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Obstruction to positive curvature is a phenomenon currently ex-
plored in global Riemannian geometry; the strongest results bear
of course on the scalar curvature. Hereafter we consider the Ricci
curvature and we adapt DeTurck and Koiso’s device to non-compact
manifolds. We also record a simple non-existence result on Kihler
manifolds.

1. Statement of results. Let X be a connected non-compact C3 »n-
manifold, #n > 2, and h be a fixed C? Riemannian metricon X . We
are interested in finding conditions on h which prevent it from being
the Ricci tensor of any Riemannian metric on X . Following [5] we
consider the largest eigenvalue A(h) of the curvature operator acting
on covariant symmetric 2-tensors (see [1]). Given any C? metric g
on X, welet e(g) denote the energy density of the identity map from
(X,g) to (X, h).

THEOREM 1. Assume A(h) < 1—¢ on X, for some positive real €.
Then there is no complete C? metric g on X which admits h as Ricci
curvature.

THEOREM 2. Assume A(h) <1 on X and h complete. Then there is
no C* metric g on X, with e(g) assuming a local maximum, which
admits h as Ricci curvature.

THEOREM 3. Assume A(h) < 1 on X. Then there is no C? metric
g on X, with e(g) vanishing at infinity, which admits h as Ricci
curvature.

2. Remarks and examples. Our results and methods of proof extend
[5] from compact to non-compact manifolds. Related, though weaker,
results, obtained by different techniques, are those of [0] (a reference
kindly pointed out to us by the referee).

Theorem 1 may be viewed as the “true” extension of [S, Theo-
rem 3.2-b]. Interestingly, Theorem 2 looks somewhat stronger than
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[S, Theorem 3.2-b] due to the non-compactness of X ; an example
here for (X, h) is the Poincaré disk, since constant curvature —1
implies at once A(h) =1 by [1, Proposition 4.3]. Theorem 3 typically
applies when (X, g) is asymptotically flat; as such, it generalizes [8].

It is not possible to drop the completeness of both metrics and
just assume A(h) < 1, as the following example shows: X is the
euclidean n-space, h the conformal metric 4(n—1)c~*E, E denoting
the standard euclidean metric and o := /1 + |x|?. h satisfies A(h) =
1 and Ricci(h) = h because it is constructed in the following way:
start with the round n-sphere (S”, gy) of radius r = v/n — 1 so that
Ricci(gg) = go. By [1, Proposition 4.3] we see at once that A(gg) =
1. Now h is obtained as the pull-forward of g, by a stereographic
projection composed with the dilation of ratio 1/r.

From the identity A(ch) = lA(h) valid for any positive constant
¢, one would like to infer that, given any C? metric h on X, the
preceding theorems hold with ch for suitable ¢ > 1. This is what
DeTurck and Koiso do on compact X . However, this cannot be done
on non-compact X without assuming that A(h) is uniformly bounded
from above (a mistake to be corrected in [8]). Keeping this in mind,
one can formulate in an obvious way corollaries of our three theorems
analogous to those of [5].

3. Proofs. For each theorem we argue by contradiction and assume
the existence of a metric g with the asserted properties. As observed in
[5], the Bianchi identity thus satisfied by h with respect to the metric
g means that the identity map from (X, g) to (X, h) is harmonic.
Hence the energy density e(g) satisfies on X the elliptic differential
inequality

(1) Ale(g)] < =2||T|1* — [1 ~ A(h)]|h}?

deduced in [5] from an identity discovered by R. Hamilton [6]. Here
A stands for the Laplacian (with negative symbol) of g, T' for the
(3)-tensor difference between the Christoffel symbols of g and h, |- |
for the norm in the metric g, || - || for another norm (see [5]). Under
the assumption A(h) < 1, made in all three theorems, e(g) is thus C?
positive subharmonic on (X, g).

Proof of Theorem 1. By Schwarz inequality e(g) < /n|h|; so (1)
implies that e(g) solves on X the inequality

(2) Au < —f(u)
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where

f(t) == (2e/n)t%.
The function f is positive strictly increasing on (0, oo) and it readily
satisfies the following condition: for all a < b in (0, o0),

(3) /b ” ( /a 1) dt>_1/2 ds < oo,

Assume provisionally that (X, g) is of class C3. Since h = Ricci(g)
is non-negative, (X, g) and f fulfill all the conditions required for the
proof of Calabi’s extension of Hopf’s maximum principle [2] (Theo-
rem 4). Fixing a € (0, miny[e(g)]) in (3) and arguing as in [2] yields
an impossibility for e(g) to satisfy (2) on X . So we get the desired
contradiction.

We are left with the C3 regularity of (X, g). It follows basically
from local elliptic regularity, as a repeated use of [4] now shows. Fix
o in (0, 1). Since g is C1>®, X admits a C?-* atlas of coordinates
harmonic for g [4] (Lemma 1.2). Being C!>* in the original atlas, h
remains so in the harmonic atlas [4] (Corollary 1.4). Since Ricci(g) =
h, g is C3:@ in the harmonic atlas [4] (Theorem 4.5-b) and the atlas
itself actually is C#:2 [4] (Lemma 1.2). ]

Proof of Theorem 2. By Hopf’s maximum principle [7], e(g) is
necessarily constant on X . It follows from (1) that 7 = 0 hence
Ricci(h) = h on X. Moreover, the regularity argument above, now
applied to h, combined with a bootstrap argument, provides a har-
monic atlas in which (X, h) is a C* Riemannian manifold. So
Myers’ theorem [10] holds for (X, h), contradicting the noncompact-
ness of X . O

Proof of Theorem 3. Since e(g) vanishes at infinity, it assumes a
positive global maximum M. Fix g in (0, M) and let K be a
compact subdomain of X outside which e(g) < x#. Hopf’s maximum
principle [7] applied to e(g) inside K implies that either e(g) is
constant on K, or e(g) < u# on K. In both cases it contradicts
u<M. O

4. A non-existence result on Kihler manifolds. Let X be a con-
nected complex manifold, of complex dimension # > 1, admitting a
C? Kihler metric h. Denote by |h| the Riemannian density of h.

THEOREM 4. Assume that the scalar curvature of h is bounded above
by n, but not identical to n. Then there exists no C* Kdhler metric g
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on X, with relative density |g|/|h| assuming a local minimum, which
admits h as Ricci curvature.

Proof. Again by contradiction; let g be such a metric. Then the C2
function f := Log(|g|/|h|) satisfies on X the equation Af =n-S, §
standing for the scalar curvature of h, A for its (complex) Laplacian.
From the assumption, f is superharmonic on (X, h); moreover, it
assumes a local minimum, so it must be constant according to Hopf’s
maximum principle [7]. It implies that S = n, contradicting the
assumption. O

For non-compact X, Theorem 4 typically applies when (X, g) is
Kéhler asymptotically C* [3]. For compact X, recalling that S(ch) =
S(h)/c for any positive constant ¢, we obtain a simple proof of the
following

COROLLARY. Let (X, h) be a C? compact Kéihler manifold. Then
there exists a positive real c(h) such that, for any real ¢ > c(h), no
C? Kihler metric on X admits ch as Ricci curvature.

Of course, as emphasized by J.-P. Bourguignon (in a letter to us), the
classical cohomological constraint bearing on Ricci tensors of compact
Kihler manifolds makes Theorem 4 rather relevant for non-compact
simply connected X .

Acknowledgment. This work originated from a question posed to
me by Albert Jeune, about the contradiction between [3] and Jeune’s
Corollary 1 in [8]; as pointed out in §2, the latter turns out to be
incorrect without a boundedness assumption on A(h).

REFERENCES

[0] A. Baldes, Non-existence of Riemannian metrics with prescribed Ricci tensor,
Contemporary Math., 51 (1986), Amer. Math. Soc., D. DeTurck Edit., 1-8.

[1] J.-P. Bourguignon and H. Karcher, Curvature operators: pinching estimates and
geometric examples, Ann. Scient. Ec. Norm. Sup., 4 série, 11 (1978), 71-92.

[2]1 E. Calabi, An extension of E. Hopf’s maximum principle with an application
to Riemannian geometry, Duke Math. J., 25 (1958), 45-56; erratum, ibid., 26
(1959), 707.

[31 Ph. Delanoé, Extending Calabi’s conjecture to complete non-compact Kdihler
manifolds which are asymptotically C", n > 2, Compositio Math., 75 (1990),
219-230.

{4] D. DeTurck and J. Kazdan, Some regularity theorems in Riemannian geometry,
Ann. Scient. Ec. Norm. Sup., 4 série, 14 (1981), 249-260.



(3]

(6

(7]

(8]
9

OBSTRUCTION TO POSITIVE RICCI CURVATURE 15

D. DeTurck and N. Koiso, Uniqueness and non-existence of metrics with pre-
scribed Ricci curvature, Ann. Inst. Henri Poincaré Anal. Non Lin., 1 (1984),
351-359.

R. Hamilton, The Ricci curvature equation, Seminar on Nonlinear Partial Dif-
ferential Equations, Edit. S. S. Chern, M.S.R.I. Publications, 2 (1984), Springer-
Verlag, New York, 47-72.

E. Hopf, Elementare Bemerkungen tiber die Losungen partieller Differentialgle-
ichungen zweiter Ordnung vom elliptischen Typus, Sitz. Preuss. Akad. Wiss., 19
(1927), 147-152.

A. Jeune, Solutions de I’équation de Ricci sur une variété euclidienne a l'infini,
C. R. Acad. Sci. Paris, série I, 305 (1987), 195-198.

J. Kazdan, Prescribing the curvature of a Riemannian manifold, C.B.M.S. re-
gional conference series in math., vol. 57, Amer. Math. Soc., Providence, RI,
1985.

[10] S. Myers, Riemannian manifolds in the large, Duke Math. J., 1 (1935), 39-49.

Received June 28, 1989 and in revised form October 31, 1989.

CHARGE DE RECHERCHES AU C.N.R.S.
I.M.S.P., PARC VALROSE
F-06034 Nice CEDEX, FRANCE






PACIFIC JOURNAL OF MATHEMATICS

EDITORS
V. S. VARADARAJAN R. FINN C. C. MOORE
(Managing Editor) Stanford University University of California
University of California Stanford, CA 94305 Berkeley, CA 94720
Los Angeles, CA 90024-1555-05 HERMANN FLASCHKA MARTIN SCHARLEMANN
HERBERT CLEMENS University of Arizona University of California
University of Utah Tucson, AZ 85721 Santa Barbara, CA 93106
Salt Lake City, UT 84112 VAuGHAN F. R. JONEs HAROLD STARK
THOMAS ENRIGHT University of California University of California, San Diego
University of California, San Diego Berkeley, CA 94720 La Jolla, CA 92093
La Jolta, CA 92093 STEVEN KERCKHOFF
Stanford University
Stanford, CA 94305
ASSOCIATE EDITORS
R. ARENS E. F. BECKENBACH B. H. NEUMANN F. WoLF K. YosHIDA
(1906-1982) (1904-1989)
SUPPORTING INSTITUTIONS
UNIVERSITY OF ARIZONA UNIVERSITY OF OREGON
UNIVERSITY OF BRITISH COLUMBIA UNIVERSITY OF SOUTHERN CALIFORNIA
CALIFORNIA INSTITUTE OF TECHNOLOGY STANFORD UNIVERSITY
UNIVERSITY OF CALIFORNIA UNIVERSITY OF HAWAII
MONTANA STATE UNIVERSITY UNIVERSITY OF TOKYO
UNIVERSITY OF NEVADA, RENO UNIVERSITY OF UTAH

NEW MEXICO STATE UNIVERSITY
OREGON STATE UNIVERSITY

WASHINGTON STATE UNIVERSITY
UNIVERSITY OF WASHINGTON



Pacific Journal of Mathematics

Vol. 148, No. 1 March, 1991

David Marion Arnold and Charles Irvin Vinsonhaler, Duality and

invariants for Butler groups ........... .. i i 1
Philippe Delanoég, Obstruction to prescribed positive Ricci curvature ........ 11
Maria J. Druetta, Nonpositively curved homogeneous spaces of dimension

BV e 17
Robert Fitzgerald, Combinatorial techniques and abstract Witt rings III .. ... 39
Maria Girardi, Dentability, trees, and Dunford-Pettis operatorson Ly ....... 59
Krzysztof Jarosz, Ultraproducts and small bound perturbations ............. 81
Russell David Lyons, The local structure of some measure-algebra

homomorphisSms . ...t 89
Fiona Anne Murnaghan, Asymptotic behaviour of supercuspidal characters

of p-adic GL3 and GL4: the generic unramified case .................. 107
H. Rouhani, Quasi-rotation C*-algebras ...................cccivienn.. 131
Ignacio Sols Lucia, Michal Szurek and Jaroslaw Wisniewski, Rank-2

Fano bundles over a smooth quadric Q3 ..., 153
Martin Strake and Gerard Walschap, Ricci curvature and volume

SEOWEN 161

Anton Stroh and Johan Swart, A Riesz theory in von Neumann algebras .. 169
Ming Wang, The classification of flat compact complete space-forms with
metric of signature (2, 2)



http://dx.doi.org/10.2140/pjm.1991.148.1
http://dx.doi.org/10.2140/pjm.1991.148.1
http://dx.doi.org/10.2140/pjm.1991.148.17
http://dx.doi.org/10.2140/pjm.1991.148.17
http://dx.doi.org/10.2140/pjm.1991.148.39
http://dx.doi.org/10.2140/pjm.1991.148.59
http://dx.doi.org/10.2140/pjm.1991.148.81
http://dx.doi.org/10.2140/pjm.1991.148.89
http://dx.doi.org/10.2140/pjm.1991.148.89
http://dx.doi.org/10.2140/pjm.1991.148.107
http://dx.doi.org/10.2140/pjm.1991.148.107
http://dx.doi.org/10.2140/pjm.1991.148.131
http://dx.doi.org/10.2140/pjm.1991.148.153
http://dx.doi.org/10.2140/pjm.1991.148.153
http://dx.doi.org/10.2140/pjm.1991.148.161
http://dx.doi.org/10.2140/pjm.1991.148.161
http://dx.doi.org/10.2140/pjm.1991.148.169
http://dx.doi.org/10.2140/pjm.1991.148.181
http://dx.doi.org/10.2140/pjm.1991.148.181

	
	
	

