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This paper proves trivialities and nontrivialities of some products
of higher order B, elements in the stable homotopy of Moore
spaces. The proof is based mainly on properties of nonsplit ring spec-
tra K, (the cofibre of r-iterated Adams map with r not divisible by
prime p > 5) which are given in the rest of the paper.

1. Introduction. Let S be the sphere spectrum and M the Moore
spectrum modulo a prime p > 5 given by the cofibration § R
M L 3S. Consider the Brown-Peterson spectrum BP at p; it is
known that there is a map a:X9M — M such that the induced BP;
homomorphism a, = v{: BP./(p) — BP./(p), g =2(p—1).

Let K, be the cofibre of o’ given by the cofibration
(1.1) srap L M K, o srerl g
In [4] and [6], S. Oka showed that K, is a ring spectrum for r > 1;
if r = 0 (mod p) it is called a split ring spectrum since K, A K,
splits into four summands K,, XK,, X9*'K,, 92K, If r £ 0
(mod p), it is called a nonsplit ring spectrum since K, AK, splits only
into three summands K,, XL A K,, X'9t2K, where L is the cofibre
of ¢y =jdiemn,S.

In the nonsplit case, S. Oka showed in [4] that there is a direct
summand decomposition

(1.2) [Z*K,, K;] = Mod & Der & Mod &y

where Mod consists of right K,-module maps, Der consists of ele-
ments which behave as a derivation on the cohomology defined by
K, and 6y = ilijj. € [E"92K,, K,]. Moreover, Mod is a commu-
tative subring, ker{(ili)*:[Z*K,, K;] — n.K,} = Der & Mod Jy and
(i4i)*:Mod — n,.K, is an isomorphism.

One of the most important properties which are shown in [4] is
0'f — f6' € Mod for any f € Mod, ¢’ = ilj. € [~ 'K,, K,] and
the commutativity ¢’ f? = fP4’ for any f € Mod having even degree.
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This has been found very useful in the detection of higher order B,
elements in 7.5 (cf. [8]).

From [8] and [9], there exist f; € Mod N [2*K, K] for p > 5,
s<p"if ptt>2ors<p"-1if ¢t =1 such that the induced
BP, homomorphism (f;), = vé"", Biprs) = JsSsls 1s known to be a
B-element in [Z*M, M] such that

By € Ext'"M = Extg;i zp(BP., BP,M)

converges to S, )i € m.M in the Adams-Novikov spectral sequence
Ext**M = n.M.

In this paper, we will prove the following trivialities and nontrivi-
alities of products of B, elementsin [Z*M, M].

THEOREM 1. Let p > 5. The following relations on products of f-
elements in [£*M , M) hold-

(1) Biprss)  Buprysy =0 for s<p" if ptt>2, s<p"—1 ift=1
and k # -1 (mod p).

(2) Biiprysy0Baprys) =0 for s<p™ ' if ptt>2, s<p™'-11if
t=1 and k# —1 (mod p), where 6 =ij€[Z"M, M].

(3) ,B(apm/s)éﬂ(,pn/s) = _ﬂ(tp"/s)éﬂ(apm/s) lfOne OflhefOZIOWing con-
ditions holds

(i) s <min(p" !, p" Y ifptt>2andpta>2.

(ii) s <min(p" ', p" 1 - 1) ifptt>2anda=1.

(iii) s <min(p" ! —1,p"™ VY ift=1andpta>2.

(iv) s<min(p* ' —-1,p" 1 -1ift=a=1.

(4) Suppose that s <p" if ptt>2o0ors<p"—1ift=1, r<p™
ifpta>2orr<p™—1ifa=1; then

Bapmiry - Buprys) 205 Biapmiry0 Biuprys) # 0

if r+5>p"+p" ! and one of the following conditions holds:
(i) m=n, a+t=0 (mod p).
(ii) m=n-1, a#1 (modp).
(i) m<n-1, a# -1 (mod p).

Theorem I is proved by using some results on nonsplit ring spectra
K, given in S. Oka [4] and some results on Ext'**M given in Miller
and Wilson [1]. The proof also needs some further properties of K,
which are not in [4], mainly the following fact on commutativity of
some elements in [2*K,, K,].
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THEOREM II. If r #0 (mod p) and g, f € ModN[2*K,, K,], then
g2 (007 = £760) = (-1l (3o 1 — f50)g”

and &y fi”2 = fl’250 if f has even degree, where oy = ilijj, is the

unique generator in [E"972K,, K,]. If r = 0 (mod p), dof? — fPdy

belongs to the commutative subring %, of [X*K,, K,] and the above
two equalities also hold.

The proof of Theorem I will be given in §2. In §3, we first recall
some results on K, given in [4], then develop some further technical
results on K, and prove Theorem II. ’

2. Proof of Theorem I. From [8] and [9], there exists f €
[Zp e+ K] for s <p* if ptt>2o0ors<p'—-1ift=1
such that the induced BP, homomorphism f, = v :BP,/(p, v{) —
BP,/(p, vj). We may assume f € Mod (or f € %, incase s =0
(mod p)) since the components of f in Der and Mod Jy induce
the zero homomgrph%sr.n. 'Then Js Sy = Buprys) € [E*M, M] and
By 15)Biep sy = JeS* U5 [ -

Recall that &' = itji € [E%¢"1K;, K;] and &6'f — f§' € Mod.
From commutativity of Mod, we have f(d'f — fd') = (6'f — fd')f
or equivalently f24'—6'f% = 2(f26' — f6'f). Composing f with the
above equation, inductively we have

fra'—élfr=r(fr§’—fr_15/f), r>1,
and f%6'f = (L (68 fFr14k fF+16") if welet r—1 =k # -1 (mod p).
SO Bikipss) - Buprss) = JoS*6' fi = 0 this proves Theorem I (1).

(2) From [8], there exists f € [E?" ®+DaK, K] such that the
induced BP, homomorphism f, = vé”n_ and f € Mod. Hence
fP = vf and By /o8By = JsS*Piiji Pl = JifPéofPi.
From Theorem II, f?(8yf? — fPdy) = (dgfP — fPdy)f? or equiva-

lently f226y — 6of% = 2(f*#Jy — fP6f?). By induction we have
S8 — 8o f™P = r(fPdy — fU—VPg, fP) for r > 1. Thus

1
kps. fp —
SP00f" = 7

for k #—1 (mod p) and s0 By 50 Bpr/s) = Js S P00 fPis = 0.

(3) In all cases, there exists f € Mod N [E?" #+1D4K, K] and
g € Modn[Z#" 'e+1)aK | K,] such that f, = vé”n_l and g, = ngm_l
Then By 50 Biiprys) = Js8PisiiJs SPis = js &P o fP iy -

(50f(k+1)p + kf(k+1)p50)




132 JINKUN LIN

From Theorem II, g7(J¢f? — fPdg) = (SofP — fPdy)g” or equiva-
lently g7d5f? + fPoog” = 607 g7 + g7 fPd0 . Hence Bupm /50 B1pr/s) +
Bip 1519 Blap™ /sy = jé(gp50fp + f”50gp)i§ =0.

(4) From [4, p. 422], i.j: K ZS‘I“K, induces a cofibration

r,r p’
wsag, Yo K, Py K, wsarg,

which realizes the short exact sequence
0— BP./(p, v]) == BP./(p, v]*) 25 BP./(p, v5) = 0

such that y, = v{ and then induces Ext exact sequence

- — Ext =84k, Yo, Bxikotk,, o 2 BxtkolK,
(’J) Extit! =SqR . s ...

where we briefly write Ext**X = Extﬁ;,* gp(BP., BP,X) and (i}js)«

as the boundary homomorphism. Moreover, we have (cf. [8] (3.23))

‘//r,r+si; = i;+sas s pr+s,si;+s = i; s j;pr+s,s = arj;q-s-
Note that the behavior of w., p., (i.j{)« in the above Ext exact se-
quence is compatible with that of v, p, i.j. in the cofibration, i.e.,
we also have w.(i)). = (i;+s) , P«(lrpg)« = (I5)« 1n the Ext stage,
where (i'),: Ext*>*M — Extk: * » 1s the reduction in the following
exact sequence

(i), (),

Etk tK Eth+ltqu——>"'

Case (A). r+s = p"+p"!. Let g € Mod N [2*K,, K] and
f € Mod N [2*Ks, K] such that g, = vg" and f. = v’ . Consider
Biap™ 1n) Bl js) = Jr81visSis € [X*M , M].

Suppose that j,giljifit = 0; then gi,jifii = ik for some k €
.M and the arguments below show that it yields a contradiction.

Since j;fiji € mM is detected by B, € Ext! M , then ij'fi'i €
n.K, is detected by

(i;‘)*(ﬂtlp”/s) = (l;)*(vf_lﬂ;p"/r+s—1)
- (R 1
- (Vll ,")*l*( tpn/pn+pn—l_1) G EXt Kr.
From [1, p. 132 Theorem 1.1(b)(iii)],

o Extlotrapg U Exieotar 9

iL(cy(tp™)) = 200 ~P" by € Ext' K,
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where c¢;(tp") in [1] actually is o g1 € ExttM and hy €
Ext'K, is the v,-torsion free generator. Hence i.j.fili € n.K, is
n n—1

detected by 2t(l//1,r)*(v§p P hy) € ExtlK,.
Since g € Mod N [X*K,, K,] and (gili). = v¥ € Ext°K,, then

giLjifiti € m K, is detected by the product

V" 2ty ) (WP )

= 21(yy ). (VPP ) £ 0 € Ext'K,

m n n—1
(if it is zero, then v3¥ " 77 hy = (i|ji_)«(x) for some x €

Ext0: @ +1"-p"")(p+1)a+ra g byt the group vanishes for degree rea-
sons, cf. [1, p. 140 Prop. 6.3]).

Hence ik € n,.K, and so k € n.M has BP filtration 1, i.e. k isde-
tected by some y € Ext'M and (i1).(y)=2t(w1 ,)u (v 7" hg)
0 € Ext'K,. Thus (/_)«(¥) = (pr,,—1)«(i)«(y) =0 and y = v]"'y
for some 7 € Ext!»@"+p" =" )p+a+a pr

From [1, p. 132 Theorem 1.1], Ext' M is generated by vithy (u>0)
and v¥c(bp’) O<u<p’+p~!1-1ifptb>2,0<u<p’if b=
1) additively, where hy € Ext' M is the v;-torsion free generator and
c1(bp®) € Ext! M is the v,-torsion generator whose internal degree is
(bp* —p* o+ g +gq.

It is impossible for ¥ = vi*hg since then (i}).(y) = (i)«(v]~'y) =0
which yields a contradiction.

If ¥ = v¥c(bp®) with u > 0, then y = v]~!y = vfz for z =
v{“lcl (bp®) and so (i}).(y) = 0 which yields a contradiction.

If ¥ = c¢1(bp*), then for degree reasons (bp — 1)pS~! = ap™ +tp" —
p" . If m=n,a+t=0 (modp),then b=a+t=0 (mod p)
which yields a contradiction. If m = n—1 and a # 1 (mod p),
(bp—1)p* ' =(a+tp—1)p"! andso bp—1=0 (mod p) if s < n,
a=1if s>n and a =0 (mod p) if s = n all of which yields
contradictions. Similarly, there is a contradiction if m < n —1 and
a # -1 (mod p). Thus we have Bym /) - Byprys) # 0 for r+s =
p" + p"~! and one of the conditions (i)-(iii) holds.

Case (B). r+s>p"+p*1.

Let u = (r +5) — (p" + p"1); then there are ¢ and d such that
u=c+d and c<r,d<s. From|[6, p. 277 Lemma 2.4], d(i,) =0 =
d(j;). Moreover, Mod C kerd, so B,/ = Jr8lrs Buprssy = JsS s
all belong to ker d which is a commutative subring of [X*M, M].
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Since o} fitd = j'_,ps s—afisij, there exists /€ ModN[Z*K,_4,
K,_,4] such that p; ;4 fiti=fi'_,i and f,= v¥#" ; then a? By 15)6
= oo fi56 = ji_yfi_40 = Bipr/s—a)d -

Suppose that B,/ - B(pss) = 0. Then
Biap™ -0 Bapt s-)8 = Bap™ r—cyo Biupt /)9
= —a By 15)Bap™ 1r-cy0 = @ Biap ) B0 = 0.

By applying the derivation d to the above equation we have
Bap™ jr—c)Bp"js—ay = 0 which contradicts case (A) when one of the
conditions (i)-(iii) holds.

Hence we have ﬂ(apm/r)ﬁ(tp"/s) 7é 0 for r+s5s > p" +p”71 and
one of the conditions (i)-(iii) holds. B4y /y)Bpssy # 0 implies
Blap™ /10 Byprjs) # O since by applying the derivation d to the equa-
tion ﬂ(apm/r)éﬂ(tp"/s) =0 we will have ﬂ(apm/r)ﬂ(tp"/s) =0. O

3. Structure of nonsplit ring spectra. In this section, we will develop
some technical results on nonsplit ring spectra K, and prove Theorem
1I.

We first recall some facts on K, given in [4]. A spectrum X is called
a Z, spectrum if there are two maps my: M AX — X, my:ZX —
M A X such that

(3.1) mx(inly)=1x, (JAlxy)my = 1y,

mymy =0, (iNlxy)ymxy +mx(JAlx) = lyrx,

where M is the mod p Moore spectrum and my is called an M-
module action of X . For Z, spectra X, Y, Z , wedefine d:[X"X, Y]
— [Z*1X, Y] to be d(f) = my(ly A f)mix. If my is associative,
then d is a derivation, i.e.

(3.2) d?=0, d(fg)=(-1)d(f)g+fd(g)

for ge[2*X,Y], f€[2*Y,Z] and degg =¢.

We briefly write K, , i, j. as K, i/, j/. Since pAlg =0:SAK —
S AK , then there is a homotopy equivalence M AK = KVXIK. From
[4, p. 432], there is an associative M-module action m: M AK — K
and m:ZK — M A K is an associated element such that

(3.3) m(iAlg)=1k, (Alg)m=Ilg,

mm=0, (Algym+m(jAlg)=1yrk.
So (3.2) also holdsincase X =Y =72 =K.
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Let ¢ = o’ € [Z9M, M] and ¢; = jo'i € myg_1S, d=1 Al €
[Zr9-1K , K], then [4, p. 431 (5.14) and p. 432 Remark 5.7] showed
that

(3.4) o=ra" o, ¢i'=id¢,
jla = "‘¢6j/ 5 550 = 505a

where 6 = ij € [Z'M, M], & = iijj € [T 712K, K], @ =
Mad) € [Z9K, K], o = A(dad) € [Z41K, K] and A:[Z°M, M] —
[Z+1K, K] is defined to be A(f) = m(f A lg)m. [4, p. 432 (6.2)]
also showed that

(3.5) b A lg = mom.
Then there is a homotopy equivalence
(3.6) KAK=KVILAKVIIK

where L is the cofibre of ¢; = j¢i given by the cofibration

(3.7) sra-1g b, g 1 I srag
and there exist

WwKANK—-K, u:KANK—-3ILAK, us :KAK—Z92K
v3:K - KAK, vp:ZLAK—KAK, v:Z92KKAK

such that (cf. [4, p. 433])

(3.8) (A) n(@'Aig)=m, (JAlgv=m,
(B) wm(i' Alk)=("AN1g)(Alk),
(J' Ay = (A1) A k),
(O ("N =m(j'Ng), w»n(i"Alg)=({"Nlk)m,
(D) wuvy, =0, wuv=0, wprv=0, wpr=I1-.

Let u3 =jj'Alg, v3=1iiAlg, (A) and (B) imply

(3.9) (A py3=1g, wv=Ig,
(B) mov3=0, pu3v,=0,
(C) wvuz+vaus + v3u = Igak.
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Recall that ¢’ = i'j' e [ 797K, K], &y = i'ijj € [E~"92K, K] and
0 = ij € [E"'M, M]; they satisfy (cf. [4, p. 434])

(3.10) d(d)=—-1y, d(&)=0, d(d) =27

LemMma 3.11 ([4, p. 434 Lemma 6.2]). There exist elements
Ae[Z'K,LAK], Ae[Z T 'LAK,K]

such that
() "Alg)A=6", A" Alg) =0,
(i) A= (" A1g)i'S, jA=08j'(j"Alk),
(i) (1L AJNA= =" Ala)d)", AL Ai') = —i'8(j" A Lay),
(iv) AA = 26,.

THEOREM 3.12 ([4, p. 438 Theorems 6.5 and 6.6]). There is a choice
of (U, Uy, v, v,) such that

uT =u, Tv=v,
T =—m+Au, Tvy=-vy+vA

and any such p is an associative multiplication of K, where T:K A
K — K A K is the switching map.

DEFINITION 3.13 ([4, p. 423 Def. 2.2)].

Mod = {f € [Z'K, K]|u(f A 1k) = fu},
Der = {f € [Z*K, K]|f 1 = u(f N 1k) + u(1k A f)}.

That is, Mod consists of right K-module maps and Der consists of
elements which behave as a derivation on the cohomology defined by
K.

THEOREM 3.14 ([4, p. 424 Remark 2.4 and p. 423 Lemma 2.3]).
There is a direct summand decomposition

[Z*K , K] = Mod & Der @ Mod &

and ker iy = Der®Mod d;, [Der, Mod] C Mod, where iy =i'i:S —
K is injection of the bottom cell and [f, g] denotes the graded com-
mutator fg— (—1)/Iglgf .

By using Theorem 3.12 and (3.8) (A) (B) (D), we can easily check
that hv =0, hv, =0, hvy3 =0 for h = u(d' AN g)+u(lgAd')—d'u.
Hence it follows from (3.9)(C) that 6'u = u(6’' AMg)+u(lx Ad') and
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so &' € Der. From Theorem 3.14, [§’, f] € Mod for f € Mod and
in particular we have &' fP = fP§' for f € Mod having even degree.
Now we consider further properties of [X*K , K] which are not in [4].
Define
do: [Z°K , K] — [Z°+9+2K | K]

to be do(f) =u(f Ng)v. dy has the following important properties.

ProrosITION 3.15. (1) do(dp) = 1k, do(gdp) = g for g € Mod.
(2) ker dy = Mod @ Der, imd, C Mod.

Proof. (1) From (3.9) (A),
do(do) = u(do A 1x)v = u(I'i AN1k)(Jj' A lg)v = 1k

and do(gdo) = u(gdo A 1x)v = gu(do A 1x)v = g .
(2) It is easily seen that Mod C kerd, and for f & Der

do(f) = u(f Nk)v = fuv —u(lx A f)v
=—uT(1xk A flv =—u(f AN lg)v = —do(f) = 0;
then Der C kerdy. On the other hand, if f € kerdy, let f = f; +
f» + f3dy with f1, f3 € Mod and f, € Der, (cf. Thm. 3.14), then

0 =dy(f) = do(f30) = f3 and so f € Der®Mod. imd, C Mod is
immediate. o

ProrosITION 3.16. (1) If h € Mod, u € Der, then hu € Der; in
particular, Mod ' C Der.

(2) do(d'g) = (-1)"*'d(g) + d'do(g), do(gd') = —d(g), where
t =degg and g, is the component of g in Der in the decomposition
in Theorem 3.14.

Proof. (1) If h € Mod and u € Der, then hu = u(h A 1) and
up = p(u N 1g) + pu(lg Au). Hence

hup = hp(uA1g) +hu(lxg Au)
=ulhu ANg)+huT(1x Au), (uT = u from Thm. 3.12)
whuANg)+uh A1) T(1g Au)
uthu A 1g) + uT(1g A hu)
uthu Ag) + u(lx A hu)

and so hu € Der. Since J¢’ € Der, then Mod ¢’ C Der.
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(2) If g1 € Mod, then do(g19') = u(810' A lg)v = gru(d' A lg)v =
0. Since [d’, g1] € Mod, then dy(d'g) = do(g16') =0.
Let g =g1+ 2+ g30p with g, g3 € Mod and g, € Der; then

do(9'g) = dp(d'g2) + do(9’ g300)
=do(0'g) +0'g3— (—1) g0,

Moreover,

do(0'g2) = u(1xg N )Wwus(1g A g@)v + u(lx A" )vaua(1x A g2)v
+u(lg N Ysu(lx A ga)v,  (cf. (3.9)(C))
= u(0' AN g)Trauy(1g A g2)v,
(since 1st and 3rd terms are zero)
= —u(d' ANgapm(lx A &), (Tv,=-vy+VA)
= —m(iA1g)(J" AN gua(lx Ag2)v,

((J' A g)vy = (ij" A 1k))
=-m('ANg)(xkAg)v, (("ANlg)p2=m(’ Alk))
=(-)*"'m(yAg)m, (m=('Alg)v)
= (-1)"*d(g).

Hence

do(6'8) = (—1)""d(gy) + 8'g3 — (—1)'g36’
= (-1)"*'d(g) + 6'(do(8);

note that d(g) =d(g») + g39’ and dp(g) = &3 .-
The proof of dy(gd’') = —d(g,) is similar. ]

ProrosITION 3.17. If g € Der, then gé' € Moddy and d(g) €
Mod. Moreover, g € Mod ¢’ if d(g) =0.

Proof. Since g € Der, then gi'i =0 (cf. Thm. 3.14) and so gi’ =
nj for some n € n.K. n can be extended to 7 € [2*K, K] such that
n=7ni'i and 7€ Mod. Then gdé’' =7i'ijj = 1dy € Mod dy .

On the other hand, 7 = dy(%dy) = do(gd’) = —d(g), so d(g) €
Mod. Moreover, if d(g) =0, then gi’ =7i'ij = —d(g)i'ij =0 and
so g =g forsome ge[Z*M, K]. Since gdy =0, then
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0=u(lg Ag)(1k Ado)v
= u(1x A g)vus(1g A do)v
+ u(1g A g)vapa(lg Ado)v + u(1g A g)vsu(lg A do)v
= u(1x A g)vaua(1xk ANdo)v + g
(u(1x A g =0, u(1x Ado)v = k)
= p(lxk Ao T(do A lk)v + & (Tv=v)
= — u(lx A 8)vapa(do A )v + u(lg A 8)oAu(So Ak)v + g
(42T = —pi + Ap)
=g+ u(lg AQWA (1a(do Alk) = (i"j ALk)(ijj A lk) = 0)
=g — u(gAlg)mA (uT = pu, Tvy = —vy + VA)
=g - uEAIg)(J'Ag)rA (since g = Zj")
=g - uE NI ANK)G" Alg)A (" AN g)vy = (ij" A 1g))
= g — u(gi A 1x)d’ (" A 1g)A=5).
Thus g =ud’, where u = u(giAlg) € Mod. O

ProrosiTION 3.18. ¢ € Mod and there exists ¢ € Der such that

d(e) =

Proof. Recall (3.4), ¢ = ra’"la’, where @ = A(ad) and o =
A(dad) . Hence, it follows from im A ¢ Mod that ¢ € Mod.

From Lemma 3.11(i) and (3.4), ¢A(i" A 1g) = ¢d' = i'6¢j' = 0;
then ¢A = u(j” Alg) for some u € [Z*K, K]. Hence it follows from
Lemma 3.11(iv) and (i) that

2660 = PAA = u(j" A 1x)A = ud’

and so 2¢ = 2dy(¢do) = do(ud’) = —d(uz) (cf. Prop. 3.16(2)). Thus
p=d(e) if welet e =—Ju,. O

ProrosITION 3.19. (1) If g € Mod and gé’ =0 (resp. 6’'g = 0),
then g =n¢ resp. g = ¢n) for some n € Mod.

(2) If n € Mod, then né = 0 if and only if n = d(u) for some
u € Der.

Proof. (1) Since gdoo(j" A 1) = gi'dj'(J" A 1k) = gi'j’/A = 0
(cf. Lemma 3.11(ii)), then g8y = %(jdi A 1x) = ¢ for some 7§ €
[Z*K, K]. Let 7 = n; + n2 + n369_with 7y, 73 € Mod and 7, €
Der. Then gdy = 1@ + 124 + 1360¢ and g = do(gdo) = do(n29) +
do(n360¢) . However, do(n360¢) = do(n3¢d0) = n3¢ (cf. (3.4)) and
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mé—(—1)'¢n, € Mod, do(m¢) = £do(¢n2) =0 (note that ¢n, € Der
from Prop. 3.16(1)); then g = 53¢ with 73 € Mod.

If g € Mod and d’'g = 0, then gd' = gd' — (—1)/8l§’g € Mod N
Mod ¢’ c ModNDer =0. So g = né = +¢n for some 7 € Mod.

(2) d(wypm=m(1ly A uymem=m(lpy Au)(p Alg)=m(p A 1g) -
(1g Au)=0. Then d(u)p =d(u)pm(iAlg)=0.

Conversely, if n¢ = 0 for 5 € Mod, then 3¢i'i = 0 = ni'ijdi
and so ni'ij¢ = uj for some u € n,K. u can be extended to u €
[X*K, K] such that %i'i = u and % € Mod. Then ni’ij¢ = ui’ij and
U0 = 0, u = dyo(udy) = 0. Hence ni'ij¢ = 0 and ni'ij = wi’ for
some w € [Z*K, K]. Thus ndy = wd’, n = do(ndy) = dp(wd’) =
—d(w,), where w, is the component of w in Der, see Proposition
3.16(2). O

ProvrositioN 3.20. If g € Mod, then dy(dpg) = g and dpg — gdy €
Mod & Der.

Proof.

do(dog) = u(do A 1k)(g A 1K)V
= (9o A L) Tvus(lx A g)v + u(do A 1k )Tvapa(1k A gV
+ (0o A g)Trau(lg A g)v  (cf. (3.9)(C))
= (JJ' A Lk)(1k A &)y — u(do A 1x)vapia(1k A &)V
+ (0o A g)vAur(1x A g)v
(since u(lxg A g =0, Tvy = —vy +VA)
=g+Au(1xg Ag)v (since u(g A lg)v, =0, cf. (3.8)).
Let & =dy(6pg) — & = Aur(1x A g)v. Then h € Mod and
Jh=jAum(1g Agv =8)(J" Ag)ua(lx A g
=0j'm(j' ANg)(lxk Aglv =6 m(1y A g)m = j'd(g)=0.

So 6’h = 0 and from Prop. 3.19(1) we have & = ¢g; for some
g1 € Mod, i.e. there is some g; € Mod such that

do(60g) — g =¢g and j'¢g =0.

Thus inductively we have g, g1 € Mod (s > 0 with gy = g)
such that dy(dogs) — & = Pgs+1 and j'dge1 =0 (s >0). It is easily
seen for degree reasons that g,,; = 0 for s large and so dy(dpgs) = &s
for some fixed large s.
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Since j'¢gs = 0, then ¢dj'gs = 0 (cf. (3.4)) and so 6/'g; = j'k
for some k € [X*K, K]. Hence dygx = 0’k and g5 = dp(dogs) =
do(0'k) = +d (k) + 8'dy(k) (cf. Prop. 3.16(2)). Thus @g; = 0 since
¢d(k)=0 and ¢¢’=0 (cf. Prop. 3.19(2) and (3.4)). Hence dy(dogs—1)
— g_1 = ¢g; = 0 and inductively we have dy(dpg) = g.

Since dy(dpg — gdp) = g — g = 0, then Jpg — gdy € ker dy =
Mod @ Der. O

Now we are ready to prove Theorem II stated in §1.

Proof of Theorem 11. Let f, g € Mod N [2*K,, K,] and r # 0
(mod p). From Prop. 3.20 we may assume Jyf? — fPdy = hy + hy
with #; € Mod and A, € Der. By applying the derivation d, d(h;) =
d(6of?P — fPdy) = 0'fP — fP6' = 0 (cf. Thm. 3.14). Hence hy = ud’
for some u € Mod (cf. Prop. 3.17). Hence

g7 (8o f? — fP60) = gPhy + g ud’ = (—1)VVI8l(hy + ud)g?
= (~1)/118l(8 f7 — f760)g”
since g7 commutes with 6’ and A;,u € Mod.

Moreover, if f has even degree, f?(Jyf? — fPdg) = (0of? — fPdy) fP
and by induction we have %78y — 0y f*? = k(f*Pdy— fk—Drg, fP) for
k > 1. In particular we have fp250 =dy fI’2 .

If r =0 (mod p), [6] showed that there exists § € [Z~'K,, K]
such that &i, = ilij, j.0 = —ijj. and apart from the deriva-
tion d:[X*K,, K,] — [Z*T'K,, K,] there is another derivation d':
2K, , K,] — [E*9*1K,, K,] such that

d'@)=-1g, d'(6)=0, d@)=-1g, d(')=0,
Moreover, there is a direct summand decomposition
K, K] = 6. © 6.0 © 6.0’ ® %.66'

such that %, = kerd Nkerd’ is a commutative subring (cf. [6, p. 297
Thm. 5.5, 5.6]) and 8 f? = fP§, &'fP = fP§’ for f € %, having even
degree (cf. [6, p. 298 Cor. 5.7]).

Hence dy=00", d(8qfP—fPS)=0"fP—fP6'=0, d'(dof? — fP6) =
0fP — fP6 =0 and so dyfP — fPdy € kerd Nkerd =%,. 0
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