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An affine Hecke algebra is additively the tensor product of a finite
dimensional Hecke algebra with the coordinate ring © of a complex
torus. In this paper we give explicit formulas for eigenvectors of ©
in unramified principal series representations of the reductive p-adic
group G associated to /#Z . This leads to new information about
intertwining operators, Jacquet modules and submodules of principal
series representations.

Let G be a reductive p-adic group, 7 an unramified character of a
minimal parabolic subgroup P, and I(t) = ind$ 7 the induced prin-
cipal series representation of G. The space I(7)B of vectors in I(7)
which are invariant under an Iwahori subgroup B affords a represen-
tation of the affine Hecke algebra ## corresponding to G . It is known
that taking B-invariants yields an equivalence of categories between
(admissible G-modules generated by their B-invariants) and (finite
dimensional /# modules). Thus the representation theory of I(7) is
captured by the action of # on I(7)8. The irreducible representa-
tions of #Z have been classified ([K-L] and [G]). However, the de-
composition of I(t)8 itself, though well studied (see the references),
is not completely understood. The purpose of this paper is to describe
certain functions in I(7)® which are important for finding the sub-
modules of this representation explicitly. This investigation enables
us to extend some results of Rodier [R] and Rogawski [Re], and also
yields a new proof of the irreducibility criterion for I(z) due to Kato
and Miiller ([Ka], [M]).

Recall (cf. [L]) that as a vector space, /# is the tensor product of
two subalgebras

%=6®%W:

where #y is the Hecke algebra of the finite Weyl group W of G and
O is isomorphic to the coordinate ring of a maximal torus 7" in the
complex Lie group which is dual to G in the sense of Langlands. As a
Zy-module, I(7)B is always the regular representation of #y , so as
7 varies, the change in the structure of I(7)B is seen in the action of
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©. Now 7 may be viewed as an element of 7, hence as a character of
©, and the semisimplification of the ©-module I(z)® is isomorphic
t0 @ew T . Moreover,

Homg(I(1), I(t)) ~ Homg(I(7)?, %) ~ Homp(I(1)y, T¥61/?),

where I(t)y is the Jacquet module with respect to the unipotent rad-
ical N of P, and ¢ is the modulus of P.

We can write I(7)® as a direct sum of indecomposable ©-sub-
modules, each containing a one-dimensional space of “ © -eigenvectors”
which transform under © by the character 7%, for some w € W'
Moreover, any invariant subspace of I(t)® must contain a 6-
eigenvector.

Our goal is to describe all O-eigenvectors in I(7)® explicitly,
and relate them to the structure of I(7)® as well as Z itself. We
are only partly successful. For some 7, we have found all ©-eigen-
vectors. For arbitrary 7, we have found all ©-eigenvectors for certain
identifiable characters 7. This is the content of Theorem (8.3),
which is the culmination of this paper. In more detail, the contents
are as follows.

We describe the ©-eigenvectors transforming by 7% as linear com-

binations
Z Aw,y(T)Py
yew

of standard basis elements ¢, € I(7)®, which correspond to P\G/B
double cosets. Each a,, ), is a rational function of 7 (ie., an element
of the function field C(7")) and is given by a recursive formula involv-
ing induction on the length of y. We have ay =1 foral we W
and a,,, =0 if w £ y in the Bruhat order. In the case that 7 lies
in no root kernel, Rogawski ([Ro]) has described all ©-ecigenvectors
in a completely different way, in terms of translates of a particular
eigenvector by the Kazhdan-Lusztig basis of #j . Our improvement
on this point is the determination of the basis coefficients a,, ,, and
more importantly, their poles (see (5.2)). This gives us sharper infor-
mation for singular 7.

Actually, we give two recursive formulae for a,,,, ((4.2) and (4.9)).
The first comes from the compatibility of ©-eigenvectors with inter-
twining maps between principal series. The second formula arises
from a relation in # between the generators of © and those of #y ,
which we use to study the action of /4, on the ©-eigenvectors. The
formulae are in principle equivalent, of course, but it is not clear how
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to directly derive one from the other. Nevertheless, their similar ap-
pearance can be explained.

It is because intertwining operators come from multiplication in the
“extended” Hecke algebra

F = ® C(T) = Hy @ C(T)

by certain elements .7, € # . These were defined by Lusztig in [L]
and are closely related to Rogawski’s formulae for ©-eigenvectors.
Consider the #Z-submodule

;= ® C(T)ym

where C(T'),; consists of those functions which are holomorphic on
T € T, and wyq_is the long word in W. The #-module / ()8 is
a quotient of /. Assume for simplicity that no root of 7T takes
value ¢*! on 7. For each y € W, the usual (normalized) inter-
twining operator %4, € Homg(I(7)?, I(7”)®) is the quotient of the
map #; — #, given by right multiplication by .7%_1 Y, (see (4.11)).
Thus, both of our formulae for a,,,, are related to multiplication by
basis elements of /Z . Moreover, if s € W is a simple reflection, then
T+ 1€ (T;+ 1)O (T; is the generator of #j corresponding to s),
and this accounts for the similarity.

In §5, we digress to combine our point of view with that of [Ro]
and derive an identity expressing the a,,,’s in terms of the prod-
uct of certain Kazhdan-Lusztig basis elements of /4 . A priori, this
product involves Kazhdan-Lusztig polynomials, whose combinatorial
complexity is much greater than that of our a4, ,’s. In our identity,
T is playing the role of a deformation variable, and apparently some
of the combinatorics is being expressed in terms of the W action on
the deformation space.

We return to our main path in §6 and find the poles of the ay,y’s.
In principle, the recursive formulae should be enough for this, but
other ideas were needed, namely the P-decomposition of /(t) and
the Jacquet module. In (6.2) we give a criterion for holomorphicity
of ay,, which depends only on w, telling us on which root kernels
our O-eigenvectors are still defined.

If 7 is not in the kernel of any root, then (and only then) the
action of ® on I(t)? is diagonalizable, all a,,, are holomorphic
and we have found a basis of I(7)? consisting of ©-eigenvectors. As
an application, we find, in (7.3), an explicit /#-composition series
of I(t)? in the case that 7 is regular. Consequently, we determine
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the lattice of submodules of 7(7) and generators of each submodule.
This extends earlier work of Rodier ([R], see also [Ro]), in which the
composition factors of I(t) were parametrized.

If t is unitary, we can use Harish-Chandra’s theorem on inter-
twining operators to get a good upper bound on the number of ©-
indecomposable summands in /(7). From this we deduce that ex-
actly the right number of a,, , ’s are holomorphic at 7, implying that
we have found all of the ©-eigenvectors. This is the Hecke algebra
version of the “Knapp-Stein dimension theorem” on intertwining op-
erators, first proven by Silberger [S] in a more general context, and
made explicit by Keyes [K]. We can then easily write down explicit
spanning sets for the spaces of ©-eigenvectors in each isotypic com-
ponent of I(7)%.

The result for unitary 7 is a special case of Theorem (8.3), which
applies to at least one element, said to be “good”, in the W orbit
of any 7, and is a generalization of [Ro, Theorem (3.1)]. Assuming
that 7 itself is “good”, we determine a non-empty set of w € W,
depending on the roots of 7" which have (complex) modulus one on
7, such that all ©-eigenvectors in I(z)? with character ¥ are lin-
ear combinations of the ones given by our formulae. Proceeding along
Rogawski’s lines, we can then strengthen Corollaries (3.2) and (3.3) of
[Ro] as follows. In (8.6), we give weaker sufficient conditions, neither
of which can be omitted, for I(7) to have a unique irreducible quo-
tient and submodule. In (8.7) we give a new proof of the irreducibility
criterion for I(¢)B, originally announced in [M] and proven in [Ka].

In §9, the paper concludes with some examples and a conjecture
related to the limitations of Theorem (8.3).

To make the paper easier to read, we have assumed that G is split.
This is not essential, and the motivated reader can adapt the compu-
tations to quasi-split groups.

I thank A. Moy, F. Shahidi and M.-F. Vigneras for useful discus-
sions. Much of this work was done while I was provided with the
stimulating environs of Université de Paris VII and CIRM. Financial
support was also received from NSA grant MDA904-89-H-2027.

1. Notation. Let F be a nonarchimedean local field, and G a
Chevalley group defined over &, the ring of integers in F. We write
G for the F-rational points of G, and use similar notation for other
algebraic groups over @ .

Let A be a maximal F-split torus of G, and denote the rational
character group of A by X*(A). Let A, A*, A~, X € X*(A) be
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the roots of A in G, a choice of positive roots, with corresponding
negative and simple roots respectively. For a € A, welet h,: F* — A4
be the corresponding one parameter subgroup. We set

A" ={a€ 4. |a(a)lr £1VaeX}.

Let T =C*®X*(A), the complex torus dualto 4. Let K = G(©),
a maximal compact subgroup of G.
We have a pairing

(, ):AJANK xT — C~
given by
(a’ z ®ﬂ.) — Zval(i(a))'

This induces an isomorphism between A/4 N K and the group
X*(T) of rational characters of 7" as well as an identification between
T and the group of unramified (quasi)-characters of 4.

For a € A we define e, € X*(T) by

ea(7) = (ho(w), 7)
for teT. :
The Weyl group W = Normg(A4)/4 actson 4, X*(4), T, X*(T)
and the characters of 4 in such a way that
™ (a) = f(waw™!)
and
(wey)(7) = ewa(t) = ea(t")
forweW,teT,acA, acA. We set
W,={weW|t" =1}, A={a€le(t)=1}, Af=ANA".
We also set
TO = {1 € Tle,(1) # 1 Va € A}, T = {re T|W, =1}.
If w € W, there is a representative for w in K which we will also
denote by w , hoping there is no confusion.

2. The affine Hecke algebra. Let B C K be the Iwahori sub-
group corresponding to our choice of simple roots X, and let Z =
C>*(G//B). As a vector space, /# is the tensor product of two sub-
algebras

X =~y R0

which we now describe (see [L]).
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The subalgebra #j consists of those functions in # which are
supported on K. It is isomorphic to the finite dimensional Hecke
algebra corresponding to W . The subalgebra © is commutative and
has a linear basis {0,la € 4/4N K} where the 6,;’s are defined as
follows.

For x € G, we let Ty € # be the characteristic function of BxB.
Let a € A and choose a;, ay € A~ such that a = aja;'. Then

Ba = q%(l(az)_l(al)) T'al Ta_l
2

It is shown in [L] that this is independent of the choice of a;, a;, and
then it is clear that 6, depends only on the coset of a in 4/4ANK . In
this definition, / denotes the length function on the normalizer in G
of ANK . It is defined by the equation ¢/ =[BxB: B].If ac 4,

we have
l(a) = |val(a(a))|-

a>0
This means we can also write

0. =), T,

where
5(@) = [] (@l
a>0
is the modulus of the Borel subgroup corresponding to our choice of
simple roots.
Finally, we have the relation

0 = 040,, a,be A

Thus O is isomorphic to the group algebra C[A4/4 N K]. The pairing
(, ) from §1 moreover induces a ring isomorphism

0 ~ C[T]

under which Oh (w) corresponds to e, and T € T is the algebra
homomorphism 7: © — C such that 17(6,) = (a, 1).

Let C(T) be the field of rational functions on 7. Note that C(7)
is isomorphic to the quotient field of ©.

The Weyl group W acts on C(7") by (w - a)(t) = a(t¥), for w €
W,reT,and acC(T).

3. The unramified principal series. Let P = AN be the Borel sub-
group in G whose unipotent radical N is generated by root groups
from A*.
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Our group G has the double-coset decomposition
G=]] PwB.

wew
According to [C, (1.3)], we have

BwB C | ) PxP;
x>w
hence also
PwB C | ] PxP.
x2>w

Finally, we have
PwBNPwP =(PNnK)w(NNK).

For 1€ T, we set
I(t) = Indg(7),

where the induced representation consists of those locally constant
functions f on G such that f(pg) = 16'/%(p)f(g), for p € P,
g € G. The action is given by [7(g)pl(h) = ¢(hg), for g, h e G
and ¢ € I(r). We sometimes suppress the 7 and write simply /
instead of I(1).

Since 7 is unramified, we have, for each w € W, a function ¢,, =
@%, € I(t) which is supported on PwB and satisfies

0% (pwd) = 6'/%(p)

for all p € P, b € B. The set of all ¢, ’s is a basis of the space
I(t)® of Iwahori-invariant vectors in I(t). Of course I(7)8 affords
a representation of # . In particular, I(7)® affords an action of
Cl4/ANK] via (a, p)—n(6)p, ac A, ¢ € I(7)5.

For any P-representation (7, V'), we denote the Jacquet module
of V by (7ZN, VN).

(3.1) PrOPOSITION. The natural projection jy: 15 — Iy ® 6712 s
an isomorphism of C[A/AN K] modules.

Proof. That jy is a linear isomorphism is well known (cf. [C]). For
the equivariance, we use [C, (2.5)] which says

Jn(=(Ta)p) = [BaB: Blny(a)jn(9)
for a€ A=, ¢ € I. We have therefore

jn(@) = jn(n(ToT;)p) = [BaB: Blan(a)jn(n(T; )p),
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from which we conclude
in((T; ) = [BaB: BY 'nn(a™")jn(p).
Now let a € A be arbitrary, and write a = aja; ' with a; € 4=. We
get
n(a(8a)p) = gies 1) ZAZ R @) ()
qz:@) 1@y (a)jn(p)
=672 (a)n(@)jn(9)- 0

In other words, the ©-module structure of I? is essentially the same
as the A-module structure of Iy . This relationship can be strength-
ened as follows.

There is a P-stable filtration I = |J,, ¢y Iw , Wwhere

Iy =I(t)y = {fe I(7)| support of f C U PxP}.

x>w

This gives an A-filtration

In={ Iun,
weWw
hence a O-filtration
wew

Observe that x > w = ¢, € I, NIE .

(3.2) ProposITION. The projection jy induces an isomorphism
I,NnIE=S I, n. Moreover, {¢x|x > w} is a basis of I, N 15.

Proof. By [C, (2.3)], the quotient

Iw,N/ Z Ix,N

xX>w

is one-dimensional, so
dimI, y=t{x e W|x >w}.
On the other hand, counting ¢, ’s shows
dimI, NI% > §{x € W|x > w}.

This completes the proof, since jy is injective. a
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For the rest of this section, we assume 7 € 7%, and recall some
facts about intertwining operators that we will need later. See [C].
For x € W, let N, be the subgroup of N generated by the roots
in
R(x) :={a > 0|xa < 0}.
Since t € T%, the space Homg(I(t), I(t*)) is one dimensional,
spanned by an operator %/, = %, with the property that

(1) = /N f(xn)dn,

if the support of f lies in

| pyP.

y&x

(The measure on N, is such that vol(Ny N K) = 1.) Finally, if
x,y €W satisfy I(x) +[(y) = I(xy) then %7 F = 7.

4. O-eigenvectors. We begin with a basic property of certain ©-
eigenvectors.

(4.1) LEMMA. Let 1 € T, and assume w € W is maximal in its
coset Wyw , with respect to the Bruhat order on W . Then there exists
a unique function f7 € I(t)y NI(t)8 such that

(1) fi(w)=1, and

(2) m(0a)ff =1 (a)fS forall ac 4.

Proof. In [C] it is shown, for any x € W, that A acts on the one
dimensional quotient

Ix,N/ZIy,N

y>x

by the character 7%63. By (3.2), © acts on the quotient

Lnr®/> nnr®

y>z

by the character 7*.

Our hypothesis on w implies that 7% does not appear in any ©-
invariant subquotient of 3>, I, N I®. Hence the quotient affording
7 splits off and we can find a nonzero f as in (2). Moreover, f}
must have PwB in its support, so we can normalize to get (1). O
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For a € A, we set

1 - q—lea
1—e,

If we have also an element w € W, and a > 0, we define

K o { CaCq fwla>0,
R | ifwla<O.

Co = e C(T).

If a<0,weset Ky w=K_q,u-
Thus, Ky . is an element of C(7) which is holomorphic on 70.

(4.2) THEOREM. Let 7€ TOO, weW,and aeX. Set s =s,.
Then (1) & fh = Ko, w(T) fi

(2) fo=Y"aw (1o},

y2w
where the ay , € C(T) are given recursively as follows:

ax,y=0 ifx4y,
ax x=1 forallxeW

and finally, if sy >y, then
ax sy = (1- Ca)ax,y +Ka,x(s : asx,y)-

Proof. For any x € W and 1, € T%, we can write
T T
f' = Z ax,y(T1)0y',
yew

for some complex numbers ay ,(7;). By definition (see (4.1)), we
have ax x(7;) =1 and ax, ,(71) =0 if x £y. We set ay, = ay, ,(7),
by = asw,y(7%).

Note that % f and f7, are two functions in I(75)3 which trans-
form by ¥ under ©. The regularity of 7 implies that this character
has multiplicity one, so there is a k = k, 4, € C such that

s fy = kf
From [C, (3.4)], we have

L0t = (ca(t) — D)@Y +q7 195, if sy >,
A0t = (ca(t) —q V@Y + 9%, ifsy<y,
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SO

kY byor = N ayl(calt) ~ Dof +47 98]
y

sy>y

+ 3 ayl(calt) — a7 )05 + 051
Sy<y

Comparing coefficients of ¢ , we find

kb _{ (CG(T)_I)aZ+aSz ifSZ>Z,
B (ca(t) =g Va, +q lag,, ifsz<cz.

In particular,

(ca(T) = Dasy + ay if sw <w,
kbsw = { )a L
(ca(?) —q Vasw + g7 'ay  if sw > w.

But by =ay =1, and ag, =0 if sw < w. We also have
(4.3) LEMMA. agy =1 —co(7) if sw>w.
We first prove

(4.4) LEMMA.

(1) Zpuw(l) #0=>w < x.

(2) How(l)=1.

(3) Hwpuw(l) =cat) =1 if w < sW.

Proof. Assume w £ x. Then
pwBC | PyPc | PyP,
yzw yix

SO

tepu(l) = /N pw(xn)dn

However, if xN meets PwB then x N meets PyP, forsome y > w,
which must in fact equal x, and this is a contradiction.

For (2), we start with the fact that PwPNBwB = (PNK)w(NNK).
Thus if wn € pwB for some n € N,,, p € P, we have p~lwn €
(PNK)Yw(NNK), so wn € Pw(NNK). By uniqueness of expression
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in the Bruhat decomposition, we have n € NN K, and then also p €
PN K . Moreover this shows, since 7 is unramified, that ¢,,(wn) =1.
We now can compute the integral:

Ly (1) = /N pu(wn) dn

w

=/ pw(wn)dn =/ dn=1.
N,NK N,NK

w

For (3), we use the cocycle condition for the operators % to get
Sy P (1) = Ly s P (1)
= (ca(?) = D03 (1) + 47" 4 05, (1)
=co(7) -1
by (1) and (2). O

We are now able to give the

Proof of Lemma (4.3). The functional f — %, f(1) on I(1) trans-
forms under 4 by the character %837, s0 % f5(1) = 0. On the
other hand, (4.4) implies

K [y (1) = Asw + Qg P (1) = asw + ca(T) — 1.

Now, using the easily checked identity (¢, — ¢ (1 —¢,) + g~ ! =
CaC—qa, We see that k = K, 4(7), and this proves (1) in (4.2). We
have also shown that

w ,sy(T) = (ca(T) — Daw,y(1) + Ko, w(T)sw,y(7°) ifsy >y,
so that we have finished the proof of (4.2).

(4.5) COROLLARY. Let t€ TP, y, we W. Then
S (fa)= I Kew@fl,
R(y™"
(Recall that R(y~™!) = {a > 0:y~la > 0}.)

Proof. Suppose the result is true for y and let s be a simple reflec-
tion such that ys > y. Then

%st;QO/s H Kﬂ,w(T)f;flw
BER(™)
= II Kpw®K, -1, (@) 150,
R(y™Y
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Since R(sy™') = R(y~') U{ya} and K, -1, (7") = Kya,u(7), We
have the result by induction. O

We can view the f] ’s as specializations of elements in = C(T®
Aw =C(T) ®g # as follows. Define

Jw = Zaw,yTy eZ.

y2w

Let Z;: C°(G) — I(t) be the projection given by

FN@) = [ 7167 0) e do.
where the measure on P is such that the volume of PNK = 1. For
w € W, we have Z#(Ty) = ¢, .

We let C(T'), denote the ring of functions in C(7") which are holo-
morphic at 7. We have a homomorphism of right /3 -modules

Ue: C(T) ® 2w — Zw
given by evaluation of the coefficients at 7. If 7 € T9 then all 4y, ,’s
belong to C(7'); and
Jo = F((fw))-
Since a,,, =0 if w £y and ay,» = 1, the f,’s form a basis of
the C(T')-vector space 7 .

We next describe the effect of right multiplication by a standard
generator 7 in terms of this basis. Applying &, o u, to this relation
tells how 7 acts on the ©-eigenvectors. In the process, we will derive
another recursive formula for the ay ,’s.

First of all, an easy computation shows, for y and w € W, that

n(Ty)y‘[(Tw) - e@t(TwTy—l).
Thus, if s is a simple reflection in W, we have

{¢ws if ws > w,
qPuws + (4 — Dow if ws <w.

The following relation in # is fundamental ([L, (3.9)]). Let s =
Sa, @ €X,andlet a€ 4. Set 6, =6} (). Then

n(Ts)(ow =

1 - a
0a(Ts+1) = (T +1)0_ 1 = (8,0 99

sas sas") 1-0,

The right-hand side is actually in # .
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(4.8) LEMMA. Let M be any #-module. Suppose that f € M
is an eigenvector for © with character t, and e,(t) # 1. Then
(r(Ts) + qca(t) — q) f is a O-eigenvector in M with character 5.

Proof. We have
n(0a)f = t(ha(w)) f = ea(T) [,
so the fundamental relation gives
(0a(Ts + 1)) f1(sas™")a(Ts + 1) f + gca(7)(2(a) — 7(sas™)) £
Since e,(7) # 1, this can be rewritten as
n(02)[n(T5) f + g(ca() — 1) f1= t(sas™")[n(Ts) f + q(ca(t) — 1)1,
whence the claim. O
We introduce another bit of notation: For a € A*, w € W, set
Tow = { Cwal—wo %f wa > 0,
’ 1 if wa < 0.
Note that J,, (1) =K, ,,-1(7").

(4.9) PROPOSITION. Let w e W, a €X, s =S5,. Then
(1) JuTs = q(1 — cya) fw + an,wfws, in % .
(2) Suppose y € W and ys >y. Then

Ay ,ys = (1- Cwa)aw,y + Ja,waws,y-

Proof. We show that (1) and (2) hold when both sides are evaluated
at an arbitrary 7 € 7%, Then we will use (2) to get (1) as stated
above.

Since, for T € T%, the algebra © is diagonalizable on I(7)B with
distinct eigencharacters, it follows from (4.8) that

1(Ts) Sy + 4(Cwa(t) — D) fyy = C s

for some complex number C = C, 4, .. We will compute this con-
stant in the process of finding the new recursive formula for ay .
We have

C> aus,y0l = Cfis = n(T)fE + qlcwa() — 1) £
y

= Z ay,yPys + Z aw,y(q(oys +(q - 1)¢)’)
ys>y ys<y

+q(Cwa(t) = 1)) aw, 0y
y
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Comparing coefficients leads to the formula

qaw,ys + q(Cwa(t) — Nay,, ifys>y,
des,y = —1 .
Aw,ys + 4(Cuwa(T) —q ay,, ifys<y.
Letting y = ws, we get
_ { q ifws <w,
T L1+ (gewa(t) = Daw ws  if ws > w.

Suppose ws > w, and let w’ = ws. Replacing w by w’, so that we
know C, . ., =g¢, we get

o
Q0w ws = Qay's 4 = 4Cy1a(T) — 1 = @(Cwsa — ¢7") = 4(1 — cya).

This means C = 1+g(cya—¢~1)(1 —cywa), and this expression equals
qCwal—wa - Thus, if ys >y, we have

qay ,ys = q(1 _Cwa)aw,y + Caws,y =4q(1 - c'wa)aw,y + an,waws,y-

This proves (2).
To prove (1), we must show that

Z Aw,yTys + Z aw,y(qTys + (¢ — 1)T,)

ys>y ys<y
=4(1 - cwa) z aw,yTy + qJo,w Z Aws,y Ty.
YEW yeW

We compare coefficients of 7}, on both sides. If ys >y, we must
show that
qaw ,ys = q(l - Cwa)aw,y + an,waws,y )
but this is just (2), which was already shown. If ys < y, the equation
to be verified is

Ay ,ys + aw,y(q — 1) =q(1 — cwa)aw,y + Ja, wuws, y-
We rewrite this as

Q(q_l - Cwa)aw,y + qJo,wlws,y = Qw ,ys-
Now apply (2), with y replaced by ys, to both terms on the left of
this last expression, and use the relation

-l c’wa)(l - cwa) = q_l — Cwal-wa-

(g
We get

-1 Cwa)a'w,y = Q(q—l - Cwac—wa)aw,ys

+ quz,w(q_1 - cwa)aws,ys s

q(q
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and

an,waws,y = an,w[(Cwa - q—l)aws,ys + Ja,wsaw,ys]-

Now we add the two expressions and observe that J, Jo ws =
CwaC—we - This gives (1). O

(4.10) CoroLLARY. For w,y € W, we have

fwTy = ql(y) ( H Ja,w) fwy + Zcszz

a€R(y) z<y

Jor certain c, € C(T).

Proof. This follows easily by induction on the length of y, just as
in (4.5). O
One reason for the similarity between the formulae in (4.2)(2) and
(4.9)(2) is that the intertwining operators % are also specializations

of multiplication operators in # := # ®g C(T). By this we mean
the following. Consider the left /#-module

Hi= 96 C(T)m

where O is viewed as a subring of C(7"),» . We have a surjection of
left #Z-modules

o.: # — I(1)8
given by o(T ® f) = f(t%)n(T)f} , for Te # and f e C(T)m.
Let s = s, be a simple reflection. If e.(7) # 1, the intertwining
map &;: I(7)8 — I(z%)B is defined ([K]). If e,(z) = 1, the normalized
intertwining map %% = 1.% € Endy(I()®) is defined.
On the other hand, Luzstig ([L]) has introduced another basis
{Fw:we W} of x consisting of invertible elements satisfying ;.7

=y forall x, y € W. It suffices to know that
Ts= a7 T+ e~ 11.

—c,

_Set o = —wpar € X, and 5 =5z. E e.(t) # 1, we have /%ca,% =
A, and if e,(1) =1 then Z % = 7.

—~—

(4.11) ProPOSITION. For all T € #, we have

Hs0:(T) = O'Ts(TCE(%) , ifea(r)#1, and
,0,(T) = 0(TF),  ifea(r) = 1.
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Proof. Tt 11 enough to check the equations when 7" = T, (= the
identity of #). In the first case, we need only then verify that

(93,) = 47 2(T5)p}, + cx(t™) — 1.
The right-hand side is
Osw, + (CalD) = 77105, ,
which is nothing but the formula for %4(pf, ) for v € T% (see proof
of (4.2)). Both sides of the formula are holomorphic in a neighbor-

hood of e, =1, so it is valid throg{ghout that domain.
A similar argument applies to % in a neighborhood of e, =1. O

5. Some identities. We make in this section some observations
about the ay,,y(7)’s for particular values of 7 € T°. We need some
notation: If J C X, then W is the subgroup of W generated by the
rootsin J and W’ = {w e W:w~1J C A*}.

(4.12) ProPosITION. (1) Let J C {a € Z: e,4(7) = q}, x € W7.
Then
ax,zp(7) = ax y(t) forallze Wy, y e W/,

(2) Let LC{a€X:e,(t)=q7 '}, xe WL. Then
ax,zy(1) = (=q) ' Pay ,(1) forallze Wy, y e Wt

Proof. We prove (2) by induction on the length of z; the proof of
(1) is the same. If « € L, and s,z > z, then s,zy > zy. Also,
Ky, w(t)=0 so

ax,sazy(f) =(1- ca(T))ax,zy(T) = (_q—l)ax,zy(f)-
The formula in (2) follows immediately. O

For example, if {a € X: e,(1) = ¢~ 1} =X, then
F=Y (—9)7 '™,

wew

spans the Iwahori invariants in the Steinberg representation. If the
above set of roots is instead equal to —X, we get that ff = > i 07,
is the spherical vector in /(7). These seem to be the only cases where
it is possible to compute f7 in closed form for a general group.

We now record an identity between the a, ), ’s and the Kazhdan-
Lusztig basis {Cy: w € W} of Zj . For the complete definition of
this basis, see [K-L1]. We mention only that C; = cﬁ(q‘1 Ty — 1) for
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a simple reflection s, that if ws < w then Cp,Cy = —(q7 + ¢~ 1)Cy,
and that if ws > w, we have

CuCs = Cus+ Y u(z, w)C;

z8<zZ
where u(z, w) is the coefficient of u:/(®)~/(z)-1) in the polynomial
P; (u) defined in [K-L1].

(5.2) ProposITION. Let 1 € T° and let w = s,---5, be a reduced
expression for w € W, where each s; is the simple reflection for some
a; €X. Then

[Cs, + qica (D] [Cs +qica (D=5 Y. Qupu,y(OT, T

y2w,w

In particular, if to € T is such that the Steinberg module is the irre-
ducible quotient of 1(1¢) then

Cs - Cs,=q% > auw,y(10) Ty Ty

yz2w,w

Proof. Let s = s, be a simple reflection. As in [Ro], we consider
the element
4 iCs + cal) = ¢ T + co(7) = 1 € Hp.
If ws < w we showed in the proof of (4.9) that
1(q2Cs + ca(0) i = fiis»
from which it follows that
2([Cs + qica (D] [Cs, + qica, (NS5, = 45/ u-

Let o: #Zy — I(1)® be the linear isomorphism sending Ty to ¢, for
all s € W . By our remarks prior to (4.8) we have

o(TyT, ) = n(Tx)o(Ty)
forall x,y e W. Thus
T [Cs, + qica (1)) (Cs +q3ca (D=5 D auw.y(DT.
y2w,w

The identity follows.
Finally, the Steinberg representation is a quotient of I(ty) for that
7o which satisfies c,(79) =0 forall a € X. O
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6. Holomorphicity of the f,,’s. We will be interested in the poles
of the ay,y’s on 7. We can get some idea about them from our
first formula in (4.2). If we think of a,,, as a polynomial in an
indeterminant ¢~!, we see that the degree of ay, y is at most /(y) —
[(w). Moreover,

(6.1) PROPOSITION. Let wo be the long word in W . For any w €
W, the coefficient of q'®)="0) in ay, 4 is

Proof. Let my,,, be the coefficient of ¢/®)~!0) in a,, ,. Then if
a€X, s=5, and sw < w, sy <y, we have

1
Msw , sy — 1o
8

€a

—— s-m .
l—ea wySy]

Msy,y =
On the other hand,

€a
S My,y=S§- [T:’e—mw,sy +s- msw,sy]
a

= § My, sy + Mgy sy,

e,—1
so that e
Msw ,uy = 1_—S My ,y.
The result now follows by downward induction on w . o

We are now ready for the main result of this section, which says
that (6.1) essentially accounts for all the poles. This determines the
domain of holomorphicity of the f,’s

(6.2) THEOREM. Let a be a positive root and w e W . If w™la <0
then ay,,y is holomorphic on {t€ T:e,(1)=1} forall ye W.

REMARK. The condition means that w is maximal in W,w with
respect to a certain partial order which is weaker than the Bruhat
order. See §8 and compare with the preliminary result (4.1).

Proof. We can write ay,y = —l where P,, O, € C[T] are such
that P, is not divisible by ez — "1 for any f € A, and Q) is a
constant multiple of [];.o(eg — 1) ™) for certain mg(y) € Z. Set
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m = maxy>y My(y). Since ay, = 1, we have my(w) = 0, and
hence m > 0. The theorem will be proved if we can show that m = 0.
To this end, we suppose m = mq(yo) > 0 and we will deduce that P,
vanishes on V = {t € T: e,(1) = 1}. We then argue as follows. Let
T be a maximal torus in the Langlands dual of the simply connected
cover of G. We may view C[T] C C[T], and from the formulae for
ax y , it is clear that Pyo € C[T]. Now C[T] is the localization of the
polynomial ring Cleg: B € X] at powers of [[zczep, so the ideal in
C[T] generated by e,—1 is prime (we may conjugate by W to assume
a simple, and then (e, — 1) is clearly prime). It follows that e, —1
divides P, in C[T], hence in C[T], and this is a contradiction.

Let

U={teT: W;C{ss)}
Note that UNV is a non-empty open subset of V7, so it is enough to
show that P, vanishes on U.

Let 7o € U. Then W w = {w} or {w, s,w}. In either case, w is
maximal in W; w . By (4.1), there exists a unique 8 e I(tg)wnI (o)
transforming under © by 1¥ such that fJ(w) = 1. On the other
hand, for each g € G, the function

T Zaw,y(ea - l)m(1)¢;(g)
y

1s holomorphic on U and agrees with 7 — (ey(7) — 1) f5(g) on
UNTP. Set
F(g) = lim (ea() — 1)"/5(8).
1eT®
Then FQ € I(19)yyNI(10)®, and transforms under © in the same way
as f2. By the uniqueness part of (4.1), we have FJ = cf0 for some
constant ¢. Evaluation at w gives
=i —_ m =11 _ m =
c= Tlgrrlo(ea D™ ay,w(7) Tlgrgo(ea 1)™(7) =0,
since m > 0 by assumption. But F? is a linear combination of ¢;° ’s
which are linearly independent. It follows that

=7,

7eT™

for all y > w. Taking y = yp, we find that P, (79) = 0, and this
finishes the proof. O
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(6.3) CorROLLARY. For g € G, the function t— f1(g) extends to
a holomorphic function on {t € T: w='Af C A~}. For 7t in this
domain, we have [} € 1(t)y, NI1(7)8 and n(6,)f} = t¥(a)f} for all
acA.

REMARK. Proposition (6.1) says, at least for generic g, that the
fw’s do not extend to a larger domain in T .

7. The lattice of submodules of 7(7), 7 regular. Throughout this
section, we assume 7 € 790,

Let S; = {a € A: e,(1) = ¢~} . By[R], the irreducible subquotients
of I(t) are parametrized by subsets of S;. (Our parametrization is
slightly different from that of [R].) If J C §;, the corresponding irre-
ducible subquotient 7; is characterized by its set of ©-eigencharacters
being {t¥:w € W(J)}, where

WJ)={weW:S:nw(A™)=J}.

Furthermore, 7; is the unique irreducible submodule of 7(7¥) if and
only if y e W(J).

Note that ye W(J) & {a € S;:y~la<0}=J.

Let 7; be the submodule of 7(7) generated by {f}:w e W(J)}.

(7.1) ProprosITION. (1) 7y is the unique irreducible quotient of 7ty .
(2) Every G-invariant subspace of I(t) is a sum of #t;’s.

Proof. Let
O0-U—-7;—-V -0
be an exact sequence of G modules, with V' irreducible and nonzero.
Then V ~ g for some K C S;. By definition, there isa w € W (J)
such that f projects nontrivially into V. It follows that t* appears
in VB,so W(J)NW(K) # @, whence J =K.

For the second assertion, let M be a G-invariant subspace, and
suppose 7 , ..., Ty is a complete list of the irreducible quotients of
M , up to isomorphism. Considering ©-eigenvectors as above, we see
that 3, ,.,%; C M. This containment must be an equality since
I(t) is multiplicity-free. 0

Given J C §,, we set
Ry =ATN(JU—(S\J)).

We have y € W(J) if and only if Ry = R(y~') N (S; U—S;). Next,
we define a partial order < on the set of subsets of S; by

KSJ@RKQRJ
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Note that if S; C A+, then R; = J for each J and the partial order
< 1is just containment. In general, the minimal and maximal subsets
are S;NA~ and S; NA* respectively, since

Rgp- =2 and Rgppe = (S:NAT)U—(S:NAT).

A version of the following result, stated in terms of characters in
Jacquet modules, appears in [R, Prop. 2].

(7.2) PROPOSITION. Let J CS;. If ye W(J), then

{f;’,:we U W(K)}

K#J
is a basis of (ker24)B.

Proof. 1t is immediate from (4.5) that (ker4)® is spanned by
those f}’s for which there exists a positive root a € S; U —S; such
that w='a > 0 and y~'a < 0. In other words, f] € kers, &
Ry—Hn(S;u=S;) € RwH)n(S;U-S;) & w € W(K) for some
K#J. |

(7.3) THEOREM. Let J and K be two subsets of S;. Then

ﬁJQﬁIK@JSK.

Proof. Suppose J £ K, and take y € W(J). By (7.2), we know
fix C kersy,. On the other hand, %, is not identically zero on 7 ;
hence #; ¢ 7k .

Conversely, suppose J < K, and again choose y € W(J). Since
ny 1is the irreducible quotient of 7, and is also isomorphic to the
irreducible submodule V' of I(7¥), we must have %, (7t;) = V. Now
if w e W(K), we have .,(f) # 0 so that &/,(ix) is nonzero; hence
V C % (itg). This means iy C #ix + kersj,. Let x € W(J). The
character 7* of © does not appear in ker.?,, so it must appear in
fix . But then fT € fix. Since 7, is generated by such f7’s, we have
iy Cog. 0O

(7.4) CorROLLARY. (1) The submodule #% has a basis {f}: w €
W(K), where Rx C Ry}
(2) The G-module I(t) has a filtration

Oc%chc---chsJ=I(r)
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where
Vi= Y #; and Vi/Viy= D n.
(R, |=i (R, =t

Putting (7.1) and (7.4) together, we have found a basis of every #
submodule of I(t)B

For example, suppose K C S; NX. Rogawski has defined a “repre-
sentation on a parabolic cone”

k(1) = [ ker % .

acK
Comparing O-characters with the aid of (7.2) and (7.4), we find that

s -k = k(7).

8. Completeness of our eigenvectors. We return to the setting of an
arbitrary 7 € T, but retain the notation S; = {a € A: e,(t) = ¢~!}.
There is a canonical decomposition

I08= P Iw, gen,

weW\W

where I(w, T)gen is the largest ©-invariant subspace of I(z)® on
which the operators 7n(6,) — t*(a), a € A, are nilpotent. The di-
mension of I(w, T)gen is |Wz|. We also let I(w, 1) C I(w, T)gen be
the ©O-eigenspace with character 7% .

By (6.3), we have ff € I(w, t) for all z € W,w with the property
that z‘lA;r C A~ . This condition can be reformulated as follows.

First, define a Bruhat-like partial order <* on W;w by declaring
that xw <* yw if and only if there exists a sequence a;, ..., a, € AT
such that s, -8, x =y, (xw) la; >0, and (ss_ - Sa,xw) " (0)
>0 forall i=1,

The maximal elements in W;w with respect to this partial order are
precisely those z such that z=!A} C A~ . In particular, such elements
always exist. Moreover, given one such z, we have

{z1: z['A} CA™} = R, z,

where R; = {x € W;: xA} = At} is the “ R-group”.
Thus dimI(w, 7) > |R,;|. We seek conditions for equality. In other
words, when does {f}: ze€ W,w, z~!A* CA~}spanI(w, 1)?
Let
= {a €A: ley(1)| = 1}.
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Note that Al is a sub-root system of A containing A;. We denote
the Weyl group of A, by W/.

(8.1) DerFINITION. We say the element 7 € T is “good” if there
exists an intermediate group W; C Wy C W/ which is generated by
Won{sy: a €X}.

Note that W} is the Weyl group of a root system A, with base
AgNX. For example, if W; is a standard parabolic subgroup of W,
then 7 is good. Any unitary 7 is also good. However, the advantage
of this definition is that for every 7 € T, there exists w € W such
that ¥ is good.

(8.2) LEMMA. Let t€T.

(1) There exists w € W such that |e,(t")| <1 for all o > 0. For
such a w, tv is good.

(2) If 7 is good, then TtV is also good for all w € Wj.

Proof. The assertion (2) is clear. For (1), we observe that there
exists w € W such that

wAt = {a € A: |e,(1)] < 1} U (AL NAT),

because the right side is a positive system for A, whence the first part
of (1). For the second part, suppose o € A,NA* and a =a;+---+ay
where each «; belongs to wX. Then 1 = |e; +.+q, ()| = [1leq,(7)].
But the choice of w insures that |e, ()| < 1 for each i. Hence for
all i, |e,(7)] =1 so a; € A7. It follows that W is generated by the
simple reflections it contains, so % is good. o

We are now ready to state the main result of this section.

(8.3) THEOREM. (1) If 7 is good, then dimI(e, T) = |R|.

(2) If R, is trivial and t% is good, then dimI(w, 1) =|R;|=1.

(3) Suppose y € W and R(y~\)N+S; = @. Then forall w e W,
Iw™!, )~ Iyw™!, ) and I(w, ) =~ I(yw, 1).

In particular, if S; = @ then dimI(y, ™) = |R,| forall y, we W .

Proof. The dimension of the space of ©-eigenvectors in I(w, 7)
equals the number of ©-indecomposable summands in /(w, 1), which
in turn is the dimension of Homg(I(7), ) ~ Homg(I(7), I(7¥)). If
T is unitary, it follows from a well-known theorem of Harish-Chandra
(see [S1]) that the dimension of this last space is at most |R,;|. This
finishes the proof in this case.
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Wenowlet 1€ T, w € W besuch that 7% is good. Let W, Ay be
as in (8.1), applied to 7% . Consider the subgroup Gy of G generated
by the roots from Aq. Since Gy is again a Chevalley group (with Weyl
group W,), we have an Iwahori-Hecke algebra #; for G,. We may
identify #; with the subalgebra of # generated by the elements T
and O, where Oy is the linear span of {6,: a € ANGy}. Let 7o be
the restriction of 7 to 4N Gy. Note that 7( is unitary.

(8.4) LEMMA. Under either of the hypotheses in (8.3)(1) or (2),
there exists z € W with z7'AF C A~ such that the #y-module 7, [
is isomorphic to the induced (principal series) representation %@eo 'y

Proof. We have a surjective #;-homomorphism
o ®e, T0 — H0f;

such that 7, ® 1 — =n(T,)ff. If R, is trivial, this map is injective
because the induced module is irreducible (cf. [K]).

Suppose 7 is good and w =e. Let z be the long word of ;. By
(4.9), we have

n(Ty“)f; = ql(y) ( H Ja,z) f;y + Zcxf;xa

a€R(y) x<y

for some complex numbers c¢x. Since W, is generated by simple
reflections, x < y is equivalent to zy < zx. Thus

”(Ty“)f:zr = ql(y)(ozy + Z bx@zx,

X<y
implying that {n(7})f7:y € Wy} is linearly independent. O

We can now finish the proofs of (8.3)(1) and (2). Since 4 f} isa
unitary principal series representation of 7, it follows that # f} has
[Wy: W] generalized eigenspaces for 6g, each of dimension ||
and there are exactly |R;| ©p-indecomposable summands in each
generalized eigenspace. On the other hand, I(w, 7)gen also has di-
mension |W;|. It follows that I(w, 7)gn is a generalized eigenspace
for ©y in A f} and hence there are at most |R.;| indecomposable
summands for © in I(w, 7).

For (3), we may assume y = s, is a simple reflection and e,(7) # 1.
By (4.8) the operator

n(Ts) — g + qca(7)
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maps the eigenspaces in I(t%) for characters 7 and 7° into each
other. The possible eigenvalues of 75 are —1 and g, so this operator
is injective if o ¢ +S;.

The second isomorphism results from the fact that the normalized
intertwining operator % € Homg(I(7), I(7%)) is an isomorphism if
a ¢ +£S;. (Though well known, this also follows from (4.10).) O

REMARK. One can show, in the notation of the above proof, that

%= @ 1x,1).

XeW\W,

(8.6) COROLLARY. Suppose t is good and R, is trivial. Then I(1)
has a unique irreducible quotient and submodule, and these occur with
multiplicity one.

Proof. Note that 7 is good if and only if 7% is good. Since R; =1,
(8.3)(2) implies that I(w, 7) is spanned by fuf,0 , which we know to
be a generator of I(7)B. It follows that the sum of all submodules
not containing fu’,O is the unique maximal proper submodule of I(7),
and the isomorphism class of the quotient has multiplicity one. The
hypotheses are the same for 7=!, and I(t~!) is the contragredient rep-
resentation of I(7), so I(t) also has a unique irreducible submodule
with multiplicity one. o

The examples in §9 show that even for SL3, neither hypothesis can
be omitted.

(8.7) CoroLLARY (Miiller, Kato). I(t) is irreducible if and only if
Si=@ and R, =1.

Proof. We know the dimension of Endg (I(7)B) is at least |R.]|,
from our construction of G-eigenvectors, so irreducibility implies R,
= 1. Suppose S; is non-empty. Conjugating 7 if necessary, we may
assume S; contains a simple root a. Asin §4, let @ = —wpa € X.
Since wpseAT C A7, and J5 45 = CaC-a(T) = 0, (4.8) says that
fszwo is an eigenvector for 7y . It follows that fSZ% is contained
in a submodule induced from a character on nonminimal parabolic
subalgebra of # . This submodule has dimension equal to the index
of the corresponding parabolic subgroup of W, hence is proper.

Suppose M is a nonzero submodule of I(7)E. Since S; = &, (4.8)
implies that M contains O-eigenvectors for every character in the
W -orbit of 7, and the dimensions of all ©-eigenspaces are equal.
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Since there exists w € W such that 7% is good, (8.3) implies that
dimI(w, 1) = |R,/ =1 for all w e W. It follows that M contains
all ©-eigenvectors. In particular, fJO eM,so M=1I(7)8. O

9. Examples. First, suppose 7 is unitary. Then I(7) is completely
reducible. Recall that we have a homomorphism 7 — ,ca?; of the
group R; into the invertible elements in Endg(I(7)) = Endz (1 (B)),
where . is a normalized intertwining operator. This extends to a
ring isomorphism CR; ~ Endg(I(t)®). Thus we have a decomposi-
tion I(1)8 = eaneﬁ Vy into isotypic components. Each V}, is a direct
sum of dim# pair\;vise isomorphic #-modules. We will describe the
space of ©-eigenvectors in each V.

We identify n with its character and let

M, = Y 7(r)% € End(I(7)®)
reR.

be the projection onto V. Let w € W, and choose w; € Wy
such that w; IA; € A-. Tt follows from (4.2) that the linear span
of { w1 E R;} is invariant under R, and in fact affords the regu-
lar representation of R, . This implies that

Hy(frw : 7 € Re)

has dimension (dim#)? and is the linear span of the ©-eigenvectors
in ¥, which transform by 7%.
Here is a pleasing example of this. Let

G=SL, and 7=diag(l,w, ®?,..., 0" ') e PGL,(C),

where @ is a primitive nth root of unity. Then R, = W; = (o)
is cyclic of order n. All f! are holomorphic, © is diagonalizable
on I(t)® and each V) is irreducible for . Choose a set of coset
representatives Q for R,\W. Then {Il,f: w € Q} is a basis of
V; consisting of ©-eigenvectors. In particular, dimV; = (n - 1)\
Moreover, using (4.2) we see that

H"fT Z H Ka’l"f:"w'
-'0 aGR (o)

We should also discuss at least one group thoroughly. Take G =
SL3(F), with £ = {a, B}. Set s =5,, r =s5g. The torus T may be
viewed as (C*)3 modulo the diagonal action of C* , such thatif 1€ T
is represented by (x;, x5, x3), then e,(7) = x1x2‘1 , eg(t) = x2x3’1
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Then in # we have

fsrs= Ty,

Jrs = Tps + (1 = Ca) Tsrs f9r=7}r+(1—cﬂ)]}rs,
ﬁ =T+ (1 - Ca)T.'sr'f' (1 - Ca+ﬂ)Trs + (1 - ca)(l = Ca-l—ﬁ)rsrm
Ss=Ts+ (1 —cp)Trs + (1 = Canp) Tsr + (1 — cp)(1 = Carp) Tors
Je=Te+ (1 =co)Ts+ (1 = cp)Tr + (1 = ca)(1 = ¢B)(Trs + Tsr)

+ [(1 - Ca)(l - Cﬂ)(l - ca+/3) + q_l(l - ca+ﬂ)]]j?rs~
It is useful to know that

(1 - Ca)(l - cﬂ)
(I—ca)+(g7! —cp)

We will find bases of I(w, T)gen for each 1€ T, w € W, and
relate them to the /# module structure on ()5 .

First, if A; = @, then either W; = 1 or t is W-conjugate to
(1, w, w?), and these cases have been covered in (7.3) and above.
If A, = A then 7 = 1, © acts indecomposably, f.. is the only ©-
eigenvector and I(1)8 is irreducible.

Thus we arrive at the cases where A} consists of a single root. Here
R, is trivial.

For each positive root y, set U, = {t € T: A7 C {y}}. The U,’s
form an open cover of T\{1}. One can verify directly that if 7 € U,,
and w~!y <0, then f,, and Js,w = s w,wfuw belong to C[T]: ® Zy .
Set Al = @,u,(]}yw - asyw,wfw). Then

I(w, T)gen = (fi» hiy)-

We have, for te U,n 79,

7(0a) 5 =T"(@)fy, and

m(0a)hy = 1" (@)hy + a5 w0 (TN (a) — 7¥(a)) fo-
In fact, this last matrix coefficient is holomorphic on all of U,. To
see this, we take a = hs(w) for some 6 € A. Let ( , ) denote a
W -invariant pairing on A, and set ¥ = (v, v) v, for v € A. We
then have

1 - ca+ﬂ =

as w,w(T)(T7 (hs(w)) — 7% (hs(w)))

= asyw,w(T)ewé(T)(ey_(wé’?) - 1).

In all cases except y = a+ f, w = srs, this last is

(1 - g Veyens (1___@__) (1),
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which becomes
(@' = )(wd, P)ews(t)
on e,(t) = 1. Note that this is never zero, so each I(w, 7), w™ly <
0, is spanned by f} .
If y=a+ f and w = srs, the last matrix coefficient is instead
1 — e—(wd,(a+p)")
1 - €atp ’

[(1—ca)(1 —cp) + a7 11(1 — g7V Yeur peus (

which tends to
CaC-a(T)(g™" = D)(wd, (a+ B)")ews(7)

on e,,s = 1. This is nonzero unless 7 = (1, ¢g*', 1), in which case

hi.e = fF — ae srs [ 1s a fourth ©O-eigenvector, along with f%., fT,

T
rs:

To find the # -invariant submodules, we use the relation from (4.9):

(T5) fuy = (1 = Cwa()) fip + Ja,w i

(and similarly for r = sg) , as well as the fact that f,,f,o always generates
I(t)B.

We have six remaining possibilities for reducible I(7)8.

If 7=(1, 1, ¢g*') € Ug, there is one #-invariant subspace:

(frs I B3).

Since fi, is the only ©-eigenvector outside this subspace, we see that
I(7)B has length two, and is indecomposable by (8.6).

If © = (¢q%!, 1, 1), the picture is the same with  and s inter-
changed.

If 7=(1,q*!, 1), then I(1)? splits into two irreducibles of di-
mension three:

I(T)B = (f;i" h;‘[r > qh;rs - f.S‘:l;'S) @ <f;.[5‘ > h;s ’ qh;‘[rs + q_l S‘L;'S)'

(These facts are easiest to check by writing each vector in terms of
¢y ’s and checking the action of 7, and T;.)

Note that the indecomposability of /(t) may change throughout
the W orbit of 7.

For a general group, it is reasonable to make the following

(9.1) Conjecture. For 1€ T and w € W, let

Zy vy = C(T){fxw: x € W) N C[T )y,
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and recall the map
Pepe: ClT LAy — 1(0)"
which sends a7), to a(t)p,. Then
I(w, Ogen = Pette( Zu ).
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