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It was shown by A. Connes and J. Woods that every ITPFI factor of
type III ; is characterized to be an AFD factor whose flow of weights
is conservative, aperiodic, and approximately transitive (AT). In this
paper, a measure theoretical proof of their result will be shown from
the side of ergodic theory, without using modular theory.

1. Introduction. ITPFI factors, introduced by Araki and Woods [1],
provide us concrete models of von Neumann algebras. Among ap-
proximately finite dimensional (AFD) factors of type 111, their exact
position was characterized by Connes and Woods [1], whose result
says the flow of weights associated with an ITPFI factor is conserva-
tive, aperiodic, and approximately transitive (AT), and conversely. As
every ITPFI factor is the Krieger factor arising from a product odome-
ter action with a product measure, and as the isomorphic classes of
AFD factors of type III correspond bijectively with the orbit equiv-
alence classes of ergodic amenable actions of type III by countable
groups of non-singular transformations, their result in effect says that
an ergodic amenable action of type IIIj by a countable group of non-
singular transformations is orbit equivalent with a product odometer
action if and only if its associated flow is conservative, aperiodic, and
AT (see Definition 17). In such a measure theoretical setting, the one
direction that product odometer action implies AT was proved directly
by Hawkins [6].

In this paper we would like to present a purely measure theoretical
proof of the other direction, which seems to be more difficult. The
proof is based on the following observations. Given a countable group
G of type IIly, ergodic, non-singular transformations, a transforma-
tion group Z is introduced (§3). Z is orbit equivalent with G when
the action of G is amenable. & is equipped with all the information
available from the AT-property of the associated flow of G, and it
is easier to check that & is a product odometer action rather than
to check G'. Our approach might be helpful for the reader not fami-
lar with modular theory of von Neumann algebras, and the notion of
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comparison of finite weights used in the Connes-Woods argument will
become clear through our measure theoretical presentation.

The content is the following. Functions f, € L!(X), and measures
e (g €[¥)) are introduced (see Definition 10), which give a link
between the AT-property and product odometer action. We will pre-
pare Lemmas 11-16. Lemma 13 which corresponds to Lemma 5.9
and Lemma 6.4 in [2], is a critical point of the proof (§3). Also we
need a characterization of an ergodic amenable action of type III
by a countable group of non-singular transformations which is orbit
equivalent with a product odometer (§2). This says that any multi-
ple tower with constant Jacobian is refined by a tower with constant
Jacobian relative to a modified measure which is close to the original
measure (Proposition 7 and Corollary 19). In fact this notion is very
closely related to a characterization obtained by Katznelson (Theorem
6.6 in [7]), but is slightly different (see Remark 8 and Corollary 19).
Also we note that this corresponds with the product property (Def-
inition 7.1 [2]), which is a variation of Stermer’s property of being
“asymptotically a product state [10].”

The author thanks T. Girodano and J. Woods for helpful discus-
sions of various points in this paper. He also thanks the referees for
suggesting several improvements.

2. Preliminaries. Let G be an ergodic countable group of non-
singular transformations on a Lebesgue space (Q, %, m), where m
is a o-finite measure.

For w € Q, we denote the orbit {gw; g € G} by Orbg(w). The
group {¢; ¢ a non-singular transformation such that ¢w € Orbg(w)
a.e. w} is denoted by [G] and called the full group of G'. By a par-
tial transformation ¢ we mean a pair of measurable subsets Z(¢)
and .#(¢) and a measurable bijection from Z(¢) to 7 (¢p) satisfy-
ing that ¢w € Orbg(w), a.e. w € Z(¢) ([3]). The sets Y ($) and
F (¢) are said to be G-Hopf equivalent. We denote the set of all
partial transformations by [G]. and the set {¢ € [G].; m(Z(P)) <
oo, m(F (@) < oo} by [G]" respectively. We note that [G]” plays
the same role as the predual of a von Neumann algebra.

DEFINITION 1. A tower of G is a finite collection { = {e, g €
[Gl«, a, B € A} of partial transformations satisfying the following
conditions:

(a) Eg =Y (eg,p) are disjoint.
(b) ea,/feﬁ,y:ea,y’ «, ﬂa YEA
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Notice that for fixed # the sets Z(e,, p) and F(eg ,) are all equal
to Eg. Wecall Eg afloor of {. We denote the set (Jgep Eg by 5(0)
and call it the support of {. We also denote the set {e, pw; a € A}
for w € Eg by Orb;(w) and call it the orbit of {. A finite union of
towers with disjoint supports is called a multiple tower.

DEeFINITION 2. Let { ={e, g; a, B € A} be a tower. A measurable
subset E C s({) is said to be {-adapted if

eﬁ,a(EaﬂE)=Eﬂ NnE
for o and B € A with m(E,NE) >0 and m(EgNE) > 0.

In particular, E is said to be {-invariant if
Orb;(w) € E, ae. weE.

When we restrict each partial transformation e, g to a {-adapted set
E , we obtain the restriction of the tower { to E and denote it by
ClE -

DEFINITION 3. We say that atower { = {e, g; o, B € A} hasa con-
stant Q-Jacobian if each Radon-Nikodym derivative (dQep ,/dQ)(w)
is constant on E, where Q a finite measure on s({) which is equiv-
alent with m. We call the vector ((dQeg ./dQ)(w); B € A) a dis-
tribution of { relative to Q. As Q is determined by the restriction
v of Q on E, and the distribution q = ((dQep ./dQ); B €A), we
sometimes denote Q by vq.

DEFINITION 4. Let 37, @ {; be a multiple tower with {; = {e(i B
a,peN}, T, 1<i<n,finitesetsand { = (e 5;¢6,0 €A) a
tower with

A={(i,a,r);1<i<n,acA;,relj}.

If
n
Us(&) =50,
i=1
U Eier=E.L, a€A;, (E,afloorof{), and
v€r,

Ciar,ipr® =€}, g a.e. W€ Eg,, iar, ifreA,
then Y7, @ {; is said to be refined by (.

DEFINITION 5. Let { = {e, pg: a € A} be a tower, ¢ € A, and
n={e s;r,s €I} atower with the support E;. Then ( is refined
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by a tower
&= {ey, ps;ar, Bs€e AxT}

satisfying the following condition that forall o, f€ A and r, seT,

Ea = UEat:
tel
€es,as = €¢,a, O € Eqs,
egr’gsw = er,sw, (ONS Egs and

€ar,ps®W = €ar,er€er,es€es ps®W, W E Eﬂs-

¢ is called a product to the towers { and n and denoted by ¢ = {®n.
By an amenable action of a group G, we will mean a countable
group of non-singular transformations admitting a non-singular trans-
formation T satisfying [G] = [T], where [T]=[{T*;i€Z}].
It is known ([8]) that the action of G is amenable if and only if there
exists a sequence of product towers {; (L ® -, n=1,2,...,
such that

|J Orb; g..e¢ (@) = Orbg(w) < ae. o,

n>1
and that -
V&CGio - o)=2.

n=1

Here % ({) means the sub g-algebra generated by all floors of a tower
¢. Hence, we see that the action of G is amenable if and only if
for any ¢ > 0, and any finite collection of partial transformations
81s.-.,8n € [G]" there exists a tower { satisfying the following
conditions (a) and (b):

(@) Z(gi), S (&) €™ *Z ().
Here €™:¢ means the set in its left-hand side is ¢-approximated by a
set in Z({) in the sense of m-measure symmetric difference.

(b) m(we P (g); gw e Orbr(w)) >(1-e)m(Z(g)), 1 <i<n.

Take an infinite product space Q = [][;2,{0,1,...,7r, — 1}
(r» € N) and an infinite product measure m = [],>, m,, m, a prob-
ability measure with m,(¢) >0, 0<e<r,—1. Let G, be the finite
group consisting of all bijective transformations acting on the product
space [[{0,1,...,r—1}, n>1. Each group G, naturally can
act on Q by fixing all coordinates after n. Putting G = J;2; G, we
call G a product odometer action with a product measure. We will
show a characterization of such an action in the following proposition.
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PROPOSITION 6. An ergodic countable group G of non-singular trans-
SJormations on (Q, %, m) is orbit equivalent with a product odometer
action with a product measure if and only if for any ¢ > 0, and for any
finite collection of partial transformations g, ..., g € [G]", there
exist a finite measure P ~ m and a tower { with constant P-Jacobian
satisfying

2(8), S(g)e™® F),
m(w € Z(g)Ns(); giw € Orbg(w)) > (1 —e)m(Z(gi)),

and
|P — mlso)ne <&,

where E = J;(2(g)U-F(g)) and |P—m|4= [,|1 - L |dm.

Proof. (If part.) If G = |J;2; G, is a product of odometer ac-
tion with a product measure on (Q, m) = (I[;2,{0, 1, ..., — 1},
[I>2, m,) then each g, € G, has constant m-Jacoblan on each cylin-
der set determined by the first » coordinates.

For n > 1, consider a tower {, = {¢, g;a, f € Im7,{o, 1,

r; — 1}} with constant m-Jacobian defined by

Eg=[p, ..., Bnl} (cylinder set), and
€n,p = (al: cees Qp, Wpyy, Wpyd, '-')9 for w = (wi)i_>_l EE/?,

where o = a;---a, . Each g € [G]. moves only finitely many coordi-
nates depending on w € Q. So, given a finite numberof gy, ..., g €
[G)«, each g;w is in Orb; (w) except on a small subset of the do-
main Z(g;) if n is suﬁic1ently large. The domains Z'(g;) and the
images .#(g;), 1 <i <k, can be approximated by a finite union of
cylinder sets Eg in the sense of measure symmetric difference if n is
sufficiently large.

(Only if part.) We may suppose m(£2) < oo. Obviously, our con-
dition implies that the action of G is amenable. So, there exists a
non-singular transformation 7 such that [7] = [G]. Each of or-
bit equivalence classes of amenable and ergodic actions of type I,
1<n<oo,Il, and Il is unique and these are orbit equivalent
with product odometer actions with a product measure ([8]). So, we
may assume that the action of G is of type III. Take a sequence
(An)n>1 of measurable sets which are dense in % and each element
of which appears infinitely often in the sequence. Take &, > 0 such
that ) ° &, < m(Q). We will show by an inductive argument the
existence of a decreasing sequence of sets (H)y>, where Q = H;, a
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sequence of measures Q; ~ m on H; and a sequence of towers {;
satisfying the following conditions (a)—(e):

(a) {x has a constant Qj-Jacobian and s({;) = H,

(b) Hj is {;_;-invariant, and {; is a refinement of the restriction
{k-1lm, in a product form, i.e., { = {x_1ln, ® Mk, and

dQk_16s,, . d0xeay, py
a0 W= "dg, @)

fore, g€ (x—1 and e,y g, € (.

C()G.Eﬂy,

(c) m(Hy- 1\Hk) < &,
and exp(—¢) < 7 (a)) < exp(er), w € Hy.
(d) A,ﬂHe’" 8’“%’(@), 1<i<k.
(e) m(w € Hy; Ty w € Orby (w)) > (1 — &, )m(Hy),
where Ty is the induced transformation of 7' on the set Hy .
We may assume 4; = Q and let {; be the trivial tower and Q; =
m . Now suppose that we have measurable sets H; D H, D --- D H,,

measures Q;, @>, ..., Qn and towers (i, {3, ..., {, satisfying the
above conditions (a)—(e), where

i=meOme---®n;

i
= {eel'"gz’a[“-(st ; 81 .“81" 51 ~.-5i e HA}} .
j=1

Chooseand fixan a =oa;---ap, €[[L;Ai. Let o€ Hy, B=B1-- P
and y =y;---ym €[[j_; A; with w € E, and Ty w € Eg. Then we
obtain a j € Z satisfying

Ty w= eﬂ,aTé €q,y .

Let us choose arbitrary & > 0 and N € N. Applying the sufficient
condition in the proposition for 8, N and the partial transformations
Té , ~N<j<N,and id|e ,(Egp N Ay ), we obtain a finite measure
Q ~ m and a tower 7,4 w1th S(Mn+1) C E, having a constant Q-
Jacobian satisfying

n
ex,p(Eg N Ay) '€ g(’?nﬂ) 1<k<n+1, pe]]A,
i=1

m(w € Eo; T} w € Orb, (@) > (1 —0)m(E,), —-N<j<N.

exp(=0) < jQQn (@) < exp(8), @€ 5(s1),
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and
M(E\s("n+1)) < 6.

Now we put H,,, = Orbg (s(14+1)), and get the product tower
Cni1 = Cnlg  ® Npy1 . Define the finite measure Q,,; by

n+l
Ony1=0Qq oOn Hyy,y

where q = ((dQneg,o/dQn); B € I1i-; Ai). Then it is easy to see
H,.\, Ons1, $nyy satisfy (a)-(e), if § > 0 and N € N are chosen
small enough and large enough respectively. We see that the set H =
N~ Hy has positive measure. Then for a.e. w € H, and for all but
a finite number of k > 1, we obtain Tyw = Ty . Applying Borel
Cantelli’s lemma for the condition (e), we have that for a.e. w e H
and for all but a finite number of Kk > 1,

Tyw = Th w € Orb; (w).

By the condition (c) one can define a positive bounded measurable
function f(w) on H by

Define the finite measure 4 ~ m on H by

f(w)dm(w)
Jyfdm ~°

and the map ®: H — [[2, A; by

du(w) = weEH,

D(w) = (&)i>1, forw€ (| Eg, ..o,
k>1
Then it follows from (d) and (b) that @ produces an invertible and
measure preserving orbit equivalence map between [Ty] on (H,

% NH, u) and the product odometer action with a product measure
on (ITo2; An, IT,2, vn) defined by

Vn(gn) = Z ﬂ(Egl...gn_len) s 8n S An.
&2, €[ A,

Since u ~ m on H and T is of type IIl, T is orbit equivalent
with Ty . O
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ProPoSITION 7. Let G be an ergodic countable group of non-singular
transformations on (Q, %, m) and suppose that G satisfies the fol-
lowing conditions (a) and (b):

(a) The action of G is amenable.

(b) There exist for any multiple tower 37 @ {; with constant P-
Jacobian (P a finite measure equivalent with m), a finite measure Q ~
m and a tower { with constant Q-Jacobian which refines Y ;_, @ {;
and satisfies ||P — Qliyr, sy <

Then G is orbit equivalent with a product odometer action with a
product measure.

Proof. It is enough to check the necessary and sufficient condition in
Proposition 6. Choose and fix ¢ >0 and g, ..., g, € [G]". Since
the action by G is amenable, there exists a tower { = {e, g; @, f €
A} such that

D(g), 7 (&) € B,
and

m(w € Z(g)Ns({); giw € Orby(w)) > (1 —e)ym(Z (&),
1<i<n.

Take an arbitrary floor E, of { and decompose it into a finite number
of disjoint sets 4j, 0 < j < N, such that

dmeg ,
dm

for €A, 1<j< N, where ¢,,j =1, and

m(Orby(A4g)) < &.

cg,jexp(—¢) < (w) <cp,;exp(e), ae weA;

Define the measure P by

P(eg E)=cg jm(E), ECA;, and
P(eg,oE) =m(E), EC A,

restrict { to Orb;(4;) and denote the restriction by {;, 1 < j< N.
Then Y°),@¢; has a constant P-Jacobian. The condition (b) im-
plies there exist a finite measure Q@ ~ P and a tower &
with constant Q-Jacobian such that & refines Zf;l @ {; and that
Q- P”ule(cj) < ¢&. Thus & and Q satisfy the condition in Propo-

sition 6. 0
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REMARK 8. The sufficient condition in Proposition 7 for an er-
godic countable group G of non-singular transformations to be orbit
equivalent with a product odometer action with a product measure is
in fact a necessary condition. This will be proved in the next section
(Corollary 19).

3. Transformation group £ . Let G be a type III; countable er-
godic group of non-singular transformations on (Q, . %, m). On the
product space (QxR, Z®% (R)) with the product measure dv(w, u)
= dm(w)exp(u)du, each g € G produces a skew product transfor-
mation g defined by

g(w, u) = (ga),u log (ddr;g(w))) , (w,u) e QxR,

which is v-preserving and commutes with the flow T;(w, u) =
(w,u+t), teR. Here Z(R) denotes the g-algebra of all Lebesgue
measurable subsets of R. By &, we denote the sub o-algebra con-
sisting of all G-invariant sets, where G= {&; g€ G}. By X, wede-
note the quotient space Q x R/ , that is, the space of all G-ergodlc
components. Let n be the natural projection Q x R — X . Take
an arbitrary o-finite measure 4 on X which is equivalent with the
projection measure v -n~!, and disintegrate v by u as follows.

k(w, u)dv(w, u) = /X d,u(x)/ k(lw, u)dv(w, u|x)

QxR nlw,u)=x

for k € L'(v). dv(w, u|x), x € X, are sigma-finite, non-atomic and
G-invariant measures and satisfy

vi{lw,u) e QxR; n(w, u) #x}x)=0 ae. xe€X.
We obtain a flow F; of 7; on (X, u) defined by
Fi(n(w, u)) =T(w, u)

and call it the associated flow of G [5]. It is known that the isomor-
phism class of this flow is a complete invariant for the orbit equiva-
lence of G when the action by G is amenable [9].

DEerFINITION 9. Let I" be a countable dense subgroup of R. De-
fine the countable non-singular transformation group & on (Q xR,
B HB(R), v) by

g={&-T,;8€G,yeTl}.

We notice that the associated flow of % is just that of G. Since

every g commutes with all 7,,, y € I', the action by & is amenable if
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that of G is amenable. Krieger’s theorem ([9]) says that if the action
by G is amenable and of type III then G is orbit equivalent with
Z (see [4]).

DEFINITION 10. For each 2 € [¥]Y we define the non-negative,
integrable function f, € L!(X, u) and the finite measure ¥, on QxR
by

fx)=v(FM)Ix), xeX,
wp(E) =v(hE), for all measurable sets E C Z'(h),

and in particular we write for 4 =id|g € [Z]Y,
Je(x) = fiq), (x) = v(E|x), xeX.

Obviously we have | fg|l;: = V(E).

LEMMA 11. (1) The map E — fg induces a bijection from the
G-Hopf equivalence classes of sets E € B with V(E) < oo onto
LY(X, u);, and this bijection is additive.

(2) Ilfe - fell Sv(EAE").

Proof. (1) It is obvious that for £ and E' € & with v(E) < oo,
and v(E’) < oo, the sets £ and E’ are G-Hopf equivalent if and
only if v(E|x) = v(E’'|x) a.e. x. Since each v(-|x) is an infinite
and sigma-finite measure, the map E — fg € LI(X, u), is onto. The
additivity, that is, fzur = fr + fr for disjoint sets E and F, is
obvious.

2) Ilfe - felly
=[] Up. 0 Iy, 0} dv(@, u)
< [ v(ESE®) du(x)
= VIZIEAE’).
Here Ir means the indicator function of a set E. a
LEMMA 12.

fyra®) = esp(-NAEN L2 (), for he L, yeT.
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Proof. For g e L®(X, 1),
[, 80 fr24(x) dut)
= [80due) [ Troyo, wdv(@, u)
= /Q dm(w) /R g(n(@, ) Lrpy(®, u+7y)exp(u) du
= exp(-7) | dm(@) [ g(x(@, u=M)rp(@, w)exp(u) du

=oxp(=7) [ £+ Fy(x) du(x) Lyp(@, u) dv(®, ulx)

n(w,u)=x

= [ 8x)exp(-» 2 (x) fu () dux). :
X U

LEMMA 13. Let ¢ >0, he[Z) and fe LY(X, p)y. Then there
exists a partial transformation hy € [ZY satisfying

D(h)=2(h),
Jo,=f, and
W, = wall < NS = Jull +e.

Proof. Decompose the space X into the disjoint subsets X_, Xj,
X, defined by

X_={xeX; f(x) <fi(x)},

Xo={xeX; f(x) = fu(x)},

Xy ={xeX; f(x)> fr(x)}.
When u(X;) = u(X_) = 0, set h; = h. Otherwise, we may assume
u(X-=) > 0. (If u(Xy+) > 0 then the proof is parallel.) Since v(:|x)

is an infinite, non-atomic and sigma-finite measure, one can choose a
measurable subset £ C Q x R such that

v(E|x) = f(x) a.e. x,

Enn-'(X.) cF(h)na-'(X.),

Enn (X)) =S h)nn"'(Xy) and,
Enza~Y(Xy) > F(h)na (X:).

For the same reason as above, one can also choose measurable subsets
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E'C E and F C Q x R satisfying
Ena i(X,uXy)=Ena ' (X;UXyp),
v(E'lx) < f(x) ae xelX_,
e
£ (x) - V(EIIX)HL‘(X) <3
Fn~#((h)=o and
v(F|x)=v(E|x) —v(E'|x) ae. x.

Since & is of type III, one can obtain a partial transformation u €
[€]Y such that

D(u)=F(h)\E', S (u) =F.
Noticing E'NF = &, one can extend u from .7 (h)\E’ to .#(h) by
[ (w, 1), if (w,t)eE’,
uaw, 1) = { W, 1), if (@, 1) €. F(h\E'

Then & (u) =7 (h) and #(u)=FUE'.
Putting
h=u-helZ),

we will check that 4, satisfies the condition of the lemma. Obviously,
Z(h) =2 (h) and fj (x) = f(x).
lwn, — wall
= |lv(uh-) —v(h)]|
= [lv(u-) —v(id | p)l
= ”V(ul(f(h)\E')nn-l(X_)') —v((FW\E) Nz~ (X-)n)||

(because Z'(u) = {(F(W\ENNn Y (X_)}UE' = F(h)and u = id
on E’).

< v(u((F (M\E) N7~ 1(X))) + v((F (A\E) Nz~ (X_))
- /X v (F|x) dp(x) + /X V(5 (W\E'|x) dp(x)

- / () - v(E'|x)} du(x) + / {f(x) - v(E')x)} du(x)
X_ X_

<) = vE I + (%) - v(E'0)
<2+ 1= f+ 1) - v(E))
<e+|fi =1l o
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LemMa 14. If f, =N, fi (f€eLY(X, u)+, h€[ZL) then there
exist partial transformations h; € [, satisfying

D(h) = filg(hi) (disjoint union),
Ji=fy and
Y = Efil Yh,

Proof. Decompose the set 7 (h) into a finite number of disjoint
measurable sets {E;; 1 <i < N} such that

v(Eilx) = fi(x) a.e. X,
and define the partial transformations #; € [£]Y by
hi(w, u) =h(w,u), (w,u)ech E,.

Then it is easy to check that they satisfy the condition in the
lemma. o

LEMMA 15. [G], = {h € [Z].; v(h) =v(-) on D (h)}.
Proof. It is enough to show that if 4 € [£]. is v-preserving then
h € [G].. Since for a.e. (w, u)e D(h),
h(w, u) = g' Ty(CU, u)
for some g€ G and y €I', and since

dvg . T, _
v (w, u) =exp(y),

v(h-) = v(-) implies y =0 and hence h(w, u) = g(w, u). O

LEMMA 16. Let h, k' € [E).. The following conditions are all
equivalent:

(a) (w)y=9W), F()=Z(h) and y,(v-) = y,(-) for some
veE)Y. B

(b) The sets #(h) and .7 (h') are G-Hopf equivalent.

©) Jun=Jy-

Proof. (a) = (b). Putting g = hvh'~1 € [€]Y then
v(g:) = yp(vh'™) =y (K1) = v(.).
By Lemma 15, g € [(~?]*.
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(b) = (a). If g € [G], satisfies D(g) = F(I) and F(g) =
F(h), then putting v = h~1gh’ € [£]Y, we have D (v) = D (}'),
S (v)=Z(h) and

wy (W E) =v(h'v'E) = v(g"'hE) = v(hE) = y,(E).

The equivalence between (b) and (c) was proved in Lemma 11. m]

4. Measure theoretical proof of the Connes-Woods theorem. Let us
recall the definition of an approximately transitive flow (which we
briefly call the AT-flow) [2].

DEFINITION 17. A non-singular flow (F;);cg is said to be approx-
imately transitive (AT) if for any § > 0, and for any finite num-
ber of functions f, ..., f, € LI(X, u), there exist a function f €
L'(X, u), and a finite number of r(i, /) €R, 1 <! < L;, such that

duFy
(1) ||f; Zexp —r(i, 1)) f o Fyi .1 'ud;i 3

<0, 1<i<n.

As explained in the introduction, the A. Connes-J. Woods theorem
on a characterization of ITPFI-factors can be stated in our setting as
follows.

THEOREM 18. Let G be a type 11l ergodic amenable action on
(Q, #Z, m), with associated flow (F;)icr. Then G is orbit equivalent
with a product odometer action with a product measure if and only if
(Fy)ier is conservative, aperiodic, and AT.

Now we will give a measure theoretical proof of the only if part of
their theorem. Since G is orbit equivalent with ¥, it is enough to
show that ¥ is orbit equivalent with a product odometer action with
a product measure. In fact under the AT-condition, we will check the
sufficient condition in Proposition 7 for & to be orbit equivalent with
a product odometer action with a product measure.

Let >0, ¢ (§i = {e,,5; o, B € A;}) be an arbitrary multiple
tower for & with constant P-Jacobian, where P ~ m. Take an
arbitrary floor E,;, from each (;.

We may assume P = v on each E,; . To see this, for any 6 > 0
we decompose the sets E,(;) into a finite number of disjoint sets A; ;
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(0 £ j < J) such that

¢i,jexp(—9d) < Z—Iy)(z) <c;,jexp(d), forzed;;, 1<j<J,
P(Ai,O) <5>
V(Ai,()) <.

Taking {;-invariant sets Orb; (4;,;) and restricting towers {; on these
sets we get towers (; ;. Let q; be the distribution of {; relative to
P. Then if the above ¢ is chosen sufficiently small, || 3=, vq — Pl} is
small. Therefore we may and do replace }_, B {; by >; ;@ {;,; and
P by 3, vg respectively.

We will show the existence of a tower ¢ satisfying the following
conditions:

(a) ¢ refines >, ;i

(b) & has constant Q-Jacobian, where Q@ is a finite measure equiv-
alent to v such that

(2) 1 ~vallis @) < 9"

Here q is the distribution of Y 7 , @ {; relative to P and ¢’ > 0
satisfies

> ci,jexp(6)d’ < 6 —26.

i,J
Construct the (uniquely determined) measure Q' satisfying the fol-
lowing conditions:

(a) Q'(E)=c;, jQ(E), for all measurable subsets E C 4; j, j>1,
(b) Q'(E) = Q(E), for all measurable subsets E C 4; o,
(c) both of Q and Q'-distributions of ), {; coincide.

Then we get
”Q, - P“U:I:ls(cl) < 0 s

and by Proposition 7, the transformation group & will be orbit equiv-
alent with a product odometer action with a product measure. There-
fore in order to complete the proof, it is enough to construct a tower
¢ and a measure Q satisfying (a), (b).

Since for any f € L1(X, u), the map

duk;

teR— foF i

(x) e LY(X, v)
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is continuous and since I' is dense, (F;),cr is AT, too. That is, there
exist f € LY(X, u), and a finite number of y(i, /) eI, 1 <i<n,
1 <1< L; such that

duFyq,

L
= Y exp(=y(i, D)f o By =g~ <0
=1

3)

1<i<n.

Next applying Lemma 13 for the partial transformation id | E, € [
and the function

L
- . dpF,
> exp(=7(i, D)f o Fyip— g, =" € LI, ),

I=1

we obtain a partial transformation 4; € [£]Y such that

Z(hi) = Euiy >
duF,;
fh = Zexp (i, D) foF, __du—
and
lwn () = v(Eqiy NIl
duFy; i

+6<26,

—_— — ] . y
Zl:exp( (i, D)o Fyn du
1<i<n (use(3)).

Since f; is a finite sum of L'(X, u),-functions

. duF,;,
exp(=7(1, D)f (Fyi,pX) =g, (%),

it follows from Lemma 14 that there exist partial transformations
hj € [Z], satisfying

E,iy= |JZ(h]) (disjoint union),

duF,,
fy(x) = exp(=3(i, D) (Fy p2) =722 (x),  and

Wi, = D V-
)
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Then,

duF,;
(%) = exp(=(7, D) (s, %) 2L )

= exp(—y(i, D) (Fya,nyFyi, n—p1,1)%))

duFy; 1 duF,; -y .1
'_—c—i%_)(Fy(i,l)—y(l,l)x) y(ldﬂ LU (x)
_ duFyi,n-y(1,1)
= exp(—y(i, )+ y(1, 1))fh( Wi, =y(1, 1)) du (x)
= fr1 .t (use Lemma 12).

v, H=p(1,1) 71

Applying Lemma 16 for partial transformations h; and T n—y1,1)
hi € [Z]¢ we obtain partial transformations vli € [Z]Y satisfying

D) =2D(h),
F(v}) =2 (h)),
'//h;('vll') V/Tyf, bttt h‘( ).

Since the flow (7;),cr scales down the G-invariant measure v , We
get

Wpr () =exp(=y(i, D)+ p(1, D)v(hi-).

P, )1, 1) 1

Therefore, we get
v(hivj-) = exp(~y(i, 1) + y(1, 1)v(hi-).
Finally we construct the measure Q by

P(E . .
Oeg,oa)E) = P—(gg—;g-)l/(h;E), for E C Z(h)).

Here Ej is a floor of the tower ;. Then one can see that

(4) ”Q a(i) N )_V( a(l )”E

af1)

= \l*//h,(' —v(Eaiy N)llE,,
<26,

EqiyN-)

Ea(l)
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and that
dQv/ dvhjv]
=exp(—7(i, D +7(1,1)), zeD(h).

Defining the partial transformations e;,, jgs for 1 <r<L;, 1 <s<
Lj, aeA;,and e A;, by

Ciar, j85(2) = €a,a(iyVF (V) " ea(j), p(2)
if z€ Eg (afloorof {;), and e, pz€ D (h),

we obtain a tower § = {ejo jgs; 1 <i,j<n, 1<r<L;, 1<
s < Lj, a € A;, and B € Aj} which refines the multiple tower
>i,;@¢;,; and has a constant Q-Jacobian. Of course, the estimate
(4) 1s enough for that of ||Q — Vq"s(z 28 in (2), since each e, ;)
is non-singular and P = v on each E,;(,-) . 0

CoRrROLLARY 19. The sufficient condition in Proposition 7 for an
ergodic countable group of non-singular transformations of type 1l
to be orbit equivalent with a product odometer action with a product
measure is a necessary condition.

Proof. The associated flow of a product odometer action with a
product measure is AT. We have already checked in the proof of The-
orem 18 that the condition (b) of Proposition 7 holds under the as-
sumption that the associated flow is AT. ]
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