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ZHI-MIN CHEN

It is shown that a nonstationary exterior Navier-Stokes flow tends
to a small stationary flow in L? like 1~%* as f — co.

0. Introduction. In this paper we are concerned with the stationary
Navier-Stokes equations
(0.1) (w-DyYw—-—Aw+Dp=f, D-w=0 inG,
w=0 ondG (D=grad),
and the nonstationary Navier-Stokes equations

vi+ (W -Dv—-Av+Dp=f in Gx (0, c0),

D-v=0 in G x (0, ),
v=0 ondGx (0, c0),
Vjjmo=a+w inG (v,=09v/0t).

Here and in what follows G denotes a smooth exterior domain of
R3, f = f(x) is a prescribed vector field, and p (resp. p) represents
unknown stationary (resp. nonstationary) scalar pressure which can
be determined by the stationary solution w via (0.1) (resp. nonsta-
tionary solution v via (0.2)).

As is well known, it was shown by Finn [8, 9] that (0.1) admits a
small solution

(0.3) w e L¥(G; R, Dw e L3(G; R%),
Co = sup |x]| |w(x)| < oo.
XEG

If Cy < 1/2 the Finn’s solution w may be formed as a limit of
a nonstationary solution v as ¢ — oo in local or global L2-norms
(cf. Heywood [15, 14], Galdi and Rionero [11], Miyakawa and Sohr
[23]) and in other norms (cf. Heywood [16], Masuda [20]). More-
over it has recently proved (cf. Borchers and Miyakawa [4]) that ev-
ery weak solution of (0.2) tends the Finn’s solution in L?*(G; R3)

227



228 ZHI-MIN CHEN
like ¢~B/p=3/2)/2 with 6/5 < p < 2, provided Cy < 1/2 and a €
L*(G; R®)nL*(G; RY).

In this paper we are only interested in the case w € L3(G; R3),
Dw € L3%(G; R%), or Dw e L'(G; RO NLP(G; R®) with 1 <r <
3/2 < p < 2. Under certain smallness assumptions on w we show

now that every weak solution of (0.2) tends to the stationary solution
w in L?(G; R3) like the sharp decay rate ¢73/4.

1. Notation and main result. In this paper we use the following
spaces.

L? = the Lebesgue spaces LP(G; R®), with || - ||, the associated
norm,

C;° = the set of compactly supported solenoidal in C*°(G; RY,
Wk.? = the Sobolev space W*-?(G; R?),

J? = the completion of C;° in L?,
WP = the completion of C° in W!:?
/W'al '? = the completion of C° under the norm ||D - ||,
W2? = the space {u € W, */®7) . D2ue 7(G; R?)}

forl<p<3,
W12 = the dual of W}>2,
W~1-P = the dual of W, **/® with || -||_; , the associated norm.

Moreover for 1 < r < oo and n > 1, we denote by ' the real
r/(r—1),by (-, -) the inner product in L?(G; R"), by P the bounded
projection from L’ onto J" (cf. [22]), by A4 the Stokes operators
—PA with the domain W,,l” N W27 by A the Laplacian —A with
the domain W2:"(R3; R3), and by C a positive constant which may
vary from line to line, but is always independent of the quantities £,
T, u,v,w, f, u,and a.

Now we make preparations for stating our main result. The exis-
tence of the stationary solutions w is guaranteed by the following.

LEMMA 1.1. Let 1 <r<3/2<p<2,and fe C. Then there
is a small h > 0 such that (0.1) admits a unique solution within the
class . .

{we W " nWs 7 |Dwls;, < h},

provided that || f]|-1 32 < h®. Moreover
[Dw|lr + I1Dwll, < CUA-1,r+ 1Al-1,p)-
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From (0.1) and (0.2) we see that u = v —w and p =p —p solve
the problem
(1.1) Uur+wu-Du—Au+(u-D)w+ (w-D)u+Dp =0,
D-u=0 in Gx (0, o0),
u=0 ondGx(0, 00),
Uli—o=a inG.

Weak solutions are given in the following sense.

DeFINITION 1.1. Let a € J2, and w € W,)'¥? solve (0.1). A
weakly continuous function u: [0, co) — J? is said to be a weak
solution of (1.1) if #(0) =a, u e L®(0, co; J2) N L2(0, co; W,*?),

(1.2) lu(t)|3 + / 1Du(2)|3dz < |u(s)|3,

t
(1.3) (w(t), g(1)) + / ((Du, Dg) + ((u-Dyw, g)
+((w D)ua g) - (us gZ))dZ

t
= (u(s), g(s)) - / (u-Dyu, g)dz

forall £ >s >0 and all g € C([0, 00); W3 n CY[0, o0); J?),
where g, =0g/0z.

The existence of weak solutions to (1.1) is guaranteed by the fol-
lowing.

LEMMA 1.2. Let a € J2, and w € W,}*? such that |Dwll3/2 <
1/8. Then (1.1) admits a weak solution.

We are now in a position to state our main result.

THEOREM 1.1. Let 1 <r<3/2<p <2, ae J*nL', and let
w e W' nWyP such that w solves (0.1) and ||Dw]|, + ||[Dw]|,
is sufficiently small. Then every weak solution of (1.1) possesses the
sharp decay property

lu()ll = O@~3/4).

Section 2 is concerned with the proof of Lemmas 1.1 and 1.2. In
[23], it has been obtained an existence result on weak solutions of
(1.1) with w the Finn’s solution such that Cy < 1/2. However,
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the argument of [23] heavily depends on the property (0.3). In §3,
with the use of the approach developed from [7], we shall show sharp
decay estimates of solutions to the linearized equations of (1.1). If w
only satisfies (0.3) and Cy < 1/2, such estimates seem unavailable.
Theorem 1.1 will be proved in §4 by making use of the estimates
carried out in §3 and studying the time average ¢! fot llu(s)|ods. A
similar technique has been used in [23, 4]. However, we have not used
the spectral decomposition of the Stokes operator 4 in L? as usually
used in earlier work concerning the L2 decay problem. Moreover our
proof seems much simpler.

It should be noted that the L? decay problem of (1.1) with w =0
stems from Leray [19], and has affirmatively been solved (cf. [24, 3, 2]
and the references therein). If 1 < p < 2 and u is a weak solution of
(1.1) with w = 0, it has been proved that ||u(t)|, = O(¢t~(3/P=3/2)/2)
provided u(0) € J2N L? (cf. [2]), and Ju(?)|, = O(t=3/*) provided
u(0)e J>NL! and |le~™“a|, < Ct=3/*jall; (cf. [3]).

2. Proof of Lemmas 1.1, 1.2. To begin with we give the estimate
(cf. [2, Theorem 3.6] or [12, 18] for a similar consideration)

(2.1) ||Du|l, £ Csup{|(Du, Dv)|; v € C°, ||D'qu: =1}
forl<p<n,ueWwl?,
and the Sobolev inequality (cf. [13])
(22)  Nullsp3-p) < 20(3 = p)~'37 12| Du),
forl<p<n,ueWwWh?.

Proof of Lemma 1.1. Let r and p be given in Lemma 1.1. We
rewrite (0.1) in the abstract form Aw + P(w -D)yw = f, w € W' n
WP Since the proof of [5, (3.1)] implies that A can be extended

as a bounded and invertible operator from /Waz’q onto J?9 with 1 <
g < 3/2, we can set

H: Whnwhe o W23/6-P  guch that Hw = A~ (f = P(w-D)w).

Let we W nWh?, r<s<p,and v e C® with |Du|y = 1.
Integrating by parts and using the divergence condition D-w =0, we
have

(DHw, Dv) = (f,v)— ((w-D)w, v)
=(f,v)+((w D, w)
< (5 0) + lwllsllwllzsya-gllDvlly



NAVIER-STOKES EQUATIONS IN EXTERIOR DOMAINS 231
that is, by (2.1)~(2.2),
IDHw||s < C(|| fll-1,s + [IDwlsiDwll3/2)-

Similarly, for w, w* € W, n W7 we have
|[DHw — DHw*||s < C([|[Dwl[3/2 + [Dw™||3/2)[|Dw — Dw*|;.

Consequently, the desired assertion follows immediately from the con-
traction mapping principle. The proof is complete.

In [23], Miyakawa and Sohr proved that (1.1) admits a weak solu-
tion in case w is the Finn’s solution and Cy < 1/2. However, as for
our case, the argument of [23] does not work somewhere. Now we give
our proof in a slightly different way. Similar to [23], we also study ap-
proximate solutions of (1.1) by applying a technique developed from

[6].

Proof of Lemma 1.2. Let k > 1. We set J, = k(k + A)~! and
It = k(k+A)~'E, where E denotes the extension operator such that
EFEu=u in G and Eu = 0 outside G. With the use of the notation
above, we have
(2.3) || Jeullp < CER)ully,  [Hxullp < CUullr

foril<r<p<oo,uel’,

(2.4) |\ Ieullr < Nullr,  Neullr < Cllujly forl<r<oo,ueJ’,

where C is independent of k. (2.3) is a consequence of the Sobolev
embedding theorem and L’-estimates. The first inequality in (2.4)
follows from the proof of [1, Lemma 10.1], and the second one from
[2, Theorem 1.2].

Now we proceed to the evolution equation

(2.5) (d]dt)u, + Auy, = Fy(uy), up(0)=Jea in J?,
where Fj(u) = Fi.(u, u) with
F.(u,v)=—-P(Jyu-D)v — P(Jyw - DY)u — P(I,u - D) w.
For u, v € Wl>?, we have
(2.6)  |1F(u, v)l2 + |1P(Jxv - D)ull
< Wktlloo 1DV]2 + 1w lloo || D2
+ [k ulls|DIw |3 + (| i vlioo || Dull2
< C(k)(llullsllDvll2 + llwlls]| Dull,
+ [lullsMx DEw]|3 + [[v]j¢]|Dull2), by (2.3),
< C(k)|Dull2(|1Dv 2 + [1Dwll3/2), by (2.2).
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On the other hand, given k and 7 > 0, we suppose that u; solve
(2.5) over [0, T),and u, € L2(0, T; W, 2nw2:.2nw1.2(0, T'; J?).
Then multiplying (2.5) by 2u;, and 2Au, , respectively, we have

(d/dt)llucl3 + 21 Durll5 = 2(Fr (i) » ug) »
(d/d)||Du 5 + 2|l Ay |13 = 2(Fic(ug) , Augo).
The estimation of the right-hand side terms of the preceding identities
can be achieved as follows.
2(F(ug) , ug) = 2((Ix g - D)y, w),
since D-Jyuy =D - Jyw =D -Lu=0,
< 2|[lucllol| Dut 2| L w 3
< (12/37V2)|w||3||Dugl3, by (2.4) and (2.2),
< 8| Dw|j3pllDucll3, by (2.2),
< | Dugli3, by setting ||Dwlj3;; < 1/8,

2(F(ui) , Auy)
< 2||Aug|la (|| Tt oo | Dtircll2 + 1 Tkw ] oo || Dt |2
+ [k ulloo Ik DEwW2)

< Ck) | Aug |21 Dugell2(lluell2 + 1Dwli3 /2 + |DEw]|3/2)
by (2.3) and (2.2),

< C(R) | du |2l Dugel|2 (e l|2 + | Pw 3/2)
< 2|l Aug]l3 + C(R)IDugl3(flullz + 1 Dw3 ).

Consequently, we have

t
@7 w3+ / IDuy(2)3dz < ()3, 0<s<t<T,

(2.8) [|Dug (1)1}
< |DJal} + C(k) /0 IDug ()3l (9113 + |Dwl[3,2) ds
< |IDJiall3 + C(k)|| Jeal3(lJkall + 1Dwl3,,), by (2.7)

Thus, following the same way as in the proof of [23, Proposition 3.4]
by making use of (2.6)-(2.8), we conclude that (2.5) admits a unique
global solution u, satisfying (2.6), and u; € L2(0, T; W, 2nw2:2)n
wt.2(0, T; J?) forall T>0.
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To obtain a weak solution of (1.1), we need to study compactness of
the sequence u; . Let v € Wal’z. Applying (2.2) and (2.4) repeatedly,
we have, from (2.5),

((d/dtyuy, v)
< | Dull2liDvll2 + | Jxsre sl Dukll2llvlls + 1Sk wlls | Dukll2llvlle
+ [ xurllel DIrwll3/21v 6
<N Du|l2[|Dvll2 + Cllvlle(lurlisl Dugll2 + llwllsl|Dug 2
+ lluklls| DEw]|32)
2 3/2
< C|lDvll(1Dugllz + lluglly > 1 Duli3? + |1 Dug o)l Dw|l32)
1/2 3/2
< CIIDvllx(1 + llally”® + 1Dwlls2)(1Dusll2 + [ Dug]l5),
by (2.7) and (2.4),
with C independent of k. This together with (2.7) implies that the
sequence u is bounded in
L=(0, 005 JHNLY0, co; WhHnw!430, T; w2
for all 0 < T < oo. From [26, Theorem 2.1 in Chapter III] it follows
readily that there are a function u and a subsequence of u; , denoted
again u; , satisfying
wp S uin L0, 00; J?),
up % uin L0, co; WH2),
Uy — u strongly in L120C(G x (0, 00)).

As in [21], we can check that the limit u is a weak solution of (1.1).
The proof is complete.

3. Decay estimates. In this section, we let # > 0, 1 <r < 3/2 <
p <2, and w be a solution of (0.1) such that w € W' nW,"? , and
set

Lu=Au+ P(u-D)w + P(w - D)u,

n
B*u=-p(w-D)u+ PZ u'Dw’,
i=1

L*u = Au+ B*u.
Thus, we see that

(Lu,v)=(u, L*v) foru,ve Wl 2nw??2,
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and the linearized equation of (1.1) can be stated in the form
(d/dtyv+Lv =0, v(0)=u.

Denote by e~ 'Ly the solution of the preceding equation. It is the
purpose of this section to prove the following.

PROPOSITION 3.1. Suppose that |Dw||,+||Dw|, is sufficiently small.
Then there holds
(3.1) lle™=Pully < Ct=3/4u||;
for ue L' N LY/5,

The preceding proposition is based on the following decay estimates.
(3.2) |l ulloo < Ct™ 4| |u|l¢ forue J®,

(3.3) Jle ™ ul|ls < Ct=C/a392)y||, forl<g<s<oo,uecJ?,

(3.4) || De~"u||y < Ct=+3/a=3/92)y||, forl<g<s<3,ueli.
The estimates (3.3) and (3.4) were recently obtained by Iwashita (cf.
[17, Theorems 1.2, 1.3]). (3.2) will be proved in the Appendix by
using the argument of [17].

With the use of (3.2)-(3.4), we can now prove the following.

LEMMA 3.1. Let u € C3°. Then there hold
(3.5) lle™ ulloo < Ct3*||ul2,
(3.6) |le " B*ul|e + |[De " B*ul|3

< Ce (1 + 1)~ CI30R (flujl oo + || Dull3) (|1 Dw |l + | Dw]lp)-

Proof. From (3.2), (3.3), (2.2) and the semigroup property of e~*4

we get (3.5) and
le™ B*ullo < C173/*||B*ull,
< Ct732 | Dw|p(|[ulloo + [|Dull3)
for b=r, p. Moreover (3.4) and (2.2) yield
IDe~"B*ull3 < Ct=?*||Dw|y(l[ulloo + | Dull3) forb=r,p.

Collecting terms, we get readily (3.6) and complete the proof.

Proof of Proposition 3.1. Setting v(t) = e~'L'y with u € C, we
have obviously that v € C([0, o0); L™ N wi3 ) and

t
v(t) = e u +/ e~ =94B*y(s) ds.
0



NAVIER-STOKES EQUATIONS IN EXTERIOR DOMAINS 235
This gives, by (3.4)-(3.6),
v(Dlloe + 1DV (D)3
t
< Ct7 3 |ul|, + C/ (t—s)73% (¢t — 5 4 1)~ C/r=3/P)2
0
X ([vlloo + [Dv|[3) ds([|Dw||, + [[Dw|lp)-

Setting |||v]|l = supp<s<, s *([($)llc + DV (5)][3) , we have

lv(Dllee + 1DV (D)]l3
< Ct ¥4 ullz + C(IDw]r + IDwiip)l[v]]ls

y /t(t_s)~3/2p(t_s+ 1)~3/r=3/p)/25=3/4 4 g
0
< Ct73 M ully + CH2A(IDw] + [Dw )l
y /fs_m,,(s + 1)~ GIr=3/n)12 g
0

+ CtV47320 (1 4 1)~ CI=3DR(IDwl, + | Dw )| [v]]]
< Ct M ((lullz + (IDw(lr + 1Dw ) v]]]0),

where we have used the condition » < 3/2 < p. Hence, if we presup-
pose that

(3.7) C([|[Dw|; + [[Dwllp) < 1/2
with the constant C given in the last term above, we obtain
(3.8) le™" ulloo < C173/4[u],

Now we take u € L' n L5 and v € L?. By (3.8) we have
(e Pu, v) = (u, ™ Pv) < [lulie™" Pvlloc < Cr*[uli|lv]]2

and therefore the validity of (3.1). The proof is complete.

4. Proof of Theorem 1.1. In this section we always suppose that the
stationary solution w € W,>" N W7 with 1 <r < 3 /2 < p <2 such
that (3.7) holds. Let u be a weak solution of (1.1). Then (1.2) implies

(4.1) lu()])s < ¢! /0 lu(s)1]2 ds.

On the other hand, taking v € C and applying (1.3) with g(z) =
e~ (=2L7y  we have

t . { .
(u(t), v) + / (Lu(s), e~ =9 ) ds — / (u(s), L*e= =9 y) ds
0 0

* t *
=(a, e 't v) —/ (u-Dyu, e =9 v)ds,
0
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that is,
.
w(t), v) = (e~La, v) — / (e~ =LP(u - DYu(s), v)ds
0
t
<lle~alallola+ [ llet-IEP(u- Dyus)ladsll

< Cloll (all + [ (0=5) (o) Du(s)lads )
where we have used (3.1). We then get
lu(s)ll2 < Cs=4||all, + C/ 2) 7 u(2)|2|1Du(z2)|2 dz.
Integrating the above inequality from 0 to ¢, we have

/ lu(s)ll2dss <Ct1/4l|al|1+C/ dZ/ )7 u(2) |21 Du(2)]2 ds

< CtY4al), + C1H4 / u(s) ]2l Due(s)|2 ds
0

p 12
scﬂ/“nauwcz‘/“nanz(/ uu<s>u%ds) . by (1.2).
0

Combining this with (4.1), we have

t 1/2
()2 < C¥*ally + C=¥al], ( | nu(s)u%ds) ,

that is,

! 1/2
(4.2) ||u<z>||2sc1r3/4(1+(/0 nu(s)n%ds) )

where and in what follows C; = C((]|a||;, ||la|2) may vary from line
to line.

Now we apply (4.2) and (1.2) to complete our proof via a boot strap
iteration argument.

Note that
(4.3) lu(®l < Cy, by (1.2),
and
(4.4) llu()|l, < Cit=3/*(1 +¢Y/2), by (4.2) and (4.3).

Combining (4.4) with (4.3), we have
(4.5) lu@)]l2 < Cre=4,
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Moreover, taking (4.2) and (4.5) into account, we have
lu(@®)]l2 < Cre 41+ 214,
This together with (4.3) implies
(4.6) lu(®)llz < Ci(e+1D)7Y2
Similarly, (4.2) and (4.6) yield
lu(®)ll2 < Cit7*(1 +In(z + 1)),
and so, by (4.3),
(4.7) lu(®)llz < Ci(z + 1),
Finally, by (4.2) and (4.7), we arrive at the desired estimate
lu(®)llz < Cye=3/*

and complete the proof.

REMARK 4.1. It should be noted that the validity of the assumption

of Lemma 1.2 follows from the inequality ||Dwlj3,> < ||Dw]|,+||Dw|l,
and (2.7).

Appendix: Proof of (3.2). Let Q be a domain of R3. By |- |lx.».0

and || - ||, o we denote respectively the norms of the Sobolev space
Wk.r(Q; R3) and the Lebesgue space L?(Q;R3). Of course, | - k. p
= lk.p.c and |||, =1|"llp,c. P is the bounded projection from

LP(R3; R3) onto J?(R3; R3), where J?(R3; R3) denotes the com-
pletion of the set of compactly supported solenoidal in C*(R3; R3).
Let 4 be a constant such that |x}| < A~ 1 for x € G, and let
g € C*(R3; R) be a fixed function such that g =1 for |x| > A4 and
g =0 for |x|] <h—1. Moreover we set G, ={x € G; |x| < h}.

In arriving at (3.2), we need the following lemmas.

LEMMA A.l. Let 1 < p<qg<oo, t >0, ve PR;RHN
LY(R3; R%), n>1, and ue J®. Then we have

(A1) lle vl g < Cr¥2(t 4+ 1)=CIo=3DR(Jly|| oyt oll, g,

(A.3) le™ullan,6 < C™" + 1)]|ulls.

(A.1) is deduced immediately by an elementary calculation. (A.2)
is a consequence of LP-estimates (cf. [25]) and the Sobolev embedding
theorem. One can also refer to [17] for details.
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LEMMA A.2 ([17, Lemmas 5.3, 5.4]) and (A.2)). Let t >0, v e J®,
and P* be a certain pressure such that p* = Ae~(+D4y 4 Ae=(t+D)Ay
Then

”e_(t+l)A'UH2,6,Gh + HAe_(tH)A””z,é,Gh + ||17*(t)||3,6,0,, < Ct—1/4||v||6.

LEMMA A.3 ([17, (5.18)] and (A.2)). Let v € J®, and t > 0. Then
there is a function v* such that

D-v*=D.(ge *D4y),
suppv*(t) C{x e R*; h— 1 < |x| < h},
[o*(Dll2,6 + 1(8/80)v*(D)]ls < C(2+ 1)"4|jv]le.

LEMMA A 4. Let t > 0, v and v* be given in Lemma A.3. Then
we have

lge= D4 — v (D)oo < Ct+ 1)~ v]ls.

Proof. Set u(t) = ge=(+D4y —v*(¢), uy = u(0), and

F(t) = p*(t)Dg — 2(Dg - D)e D4y — (Ag)e~(+D4y
+Av*(1) = (9/9t)v™(1),

where p* is given in Lemma A.2. By Lemmas A.2, A.3 we have that
the support of F(t) is contained in {x € R3; A —1 < |x| < A}, and

(A.3) (t+ DY4F@)lle + lluolli,6 < Cllvls s
u,—Au+D(gp*)=F, D-u=0inR>x (0, ).

We thus rewrite u# in the integral form
— t —
(A.4) u(t) = e uy +/ e~ =P F(s)ds.
0
From (A.1), (A.3), and Sobolev’s embedding theorem it follows that

lle™uplly, g2 < C(2+ 1) *(lluolloe + lltiolls) < Ct= /4[| ]ls.
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and

t —
/ e~ =94PF(s)ds
0

oo,R3

t
<C /0 (t—5)" Y2t — s + 1) UF a6, + IFOG)less.,) ds
t
< c/ (t = 8)" Y2t — 5 + 1) 34 F (5)||¢ ds
0

t
< C“””é/ (1=t —s+ 1) s+ 1) ds
0
< Ct+ ) o,

Taking (A.4) into account, we have the desired estimate and complete
the proof.

Proof of (3.2). Let v € J°. By Lemmas A.1, A.2, A.3, Sobolev
inequality, and Gagliardo-Nirenberg inequality (cf. [10]), we have

le= D4yl < [|ge=+D 4y + [le= DAy, 6
< lge™ Dy — v* (1)l + Cllv* (Ol 6
+ Clle™ Do)l 6 6,
<C(t+1)"Y¥ullg fort>0,
le |0 < Clle™ |l *le~4v]|;/§
<C '+ DY Yulls < Ct 4wl

for 1 > ¢ > 0. The proof is complete.

The author would like to thank T. Miyakawa for sending [2, 3, 4].
He would also like to thank the referee for his valuable suggestions.
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