREM. Let (E, (pn)), n €N, be a Fréchet locally convex
*-algebra and (F , (qp)), B € B, alocally convex C*-algebra (< Imc
C*-algebra). Then, every *-morphism ¢ of E in F, is continuous.

Proof. Using (2.1) and the fact that every Fp, f € B, isa C*-
algebra, the continuity of ¢ is reduced to that of a *-representation
of E, which is valid according to the preceding comments. |

3.4. CoROLLARY. Let E, F be Fréchet locally convex C*-algebras
and ¢ a 1-1 *-morphism of E in F, with closed image. Then, ¢ is
a topological isomorphism. 0

3.5. CoROLLARY. The topology of a Fréchet locally convex C*-
algebra (< Fréchet Imc C*-algebra) is uniquely determined. That
is, any other Fréchet locally convex C*-topology on E is equivalent to
the given one. 0

3.6. COROLLARY. Let E be a Fréchet locally convex *-algebra.
Then, every multiplicative linear form f of E, which is hermitian

(: f(x*) = f(x), x € E), is continuous. O

According to [19; Lemma 6.4, b)] every multiplicative linear form
of a symmetric algebra is hermitian, so that Corollary 3.6 is now stated
as follows.

3.7. CorOLLARY. Every multiplicative linear form of a symmetric
Fréchet locally convex *-algebra E is continuous. O
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Corollary 3.7 generalizes a previous result of E. A. Michael [19;
Theorem 12.6] (cf. also [14; Theorem 2.28]) stated for commutative
symmetric Fréchet Imc *-algebras. In fact, E. A. Michael [19] posed
in 1952 the question of whether each multiplicative linear form of a
commutative Fréchet Imc algebra E is continuous; he himself proved
that this is true if moreover E is a symmetric Imc *-algebra (ibid.).
Thus, Corollary 3.7 gives an affirmative answer to the previous question
for the wider class of locally convex algebras, although still based on the
additional structure of the continuous involution.

Of course, since E in Corollary 3.7 is not commutative we may
have M(E) = &, where M(E) denotes the spectrum (Gel'fand space)
of E. But assuming for E a weaker concept of commutativity, the
so-called P-commutativity [9, 23] (cf. also §2) we get that IM(E) # &
for every unital P-commutative symmetric Fréchet Imc *-algebra E
[9; Theorem 6.1] (in the commutative case this is true for unital Imc
algebras). Hence, Corollary 3.7 in either aspect, commutative or P-
commutative, contains the result of E. A. Michael.

The next proposition provides a sufficient condition for an Imc C*-
algebra to be a C*-algebra.

3.8. PRoPOSITION. The image, under a *-morphism ¢, of a Ptdk
Q Imc *-algebra E onto a barrelled Imc C*-algebra F is, up to a
topological algebraic isomorphism, a C*-algebra.

Proof. By Theorem 3.1 ¢ is continuous, hence ker(g) is closed.
Thus, E/ker(¢) endowed with the quotient topology is a Hausdorff
Ptdk Q Imc *-algebra (cf., for instance, [13; p. 300, Proposition 5] and
[19; Proposition 13.5]). Now, the canonical algebraic isomorphism

E/ker(¢p) — F:x + ker(¢) — o(x),

is clearly continuous, hence (open mapping theorem) a topological
isomorphism. Property Q for E implies now the assertion (cf. [11;
Theorem 4.3]). O

Proposition 3.8 remains also true if E is replaced by a Fréchet
locally convex *-algebra and F is moreover ssb (strong spectrally
bounded, i.e., if (qg), B € B, is a defining family of seminorms
for F, then supggg(y) < oo, for all y € F [10]). This follows by
Theorem 3.3 and [10; Theorem 2.3]. On the other hand, it is clear
from Proposition 3.8 that if F is a Fréchet Imc C*-algebra and ¢
a *-morphism of E in F with closed image, then Im(¢p) is (up to a
topological isomorphism) a C*-algebra.
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The next theorem generalizes a standard Banach *-algebra result
(see [5; 1.8.1 Proposition]) to the case of Imc *-algebras. The author
is indebted to Professor A. Mallios for his comments, which made
hypotheses for E in Theorem 3.9, more reasonable and contributed
to the respective part of the proof.

3.9. THeoRrReM. Let (E, (p.)), o € A, be a complete Imc C*-
algebra, whose every self-adjoint element has a compact spectrum. Let
also (F, (qg)), B €B, beanlmc *-algebra and ¢ a 1-1 *-morphism
of E inF such that Tm(@) is a Q- *-subalgebra of F . Then, ¢p~!|Im(p)
is continuous. In particular, for every a € A, there is By € B, with

(3.1) Pa(x) < qp(p(x)),  VX€EE.

Proof. Without loss of generality we suppose E and F unital. Now,
since each p, is a C*-seminorm and gg(@(x*x)) < qp(go(x))z, for
any f € B, x € E, it suffices to prove (3.1) for every x € H(E).
Thus, let x € H(E) and Ej be the complete Imc C*-subalgebra of
E generated by x and the unit of E. Then, Ey = #(spg(x)) uptoa
topological algebraic *-isomorphism (see also, for instance, [S; 1.5.1,
Theorem]), so that Ej is a unital commutative C*-algebra. Thus, we
may suppose E to be such an algebra. On the other hand, since in
this case Im(p) is also commutative and 9(Im(¢)) = M(Im(¢)), up
to a homeomorphism [18; Corollary V, 2.1], we may think of F asa
unital commutative complete @ Imc *-algebra. So the map

‘P M(F) = ME): [ fog,

is now continuous; hence Im(‘gp) is closed (see [18; Lemma VI, 1.3]).
Following now the reasoning of [5; 1.8.1. Proposition] we conclude
that ‘g is surjective. Thus, (see also [18; Corollary III, 6.4]) one gets
that spz(¢(x)) = spg(x), x € E, which by a similar argument to that
in the proof of Theorem 3.1 implies (3.1). O

It would be interesting to have any strengthening of Theorem 3.9.

3.10. CoroOLLARY. Let E be as in Theorem 3.9 and ¢ a faithful
*.representation of E. Then, ¢~!|Im(p) is continuous. O

For the existence of faithful *-representations of an Imc C*-algebra
and/or an Imc *-algebra see [10; Corollary 1.2, Theorem 2, 3] as well
as [11; Proposition 4.11].
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3.11. THEOREM. Let (E, (pn)), n €N, be a Fréchet Q Imc alge-
bra, (F, (qp)), B €B, anlmc C*-algebra and ¢ a 1-1 morphism of
E in F with self-adjoint image (:¢(x)* € Im(p), for every x € E).
Then, ¢ is continuous.

Proof. The map ¢~! o (*|im(y)) © @, is clearly an involution of E,
which by a closed graph argument [13] is continuous. In fact, let (x,)
be a sequence in E with x, — x € E and x; — y € E. Arguing
as in Theorem 3.1, we obtain that for every g € B, there is np € N
such that

ap(p(x) — 0 (xn))? Pn,(Xp — X*)pno(xn - X)
(Pn

o(Xn) + P (X*))Pn (X0 — X),
where pp (x, —x) — 0 and (ps (x7)) is bounded [13; p. 135]. Hence,
@(xn) — ¢(x) and similarly ¢(x;) — ¢(y), where moreover ¢(x,)* —

¢(x)*. Thus, x* = y, and consequently the assertion now follows
from either of the Theorems 3.1, 3.3. O

<
<

3.12. CoROLLARY. Let E, F beasin Theorem 3.11 and ¢ a bijec-
tive morphism between E and F. Then, whenever F is barrelled, both E
and F become C*-algebras up to topological algebraic isomorphisms.

Proof. Apply Theorem 3.11 and use open mapping theorem together
with [11; Theorem 4.3]. O

3.13. Scholium. Based on a geometric version of [19; Proposition
13.5] given by Y. Tsertos [24; Theorem 1], actually for any topological
algebra, we get the following improved form of [9; Corollary 7.4] (see
also Remark 7.1 of the same reference).

THEOREM. Let E be a symmetric Fréchet Q Imc *-algebra with a
bai. Then, E is P-commutative iff rg(x*x) < rg(x)?, forall x €E.

Proof. Since E is Fréchet every f € P(E) is continuous [6; Theo-
rem 4.3], therefore uniquely extended to a (continuous) positive linear
form f; on the unitization E; of E, with

If(x)] £ £i(0, Dre(x),  Vx€E

(cf. [7; Proposition 3.4, (i)] and [9; Lemma 7.1]). On the other hand,
since E is Q there is np € N with rg(x) < py (x), for all x €
E (see [24; Corollary 1]). P-commutativity of E results now from
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an application of [9; Theorem 7.1] for the bilinear map A(x, y) :=
f(yx), x,y € E and from [9; Scholium 4.1, (vi)]. For the converse,
see Theorem 6.2, (ii) of the last reference. D

4. Continuity of the involution of a topological algebra. In this sec-
tion we consider necessary and sufficient conditions under which the
involution of a locally convex algebra is continuous. For the Banach
algebra analogues of these results, see [2; p. 190, §36]. In the same ref-
erence there are also examples of discontinuous involution. Here, we
present another example of this kind; namely, we construct a Fréchet
Imc algebra with a discontinuous involution.

Let now E be an involutive algebra and E* the algebraic dual of
E . Then, the map E* — E*: f — f* with f*(x):= f(x*), X€E,is
a linear involution of E* in the sense of [2] (see also (ibid., p. 187)).
In this respect, one easily has the following propositions.

4.1. PROPOSITION. For an involutive locally convex algebra E,
whose topological dual is E', consider the next statements :

(i) The involution of E is continuous.
(i) E' is invariant (under the linear involution of E*).

Then, (i) = (ii), while (ii) = (i) in case E is moreover barrelled and
Ptdk (e.g., Fréchet). |

4.2. ProPOSITION. For an involutive locally convex algebra E , con-
sider the following statements :

(i) The involution of E is continuous.
(i) H(E') separates the points of E .
(iii) H(E) is a closed subspace of E .
Then, (i) = (ii) = (iil), while (iii) = (i) in case E is moreover
barrelled and Ptdk. ]

4.3. COROLLARY. Let E be an involutive barrelled Ptdk locally
convex algebra and ¢ a faithful *-representation of E. Then, the
involution of E is continuous.

Proof. Let (xs5) be anetin H(E) with lims xs = x € E. Then, for

any ¢, n € H, we have (¢(x)(&), n) = (¢, o(x)(n)), which implies
X € H(E). The assertion now follows by Proposition 4.2. O

4.4. Example of a discontinuous involution. Let (E,), n€ N, bea
sequence of Banach algebras with respect to two norms || ||, ||-]I,,
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n € N, which are not equivalent. Suppose also that each E,, n €N,
has an isometric involution with respect to || - ||», n € N. Then,
E =], Ex is a Fréchet Imc algebra with respect to two topologies
7, 7" induced from ||-||,, || -]|,, # € N, respectively. In particular
(E, 1) is an Imc *-algebra, while 7, 7/ are not equivalent. Now let
F = (E, 1)®(E, ') with algebraic operations defined coordinatewise
and involution by (x, y)* := (¥*, x*), (x,y) € F. Then, F is an
involutive Fréchet Imc algebra under the respective direct sum topol-

ogy. In particular, we can find a sequence (y,) in E with y, - 0,
but y, - 0; so that there is a sequence (z,) in F such that z, — 0,
T

but z;, - 0.

5. Continuity of *-representations on topological algebras without
continuous involution. Every *-representation of an involutive Banach
algebra E is continuous, while if £ has moreover a bai, then every
positive linear form of E is also continuous (N. Th. Varopoulos
[25]) (see also [2; pp. 196, 201 Theorems 3, 15 resp.]). Concerning
the first result we have already mentioned in §3 its analogues when
E is a (non-normed) topological algebra with continuous involution.
Regarding positive linear forms in the same case, see [15; Theorem 2]
and [6; Theorem 4.3]. Theorems 5.2, 5.7 of this section give conditions
under which a *-representation, as well as a positive linear form of
an involutive Imc algebra, is continuous, without any assumption of
continuity for the involution.

For a given algebra E denote by Jg the Jacobson radical of E
[2; p. 124, Definition 13]. E will be called semisimple if Jp = {0}
(ibid.).

5.1. LEMMA. Let ¢ be a morphism of a Q Imc algebra (E, (p.)),
o € A, onto a semisimple Imc algebra F . Then, ker(¢) is closed and
Je C ker(p).

Proof. Let x € M, M =ker(¢). Then, yx € M forall yc E. So
for every a € A, there is z € M with p,(yx — z) < 1. On the other
hand, since E is Q, rg < Pa, > for some ag € A (cf. [24; Corollary
1]). Consequently, there exists z € M such that rg(yx —z) < 1,
which by [18; Proposition III, 6.1 and Theorem I, 6.4] yields quasi-
invertibility for yx — z. Thus, there is w € E with

yx-—z)w=wyx—-2z)=(yx—z)+w.

Now, since ¢(z)=0, we get that ¢(yx) = ¢(y)p(x) is quasi-invertible
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in F =1Im(¢). Hence, (cf. [2; Proposition 16]) ¢(x) € Jr = {0}. The
rest of the proof goes now exactly as in [2; 131, Proposition 10]. O

The lack of property Q from the first version of Lemma 5.1 was
pointed out to the author by Professor A. Mallios.

5.2. THEOREM. Let E be an involutive Fréchet Q Imc algebra.
Then, every *-representation ¢ of E is continuous.

Proof. The self-adjoint 2-sided ideal M = ker(¢) of E is closed
by [2; p. 195, Lemma 2] and Lemma 5.1. Hence E/M endowed with
the respective quotient topology (g,), n € N, becomes an involutive
Fréchet Q Imc algebra. A closed graph argument shows continuity
of the involution of E/M . In fact, let (X, = x, + M) be a se-
quence in E/M with X, — X; and X, — X;. Since E/M = Im(p)
algebraically, E/M becomes also a normed *-algebra with the C*-
property, equipped with the norm ||X|| := ||¢(x)||, x € E. Thus, [21;
Lemma (4.8.1), (ii)] and [18; Proposition II, 1.1] imply

1%y = XalI* = roomy (@ (x5 — X2)* (% — X2))
< rg((Xy — X2)* (% — X2))-
Since now E/M is Q one has rg/y < gm, for some m € N [24;
Corollary 1], so that
1565 = X211? < (am (n) + G (53))dm (X5, — X2),
where (gm(X,)) is bounded [13; p. 135], and g, (X, —X;) — 0. There-
fore,
[|X; — X2]| = 0 and similarly ||x; — Xx]|| — O,

which implies X; = X} . On the other hand, arguing as before, we get

IXI1? < gm(X*)gm(X), VX € E/M,

for some m € N, and this yields the assertion. ]

5.3. CoROLLARY. Let X be a compact metrizable n-dimensional
C*®-manifold, E an involutive Banach algebra and C*®(X, E) the
involutive Fréchet Imc algebra of all E-valued C*-maps on X . Then,
every *-representation u of C®(X, E), which is of the form u =
®Qy, with ¢,y *-representations of C®(X), E respectively, is
continuous.

Proof. C®(X,E) = C®(X) & E up to a topological algebraic
isomorphism [18; p. 394, (2.8)], where 7 is an admissible topology
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on C®(X)® E [8; Definition 2.1]. The result follows now by [18; p.
134], Theorem 5.2 and [8; Lemma 3.2]. O

Clearly E in Corollary 5.3 can be replaced by any involutive Fréchet
Q Imc algebra. Applying Theorem 5.2, as well as the reasoning of
Theorem 3.3, we now get another automatic continuity result for *-
morphisms between topological *-algebras, which does not require

continuity of the involution for the domain of the given morphism.

5.4. CoOROLLARY. Every *-morphism of an involutive Fréchet Q
Imc algebra in an Imc C*-algebra, is continuous. O

5.5. ProprosITION. Let E be an involutive complete Q Imc algebra
and f a positive linear form on E. Then,

(i) there is a *-representation ¢ of E, such that
llos(x)ll < re(x*x)/?,  VxeE.

(ii) If E is moreover Fréchet and y € E, the positive linear form
5o, with f,(x) = f(y*xy), x € E, is continuous.

Proof. Apply the reasoning of [2; p. 198], together with [9; Lemma
7.1] and Theorem 5.2. O

5.6. CoOROLLARY. Let E be a unital involutive Fréchet Q Imc al-
gebra. Then, every positive linear form of E is continuous. o

The next theorem extends to our case a known result of N. Th.
Varopoulos [25], according to which every positive linear form of an
involutive Banach algebra with a bai, is continuous. In case E in
Theorem 5.7, below has a continous involution, property Q becomes
redundant as this can be seen by an analogue of Varopoulos’ result
for Fréchet locally convex algebras with “continuous involution” and
left bai, proved by P. G. Dixon [6; Theorem 4.3]. Continuity of the
involution makes a left bai to be sufficient in this case. On the other
hand, T. Husain-R. Rigelhof [15; Theorem 2] have proved that every
positive linear form of a unital sequentially complete Q Imc *-algebra
(i.e., continuity of the involution is again assumed) is continuous.

5.7. THEOREM. Let E be an involutive Fréchet Q Imc algebra with
a bai. Then, every positive linear form f of E is continuous.
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Proof. For any x, y, z € E one has
4xyz =(z+x*")'y(z+x*) - (z = x")"'y(z — x*)
+i(z+ix*)y(z+ix*)—i(z —ix*)'y(z — ix"),
so that by Proposition 5.5, (ii), for fixed x, z € E the linear form

g:E—-Cymr gy):=f(xyz),

is continuous. Let now (y,) be a null sequence of E. Then, using
twice [4; p. 608, Theorem] (cf. also [6; Corollary 4.2]), we find x, z €
E and a null sequence (w,) of E such that y, = xw,z. Hence

lim f(yn) = lim g(w,) = 0,

which proves the assertion. O

5.8. COROLLARY. Let E be an involutive Banach algebra (and/or
an involutive Fréchet Q Imc algebra) with a bai, and X, C*(X, E)
as in Corollary 5.3. Then, every positive linear form [ of C*(X, E)
given by f = g® h with g, h positive linear forms of C®(X), E
respectively, is continuous.

Proof. The assertion follows by Theorem 5.7, applying the reasoning
in the proof of Corollary 5.3 together with [8; Lemma 3.1]. a

5.9. CoOROLLARY. Let E, X, C®(X, E) be as in Corollary 5.8,
with E being moreover commutative. Then, every positive linear form
of C*(X, E) is continuous.

Proof. According to the proof of Corollary 5.3, we have
C®(X,E)=C>®X) ® E,

where C*°(X) is a (commutative) Fréchet Q Ilmc *-algebra [18; p.
134]. Thus, C*®(X, E) is an involutive (commutative) Fréchet Q
Imc algebra (ibid., Corollary XII, 2.2). Now, since moreover
C>®(X,E) has a bai (given as the tensor product of the unit of
C>®(X) with the bai of E), the assertion follows by Theorem 5.7. O

It is clear by Corollary 5.9 that every positive linear form of C*°(X),
X as before, is continuous. Of course, this result can be also taken
as a consequence either of [6; Theorem 4.3] or [15; Theorem 2] (cf.
comments after Corollary 5.6).
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