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Let Q be a connected solvable Lie group of polynomial growth.
Letalso E,, ..., E, be left invariant vector fields on G that satisfy
Hormander’s condition and denote by L = —(E? + --- + E7) the
associated sub-Laplacian and by S(x, ¢) the ball which is centered
at x € Q and it is of radius 7 > 0 with respect to the control distance
associated to those vector fields. The goal of this article is to prove
the following Harnack inequality: there is a constant ¢ > 0 such
that |Eju(x)| <ct™'u(x),x € @, t>1,1<i<p,forall u>0
such that Lu =0 in S(x, ¢). This inequality is proved by adapting
some ideas from the theory of homogenization.

0. Introduction. Let Q be a connected solvable Lie group which
we assume to be of polynomial growth; i.e., if dg is a left invariant
Haar measure on Q and V' a compact neighborhood of the identity
element e of Q, then there are constants ¢, d > 0 such that

dg — measure(V") < cn?, neN.

Notice that the connected nilpotent Lie groups are also solvable and
of polynomial growth (cf. [5], [6]).

Let us identify the Lie algebra q of @ with the left invariant vector
fields on Q and consider E;, ..., E, € q that satisfy Hérmander’s
condition; i.e., together with their successive Lie brackets [E; , [E; ,
[...[E;_ , Ei]...]]], they generate q. To these vector fields there is
associated, in a canonical way, a left invariant distance dg(-, ) on
G, called control distance. This distance has the property that (cf.
[15]) if Se(x,t)={y e G,dg(x,y)<t}, x € G, t >0 then there
is ¢ € N such that

(0.1) Sele,n)C V", V"CSg(e, cn), neN.
According to a classical theorem of L. Hérmander [7] the operator
L=—(E}+---+E2)

is hypoelliptic.
The goal of this paper is to prove the following result:
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THEOREM 1. Let Q, E,, ..., E, and L be as above. Then there is
¢ > 0 such that
(0.2) |E;ju(x)| < ct™'u(x), xeQ,t>1,

Jorall u>0 suchthat Lu=0 in Sg(x,t), 1<i<p.

This is a result of technical nature, but a very useful one, when
one tries to generalise the “real variable theory” to Q (cf. [9], [10]).
For instance, it can be used to obtain estimates for the Poisson kernel
and the Green function. Another immediate consequence of Theorem
1 is that every positive harmonic function in Q (i.e. every u > 0,
ue C*(Q) such that Lu =0 in Q) is constant (cf. [13]).

When Q is also nilpotent then Theorem 1 is a particular case of a
more general result of N. Th. Varopoulos [14], namely for all integers
[ > 0 there is ¢; > 0 such that

(0'3) |Ei1 o 'Eilu('x)' < Clt—IU(X), X € Q: t>1 ’

for all u >0 such that Lu =0, in Sg(x, ).

As we shall see, for / > 2, (0.3) is not true for general, not neces-
sarily nilpotent, solvable Lie groups.

(0.3) is also true for 0 < ¢ < 1 (cf. N. Th. Varopoulos [14]), but
this is a local result and the Lie group structure does not play any role
in proving it.

The main contribution of this article is the observation that the
operator L can be viewed as a second order differential operator
with quasiperiodic coefficients on the nil-shadow Qpy of Q, which
is a nilpotent Lie group (cf. [6]). Once we adopt this point of view,
proving Theorem 1 becomes a matter of generalizing results, already
known for second order uniformly elliptic differential operators with
periodic coefficients (cf. [1], [2]). Indeed, in that context, Theorem 1
has already been proved by M. Avellaneda and F. H. Lin [1].

More precisely, let (we use the summation convention for repeated
indices)

3}
ax;
be a uniformly elliptic operator in R” and assume that its coefficients
a;j(x) are periodic (i.e. a;j(x+ z) = a;;(x), x € R", z € Z") and
Holder continuous (i.e. there is a € (0, 1) and M > 0 such that
laij(cowry £ M) .
Also let

0
L= —a—xiaij(x)

0 x\ O
— e —— . —_— <
L. 6xia’](£>8xj’ O<es<l,
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and denote by B(x, t) the Euclidean ball of radius ¢ > 0 centered at
x €R".

We observe that L.y, = 0 in B(0, 1) if and only if Lu = 0 in
B(0, t), where u(x) = u.(ex), t = ¢~!. Hence, proving that there is
¢ > 0 such that

IVu(0)| < ct~lu(0), t>1,

for all ¥ > 0 such that Lu = 0 in B(0, t), is equivalent to proving
that there is a constant ¢ > 0, independent of ¢ € (0, 1) such that

|Vue(0)| < cu.(0), O<e<l,

for all u, > 0 such that L,u, = 0 in B(0, 1). This follows from
the following result of M. Avellaneda and F. H. Lin [1], using Moser’s
Harnack inequality (cf. [9]).

THEOREM 0.1 (¢f. M. Avellanedaand F. H. Lin[1]). Let L., 0 < ¢ <
1, be as above, f € L"%(B(0,1)), 6 >0, and g€ C1>*(8B(0, 1)),
0 < v < 1. Then there is a constant ¢ > 0 depending only on
a,M,n,v,d and independent of ¢ such that

(0.4) [uE]C""(B(O,l))
< c([g]clw(ag(o,x)) + “f”L"*"(B(O,l))) ) 0<e<l,
for all u, satisfying
Leu, = finB(0,1), u;=gondB(0,1), O0<e<l.

Notice that although we do not have any, uniform with respect to
¢, control of the Holder continuity of the coefficients of the operators
L., the above result gives a uniform with respect to the ¢ estimate
for [ug]co. . This is due to the fact that there is an elliptic operator
with constant coefficients

0 0
Ly= —%Qija—xj

called the homogenized operator, which has the property that if
Loug = fin B(0,1), uy=gondB(0,1), O0<e<l,

then
U — Uy, €—0

uniformly on the compact subsets of B(0, 1).
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The coefficients g;; of the homogenized operator L, are given by
the formula

CIij=/D[aij(x)—a (x )gx—xf( x)| dx, D=]0,1]"

where the functions yx/, j = 1,..., n, called correctors, are the
unique solutions of the problem

L(x;—x)) = (x+z)=2(x), xeR", zel",

/xf ydx =0, D=]0, 1]".

The motivating example is the universal covering G of the group of
Euclidean motions on the plane, which is a three dimensional solvable
Lie group of polynomial growth. It turns out that every operator L,
as in Theorem 1, in G, can be expressed as a second order differential
operator in R3 with periodic coefficients.

More precisely, let g denote the Lie algebra of G and identify its
elements with the left invariant vector fields on G'. Then, there is a
basis {X;, X, X3} of g such that

[XlaX2]=X3a [XIaX_’)]:—XZ’ [X2aX3]:0'

Identifying the simply connected analytic subgroups of G whose
Lie algebras are generated by {X,, X3} and {X;} with R?> and R
respectively, we can see that G is isomorphic to the semidirect prod-
uct R? x; R where the action 7 of R on R? is given by 7: R —
L(R?): x — rot,, rot, being the counterclockwise rotation by angle
x and L(R?) the space of linear transformations of R2.

Let us consider the exponential coordinates of the second kind (cf.

[12])
0: R3 — G, ¢:(x3,x,x1)— expx3X3expx,Xsexpx;Xj.
If x =(x3, x2, x1), then we have (cf. §2)

0

(0.5) do™' X;(x) = ax;

0 ) 0
—1 _
do™ ' Xh(x) = cosxl—ax2 + sin x| ox;’
_ . a 0
d¢ 1X3(X):—SIHXI5;;+COSX15E.

Let us now use ¢ to identify Q and R? as differential manifolds.
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Let

Ei=X,, E,=X,+X,, E;=X; and L= —(E}+E}+E}.

Then L becomes a uniformly elliptic differential operator on R”,
which can be written in divergence form as

0 0
L=——"g:(x)—
8x,- alj(x) 8xj
with

any =2, ap=a3=1, app=ay =cosx;,

a3 = aszy =sinx1, as =a32=0.

Moreover, the control distance dg(-, ) associated to the vector
fields E,, E,, E; becomes equivalent to the Euclidean one; i.e., 36 >
a >0 such that a|x —y| <dg(x,y)<blx~y|, x,y eR3.

Let us now see why the inequalities (0.3) are not true for / > 2.
Let us put

0 x\ O
=—— qg:.:(2) =— <1,
Lo=-5-ay (8) 5> 0<esi
Then proving (0.3) for / > 2 and i; = i, = 1 is equivalent to
proving that there is ¢ > 0, independent of &, such that
62

Ox3}

(0.6) ue(0)| < cu(0), O0<e<l,

for all u, > 0 satisfying L.u, =0 in B(0, 1).
As we are going to see, (0.6) is not true.
In the example we consider, we have that

2'(x)=0, x*x)= %sinxl ,

L= (22,4300 30
0~ ox}  40x; 49x})’

Also L can be written as

1
() = —5c0sX)
and

2 2

_ 0 X1 X1 82
0.7 L= 28x12 2008 x10x, e 9x107
ox? o9x} & e 0xy ¢ £ 0x3
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Let us take f =0 and g = x3 +2 in (0.4). Then uy = x3 + 2.
Hence uy >0, 0u/dx3 =1 and Quy/dx; = duy/dx; =0.

Since L.0u./0x; = (8/0x;)L;u, = 0, i = 2,3, it follows from
Theorem 0.1 that

3] 0

(0.8) Ug — U and 5)—(;% — 5—)?1
uniformly on the compact subsets of B(0, 1) and that there is ¢ > 0
such that

Up, (8—_’0)>i22’3,

g 0
. — < B H),i=1,2,3,j=2,3.
09) |Fepmmo)|<e.  xeBO.1i=1,2.3.)
Now, (0.7), (0.8) and (0.9) imply that
92 1
5Ue(0) ~ =, (e —0)
ox? ¢

which disproves (0.6). So (0.3) is not true for / > 0.
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thank the referee for several suggestions.

1. The structure of the Lie algebra. Let g be a solvable Lie algebra
and denote by n its nil-radical. Then n is a nilpotent ideal of q and
[a, 9] € n (cf. [12]). We denote by 7 the natural map n:q — q/n.
We also put k = dim(g/n).

Let ad X = S(X) + K(X) denote the Jordan decomposition of the
derivation ad X(Y) = [X, Y], X € q. S(X) is the semisimple and
K(X) the nilpotent part. It is well known that

(1) S(X) and K(X) are derivations of q (cf. [12]).
(i1)) There are real polynomials s(x) and k(x) such that
(1.1) S(X)=s(ad X) and K(X) = k(ad X) (cf. [8]).
(1.2) (i) [S(X), K(X)]=0.
Notice that the fact that ad X(X) = [X, X] = 0, X € q implies

that the constant coefficients of the polynomials k(x), hence also of
the polynomials s(x), are zero.

LemMA 1.1. There are vectors Yy, ..., Y, € q such that
(@) [S(Yy), S(¥Y)I=0, 1<i, j<k,
(b) {=n(Y1), ..., n(Yy)} is a basis of q/n.
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Proof. Let {Z,,...,Z;} any choice of vectors of q such that
{n(Zy),...,n(Z;)} is a basis of q/n. To prove the lemma it is
enough to prove that for every integer 1 < m < k we can choose
vectors Yi, ..., Y, € q such that

(1.3) [S(Y:), S(Y;)]=0, 1<i,j<m,
(Y1), ..., a(Ym), 2{Zns1), ..., n(Z;)} basis of q/n.

(1.3) will be proved by induction on m. For m =1 it is enough to
take Y; = Z;. So assume that (1.3) istrue for m=j, 1 < j < k.
To prove that it is also true for m = j + 1 assume that the vectors
Y;, ..., Y; have been chosen and consider the linear space b that is
generated by n and the vectors Z;,, ..., Z;. It follows from the
fact that [q, g] C n that b is actually an ideal of q. By our induction
hypothesis the derivations S(Y;), ..., S(Y;) commute. They are also
semisimple linear transformations and satisfy .S(Y;)(b) C n. This last
assertion follows from the fact that the polynomials k(x) and s(x),
in (1.1), have zero constant coefficients. Hence b admits a subspace
0 complementary to n, i.e., such that b =9 @& n and S(Y;)(d) = {0},
1 <i<j. For Y;,; we choose any non zero element of d such that
n(Yj11) is linearly independent of the vectors {n(Z;2), ..., n(Zy)}.
S(Y;41) will commute with the S(Y7), ..., S(Y;) because of (1.1) and
the fact that S(Y;)Y;,; = 0, 1 < i < j. This proves (1.3) and the
lemma follows.

PROPOSITION 1.2. There are vectors Xy, ..., Xi € q, such that
(a) S(X))X;=0, 1<i,j<k.
(b) {m(Xy), ..., n(Xy)} is a basis of q/n.

Proof. Let {Yy,..., Y} be a set of elements of g as in Lemma
1.1. Arguing in the same way as in the proof of that lemma we can see
that g has a subspace b complementary to n, i.e. such that q=n®b
and S(Y;))b={0}, 1<i<k.

Let Ni,..., N, €nsuchthat X;=Y;—N;eb,i=1,...,k. The
vectors Xi, ..., X; have all the properties required by the proposi-
tion: they satisfy (b) since they form a basis of b. To verify that
they satisfy S(X;)X; =0, 1 < i, j < k observe that if this weren’t
true then we would have (ad X;)"X; # 0, n € N. To see that this
is not possible let us observe first that since K(Y;) is a derivation
we have that [K(Y;), ad N;] = ad(K(Y;)N;), which combined with
the fact that K(Y;)N; € n implies that the linear transformation
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[K(Y;), ad N;] is nilpotent. This in turn implies that although the
K(Y;) and ad N; do not commute, we can nevertheless find m € N
such that (K(Y;) + adN;)™ = 0, i.e. K(Y;) +adN; is a nilpotent
transformation.

Next we observe that

ad X;(X;) = (ad Y; + ad NV;) X; = (K(Y;) + ad N;) X;
and that
ad X;(K(Y;) +ad N))" = (K(Y3) +ad ;)" + S(Y)(K(Y;) +ad Ny)".
We also have that [S(Y;), ad N;] = 0, since
0 = S(Y;)X; = S(Y;)(Yi - Ni) = —S(Yi)N..
So using (1.2) we can conclude that
ad X;(K(Y;) + ad N;)" = (K(Y;) + ad N;)"*!
+ (K(Y;) +ad N)"S(Y;),  n20.

From this observation we can easily see that it can be proved by in-
duction that
(adX,-)"Xj=(K(Y,-)+adN,~)”Xj, neN.

This contradicts the assumption that (ad X;)"X; # 0, n € N, because
the transformation K(Y;)+ad N; as we have already seen is nilpotent.

In what follows we shall consider and fix, once and for all, vectors
X1, ..., Xx € q having the properties described in the above propo-
sition.

The nil-shadow qn of q. We can easily see that the conditions

[X:, X;lv =[X:, Xj1, [Xi, Yiv = K(X)Y,
Y, Zly=[Y,Z]l, 1<i,j<k,Y,Zen,

define a unique product [-, -]y on the linear space q. We can verify
directly (writing the elements X of q as a sum X = X'+ Y with
X’ a linear combination of the vectors X;, ..., X}, and Y €n) that
[, -]y satisfies the Jacobi identity. So, qy = (q, [, -]y) is a Lie
algebra, which is also nilpotent. qu is called the nil-shadow of q.

The filtration of q. We put v; = q and v,y = [vy, vy, § > 1.
Then, since qu is nilpotent, we have the following filtration of q:

q=112n21 2D -2ty 2ty = {0}, tm # {0}.
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PROPOSITION 1.3. (1) vy D n 2.

(2) vy isanideal of q,i.e [q,t]Cr, i=1,2,....

(3) There are subspaces ay, ..., amy of q such that
(@)S(Xj)a;Ca;, j=1,...,k, i=1,...,m,
b)vi=0a,® - @ay and
(c) a; = ag; @ ay;, where ag; = {Y € q;, S(Xj)YZO, 1<;<

k}, S(Xj)a;;Cay;, 1<j<k.

Proof. (1) follows from the fact that [q, q] C n and the way [, ]y
was defined. (2) can be proved by induction. It is trivially true for
i = 1. So, assume that it is true for i = n. We are going to verify
that it is also true for i=n+1.

let Xe€q, YeEr, Zer,. If X €n, then ad X([Y, Z]y) =
(X, [Y,ZININ €ty Sy, f Z €n, ¥ = X; and X = X
for some 1 < j, I < k, then ad X;([X;, Z]y) = ad X;K(X;)Z =
K(XI)K(X])Z +S(X1)K(X])Z = K(X[)K(XJ)Z +K(XJ)S(X1)Z , since
S(X;)X; = 0, S(X;) is a derivation and K(X;) is a polynomial in
ade . Hence adX,([Xj , ZIv) = (X, [X] s Z]N]N+[Xj s S(X[)Z]N €
tpy1. Finally, if X = X, ¥ = X; and Z = X; for some 1 <
h,l,j < k, then ad X;([X;, X;Iv) = [Xp, [X;, XjININ € tnia ©
t,41 - Since the general case is a linear combination of the cases ex-
amined above, we conclude that t,,; is also an ideal of gq. This
proves the inductive step and (2) follows.

(3a) and (3b) follow from the observation that, according to (2), the
spaces tj, ..., t, are invariant with respect to the transformations
S(X;), i=1,..., k (cf. [8]). Given (3a) and (3b), (3c) follows again
from the observation that ay; is invariant with respect to the algebra of
linear transformations of q generated by the transformations S(X;),
i=1,...,k.

We put n = dimq, np = 0 and »n; = dim(a; ® --- D a;), [ =
1,...,m. Then

1<k<n<-<ny,=n.

The choice of the basis of q. We assume now that q is of type R,
i.e. that all the eigenvalues of the derivations ad X, X € q are purely
imaginary (i.e. of the type ia, a € R).

PROPOSITION 1.4. If q is of type R, then there is a basis {X, ...,
X} of q such that

(1) Xy, ..., Xy are as in Proposition 1.1 and Xy 1, ..., Xn €n,

(2) {Xn_ 415, Xn} isabasisof a;, i=1,...,m,
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(3) {Xn_,+15 - Xn,} and {Xy 41, ..., Xpn} arebases of ay; and
ay; respectively, i=1,..., m and

(4) the number of the vectors {Xn(,,.+1 yeens Xni} is even and they can
be combined in pairs {Xn, +15 Xny+2}s -+ {Xj, X1}, oo s {Xn -1,
Xy } so that for every pair {X;, Xji1} andevery | =1, ...,k there
is a; € R such that
(1.4) eSX X, = cosa X; +sina X1,

eSEVX; ) = —sing; X, +cosa X, .

Proof. For {X 11, ..., Xn,} we choose any basis of ag; , so that
(1) 1s satisfied. In order to choose {X, RS TP X, ",} let us denote by
aj;,c the complexification of a;; and denote by S(X;)c the extension
of S(X;) to ajj,c, i =1,...,k. Since S(X;)c is also semisim-
ple, we can decompose a;; c as aij,p @ - Day p Where ay; p =
{Y € ay5,¢c» S(X])C(Y) = lbIY} and lbl g ey lbh € iR are the dif-
ferent eigenvalues of S(X;)c. Since S(X;)cS(Xj)c = S(X;)cS(X))c,
I =1,...,k, S(X))cay;p € ay;,p, s =1,...,h. Applying the
same procedure to a;; p relative to any other S(X;)c, we obtain a
decomposition '

(1.5) a1i,c=b1® - Dby

of aj;,c into {S(Xj)c, j=1,..., k}-invariant subspaces, such that
the linear tranformations induced in the b; by every S(X;)c are scalar
multiplications by some ia, a € R. Moreover the subspaces b; can
be taken to be one-dimensional. Let us identify a;; ¢ with {Z +
iE,Z,Eca;}andput Y =Z —iE, ReY =Z, ImY = E for
Y=Z+iEea1,~,C, Z,Ee€aq; and A= {Y, Y € A} for 4 Cay,c-
We observe that if ia, a € R, a # 0 is an eigenvalue of S(X;)c
then —ia is also an eigenvalue of the same multiplicity and that if
Y is an eigenvector for ia, Y # 0 then ReY # 0, ImY # O,
ReY #ImY and Y is an eigenvector for the eigenvalue —ia. Using
this observation we can easily see that the subspaces b, can be chosen

in such a way, that the decomposition (1.5) can be written as '

a,c=b, ®b; - ®b; ©b;

where b; = {zY;,z € C} forsome Y, €ay;¢c, VI =Z+IiE, Z, E
c€a;, L#E, Z, E#O0.
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We take X"o,+1 = Re Yj’ , X"o,-+2 =Im le Y eees an__l =ReY;, X,
=ImY; . We can easily see that the basis of q, constructed in this
way, satisfies the requirements of the proposition.

2. The exponential coordinates of the second kind. Let Q a simply
connected solvable Lie group of polynomial growth and denote by q
its Lie algebra. According to a well-known theorem of Y. Guivarc’h
[6], q is of type R, i.e. all the eigenvalues of the derivations ad X(Y) =
[X,Y], X,Y € q are of the type ia, a € R. We identify the
elements of g with the left invariant vector fields on Q.

The derivations S(X), K(X), X € g and the integers ny, ..., Ny
are as in §1. We put

o(i)=j, ifnj_y<i<ny, i=1,...,n.

We denote by N the nil-radical of Q i.e. the analytic subgroup of
Q having the nil-shadow n of g as its Lie algebra. Note that N is
nilpotent and that Q/N is abelian.

Using the basis {X;, ..., X;,} of q constructed in Proposition 1.4,
we can consider the diffeomorphism

p:R*"—>Q, o9:x=Xn,...,X1) = expx,X, - expx;X;

which is called exponential coordinates of the second kind (cf. [12]).
We want to give an expression for dp~!. To this end, we shall need
some notations.
We denote by adX; and K(X;) the linear transformations of q
defined by

ad(X;)X; =0, fori>, and ad(X;)X;=ad(X;)X;, fori<j,
K(X)X; =0, fori>j and K(X;)X;=K(X;)X;, fori<]j.

It follows from (1.1) and the fact that S(X;)X; =0, 1 <1i,j <k,
that

1)  SX)R(X)=KX)S(X), 1<i,j<k.

If B(x)=bp(x)0/0xn+ ---+ b1(x)d/Ix; is a vector field on R”,
then we put pr; B(x) = b;(x). We also use the same notation for the
left invariant vector fields on Q, i.e. if E = ¢, X, +---+ ¢;X;, then
we put pr; £ =¢;.
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PROPOSITION 2.1. With the above notations we have

(2.2) pr;dp~'E(x) = pr,[e%2% . .. 033X\ |(E)
= pr;[enKX,) .. ox K(X)gxS(X,) . ox,SIX)Y(E)

A A‘l—l
= pr; > Xy X
Aa(

D444, a(i—1)<a(i)-1

. T(_'{i—‘(Xi_l) .. .f}” (Xl):l eka(Xk) .. .eXlS(Xl)} (E)

Proof. Clearly, the third equality in (2.2) is a more explicit version
of the second one and the second equality follows immediately from
the first one using (2.1). So it is enough to prove the first equality in
(2.2).

Let g =expx, X, ---expx; X; € Q and y(¢) = gexptE, t >0 an
integral curve of E. Then to prove the proposition it is enough to
prove that

(2.3)
7(t) = exp(x, + tpr, eX-12Ki .. eX2dX L O(12)) X,
.- exp(X + 1 pr, €3N E + O(2)) X, exp(x; + tpr; E)X).
(2.3) can be proved by induction on #»: It is trivially true for n = 1.
So assume that it is true for n < /. To prove that it is also true for
n =[+1, observe that it follows from the Campell-Hausdorff formula
that
exptE =expt(cj 1 Xjp1 + - + 1 X1)
= exp[(tciy1 + O() Xy + -+ + (12 + O(t)) Xalexp ¢y LX)

Hence
(2.4) y(t) = exp X1 Xpy1 - expx1 Xy

-expl(t¢i4y + O() Xpyy + -+ + (1 + O(2%)) X3]

-exp —x1 Xy exp x; Xjexp e X

= eXP X1 Xj41 - €XP X2 X
-expe i f(ter,y + O() Xy + -+ + (tea + O(1%)) Xa]
-exp(x; + tey) X.

Observing that the linear subspace of q generated by the vectors
X415 ..., Xp is in fact an ideal of the Lie algebra q we can see that
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it follows from (2.4) and the inductive hypothesis that (2.3) is also
true for n = /+ 1. This proves the inductive step and the proposition
follows.

Let Oy be a simply connected nilpotent Lie group that admits the
nil-shadow qn of q (cf. §1 for the definition) as its Lie algebra. Qy
is called the nil-shadow of Q.

We identify the elements of qn with the left invariant vector fields
on Oy and if X € q then we denote by xX the element of qy
satisfying yX(e) = X(e). We extend the transformations S(X), X €
q, to gy by putting S(X)nY = §(S(X)Y).

Using again the exponential coordinates of the second kind

oN:R* > On, 91 (Xn, ..., X1) = expXuN Xy €XP X N K]
we can see that Qp is diffeomorphic with R”.

From now on, using the exponential coordinates of the second kind
¢ and ¢y, we shall identify Q and Qp as differential manifolds
with R”.

It follows from (2.2) that if x = (x,, ..., x;) € R” and E € q then
(25) E(x) = (eka(Xk) Cen ex‘S(X‘)NE)()C).

3. The volume growth. Let Q be a simply connected solvable Lie
group of polynomial growth and dg a left invariant Haar measure on

Q.
We shall use the notations of §2. As it was explained in that section
we identify Q and Qxn with R”.

Let ng, ny,...,nym asin §l and o(1), ..., ag(n) asin §2. We put
d=o(l)+---+a(n).
Let Ey, ..., E, as in Theorem 1, i.e. left invariant vector fields on

Q that satisfy Hormander’s condition. The control distance dg(-, -)
associated to these vector fields is defined as follows (cf. [4], [14]):

We call an absolutely continuous path y: [0, 1] — @ admissible if
and only if 7(¢) =a;(t)E; +---a,(t)E, for almost all #€ [0, 1]. Itis
a consequence of the Hormander condition that all points x, y € Q
can be joint with at least one admissible path. We put |7(¢)> = a?(¢)+
-+ +a2(t) and we define

1
dg(x,y) = inf{/ |p(t)|dt, y admissible path
0

such that y(0) = x, p(1) = y} .
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Weput Sg(x,t)={yeQ:de(x,y)<t},x€Q,t>0.

We want to describe the shape of the balls Sg(e, t), t > 1, and to
estimate the dg-measure (Sg(e, t)). To this end we shall need some
notations. If x = (x,, ..., x;), then we put

x="Mx,, ..., 1°Wx)), t>0.

D(X,t)z{y=(yn,...,y1)EQ:
xi—t°O <y <x;+t°D 1<i<n}, t>0.

We also put D; = D(e, t) and D = D(e, 1).

ProrosITION 3.1. Let Sg(x,t) and D, be as above. Then there is
¢ > 0 such that

Sg(e, c™'t) C D, C Sk(e, ct), t>1,
c 1% < dg-measure(Sg(e, t)) < ct?, t>1.

Proof. As we see from (0.1), the balls Sg(e, ¢), t > 0, behave, for
large ¢, in the same way as the powers V", n € N, of a compact
neighborhood V' of e. Hence the vector fields {E;, ..., E,} can be
replaced with the basis {X,, ..., X;} of q. Furthermore, it follows
from (2.5), that {X,,, ..., X;} can be replaced by {yX,, ..., NX1}
and then the proposition becomes a well-known result (cf. [5], [6],
[15]).

Arguing in the same way as in the above proposition, we can prove
the following lemma which we shall need later on.

LEMMA 3.2. Let Sg(x,t), D(x,t) and D be as above. Then there
is A> 0 and u € N such that for all x € D, R € (0, 1] and
t >ty = tg(R), we have

Sg(x;, tR) C D(x;, AtR*), D(x;, tR) C Sg(x;, AtR'/*).

4. Generalization of some classical results of homogenization the-
ory. Let Q be a simply connected solvable Lie group of polynomial
growthand Ey, ..., E, and L asin Theorem 1, i.e. E|, ..., E, are
left invariant vector fields on Q that satisfy Hormander’s condition;
let L=—(E}+---+E2).

The purpose of this section is to generalize some classical results of
the theory of homogenization (cf. [2]) in our context. In particular,
we shall prove a homogenization formula for the operator L. The ho-
mogenized operator Ly will be a left invariant sub-Laplacian defined
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on a limit group Q. Qg is a homogeneous nilpotent Lie group and
L, is invariant with respect to its dilation structure.

We fix a basis {X,,, ..., Xi} of q, as in Proposition 1.4. As it was
explained in §2, we identify Q and Qp with R”.
Hg, By, ..., Ny, are as in §1, o(i), i = 1,...,n, as in §2 and

D(x,t), D;, D asin §3.
To simplify the notations, we shall use the summation convention
for repeated indices.

The dilation. We denote by 7., ¢ > 0, the dilation of R", hence
of Q and Qy, defined by

T RT =R, T (X, ..., x1) — (£Wx,, ..., e2Wx)).
We put
1 .
Eg,,-zzdzg(E,-), i=1,...,p and
Ly=—(E}, + - +EX)), 0<e<l.

The compactness. We recall the following Moser type Harnack in-
equality due to N. Th. Varopoulos [13]:

THEOREM 4.1 (¢f. N. Th. Varopoulos [13]). For all a € (0, 1) there
is a constant ¢ > 0 such that for all t > 0 and u > 0 such that Lu =0
in Sg(x,t) we have

sup u(y)<c inf u(y).

yESE(x,at) yeSE(x,at)

The above theorem provides a compactness on families of functions
U, , satisfying

(4.1) ltelloo <1, Leue=0inD, 0O<e<l.

More precisely we have the following

ProrosITION 4.2. Let u,, 0 < ¢ < 1, be a family of functions
satisfying (4.1). Then there is a subsequence, also denoted by u., such
that

Ug — Uy (e = 0)

uniformly on the compact subsets of D .

Proof. The first thing to observe is that if L,u, =0 in D then the
function u(x) = u(t,(x)) satisfies Lu =0 in D;, for t =&~'. Using
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this observation and Lemma 3.2, we can easily see that it follows from
Theorem 4.1 that for every compact U C D there are sequences

rn>r>-,r—0({— o)
1>g >8> - ,8,'—>O(i—>00)

and a constant ¢ > 0 such that

(4.2) sup v.(y) <c inf v (y), xeU

yeD(x,r,,) yeD(x,r,,)

for all v, > 0 satisfying
L.ve=0 1in D(x, r;), e<eg.

Now, let r; such that D(x,r;) C D, x€ U, ¢ <¢g;, u, satisfying
(4.1) and put
Ve =1+u,,

M= sup v (y), M = sup v, (y),

y€D(x,r,,) ye€D(x,r,)
m= inf . (y), m = inf v.(p).
Y€D(x,r,,,) s(y) yeD(x,r,) s(J’)

Then it follows from (4.2) that
M -m= sup (M —v())

yeD(x’rl+l)
<c inf (M -v,(y))=cM - M),
yED(x’rm
M—-m = sup (ve(y)—m)
yeD(x,r,,)
<c¢ inf (ve(y) —m') =c(m—m')
yeD(x,r,,
and from this that
M-m< C_I(M’—m’).
c+1

It follows from the above argument that for every compact U C D
and 0 >0 thereis r=r(U,d) >0 and ¢ € (0, 1) such that

|ua(y)_ue(z)|55a y,ZED(X,r),XEU,

for all u, satisfying (4.1), with ¢ < ¢y and the proposition follows by
standard arguments.
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The limit group Q. Let [-, -]y asin§land ¢y, ... ,t, and ay, ...,
a,, asin Proposition 1.2. Making use of the direct sum decomposition

q:al®...@am

we consider the projection pr, of g on q;.
We denote by [-, -]y the unique product on the linear space g
satisfying for X € q; and Y € q;

[X,Y]g=pr, [X,Y]y, ifi+j<m and
(X, Y]g=0, ifi+j>m.

It is easy to see that [-, -]y satisfies the Jacobi identity (observe that
if Z €aq, and X, Y are as above then it follows from the way the
spaces t;, a;, I = 1,..., m, were defined that [X,[Y, Z]lylyg =
pru%h[‘X, [Y, Zlnln)- So, qy = (q, [, ]g) is a nilpotent Lie algebra
which is also stratified.

The limit group Qp is defined to be a simply connected Lie group
that admits qg as its Lie algebra.

If X € qy then we denote by yX(e) the left invariant vector field
on Qg satisfying yX(e) = X(e) (e is the identity element of Q).
Using the exponential coordinates of the second kind

or:R" =0, ¢:(Xp,...,x1) > exXpXpu Xy -eXpX1agX)

we identify Qy with R”.

Having done this identification, we should notice that the family
of dilations 7., ¢ > 0, introduced in the beginning of this section,
is exactly the natural family of dilations which is compatible with the
Lie group structure of Qp (cf. [5]).

The coefficients of the operator L. Let us fix a vector field Ej,
1 < h <p. Then from (2.2) and with the same notations we have that

0 0
Eh=(a3+bf1)ax +---+(a{’+b{’)5x—l
n

where

al(x)=al(x,x), blx)=plx,x),
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A
(43) al(x,y)=pr; { [ > xpoxe)
A

0D+, o(i=1)=a(i)-1

K (Xie) - ‘KAI(XI)]

. eykS(Xk) e eyls(Xl)} (Eh)

and
(4.4

p A
ﬁf’(X,)’)=Pri{[ > Xt x o
A

O (D) ++4,_ o(i—-1)<ao(i)~-1

K (Xim) - ‘EAI(XI)ji

. eykS(Xk) - eyxs(Xx)} (Eh) ,

X=(xn,---sxl),)’:(y'na---:y}), x,ye]R”,lSiSn.

We have the following proposition which is a direct consequence
of the above definitions and the way the vectors X;, ..., X, were
chosen (cf. Propositions 1.3).

PROPOSITION 4.3. The coefficients o' (x, y) and B!(x,y) have the
Jfollowing properties:

(1) of(x, y) = constant, for 1 <i<k,

(2) if k < i < ny, then of(x,y) = a/(y) and it is periodic with
respect to y,

(3)if ny < i< n, then ol(x,y) and [)’{’(x, y) can be written as
finite sums of terms of the form p(x)p(y), where p(x) = cx; -~ x; ,
ceR, 1Li;j<i, 1<j<I and ¢p(y) =cosay; or sinay; for some
1 < j <k, hence a periodic function and

(4) Bi(x,y)=0, 1<i<n.

Let Ky(X;), 1 <i < n, be the linear transformations of q defined
by

Ku(X)X; =0, j<i, and Kuy(X)X;,=I[X:, X;lg, i<}
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Then (4.3) becomes
(4.5) al(x, ) = prife"i-KulX) .. XKy X)n S - o1 SXY(E,)
and from this we have
(4.6)  ol(x,y)= 3 ol(y)prifeti-Fulta). e KuX)(X)).
1<j<n,
Letusput,for 1 <i,j<n

a,-j(X,y)= Z a?(‘x’y)a?(xay):

1<h<p

ﬁij(xay)= Z {afl(x’y)ﬁ]k(xay)'i'ﬂzh(x’y)ﬂ]h(xay)

1<h<p

+ Bl (x, y)af(x, y)]

aij(x) = aij(x, x),  bij(x) = Bij(x, x).
Then we have (we use the summation convention for repeated indices)

0 0 0 3]
= B = — e —
L=A+ B, whereA ~3 la,,(x)a % and B B, ZJ(x)axj

In the following proposition we have gathered some properties of
the coefficients «a;;(x, y) and B;j(x, y) which are immediate conse-
quences of the definitions.

ProposSITION 4.4. (1) The coefficients o;j(x, y) and Bij(x,y) are
finite sums of terms of the form p(x)e(y), where p(x) = cx; -~ X;,
ceR, 1<iy<max(i,j), 1<h<I, and ¢(y) =cosay; or sinay;
for some 1< j <k, hence a periodic function.

(2) aij(x,y)=a;(y), 1<i, j<n.

(3) a;j(x,y)=constant, 1 <1i, j<k.

(4) Bij(x,y)=0, -1<i, j<n.

The correctors. We put
0
oy;’ j
If f(x,y) is a finite sum of functions periodic with respect to the
variable y then we denote by M(f )( ) the mean of f, defined by

M)(x) = fim 17 / fx, y)dy

A) = = aij(x, D)5

where |D;| denotes the volume of D;.
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The correctors x/(x, y), 1 < j < n, are defined to be C*® func-
tions satisfying

(4.7) Ax) (x,y) = —(%iaij(x, y), M(x))=0.

They are defined as follows:
For 1 < j < n; they are defined to be the unique solutions of the
problem

AL (%, ¥) = —2ay(x,y), Mx!) =0.

~9yi
Notice that, in view of Proposition 4.4,

0 .
Z aljx y) Z al](yka"':yl)’ ISJSnI’
1<i<n By 1<i<k oy

which is a periodic function with mean zero and therefore the correc-
tors x/, 1 <j < ny, are well defined.
For n; < j < n the correctors y’/ are defined by

2o,y = 3 2 @)prjled-KalX-0 L enKuy x)).

1<I<n,

An immediate consequence of the definition is the following

ProvosITION 4.5. (1) A(x)(x/(x,y) - yj)=

(2) X (x,»)=27(x, k> ..., ), 15 <

3)x'=0,1<j<k.

(4) If k < j < ny, then 3/(x,y) = x/(y) and is periodic with
respect to y .

The homogenized operator Ly. We put

qij(x)=fm{aij(x,y) a;(x, y) xf(x y)}

The homogenized operator L is defined by

3} o}
Ly = —Ec:Qij(x)b_y_c;'
PROPOSITION 4.6. (1) g;j(x) =g;i(x), 1 <i, j<n.
(2) qgij(x) =constant, 1<i, j<n.
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3)

gj(x)= Y {prfe-KuXi) .. X KuD)(X)))g,
1<l, u<n,

. {prj[ex,—qEH(X]—x) e exxiﬂ(Xl)](Xy)} > 1 S i, _] S n.

Proof. (2) and (3) follow from the definitions and Propositions 4.4
and 4.5. To prove (1) let us observe that

gij(x) =M { (a—i?’i) ap(x, J’)gaj;l[yj -1 (x, J’)]}

and that from the definition of the correctors x/, 1 < j < n, we have
that

{6 )] ., 3) -ty = 276 1| =0,

Hence

@8) a0 =ty - e, Mlanr, )l - 2/ x 1|
OVh oy

and the proposition follows.

LEMMA 4.7. The operator

'’ 0 N0
Lo > a.xz'ql](X)a.Xj

1<i,j<n,

is an elliptic operator with constant coefficients in R™ .

Proof. Let & = (&1, ...,¢n) € RN, £ # 0, and (cf. Proposition
4.5)
SO =& =20+ + & vn, — X" (V)]
Then, from (4.7) we have that

> astts =] |52 10)] an) )}

1<i, j<n,

and from Proposition 4.4 that
0 0 2 ’
{350 )= F0) ) = THUELS P+ + (Ep )

So to prove the lemma it is enough to prove that
M{(ELf)* + -+ (Epf)*} #0.
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To do this, since the function (E;f)?+---+ (E,f)? is a finite sum
of C* periodic functions, it is enough to prove that there is an open
set U CR" and 1 < i < p such that E;f(y) # 0, y € U. This
follows from the observation that if E;f(y) =0, Vy € R" then, since
the vector fields E, ..., E, satisfy Hérmander’s condition, we would
have that f(y) =c, Vy € R" and hence that

Evi+- e yn =&X )+ & D) +c

which is absurd since the second member of the above equality is a
sum of periodic functions. ]

It follows from the above proposition that there are linearly inde-
pendent vector fields Y, ..., Yy in R™ , with constant coefficients,
such that Ly = —(¥Y7 +---+ Y¥;}). Let us denote by Wi, ..., W,
respectively the images of Y7, ..., Y, under the linear isomorphism
of R™ with a; that maps 8/0x; — X;, 1 <i < ny, and denote by
aWi, ..., HWn, the left invariant vector fields on the limit group Qg
satisfying yWi(e)=W;, i=1, ..., n;. Since Qy (as well as Q) has
been identified as differential manifold with R”, gWi, ..., aWu_1
can also be viewed as vector fields on R” (as well as on Q). Then it
follows from Proposition 4.6(3) that the limit operator L, satisfies

I3

dx; 9\ X 5% ’
i.e. Ly isaleft invariant sub-Laplacian on Qp , which is also invariant
with respect to the natural dilation structure of Qg (cf. [5]).

The homogenization formula. Now we can state the following

PROPOSITION 4.8. Let ug be as in Proposition 4.2 and Ly as above.
Then
Loug=0 inD.

The proof of the above proposition is exactly the same with the
proof of the homogenization formula in the classical case of uniformly
elliptic second order differential operators with periodic coefficients
(cf. [2D).

The only modification is that, since in our case we deal with hypoel-
liptic and not uniformly elliptic operators we have to replace D with
a neighborhood U of 0 which is very regular, in the sense of Bony
[4], i.e. it is such that

(1) U = BinNB,, where B; and B, are two Euclidean balls of R”
and
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(i) if x € 90U, hence x € B; forsome i € {1, 2}, v = (vp, ... ,01)
is the vertical unit vector to the ball B; at the point x and the op-
erators L,, 0 < ¢ < 1, are written in divergence form as L, =
—(0/0x,)ai;(0/0x;) then

Z aj(x)vw; > 0.
1<i, j<n

Observe that since D can be scaled down to a subset of U, we can
indeed replace it by U.

To see that not only O but every y = (y, ..., y1) € O has such a
very regular neighborhood U let us observe that af; ; = const., 1<,
]Sk Hencea if é#0> é":(fn, cee ,él)’ ék+1 ="'=én=0, then

> afi >0, 0O<e<l.
1<i,j<n

So the intersection U = B; N B, of the balls B; and B, of radius
M + &, centered at the points y + M and y — M¢ respectively, for
M large and J small enough is a very regular neighborhood of y.

Apart from this modification the energy proof of the homogeniza-
tion formula (cf. [2]) can be carried through without any change at
all.

5. The proof of Theorem 1. The proof of Theorem 1 will be based
on a rescaling argument of M. Avellaneda and F. H. Lin [1] that we
shall adapt in our context.

We shall use the notations of §4.

LEMMA 5.1. For all u € (0, 1) there are 8 € (0, 1), ¢ € (0, 1)
and ¢ > 0 such that for all 0 < ¢ < &y and all functions u, satisfying

Lu.,=0 inD, lete|loo < 1
we have that

(5.1) sup |ue(x) — A§— > A%x; —ex!(1,-1x))| < '
x€D, 1<j<n,

where, A%, 0 < j < ny, are constants satisfying |A§| <c,0<j<n.
Proof. First we observe that thereis ' > u, 6 €(0,1) and ¢ >0
such that for all u satisfying

Lou=0 inD, oo <1
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we have that

(5.2) sup |(u(x) — 45— 3 x| < 01+

xeD, 1<j<n,
where 49, 0 < j < n;, are constants satisfying |49 < ¢, 0 < j <
ny . This follows from the fact that the homogenized operator L is
hypoelliptic (cf. [4]).

Let us fix these values of 6 and c¢. If (5.1) weren’t true then there
would be a sequence of functions U 5 Em — 0 (m — oo) not satis-
fying (5.1). We can assume, by extracting a subsequence if necessary,
that Ug, — Up (m — oo) uniformly on the compact subsets of D,
and then u would satisfy (5.2).

Let us take Aj."‘ = A?, 0 < j < n;. Then using the assumption that
the functions u#; do not satisfy (5.1) and passing to the limit we have
that

04 < sup (u(x) — A3~ S A%x;| < o'
€Dy 1</<n,
which is absurd. Hence the lemma.
LEMMA 5.2. Let 0, u and &y be as in Lemma 5.1. Then there is

a constant ¢ > 0 such that for all m € N and ¢ € (-1, 1) such that
e < 0™ ey and all u, satisfying

Lgug = O in D, ”ualloo S 1
we have that

(5.3)  sup |u.x —Ay"™ — Z A (x; — e (T -1x))| < U
XEDBM 1_<__]Sn[ J

where A>™, 0 < j < ny, are constants satisfying |45 < ¢, 0 <
J<n.

Proof. The lemma will be proved by induction. For m = 1 we
are in the case of Lemma 5.1. So assume that (5.3) is true for some
m e N. We put

(5.4) we(x) = 0™ |y (Tgnx) — A5

— Y AP0 x; — e (1) | -

1<j<n,
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Then we have that
Lsﬁ—mwg = O ln D, ”’LUEHOO S 1

Therefore it follows from Lemma 5.1 that, for ¢~ < gy we have
that

(5.5) sup |we(x)—Bf— D BO™x;— 0! (1,-1gmx))| < O'FH
x€D, 1<j<n,

with |Bf.l <c, 0<j<mn; (the constant ¢ being as in Lemma 5.1).
Let us put

Ag,m+1 — A(s),m + 0m(1+u)B8’
AL = 45 4 gMEBE 1<j<ny.
Then putting (5.4) and (5.5) together we have that

sup 6—m(1+u) ua(fe”’x) _Ag,m+1
xeD,

> 1 j
— Z A4; HOMx; — ex! (T,-1pmx))| < O1TH
1<j<n,

and from this

sup |ug(x) — A5
xeng-H

1<j<n,

which proves the inductive step and the lemma follows.

COROLLARY 5.3. Let ¢y be as in Lemma 5.2. Then thereis ¢ > 0
such that for all ¢ € (0, ] and all u, satisfying
we have that

(5.6) sup |ug(x) — A§| <c-:—
0

x€eD, 20

where Af is a constant such that Af < c.
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COROLLARY 5.4. There is a constant ¢ > 0 such that for all u sat-
isfying

Lu=0 inDy, t>1
we have that
c
(5.7) sup |u(x) — Ao| < —|lulloo
X€D t

where Ay is a constant such that |Ay| < c||u||oo -

Proof. The corollary follows from Corollary 5.3 and the observation
that if u satisfies

Lu=0 1in D;, t>1
then the function u, defined by u.(x) = u(t,x), ¢ = 1/t satisfies

Lgug :O in D.

Proof of Theorem 1. It is enough to prove Theorem 1 when Q is
simply connected. In that case it is an immediate consequence of
Corollary 5.4 and Theorem 4.1.
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