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In this paper we construct an action of a compact matrix quantum
group on a Cuntz algebra or a UHF-algebra, and investigate the fixed
point subalgebra of the algebra under the action. Especially we con-
sider the action of ,U(2) on the Cuntz algebra ¢ and the action of
S,U(2) on the UHF-algebra of type 2°° . We show that these fixed
point subalgebras are generated by a sequence of Jones’ projections.

1. Compact matrix quantum groups and their actions. We use the
terminology introduced by Woronowicz([6]).

DEFINITION. Let 4 be a unital C*-algebra and u=(uy;)i; € Mp(A4),
and & be the *-subalgebra of 4 generated by the entries of . Then
G = (A, u) is called a compact matrix quantum group (a compact
matrix pseudogroup) if it satisfies the following three conditions:

(1) & isdensein A4.

(2) There exists a *-homomorphism @ (comultiplication) from A4
to A®, A such that

n
Dlup) =Y u, ®uy 1<k, 1<n),
r=1

where the symbol ®, means the spatial C*-tensor product.
(3) There exists a linear, antimultiplicative mapping x from & to
& such that
k(k(a*)*)=a (ae )
and
Ku) = Dy (1<k,1<n).

We call w € B(CVN)® A= My ® A a representation of a compact
matrix quantum group G = (4, u) on CV if wow = (ided)w,
where @ is a bilinear map of (My ® A) x (My® A) to My @ A® A
as follows:

(l®a)o(meb)=Im®a®b

forany /|, me My and a,be A.
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It is known that a compact matrix quantum group G = (A4, u) has
the Haar measure 4, that is, 4 is a state on A4 satisfying

(h®id)®P(a) = (id®h)P(a) = h(a)l for any a € A.

So any finite dimensional representation is equivalent to a unitary
representation. In this paper we only treat a unitary representation of
a compact matrix quantum group.

DEeFINITION. Let B be a C*-algebra and 7 be a *-homomorphism
from B to B®, A. Then we call = an action of a compact matrix
quantum group G = (4, u) on B if (n®idy)n = (1dg @D)n .

Let w be a unitary representation of a compact matrix quantum
group G = (A4, u) and belong to My(A). We denote by @y the
Cuntz algebra which is generated by isometries S, ..., Sy satisfying

?;1 S;Sf =1 ([1]). Then we can construct an action of G = (4, u)
on @y simultaneously to [2], [3].

THEOREM 1. For a unitary representation w € My(A) of a compact
matrix quantum group G = (A, u), there exists an action ¢ of the
compact matrix quantum group G = (A, u) on the Cuntz algebra Oy
such that

N
e(S;) = ZS,- Qwj; forany 1 <i<N.
j=1

Proof. Weset T; = ¢(S;) = ijzlSJ-@wji forany i=1,2,...,N.
By the relation S7S; = J;; and the unitarity of w, T;’s are isometries
and ¥ T;T* =1. So ¢ can be extended to the *-homomorphism
from @y to @y ®, A. Then we have

N
(9 @id)p(S) = > Sk @ wy; @ wy; = (Id@P)¢(S))
j k=1

for any 1 < i < N. This implies that (¢ ® id)p = (Id®®P)p on
ay . a

REMARK 2. Let ¢ be a *-character from &/ to the algebra C of
all the complex numbers such that

e(uij) = 0j;
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forany 1 < i, j < n ([6]). If the above unitary representation w
belongs to My (&%), then the relation,

(id®¢)p =idg ,

holds on the dense *-subalgebra of @y generated by S;,S,, ...,
Sy . a

We denote by M¥ the K-times tensor product of the N x N-matrix
algebra My , and define a canonical embedding 1 from M¥ to Oy
by

’(ei,j. R ® eixjx) = Sil .. .Sl.KS}*K - S}‘.‘l ,
where {e;;}!;_, is a system of matrix units of My . This embedding
1 is compatible with the canonical inclusion of M¥ into ME+1. We
denote by Mg the UHF-algebra of type N°°, which is obtained as

the inductive limit C*-algebra of {M¥}%_,. We may consider the
UHF-algebra M3® as a C*-subalgebra of @y through the embedding.

COROLLARY 3. Let ¢ be the action of a compact matrix quantum
group G = (A, u) on the Cuntz algebra @y defined by the unitary
representation w € My(A) as in Theorem 1. Then the restriction y
of ¢ on the UHF-algebra My’ is also an action of G = (A, u) on
M3 satisfying

W(ell-’l ®...®einK) = Z ealbl ®.'.®eaKbK

R
by
3 . * *
® walll . .waKlebKjK o wbljl

for any positve integer K .

REMARK 4. We define a bilinear map © of (My ® 4) X (My ® A)
to My ® My ® A as follows:

(I@a)o(meb)=I@meab
K times
forany /,me My and a,be A. We denote wo ---@w by wk.
Then wX is a unitary representation of a compact matrix quantum
group G = (A4, u) if w is a unitary representation of G = (4, u).
The above action ¥ is represented by the following form

w(x) = wk(x ®1,)(wX)* for any x € M¥.
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So we call the action y the product type action of G = (4, u) on the
UHF-algebra M3 . 0

DEeFINITION. Let B be a C*-algebra and 7 be an action of a com-
pact matrix quantum group G = (4, u) on B. We define the fixed
point subalgebra B™ of B by =z as follows :

B™ ={x € B|n(x) =x® 14}.

Let &y be the dense *-subalgebra of @y generated by S, S5, ...,
Sy and .#y be the dense *-subalgebra Jg_, MX of Mg .

LEMMA 5. Let h be the Haar measure on a compact matrix quantum
group G = (A, u), and we define E, = (id®h)p and E, = (id®h)y .
Then E, (resp. Ey) is a projection of norm one from @y onto (On)?
(resp. from Mz onto (MgP)Y) such that

E¢(93N)C=-@N, Ew(:/lN)C%N.

Proof. Clearly E, is a unital, completely positive map, E,(x) = x
for any x € (On)?, and E,(%Py) C Py . By the property of the Haar
measure, for any x € @y, we have

(id®h ®id)(¢ ® id)(id ®h)p(x)
(iId®h @ h)(p ®1d)p(x)

(id®h ® h)(id ®P)p(x) = (Id®(h ® h)®)p(x)
= (1d®h)p(x) = Ey(x).

E, (E¢(x))

So the assertion holds for E, .
Similarly the assertion also holds for E, . O

We can easily get the following lemma.

LEMMA 6. Let m be an action of a compact matrix quantum group
G = (A, u) ona C*-algebra B and By be a dense *-subalgebra of B .
If E is a projection of norm one from B onto the fixed point subalgebra
B™ of B by the action m such that E(By) C By, then ByNB” is dense
in B™.

We define a *-endomorphism ¢ of &y by a(X) = f;l S; XS} for
any X € @y . Then the restriction of ¢ to the UHF-algebra M7 of
type N satisfies that o(X) =1 ® X forany X € My .
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LeMMA 7. (1) If X € (ON)?, then o(X) € (On)? .
(2Q) If X € (M), then a(X) € (MF)Y.

Proof. (1) For X € (@n)? , we have

N N
9(a(X)) = o(SiXSF) =) 0(SHX ® L)9(S)*

i=1 i=1
N N
= Y S XSieujuy =) SiXS;®ly=0(X)® 1y,
ij, k=1 i=1
(2) The assertion follows that y is the restriction of ¢ . m]
2. Jones’ projections and compact matrix quantum groups S,U(2)

and ,U(2). We shall consider the actions of S,U(2) and ,U(2) com-
ing from their fundamental representations.

DEFINITION ([7]). A compact matrix quantum group G = (4, u)
is called S,U(2) if A4 is the universal C*-algebra generated by «, y
satisfying ‘

ara+yty=1, aa*+p¥yy*=1, yy=yy,
uya=oay, uyra=ay*, pua*y=yo*, uay*=y*a*,

where —1 < u < 1. Its fundamental representation u is as follows:

_ (o —uy”

u= (3 ") e ma

The comultiplication ® associated with S, U(2) is defined by
Do) =a®@a—uy*®@y, ®y)=ry®at+a*®y.

We shall introduce the quantum U(2) group ,U(2), which is ob-
tained by the unitarization of the quantum GL(2) group.

DEFINITION. A compact matrix quantum group H = (B, v) is
called ,U(2) if B is the universal C*-algebra generated by «, y, D
satisfying

D*D=DD*=1, aD=Da, yD=Dy, o*'D=Da*,
y*D=Dy*, a*a+yy=1, ac*+upy =1, yy=ypy",
Uyo=ay, ,uy*a=ay*, ua*y=ya*, ,ua*y*=y*a*,
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where —1 < u < 1. Its fundamental representation v is as follows:

_ (o —pDy*
V= (7 Da* ) EMz(B).

The comultiplication ¥ associated with ,U(2) is defined by
Y(@)=a®a—-uDy*®y, ¥Y()=y®a+Da*®y,
¥Y(D)=D®D.

REMARK 8. The above C*-algebra B associated with the compact
matrix quantum group ,U(2) = H = (B, v) is isomorphic to 4 ®,
C(T) as a C*-algebra, where A4 is the C*-algebra associated with the
compact matrix quantum group S,U(2) =G = (4, ) and C(T) is
the algebra of all the continuous functions on the one dimensional
torus 7. The elements « and y in H satisfy the same relation of a
and y in G. But the values of the comultiplication ¥ at «, y differ
from ones of the comultiplication ® at «, y. O

In the rest of the paper, we fix a number u € [-1, 1]\{0}.

We denote by ¢; (resp. by ¢,) the action of the compact ma-
trix quantum group ,U(2) = (B, v) (resp. S,U(2) = (4, u)) on
the Cuntz algebra @&, coming from the fundamental representation v
(resp. u#) as in Theorem 1. We also denote y; (resp. y») the prod-
uct type action of the compact matrix quantum group ,U(2) = (B, v)
(resp. S,U(2) = (4, u)) on the UHF-algebra M5° of type 2> com-
ing from v (resp. u) as in Corollary 3.

From now on, we shall determine the fixed point subalgebras of the
above actions.

In [8] Woronowicz defines the 4 x 4-matrix

1 0 0 0
100 u O 0

00 0 1
and shows that the algebra {x € M¥|uK(x ® 14) = (x ® 14)uk} is
generated by g, &, ..., gx—1, where gy =0'(g) (i=0,1,...,
K-2).

We set
e ! —gi) foranyi=1,2,...,K—-1,

TS
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then the sequence {e,}2, of projections satisfies the Jones’ relation

2

SR

We denote by C*({e,}32 ;) the unital C*-algebra generated by the
projections {e,}9 ;.

€ieir1€6; = e, eej=e;e (lf Il - ]l > 1).

PROPOSITION 9. The fixed point subalgebra (Mg")qu(z) of the UHF-
algebra M3° by the action y, of S,U(2) is generated by the above
Jones’ projections {en}5>; - :

Proof. By Remark 4, MX N (M*): = {x € MK[uK(x ® 14) =
(x ® 1)uk}. So ML N (M)¥: is generated by e, e, ..., €x_;.
The assertion follows from Lemma 5 and Lemma 6. O

THEOREM 10. The fixed point subalgebra (é’z)ﬂu(z) of the Cuntz al-
gebra @, by the action ¢, of ,U(2) = (B, v) coincides with the fixed
point subalgebra (M?)SMUQ) of the UHF-algebra M3° by the action
w2 of SLUQ2) = (4, u).

In particular,

(@)D = (MY = (M52)S: VD = C*({en} ).

Proof. 1t is clear that (&):Y® > _(M§°)uU(2). In order to show
that (&):U® ¢ (Mf")uU(z) , it is sufficient to show that %, N (%)% C
(AN (M5°)¥1) by Lemma 5 and Lemma 6. Let x € 95N(4,)% and 0
be a *-homomorphism of B onto C*(D) such that 8(a) = D, 6(y) =
0 and 6(D) = D?. The element x has the unique representation

x =Y (SA_i+ Ao+ ) Ai(S1),
i>0 i>0
where each 4, (i = 0,+1,+2,...) belongs to .#, ([1]). Since
(idg, ®0)91(S;) =S;® D forany i=1, 2,
X ®1p = (idg ®0)91(x)
=Y (S 4@ (D) + 49 ® 15+ Y _ 4i(S)' ® D'.
i>0 i>0

Hence x = Ag € 4, N (M5°)¥ . Therefore (@)Y = (M52)V@
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We define a *-homomorphism 7 of B onto A4 such that n(a) =
a, n(y) =y and n(D) = 1. Then the following diagram commutes

My Yy Mr®,B

| |iaen

My L M, A.

So (M5°):Y® c (M52)SVD
We shall show that (M5°):Y® > (M52)S.U@ | 1t is sufficient to
show that (M§°)uU(2) contains {e,}°°, by Proposition 9. We set

1 0 0 O
0D 0 O
T= 00D 0 EMB)=ZMQM,®B,
0 0 0 D?
then
(o R Cra)t
Yy «a Y o«
and

7(e;® 1p) = (1 ® 1p)1.
Then we have
yi(e)) = (vev)(e1 ® 1p)(vov)

(6 &)=(G 7)) rmem((5 %) o))
(5 )= ) ew ()G )

=e ® 1p.

*

I

By this fact and Lemma 7, e, € (M;" )ﬂU(z) for any positive integer ».
So the theorem holds. O

REMARK 11. Inthecase u=1,

2

e.e €=—L——e‘=

i€i+1€i (1427 26>
and the projection e, is represented as follows:
0 0 0

0
_1 0
=310 -1 1 0

0 0
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Therefore the above theorem is a C*-version of a deformation of Jones’
result ([2], [4], [5]). a

(1]
(2]
(3]
[4]
(3]
(6]
(7]
[8]
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