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The now-classical example due to Smale, the horseshoe map, dis-
plays interesting dynamics as well as a topologically complicated at-
tractor. In 1986 Marcy Barge showed that the full attracting sets of
horseshoe maps are homeomorphic to inverse limits of the unit inter-
val with a single bonding map. Here we extend Barge’s results to a
more general class of maps.

1. Introduction. In [Ba], Barge describes the attracting sets of horse-
shoe maps as inverse limits of the unit interval with a single bond-
ing map. Topologically these spaces are chainable continua known as
Knaster continua.

In this paper we consider a more general class of maps which we
will refer to as generalized horseshoe maps. We will show that the at-
tractors of these maps are homeomorphic to inverse limits of the unit
interval with a single bonding map. Both the generalized horseshoe
map and the bonding map which defines the inverse limit space de-
scribed above “follow a pattern” in a sense we will define in the next
section. In §3 we will prove two theorems about inverse limit spaces
which will be needed in the proof of the main result given in §4. In
the final section of the paper we will give some examples, and show
that the horseshoe maps which Barge studied in [Ba] are special cases
of the generalized horseshoes we consider here. For basic information
on attractors and inverse limits see [S].

2. Preliminaries. Let I denote the unit interval and {f,}32, bea
sequence of maps of I into I. Let

(I, fn)={(x0,x1,...):Xp €I and fy(xp1)=Xxp,n=1,2,...}

be the inverse limit space with bonding maps f, and topology induced
by the metric

d((Xo,xl,---), (yO’yl’)):ZBlj}y—nl
n=0
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Forn=0,1,...,let m,: (I, f,) — I bedefined by n,((xg, X1, ...))
= X, . It is often the case that we wish to consider inverse limit spaces
with a single bonding map f, ie., f, = f for n =1,2,.... Let
(I, f) denote such an inverse limit space.

Next, let 0:{0,1,2,...,m} —{0,1,2,..., m} be a function
such that Q(j) # Q(j+1), 0<j<m-1,and {0, m} C range Q. We
will use the notation Q = (Q(0), Q(1), ..., Q(m)) to denote the map
Q:{0,1,...,m} — {0,1,...,m}. For example, Q = (0,2, 1)

denotes the map Q: {0, 1,2} — {0, 1, 2} where Q(0)=0, Q(1) =
2,and Q(2) =1. Let D denote (I x I)U DyU D,, where Dy and
D,,, are half disks attached to the opposites sides {0} x I and {1} x [
respectively. Subdivide I x I as follows: For 1 < j < m -1, let
D;=[%1, %« T. Let Ey = [0, 1% 1, Ep=[1- 4m,1]><1
and for 2<j<m-1,let E; = [%—,%]xl. The space D is
pictured in Figure 1.

Let n: D — I be defined by n(Dy) = 0, n(Dy) = 1, and 7|;x;
be projection onto the first coordinate. Define p: I — I as follows:
p(0) =0, p(1) =1, p(rn(D))) = #, 1<j<m-—1,and p is linear
on 7L, n(Ej). Let P=pon. Note that P: D — I and P(D;) = L
for 0<j<m.

We say that a map Fp: D — D follows Q if Fp is a homeo-
morphism of D into D which satisfies the following conditions (see
Figure 2):

(i) Fo(P~Y(P(2))) c P~Y(P(Fy(z))) for each z € D,

(11) FQ(D}) C interior DQ(j) s 0< j <m,

(iii) diamFé‘(P“(P(z)))) — 0 uniformly in z as k — oco.

If Fp: D — D follows Q we say that Fyp is a Q-horseshoe map.
Let Ay denote the set (72, Fé‘ (D) where Fp is a Q-horseshoe map.
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FIGURE 2
We say that gg: I — I follows Q if gQ(i) ,0<j<m,

and gp is linear on [m, - 2l o<j<m-1. Let (I, gp) denote
the inverse limit space of I with the single bonding map gp. The
following theorem is our main result, and relates Ay and (1, gg).

THEOREM 2.1. Suppose Q = (Q(0), Q(1), ..., Q(m)) is a function
such that Q(j) # Q(j+1), 0<j<m-—1, and {0, m} C range Q.
If Fgp is a Q-horseshoe map, and gg: 1 — I follows Q, then Ay is
homeomorphic to (I, gg).

We will prove this theorem in §4. To do so, two results about inverse
limits of the interval are needed. These results constitute §3.

3. Inverse limits.

THEOREM 3.1. Let {fy}32, and {gn}2, be sequences of surjective
selffmaps of I =0, 1]. Suppose that A = {0 =q<a<---<am=
1} is a finite subset of I such that for each n € N, f, and g, are both
strictly increasing or strictly decreasing on [a;, aj,1], fu(a;) = gn(a;),
0<j<m,and f, and g, are both invariant on A. Then (I, f,) is
homeomorphic to (I, g).

Proof. Let I; denote the interval [a;, aj,;]. We will show that if
(x0, X1, ...) €(I, fu) then there exists a unique point (yg, y;,...) €
(I, gn) such that yg = xo and x, € I; if and only if y, € I;. Then
we can define ¢: (I, f,) — (I, gn) by setting ¢((xp, X1, ...)) equal
to the unique point of (I, g,) described above. To complete the
proof of Theorem 3.1 we will show that ¢ is one-to-one, onto, and
continuous.

To define ¢, let (xp, Xy, ...) be an element of (I, f,). We induc-
tively define a nested sequence {Q,}3, of closed, nonempty subsets
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of (I, g,) with the following properties: if (yo, ¥1,...) € Qn, then
yo=Xxp,and y;€l; ifandonlyif x; €I; for 0<i<n. Let Qp =
Ty Yx0) € (I, gn). Then Qy is closed and nonempty. Now suppose
Qn C Qyu_1 C--- C Qq satisfy the above properties. Define Q,,; as
follows: let (yo, y1,...) beanelementof Q,, I, aninterval which
contains y, and X, and [j,;) an interval which contains X, .
Then fi(x,41) = Xn € I( n) SO that ﬁl(lj(n+1)) ﬁlj(n) # @. Also, f,
is invariant on A4, 50 fy(Ij(s41)) = [k , ax ], where a; and a; are
elements of A. Thus I; Cfn( n+1) or Ijiy N fulLinsr)) = {x,,}
If Iiiny C fulljnyry) = gn(I n+1)) then y, € Ijin) C &n(Lj(ns1))> 8O
there exists V,y1 € Ij»41) such that g,(ypi1) = yn. In this case,
set Qn+l = ”;.ll(yn+l) - (I, gn)- If I(n mfn( n+1) - {xn}
then x, = Ajin) O Xp = Qjn+1); SO Yn = Xp. Let Yn+1 = Xp41
and Qni1 = 7, ,(Vns1) C (I, gn). Obviously Q. is closed and
nonempty and it is easy to check that Q,,{ C Q.

Since each @, is closed and nonempty, and the sets Qy, O, ...
are nested, it follows that there exists (yg, ¥1,...) € (1Qn. Suppose
that (v, 1, ...) is another point of (1 Q.. Let i be the first coordi-
nate so that y; # y;. Then i > 0 since y; = yg = Xo. Also, y; and y;
are both elements of some interval /; and g;_((y;) = &i-1(¥}) = Vi-1 -
But this contradicts the fact that g;_; is one-to-one on I;. Therefore
there is only one point in ()@, . Thus we define ¢: (I, ﬁ1) — (I, gn)
by setting ¢((xo, X1, ...)) equal to the unique point (yg, y1,...) in
(I, gn) such that xp =yy and x, € I; if and only if y, €I;.

The same construction shows that given a point (yg, y1,...) In
(I, g,) we can find a unique point (x¢, X1, ...) € (I, fn) such that
Xo = Yo, and x, € I; if and only if y, € I;. It follows that ¢ is
one-to-one and onto. We now show that ¢ is continuous.

Let (xp, x1,...) € (L, fn), o> ¥1,.-.) = ¢({x0, x1,...)), and
L be the minimum of the lengths of the intervals [a;, a;;;]. Given
e > 0, choose N so that 35° v - < 4. For each n € N and j
between 0 and m, g;!: g,(I ;) — 1I; 1s a homeomorphism since
&nl I is one-to-one. From now on, let g,’,' denote g;': g,(I i) — 1.
Note that if y,,; € I;, then y,,; = gi(¥»). Next, for each i, 0 <
i < N+1, define L; as follows: if x; e A4,let Ly=L. If x; ¢ A4,
then x; € (a;, a;y1). In this case, let L; = min{a;.; — x;, x; — a/}.
Note that if |x; — xj| < L; then x; and x; both lie in some I;.

As we noted above, g{;,_lz gn-1(I;) — I; is a homeomorphism.
Thus, for each j, 1 < j < m, we may choose d3_, so that if y and
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y' are elements of gy_(I;) with [y —)'| < 5]{,_1 , then lg;;,_l(y) —
gl 0" < £ . Let dy_; = min{é}_,,...,d7_,}. Similarly, for
each j, 1 < j < m—1, choose 51{, , so that if y and )’ are ele-
ments of gy_»(I;) With [y —)'| <&} _,, then |gf_,(») — &}, (") <
min{5%, dy_1}. Let oy_» = mm{(SN 25 s ON o).

Continue in this way to choose 5’ so that if y and )’ are

(i+1)
elements of gy_(;41)(I;) with |y —)/| <6J (i) , then |gN (i+1) (y)—

o) < min{ , dy_i} . Let

5N—(i+1) = mln{é]l\f_(l+l) 5 e s ]’271_([+1)}.

Thus we obtain dy, d1, ..., Oy_ such that if y and )y’ are elements
of g;(I;) with |y —)'| <d;, then |g/(y) — &/ ()| < min{Jis1, 75} -

Finally let 6 = min{dy, Ly, L;/2,...Ly+1/2V*!, &/2N}. Now
suppose that (x5, x7,...) € (I, fp) such that

d((XQ,Xl,...), (X(I),Xi,...))<5.
Let (¥, ¥}, ...) denote ¢((xg, x7,...)). Since
d((xg, X1, ...), (Xh, X}, ...)) <6 < Lij/2

for 0 < i< N+1, it follows that |x;—x]| < L;. Therefore, there exists
I;; such that x; and x; are both elements of /;(;). This implies that
yi and y; are both elements of I .

We now show inductively that [y; — y;| < min{d;, ;5 } for 0 <
i < N. First, |[yo -yl = |x0 — x)| < 6 < min{dp, 55v}. Now
suppose that |y, — yj| < min{d;, 5%}. Let I[;;;;) be an interval
which contains y;,; and y; ;. Then y;, and y; are elements of
&(Ij(i+1)) - Furthermore, |y; — y;| < d; by the induction hypothe-

sis, 50 |/ (v) — &/ ()| < min{Si1, 55}, But &/(v;) = yipr and
g/ (V) = yi,,. Therefore |y —y/ | < min{d,;,, F}. It follows
that

Ao, V1s--2)s 0hs Vs o)) Z!yl yil
- yz |y1 yl N e 8_
Dk Z <3 g+

=0 =0

Thus ¢ is continuous, and this completes the proof of Theorem 3.1.
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FIGURE 3

THEOREM 3.2. Let f: 1 —~1, A={0=ay<a; <---<am=1},
and B c I which has a finite number of nondegenerate components.
Suppose that [, A, and B satisfy the following conditions:

(i) f is constant on each component of B,
(ii) f is strictly monotone on each component of I — B,
(iii) f|[a],a,.+1] is monotone, 0 < j<m-1,
(iv) f is invariant on A,
(v) A C B and A intersects each component of B in at most one
point.

If g: I — I satisfies g(a;) = f(a;) for aj € A, and g is linear on
la;,a;11]1, 1< j<m—1, then (I, [) is homeomorphic to (I, g).

Proof. We will use the following notation: if B; and B; are com-
ponents of B such that x < y for each x € B, and y € B;, then
write B; < B; . Let By < By < --- < B, be the components of B.
Then each B; is an interval, [b;, ¢;]. Note that 0 = b; and 1 = ¢,
since {0, 1} C B. Let L =min{b;;; —c¢;:1<i<r—1} and choose
N sothatif n> N,then L <. Foreach n>N,let by =b =0,
br=b—1, 2<i<r,cf=¢=1,and f=c+1, 1<i<r-1.

Define f, as follows: f,(x) = f(x) if x € AU g;ll[c?, br.1. If
B;N A = {a;}, define f, to be linear on {b’, a;] and [a;, c]']. If
BiNA =&, define f, to be linear on [b}, c!']. The graphs of f and
fn are pictured in Figure 3.

It is a straightforward check that f, — f uniformly as n — oo.
Thus it follows from Theorem 3 of [Br] that (I, f) is homeomorphic
to (I, fn,) where {f, }%>, is a subsequence of {f,};2,. In order to
show that (I, f) is homeomorphic to (I, g) we show that (I, g) is
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homeomorphic to (1, f, ). Foreach k € N let g, = g. We will show
that {f, }72,, {&}%>,, and A satisfy the conditions of Theorem
1. First note that for each k € N and a; € 4, g(a;) = g(a;) =
f(aj) = fn (a;). Therefore f, and g agree on A. Furthermore, f
is invariant on 4 and so f, and g are also invariant on 4.

Next we check that g is strictly monotone on [a;, aj;] for each
J between 0 and m — 1. Since g is linear on [a;, a;.1], it suffices
to show that g(a;) # g(a;+1). Suppose that g(a;) = g(aj;1). Then
f(a;) = f(aj;1). Condition (iii) in the hypothesis of the theorem
says that f l[a,,am] is monotone, so f(a;) = f(a;;1) implies that f
is constant on [a;, a;;1]. Also, a; € B, = [b,~l ,¢i] and aj . € B; =
[6i,, ¢;,], where iy < iy. Thus, [¢; , b;] C [a}, aj+1], which implies
that f is constanton [c; , b;]. But [¢; , b;] must contain at least one
component of 7/ — B, and f is strictly monotone on each component
of I — B. We have reached a contradiction and so it must be the case
that g(a;) # g(aj+1)-

Finally, we check that each fnk is strictly increasing (decreasing) on
[a;, ajs1] if g is strictly increasing (decreasing) on [a;, @;;1]. Sup-
pose that g is strictly increasing on [a;, a;;1]. Then f is increasing
on [a;, a;j+1] and
[a), ajl = [aj, ¢ 1ULE*, Bl JU--- ULk, b TUIBE, ajil.
It is a straightforward check that f, is strictly increasing on each of
these subintervals of [a;, aj;1]. The case where g is strictly decreas-
ing is proved similarly.

Since Theorem 3.1 applies, it follows that (7, f,,k) and (I, g) are
homeomorphic. Furthermore, (1, g) = (I, g) and (I, fp ) is home-
omorphic to (I, f). Thus (I, g) is homeomorphic to (I, f).

4. Proof of Theorem 2.1. We are now ready for the proof of our
main result, Theorem 2.1. Suppose Q = (Q(0), Q(1), ..., Q(m)) is
a function such that Q(j) #Q(j+1), 0<j<m-1,and {0, m} C
range Q and let Fp be a Q-horseshoe. Define fp: I — I by fp(x) =
P(Fo(P~!(x)). The graph of fp for @ =(1, 3,0, 1) is pictured in
Figure 4 (see next page) (Fp is pictured in Figure 2).

It is easy to check that fp is well defined, continuous, and that.
PoFy = fyoP. Thus we may define P: Ag — (I, fp) by P(z) =
(P(z), P(FQ’l(z)) , P(Féz(z)) , ... ). It follows from the proof of The-

orem 1 in [Ba] that P is a homeomorphism. Thus A is homeomor-
phic to (1, fp).
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FIGURE 4

Next, we use Theorem 3.2 to show that (I, fp) is homeomorphic
to (I, gg). To thisend, let 4 = {L :0< j < m} andlet B =
U;’;OP(FQ‘ l(DjﬁFQ(D))). Then fy, 4, and B satisfy the conditions
of Theorem 3.2. Therefore (I, fp) is homeomorphic to (I, g) where
g(aj) = fo(aj) for aj € A and g is linear on [a;, aj;1]. But

fola;) = P(Fo(P~'(a)))) = P(F(D;)) C P(Dg(j)) = Q_,;Jl

Therefore g(aj) = fo(aj) = ij—l and g is linear on [a;, aj;1]. Thus
g follows Q, and the theorem is proved.

5. Examples. For our first example, we show that the horseshoe
maps studied in [Ba] are special cases of the generalized horseshoes
considered here. Consider

Q_{(O,m,O,m,...,m,O):meven,
- O0O,m,0,m,...,0,m): modd.

Then any Q-horseshoe map, Fp, is an m-fold horseshoe map de-
scribed in [Ba]. Its attracting set is a Knaster continuum. Next con-
sider Q@ =(0,2,1). Then Fp and g¢ are pictured in Figure 5. It is
well known that (I, gp) is homeomorphic to the sin(1) continuum,
and thus the attracting set of F is homeomorphic to this continuum.
Finally consider Q = (1, 2, 0). Then Fyp and gy are pictured in
Figure 6. It is well known that (I, gg) is homeomorphic to the three
point indecomposable continuum described in [HY], pages 141-142.
Thus the attracting set of Fp is homeomorphic to this continuum.
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