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It is shown that the Navier-Stokes equations in the whole space
R"™ (n > 3) admit a unique small stationary solution which may be
formed as a limit of a nonstationary solution as 1 — oo in L”-norms.

0. Introduction. As is well known, the existence of solutions to the
exterior stationary Navier-Stokes equations was studied by Finn [2,
3], and small solutions from Finn [2, 3] may be formed as limits of
nonstationary solutions as time ¢ — oo in local or global L?-norms
(cf. Heywood [9, 10], Galdi and Rionero [6], Miyakawa and Sohr [16],
Borchers and Miyakawa [1]) and in the norms of other function spaces
(cf. Heywood [11], Musuda [14]). However, it is still unknown even
in the case of whole spaces whether or not

(0.1) Jlo(t) —wlln + /| Dv(2) = Dwln + £'2||v(2) = wleo — O
ast— oo,

provided that w and v are, respectively, the solutions to the station-
ary Navier-Stokes equations

(0.2) -Aw+(w-Dw+dp=f, D-w=0 inR"
and the nonstationary Navier-Stokes equations

(03) v,~Av+ @ -Dyv+Dp=f, D-v=0 inR"x (0, o),
v(0) =vy in R".

Here and in what follows, n > 3 denotes the space dimension, p and
p represent the pressures associated with w and v, respectively, D =
the gradient, f = f(x) is a prescribed function, the dot - denotes the
scalar product in R", and || - ||, denotes the norm of the Lebesgue
space L" = L"(R"; R").

The purpose of the paper is to show that (0.2) and (0.3) admit small
regular solutions w and v(¢) in L", respectively, such that (0.1) is
valid. The problem above is, as usual, said to be a stability problem
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for w, which has been studied by Kozono and Ozawa [13] in the
case of bounded domains. From our view point, the global existence
results of Kato [12] may be regarded as the stability theorems around
the rest flow w =0.

In this paper we shall use the following spaces.

Cg° = the set of compactly supported solenoidal u € C*(R"; R"),
J" = the completion of C§° in L" for 1 < r < oo,
Wwk." = the Sobolev space W*"(R"; R*) for 1 <r<ooand k =1, 2,
Whr={ue L™/, pye L'(R"; R")} for 1 <r<n,
W2 = {ue wbtnrl(v=r). D2y ¢ L"(R"; R”S)} forl<r<n/2,

where D? = the Hessian matrix [D;D;]yx, With Dy = 8/0x; . More-
over, we denote by P the linear bounded projection from L" onto J”"
for 1 < r < oo (cf. [15] for details), by A the Stokes operator —PA
associated with the domain W2"NJ" for 1 <r < oo, by (-, -) the
duality pairing between L" and (L")* for 1 <r < oo, and we set

lull—1,r = sup{|(u, v)|; v € C5°, ||Dvlly/p—1y=1} forl<r<oo.

Our main results read as follows.

THEOREM 0.1. For n > 3 there is asmall 0 < d < 1 such that (0.1)
admits a unique solution

we " NWLB AW with |Dw|,, < d
satisfying

1DWlns2 + llwlln < ClfNl-1,n/2>
IDwl|2n/s5 + |DWll2n/3 + lwllan + lwll2n/3
SCUAN=1,2075 + 1 11, 20/3)

with C independent of f and w, provided that
feCe and |fl-1,np<d.

THEOREM 0.2. Let n > 3, fe€ C®, vy € J", and let ||vo|l, and
Nf11=1,20y5 + I |=1,20/3 De sufficiently small. Then (0.3) admits a
unique solution

veBC([0,00); J") and tY2D(w(t)—w)eBC([0,00); L"(R"; R™))
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such that (0.1) is valid, where w is the solution of (0.2) from Theorem
0.1 and BC denotes the class of bounded and continuous functions.

Since there is no boundary to worry about in the whole space, our
proof largely depends on the fact that P commutes with D, and also
based on the theory of analytic semigroups in various L" spaces. Such
an approach is developed from Fujita and Kato [5] and Kato [12].

In §1 we prove Theorem 0.1. In §2 we obtain resolvent estimates
for the perturbed operator Au + P(u-D)w + P(w - D)u and therefore
deduce decay estimates for the analytic semigroups generated by the
perturbed operator. Theorem 0.2 is proved in §3.

1. Proof of Theorem 0.1. From the Sobolev inequality
(1.1) CHwllnrjn—20) < DUl nrj(n—r)
< C||\D*u|, forl<r<n/2,
the Calderon-Zygmund inequality (cf. [7])
ID?u||, < C|lAull, forl<r< oo,

the density of {Au;u € C§°} in J” for 1 <r < n/2, and the fact
that P commutes with A, it follows that the Stokes operator 4 can be
extended to a bounded and invertible operator from J"/("=21) 2.7
onto J” for 1 <r < n/2. Consequently, we set the operator
T: J"AWLWS AWL2/3 , W2r forn/3<r<n/2
such that
Tw=Tw=A"'(f-Pw-Dw).
It is easy to see that to seek solutions of (0.2) means to seek fixed
points of T'. . N
Let 2n/5<r<2n/3, w e J"nWH2Baw1.2/3 'y € Cs°. Then
by the divergence condition D -w = 0, we have
(DT’UJ,D'U) =(f, ’U)—((’UJ D)’LU, ,U)
= (f: ’U)“I"('LU, ('LU D)U)
< (f5 v) + lwllallwller/-n 1DVl jr-1) -
Combining this with the inequality (cf. [17, 18])
IDTw||r < Csup{|(DTw, Dv)|; v € C5°, ||Dvlly/¢-1) =1}
with C = C(n), we have, by (1.1),

|IDTw]|, < C(”)(”f”—-l,r + ”Dw”n/Z”Dw”r) s
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and, similarly, for u, w € J" N WL.28/5 qW1.2n/3
[DTw — DTu||, < C(n)(|Dw]|n/2 + || Dulln2)l|Dw — Dul, .

Consequently, there is a small positive d such that 7 is a contraction
mapping from the complete metric space

{weJ"nWHLPSaWL23, | Dwll,, < d}

into itself provided that f € C§° with ||f|l_; »2 < d*. We thus
obtain the desired assertion by making use of the contraction mapping
principle and (1.1). The proof is complete.

2. LP — L9 estimates. In the remainder of the paper we denote by
w the solution of (0.2) given in Theorem 0.1, and by C the various
constants which are always independent of the quantities u, v, w,
f, a, t,and z. Moreover we set

S={zeC;-3n/d<argz < 3n/4},
Lu=Au+ Bu; Bu=P(u-D)w+ P(w-D)u,

n
L*u=Au+B*u; B'u=-P(w-Dyu+)» Pu'Dw'
i=1
for u=(u!',...,u") and w = (w!,..., w").
In arriving at L? — L9 estimates, we begin with the resolvent esti-
mates for L and L*.

LEMMA 2.1. Let z€ S and u e C§°. Then we have

(2.1) Iz| (L + )" tull, < Cllully for1<r<oo,
(2.2) lz| I(L* + z)"tull, < Cllull, forl<r<oo,
(2.3) |z|"2|\D(L + z) ull, < Cllu|l, forl1<r<n,
(2.4) |z|2|\D(L* + z)"tull, < Cllull, for1<r<oo,
provided that ||Dw||,/, is sufficiently small,

(2.5) 1ZP/4(L+ 2) " ulloo < Cllttll2n »

(2.6) 2| 2ID(L + 2) ulln < C(llulln + 1217 lull2n) »

1/2y,..111/2

provided that ||wl|,, lwll,, /3 is sufficiently small.

Proof. Let us recall the well-known resolvent estimates for the Stokes
operator (cf. [15])

(2.7) 2L (A + 2) 7 ully + 1212 D(A + 2) " ulls
+ID*(4 + 2)" | < Cllully
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for z€ S, 1 <r<oo and u € J', and the Gagliardo-Nirenberg
inequality (cf. [4])

(2.8) lully < Clluelly™" | Dl
for 1<r,p<qg<o0,0<h<l, -n/g=h(1-n/p)-(1-h)n/r,
ueCe. Letussuppose z€S and ue J' NWH" for 1 <r<oo.
Step 1. We prove (2.1) and (2.2). From (2.7), (1.1), the Holder
inequality and the boundedness of P in L’"-spaces it follows that for
l<r<n/2, p=nr/(n—r) and g =nr/(n —2r),
B4+ 2)""ully < Cllwllal|lD(A4 + 2) " ullp
+ C||Dw |2l (4 + 2) " ullq
< CllDW|lp2l DX (A + 2) " ),
< ClIDw|lnp2llull,
< (1/2)||ufly, by setting Cl|Dw||,/2 < 1/2.
This is together with (2.7) and the identity
L+z=(1+BA+z)"H4+2)
implies
Z| WL+ z2)"tull, < Cllull, forl<r<n/2.

Similarly, we have
IZ|W(L* + 2)"'u||, < C|lu|l, forl<r<n/2.

This yields for n <r < oo, v € L’ with ¥ = r/(r—1),
(L+2)""u, v) = (u, (L* + 2)~' Pv) < Clz| Yull|lv]l,
and hence the validity of (2.1) with n < r < co. Thus (2.1) with

n/2 < r < n follows immediately from the Marcinkiewicz interpola-
tion theorem (cf. [7]). (2.2) is verified in the same way.

Step 2. We prove (2.3). Observing that 1 < r < n and applying the
condition D-u = D-w = 0 and the fact that D commutes with P
yields

n
(2.9) (A+2)"'Bu=Y"Di(d+z)"'P(u'w + w'u),
i=1
we have, by (2.7) and (1.1),
(A4 + 2)~ ' Bull, < Clz|" |wl|nlltllnr/(n-r)

< C|Dwllny2||Dullrlz] 172
<27Yz|7'?||Dull;, by setting C||Dw]|p/2 < 1/2
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and
(2.10)  ID(4 + z)"'Bully < Cllwl|nlftellnr/n-r)

< Cl|Dw|ln/2|| Dull;
< (1/2)||Dull,, by setting Cl|Dwl|,/» < 1/2.
Consequently, we have
(2.11) (4 + 2)"'B)*u)l, < 27%|z|"V2|Duj,, for integer k > 0,
and so
DIL+z) 'u= iD((A +z)'BY*(4+2z)"'u in L.
k=0

Applying (2.10) to the preceding identity repeatedly and using (2.7),
we have

ID(L + 2)~"ully < 211D(A + 2)" uly < Clz|' 2 ull,
as required.
Step 3. We prove (2.4). Observing that
(Di(L* + z)"'u, v) = —(u, (L + z)"'D;Pv)
< ulle (L + 2)~'Di Pl

fori=1,...,n,1<r<oo, r=r/(r—1) and ver”',weneed
only to show the estimate

(2.12) I(L+ 2)~'Du||, < Clz|"Y?||ul|,, forl<r< oco.
Indeed, taking (2.9), (1.1) and (2.7) into account, we have for n <

r<oo,

n
1A+ 2)"'Bull, < CY_IDD;(A + z)" P(uw’ + wi)|lrjinsr)
i=1

< CllDwllnpaliully < (1/2)lful],
by setting C||Dw|,/» < 1/2, and hence for n <r < oo,

L+ z)"'Dull, = |(1+ (A + 2)"'B)"'D(A + z)"u|,
< 2|D(4 + z)"ul,
< Clz|~ 2 ul,
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which arrives at (2.12) for n < r < co. Moreover (2.12) with 1 <r <
n is verified as follows:
I(L+z)"'Du|l, = |(1+ (4 + 2)"'B)"'D(4 + z)"u,
<|ID(A + z)" ull + |27 DA (A + 2) "l
< Clz|~2uly,
where we have used (2.11) and (2.7).
Step 4. We prove (2.5). By (2.8) and (2.7), we obtain

(2.13) (A4 2) " ulloo < CI(A+ 2) ' ull3 2 ID(A + 2)~ w3

< Clz|7*|\ulizn »
and, by (2.7), (2.8), (1.1) and (2.9),
(2.14) (4 + 2)"'Bulle < C||(4 + 2) ' Bu|l}*|D(4 + z)~ ' Bu|| A/

< C|ID(A4 + 2)' Bully)5 | D(4 + 2)7" Bul}

n
1 ionl/2 1/2
< CY uiw + wiull ) lu'w + wiul|),
i=1
1/2 1/2
< Cllwliyysllwly) oo

< (1/2)|ulloo, by setting Cllwlly/ w3 < 1/2.
We thus obtain

L+ 2) ulloo = (1 + (4 + 2)7'B) (4 + 2) ' ulloo
< 20(4 + 2) M ullo < Clz 74 ull2n

and hence the validity of (2.5).
Step 5. We prove (2.6). By (1.1), (2.9) and (2.7),
I(4+ 2)~' Bulln < CID(4 + 2)”" Bulln/2

1/2 1/2
< Cllwlly lwlliys el

<(1/2)lulln> by setting Cllwllywlly) 5 < 1/2
and, by (2.9), (2.7) and (1.1),
ID(A4 + 2)7'Bull, < Cllw|nlloo

1/2 1/2
< Cllwllysllwl g oo

< (1/2)lulloo, by setting Cllwllylsllwll;, < 1/2.
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Hence, it is easy to see that

1D+ 2wl < 3 ID((A + 2 B (A + 2)
k=0

<IDA+ 2) ulln + D (A +2)7 B (4 + 2) " o
k=0

<IID(A+z2) ulln + (4 + 2)  ullo, by (2.14),

< CUz"ulln + 1217 |ull2n), by (2.7), (2.13).
The proof is complete.

As an immediate consequence of (2.1) and (2.2), we conclude that

L and L* generate strongly continuous analytic semigroups e~*L and
el in J" with 1 < r < oo, respectively, provided ||Dwl|,/, is

sufficiently small. What is more, we can now proceed to the proof of
the following LP — L' estimates.

THEOREM 2.1. Let t >0, 1 <qg<n, veJ? and ue C§°. Then
we have

(2.15) e~ ull, < Ct=®/r=rP)2||y||, for1<r<p<oo,

provided that ||Dw||,/» is sufficiently small;

(2.16) e~ ulloo + || De~Lull, < Ct™"||u|, forl<r<n,

(2.17) "2 Ple Lo, + |le™ P vl|oo + | De”v]ln) — 0
ast— oo,

provided that ||w||%l2 ||w|];f12/3 is sufficiently small.

Proof. By making use of the semigroup property of e~‘L, Lemma
2.1, and the Dunford integral (cf. [8]) via a standard calculation, we
have

(2.18)  |le~ L ull, + "2 De "L u||, < C|lu|l, for1<r<oo,

(2.19)  lle™"ulloo + [|De™Fully
< Ct—1/2”e—(t/2)Lu”n + Ct—1/4“e—-(t/2)Lu”2n

under the assumptions of Theorem 2.1.
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It follows from (2.8) and (2.18) that
lle™" ullp < Clle™"= ully™™"*"/P || De=E" /="
< Cnlr=niD)2|1y]|,

for 1 <r <p < oo and n/r —n/p < 1. Combining this with
the semigroup property of e~‘L | we have for 1 < r < p < o and
ac LP/(P"‘I) i

”e—tL‘Pa”r/(r—l) < Crr=niD2Ya|, 1) s
and hence
(e~ u, a) = (u, e™'X " Pa) < Ce=="Pull || allpp-1)

This gives (2.15). (2.16) follows from (2.19) and (2.15).
To prove (2.17), we note for ae€ J9NJ" with 1 <r<g,

"/24( 12 le Lol + [le™ |0 + | DeEv]ln)
< Clv — aflg + Ce- /71D q],,
where we have used (2.15) and (2.16). Hence the density of J9N J"
in J9 implies (2.17). The proof is complete.

3. Proof of Theorem 0.2. From Theorem 0.1 we can suppose that
IDwy2 + lwll lwlly)7; is small such that (2.15)~(2.17) holds.

By using the projection P to (0.2)-(0.3), and setting u(¢) = v(¢)—w
and a = vy — w, then (0.2)-(0.3) leads to the evolution equation

(3.1 (d/dtyu+Lu=—Pu-D)u (t>0), u0)=a

in J". Hence, our goal now remains to show that (3.1) has a unique
solution u belonging to the space

U={ueBC(0, 00); J*); t"2Du(t) € BC([0, c0); L"(R"; R"))}
such that
Hu(t) = lu(®)|ln + 2|00 + /2| Du(t)]|oc — 0 as t — oo

provided that a € J" with ||a||, small enough.
Let us impose the following notation.

el = sup Hu(z),
t>0
W={ueU;|ul <oo, Hu(t) — 0 as t — oo},
t
Mu(t) = up(t) —/ e~ Py -DYu(s)ds; uy(t) =e La.
0
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Observing that for u € C§°,
t/2(lle™*"P(u - Dulloo + || De™EP(u - D)ulla) + lle™" P(u - D)uln
< Ct™'*4\(u- Dyullans3, by (2.15)=(2.16),
< Ct= ¥ ullanl| Dulln

and 1/2 1/2
ullan < feell /2 1lull2?

we have for ue W,
(3.2)  IMu@)|ln + | Mu(t)l|oo + t' DMu(t)||n

t
< Cllalla +C /0 (t = )Y u(s) l2n ]| Du(s)|1n s

¥ C/ot £12(¢ = 5)" 4 u(s)l2n | Du(s)l1n ds
by (2.15)-(2.16),
< Clalln + Clull?,
and what is more, by using (2.17) and the property
Huy(t) + Hu(t) - 0 ast— oo
via a calculation similar to (3.2), we have
H(Mu)(t) -0 ast— .

Moreover, by a standard calculation from [19] or [12], we have Mu €
U for ue W,andso M: W — W and

[Mull < Cllalln + Cllul?.
Additionally, similar to (3.2), we obtain for u;,, up € W,
IMuy — Mus|) < C(Jlurll + Nuzl)uer — w2
From contraction mapping principle it follows that M has a fixed
point u in W provided ||a|, is sufficiently small. As in [12, §], we

find that the fixed point u is the desired solution which exists uniquely
in U. The proof is complete.
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