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Let Q be an unbounded and connected domain in E” . Consider
on Q x (0, o) the parabolic equation

—divA(x, t,u, Vu)=B(x,t, u, Vu).

Under proper conditions a theorem of Phragmén-Lindelof type is
proved for generalized solutions of the equation.

Introduction. The classical Phragmén-Lindel6f principle gives an
important property of harmonic functions defined on a plane sec-
tor domain. That has been generalized not only to generalized so-
lutions of quasi-linear elliptic equations in more general unbounded
and connected domains (see [1]-[5]), but also to the ones of quasi-
linear parabolic equations in divergence form which have their prin-
cipal parts only [6]. In this paper the result is extended to generalized
solutions of the equation (1). We prove the result by an argument
based on the technique of Moser [7] and LadyZenskaja-Ural’ceva [8].
We have not seen any reference discussing such behavior for solutions
of parabolic equations except [6] where the simpler situation of the
equation (1), namely B =0, is considered.

The paper is organized as follows. In §1 the main result is men-
tioned and in §2 several lemmata are given as preliminaries. Finally,
a full proof of our theorem is stated in §3.

1. Main result. Let Q be an unbounded and connected domain in
the n-dimensional Euclidean space E”. Denote by 0Q the boundary
of . On Q x (0, co) we consider the following equation:

(1) ur—divA(x,t,u, Vu)=B(x,t, u, Vu)

where A(x,t,u,&) and B(x,t, u, &) are defined on Q x (0, 0co0) x
E! x E™, continuous with respect to u and ¢ for fixed x and ¢,
measurable with respect to x and ¢ for fixed u and &, and satisfying
the following structural conditions:

(2) E-Alx, 1, u, &) > Kolef?,
|A(x,t,u,é|§x1|é|
|B(x,t, u,&)| <b(x, ),
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where x> ko >0, b(x,t) € Loo(Q x (0, 00)) and
(3) |b(x, )] = O(Jx|™!) (uniformly for ¢) as |x| — oo.

We need the supposition on Q: there exist some xyp € 9Q and a
0 € (0, 1) such that

(4) meas(Q N {B(xo, po)\B(xo, p1)})

< O meas{B(xo, po)\B(x0, p1)}
for any pg > p; > 0, where mease denotes the Lebesgue measure of
the set e in E” and

B(xo, p) ={x € E", |x — Xo| < p}.

For G c E*, W,}(G) and Vcl)/é(G) stand for the usual Sobolev
spaces. Let X be a Banach space formed by measurable functions
defined on G with respect to the norm || - ||x. Denote L,(0, T, X)
the Banach space formed by the mapping from [0, 7] into X with
norm ||u||Lp(0,T,X) defined by

T 1/17
lullz 0,7,x) = (/ llull% dx) <= esssup ||u||x if p = oo) .
’ 0 te(0,T)

Similarly, the space C(0, T, X) etc. can also be defined.
The function u is called a generalized solution of the equation (1)
if for any T > 0 and for arbitrary G C Q and G CC E",

(5) ueC(0, T, Ly(G))NLy(0, T, W} (G))
and the following holds:

t
(1)’//{——vtu+Vv-A(x,t,u,Vu)—vB(x,t,u,Vu)}dth
0 Je

t=t
dx =0,
t=0

+/G’v(x, Hu(x, t)

Vie(0,T), veW)0,T,LyG)N L0, T, WHG))
where u(x, 0) is a given initial value of u.
As the main result we have
THEOREM. Suppose that the conditions (2)-(4) are satisfied and the
generalized solution u of the equation (1) satisfies

(6) u*=max(u,0)=0 ondQx(0,00) and u*|_,=0.
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If there exists an R > 0 such that M(R) > 0, then
M(p)— o0 asp— o0

where

M(p) = ess sup u(x, 1), Q(p)={QNB(xo, p)} x (0, p?).
p

As an immediate consequence we have

COROLLARY. If the u in the theorem is bounded from above, then
u<0on Qx(0, ).

ReMARK. The results of the theorem and corollary and the proof
given in §3 below are also true for subsolutions of the equation (1). As
the definition u is a subsolution if besides (5) it satisfies the following:

t”

/ /{—v,u+Vv-A(x,t,u,Vu)—vB(x,t,u,Vu)}dxdt
¢ JG

t—__tll

+/v(x,t)u(x,t) dx <0,
G

t=t'
V(') c (0, T), veW, (0, T, LyG)NLy0, T, Wi(G))
and v > 0.
2. Preliminaries.
LEMMA 1. Suppose G is a bounded domain in E", T > 0 is a

definite value and u satisfies (5) and (1) . If there exists a constant
M >0 such that

() (u—M)* € L0, T, WNG)) and (u~M)*|,_,=0
then

(8) esssup u(x, t) < M.
Gx(0,T)

Proof. If the statement were not true, there would be a

M' =esssupu > M (M = oo is not exclusive).
Gx(0,T)

By (7), we have for any k € (M, M’)

(u—k)* € L0, T, WHG)) and (u-k)*|,_o=0.
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Hence it follows by the imbedding inequality in L,(0, 7, VCI)/é(G))
that

T 2/(1
(/0 /Gl(u~k>+:qudz) < CII = k) llloxo, n
where g = 2(1 +2/n) and
e =) Tlx0.7) = esssup [ [(u= k)P dx
Gx(0,7)JG
T
+/ /|V(u—k)+|2dxdz.
0 G
We assume temporarily that (u — k)™ € W,1(0, T, L,(G)); then v =

(u—k)* can be taken as a test function. Substituting v into (1)’ and
integrating by parts with respect to ¢, we have by the use of (2) that

_ I\*+|2 ! 2
9 /Gl(u k)" dx+/0 /G|V(u kK)t|*dxdt
t —~k)YV(u—-k)t|dxdt
SC/O /Gb(x,t)(u k)™l ;

where the constant C > 0 depends only on #» and x;. However,
we cannot guarantee (v — k)™ € W,1(0, T, L,(G)) when u is the
function in Lemma 1. What we have to do now is to extend (u—k)*
to G x (—o0, 0) by letting (v — k)* =0 and instead of v we take

1 t+h
’U'=E/ (u—k)tdr
t

as the test function. Repeating the above process again we obtain (9)
by letting 2 — 0 in the last result.

Since the two terms on the left-hand side of (9) are all non-negative,
each of them does not exceed that on the right-hand side. Taking their
supremums for ¢ € (0, T'), we have

T
(10) n|<u—k>+|nGx<o,T)sc/0 /G<u—k>+1v<u—k>+|dxdr,

where we absorb the ||b(x, #)||_ into the constant C. Consider-
ing that the effective integral domain in (10) is only {G x (0, T)} n
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{k < u < M'}, we then have by Holder inequality that

(11) /OT/G(u—k)+[V(u—k)+|dxdt

T l/q
<e(k, M) (/ /l(u—k)*lqudt)
0 G
12
. (/T/ |V(u—k)+|2dxdz)
0 G

< C(n)e(k, M|||(u— k) |llgxo,1)

T 1/(n+2)
ek, M) = (/ / dxdt) .
0 JGn{k<u<M'}

Combining (10) with (11) we get
(12) 1< C(nek, M),

where

where the constant C(n) > 0 is independent of k. So, we have
ek, M) — 0 as k — M’ because

// dxdt—-0 ask— M.
{Gx(0, T)}n{k<u<M'}

Hence, the contradiction is obtained by (12). O
For simplicity we write B(p) = B(0, p).

LEMMA 2. Suppose po > p; >0, S C B(po)\B(p1) and
meas.S > 6 meas{B(po)\B(p1)}, 0 (0,1).
Suppose u € W, (B(po)\B(p1)), p>1 and u=0 on S. Then

/ IulpdeC(n,p,H,@-)pg/ |[VulP dx.
B(p,)\B(p,) P B(p,)\B(p,)

Lemma 2 is a variety of Theorem 3.6.5, in Morrey [9] and it can be
proved by the same method.

LEMMA 3 [10]). Let f(t) be a non-negative bounded function defined
Jor 0O<r<t<r.lIf

) <A —-t)"*+B+0f(s), VW <t<s<r
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where A, B, a, 6 are non-negative constants and 6 € (0, 1), then
there exists a constant C depending only on o and 6 such that

f(p) < CAR-p)™+B), Vr'<p<R<T

3. Proof of the theorem. Without loss of generality, let xy be the
origin. We can rewrite the condition (3) as

(3) b(x, 1) < K|x|™' as|x|>1,

where K is a positive constant.
Let p > max(R, 1), 0 < py < p1 < po < p and let {(x) = {(|x])
be a piecewise linear and continuous function of |x| satisfying

0, <2p- > 4 ,
(13) C(x)={ as |x| <2p—pyor|x|>4p+p

1, as2p—py<|x|<4p+ p>.
Then
IVE(x)| < (p1—p2)~ "

The function u# in the theorem as the generalized solution satisfying
(5) and (6) is locally bounded from above on (QUIQ) x (0, oo) [11].
Therefore

M(p) = ess sup u(x,t)<oo, Q(p)={QNB(p)}x (0, p?).
p

On Q(5p) let

(14) w(x, ) = In Mg;;i)a+—8u+’ e>0,
_ ) -kt
v(x’t)_M(Sp)+8—u+’ k> 0.

Because of the boundedness of ¥ on Q(5p), we have

(15) w € Ly(0, 25p% - W3 (QN B(5p)) N Loo(Q(5p)) ,
w=0 on{8QNB(5p)} x(0,25p*)U{t=0}

and
v e Ly(0, 2507, WAQNB(5p)) N Loo(Q(5p)), ], =0.

Suppose v € W,1(0, 25p2, Ly(QNB(5p))) (otherwise, we add a limit
process to arrive at the same result). Such v can be taken as a test
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function. Substituting it into (1)’ yields

t
_ 2/1 _ 2
(16) 0_/0 /QHB(SP){C (zl(w — k)" I7)t

[ 02V (w — k)*
M(5p)+e—ut
(w-k)*Vut (- k)*2LV¢
(M(5p)+e—ut)?  M(5p)+¢e— u+] .
3w —k)*B
M(Sp)+£—u+}dth’

te (0, 25p%).

By virtue of the appearance of {(x) and (w—k)* in (16) the effective
integral domain is only

(17)  {QN(B(4p + p1)\B(2p - p1)) x (0, )} N{w > k},

on which u* > 0 because of (14). By the use of (2) it follows from
(16) that

1
2 JanB(sp)

+Ko/t/ (CIV(w—k)* P+ (w—k) T |V(w—k)*|?) dx dt
0 JONB(5p)

C(w - k)*Pdx

< t [ w-R*12e19gi + b, 0V - k)l dxdr
0 JonB(5p)

With the aid of Young’s inequality it follows from the inequality above
that

t
(18) f Ol(w-k)*Pdx + / / C\V(w - k)*)?dxdt
QNB(5p) 0 JONB(5p)
t
<c[ [ (=K IV EP+Ib(x, D dx ds
0 JQNB(4p+p )\B(2p—p,)

t
gc(———l 2+—12-)// (w—k)* dxd,
(P1—p2)* " p*) Jo JanB(ap+p )\B@2p-p,)

where the last inequality in (18) is obtained by the fact that (3)’ holds
on the effective integral domain (17) and the constant C > 0 depends
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only on n, kg, k; and K. Extend w by taking w(x, ) = 0 as
x ¢ Q. We have from (4)

meas({B(4p + p1)\B(2p — p1)} N{(w — k)* = 0})
> (1 — 0) meas{B(4p + p1)\B(2p — p1)}.

For p=1, 2 applying Lemma 2 to (w—k)* on B(4p+p;)\B(2p-p1),
we obtain

(19Y / (w — k) dx
QNB(4p+p )\B(2p—p,)
<C(n,0)p IV(w - k)*|dx

QNB(4p+p, )\B(2p—p,)

and

(19)" [(w—k)* P dx

‘/;an(4p+p1)\B(2p_p|)

< C(n, 6)p? IV(w — k)t dx
QNB(4p+p )\B(2p—p,)

respectively. It follows from (18) and (19) that

(20) OCl(w —k)*YPdx + /t/ V(w — k)t dx dt
QNB(5p) 0 JQNB(5p)
1 1
sclomm e

- / V(w — k)*| dx dt
QNB(4p+p )\B(2p-p,)

1 112
T+ | P’
(pr—p2)% »p QNB(4p+p \B2p-p,)

IV(w — k)*|?dxdt

< C[ x(k)dxdt

1

*3

QNB(4p+p,)\B(2p—p,)
where the constant C > 0 depends only on n, xy, ¥, K and 8,
and x(k) is the characteristic function of the set {w > k}. Taking
the supremum in (20) for ¢ € (0, p?) we get
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(21) esssup/ C2l(w — k)T dx
te(0, p*) YQNB(5p)

pz
+/ / C\V(w — k)*)>dxdt
0 JQNB(5p)

1 1
<c [—+ _] 2
(p1—p2)?  p? b

e
- / / x(k)dx dt
0 JanB(@p+p)\B(2p—p,)

1
+3 / / V(w — k)2 dx dt.
0 JQNB(4p+p )\B(2p—p,)

According to the definition of {(x) it is obvious that

0
(22) / / V(w — k)* 2 dx dt
0 JQNB(4p+p,)\B(2p~p,)

e
< / / IV (w — k)P dxdt.
0 JanB(p)

On account of C being independent of p; and p, and the arbitrari-
ness of p; and p; in 0 < py < p; < p, combining (22) with (21)
and applying Lemma 3 we obtain

e
(23) / / V(w — k)2 dx dt
0 JOnBp+p)\B2o-p,)
<C [; + L] : p*
e —p2)? PP

2
p
- / / x(k)dxdt,
0 JQnB(4p+p)\B(2p—p,)

where the constant C > 0 is independent of p;, p, and p. There-
fore, if 0 < p; < po < p, it follows from (23) by replacing p; and
p> by po and p; respectively that

e
(24) / / V(w — k)* 2 dx dt
0 JQNB(4p+p )\B(2p—p))

cc[ L i]'s
= lpo—p1)?  p?

2
p
- / / 2(k) dx dt.
0 JQNB(4p+p \B(2p—p,)
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From (15) we have

pz 2/q
(25) ( / / (w — k)*|7 dx dt)
<O JQNB(4p+p,)\B(2p-p,)
< CMIIE) W = k)"l @nBapsp)\B2o—p,)1x(0, 27

< C(n){ ess sup/ OCl(w — k) Pdx
te(0, p*) JQNB(5p)

2
+/ / LIV (w — k)P dx dt
0 JanB@p)

pz
+/ / |VC|2|(w—k)+|2dxdt}.
0 JQnB(4p+p )\B(2p-p,)

Collecting (19)”, (21), (24) and (25), it follows that

pz 2/q
( / / \(w - k)9 dx dt)
0 JQnB(4p+p,)\B(2p—p,)

1 112 ,
sc[—+—] 2/ / 2(k)dx dt
(p1—p2)?  p? ’ 0 JQnB(ap+p)\B(2p-p,) ()
1 112 ,
+C[——————2+—2] p2/ / 2k dxdt,
(po—p1)?  p 0 JanB(ap+p)\B(2p-p,)

where C > 0 depends only on n, k3, k;, K and 6. In particular,
let 0< p" =py<po=p <p and p; = I(p' + p"). The inequality
above can be rewritten as follows:

7 2/q
(26) ( I |<w—k>+|qudt>
0 JQnB@4p+p" \B(2p-p")

<C 1 112 ,
=Cly—mrtml?

p2
- / f 1) dx dt.
0 JQNB(4p+p")\B(2p—p')

Take for v =0,1,2, ...
py=p/2", k,=H-H/2Y (H > 0 will be special),

p2
A4, = / / x(k,)dxdt.
0 JQnB(4p+p,\B(2p—p,)
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Since the constant C in (26) is independent of p’, p” and k, replace
p', p" by p,, p,i1,and k by k,, it follows from (26) that

(kys1 — k)24

v+1

0 2/q
< (/ / I(w — k)| dxdt)

0 JonB@p+s,, )\B(2o-p,,,)
<c[——1—+i]2p2,4y vr=0,1,2,...
= Ly —pui1)? PP ’ o

namely,

24 2u+1 2 2u+1 2 1 2 5
o ahse(G) |(5) <) o
< C28.2%(Hp)~24,, v=0,1,2,....
For v =0 we have
pz
(28)  Ag= / / x(0)dx dt < meas B(5)p""2.
0 JanB(5p)\B(p)

As long as we assume H > 0 so large that

.98 1+2/(n+2)
(29) ( i ) [meas B(5)]%"*2) < §,

26(1+2/(n+2)) §2/(n+2) — 1

from (27), (28) and (29) it can be shown by induction that
A, <Y Ay, v=1,2,....

Let v — oo; then

2
p
/ / y(H)dxdt =0,
o Jansumaem

esssup w < H.
{QNB(4p)\B(2p)}x(0, p*)
According to the definition of w we have
ess sup ut < [M(5p) +&](1 —e~H).
{QNB(4p)\B(2p)}x(0, p*)
Let ¢ — 0; then

which implies

ess sup ut < M(G5p)(1 —e ).
{QNB(4p)\B(2p)}x(0, p*)
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It follows from Lemma 1 that

(30) M(p) = esssup U< €ss sup u
{QnB(p)}x(0, p*) {QnB(3p)}x(0, p*)
< ess sup ut < M(5p)(1 — e H),

{QNB(4p)\B(2p)}x(0, p%)

We see from (29) that H is determined by constants C and 7 ; hence,
H is independent of p.

Now, suppose po = max(R, 1). For any p > po there exists an
integer v such that 5V py < p < 5*!lp,. Iterating by (30) we get

M(p) > M(5 po) > (1 — e~ )™ M(py)
> (1 - e™")M(po)(1 — &~)~ o801
= (1-e ®)M(po)(p/po)* > (1 — e H)M(R)(p/po)*,

A=logs(1—e"™)"1>0,  p>py.

Thus, M(p) — oo as p — oo whenever M(R) > 0. The proof of the
theorem is completed.
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