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COMMUTATIVITY OF SELFADJOINT OPERATORS

MlTSURU UCHIYAMA

Nonnegative bounded operators A and B on a Hubert space ^
commute if ABn+BnA > 0 for n = 1, 3, . . . , , or if etA < etA+sB <
etA+s\\B\\ f o r e v e r y 5 j ί > 0 .

In this paper A and B represent (not necessarily bounded) self-
adjoint operators with spectral families {Eλ} and {Fλ} , respectively,
on a Hubert space %?. We study some conditions which imply that
A and B commute.

1. In general, AB + BA is not necessarily nonnegative for some
nonnegative operators A and B (cf. [3]).

THEOREM 1. Let A and B be nonnegative and bounded operators.
Then AB = BA if and only if

0<ABn+BnA forn= 1 , 2 , . . . .

To prove this theorem, we need the following:

LEMMA. If a projection P satisfies 0 < AP + PA, then AP = PA.

Proof. For arbitrary vectors x e P%?, y G (1 - P)β?, and arbitrary
complex numbers s and t, we have

0 < ((AP +PA)(tx + sy), (tx + sy))

= 2\t\2(Ax, JC) + 2 Re ίs(Ax, y),

from which it follows that 0 = (Ax, y). Thus we get AP = PA.

Proof of Theorem 1. The "only i f part is clear, so we show the " i f
part. We may assume that ||1?|| < 1, which means 0 < B < 1. Since
0 < ABn + BnA, we get

(1) 0 < A exp(tB) + exp(tB)A for every t > 0,

from which it follows that

0 < exp(-*jB)Λί + A exp(-tB).
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Thus (1) is valid for -oo < t < oo. Since 0 < Atxp(tB)exp(sB) +
exp(sB) exp(tB)A for -oo < s, t < oo, we have

0 < exp(-sB)A exρ(tB) + exp(tB)A exp(-sB).

By the Laplace transform relation

/•oo

(2) / sn-ιexp(-λs)εxp(-sB)ds = (n-l)\(B + λ)-n f o r Λ > 0 ,
Jo

we obtain

0 < (B + λ)~nA exp(tB) + exp(tB)A(B + λ)~n for λ > 0,

which implies that

0 < A Qxp(tB)(B + λ)n + (B + A)rt exp(ί5)^.

Since A and 5 are continuous, by letting λ —• 0, we get

0 < ̂  exp{tB)Bn + Bn exp(tB)A

= ABn exp(ίB) + cxp(tB)BnA for - oo < t < oo.

It is easy to show that

0 < exp(-ί(7 - B))ABn + BnA exp(-ί(7 - fc)) for t > 0,

from which, using (2) again, we obtain

0<ABn(l -B)m + (l -B)mBnA for m, n = 0, 1, 2, . . . .

By Bernstein's theorem, each polynomial p(x) which is positive on
the interval [0, 1] is a linear combination of polynomials of the form
xn(l - x)m with real nonnegative coefficients. Thus we have

0<Ap(B)+p(B)A.

For each continuous function f(x) which is > 0 on [0,1] we can
select a sequence of polynomials as above which uniformly converges
to f{x). Therefore we have

0<Af(B) + f(B)A.

It is easy to show that the latter inequality holds for any continuous
function f(x) which is > 0 on [0,1], and hence that 0 < AFλ +
FχA, where {7^} is the spectral family corresponding to b . From the
lemma we obtain AFχ = FχA and hence AB — BA. This concludes
the proof.
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C O R O L L A R Y 2. Let A and B be nonnegative bounded operators.
Then AB = BA if A 2 < (A + tB)2 for every t>0 and n = 1 , 2 , . . . .

Proof. From the assumption, it follows that

0 < (ABn + BnA) + tB2n for t > 0.

Letting t -> 0, we get 0 < ABn + BnA.

COROLLARY 3. Let 0 < A and 0 < B. Suppose B is bounded.
Then BA c AB if for n = 1, 2, . . . ,

(3) B&(A)c&(A) and 0 <((ABn + BnA)x, x)

for every x G 3ί{A).

Proof. For / > 0, (t + A)~ι is bounded and nonnegative. From
(3) it follows that 0 < (t + A)~ιBn + Bn(t + A~{), which implies
(t + A)~ιB = B(t + A)-1 and hence BAcAB.

COROLLARY 4. Let A be unbounded selfadjoint, and let B be self-
adjoint and bounded from below. Then EλFμ = FμEχ for every λ, μ
if 0 < exp(^4) exp(-nB) + exp(-nB) exρ(^4) for n = 1,2, ..., where
the inequality should be interpreted like (3).

Proof. Clearly exp(-2?) is bounded and nonnegative. Since
exp(-n£) = {exp(-£)}rt (cf. §128 of [9]), we have

exp(-l?) exρ(^) c exp(̂ 4) exp(-2?).

Since the spectral family corresponding to exρ(^ί) is {£i0g/}o</<oo>
exp(-2?) and Eλ commute. Thus we get EλFμ = FμEχ.

For a C*-algebra J / , Ogasawara [7] showed that J / is abelian if
the condition 0 <a <b, a, b es/ implies a2 <b2. In other words,
j / is abelian if 0 < ab + ba for every 0 < a, b e s/. Clearly
Theorem 1 and Corollary 2 are true for nonnegative a, b in J / .
Consequently we can consider them to be extensions of Ogasawara's
theorem.

2. Let us recall that if A and B are unbounded, then A<B means
that Sf{Bχl2) c 2J{Aχl2) and \\Aι/2x\\ < \\Bλl2x\\ for xeSf(Bx'2).
We have

(4) 0<A<B=^0<B~l <A~l.
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PROPOSITION 5. Let A and B be bounded from below, and suppose
A> -ζ, B > -ζ. Then the following are equivalent:

(a) (A + ζ ) n < (B + ζ ) n for every n= 1 , 2 , . . . .
(b) Fλ<Eλ for every λ.
(c) Qxp(tA) < exp(tB) for every t > 0.
(d) exp(-tB) < exp(-tA) for every t>0.

Proof. Olson [8] (cf. [12]) showed that (a) and (b) are equivalent if
A and B are bounded and ζ = 0. We can easily apply his proof to
this case. To show (a) => (d), we need the following (cf. Chap. 9 of
[5]):

(5) cxp(-tA) = lim (/ + t/mA)-m.
m—•oo

If m > tζ, then each term in the right side is positive and bounded.
From (a) we get

(1 + t/mA)-m > (1 + t/mB)-m for m>tζ.

By using (5) we have (d). We show (d) => (a). Since (d) is equivalent
to

from (2) it follows that

(B + ζ + λ)-n<(A + ζ + λ)~n f o r λ > 0 , n = l , 2 , . . . .

Thus for x e 9)\{A + ζ)~n/2) we have

\\(B + ζ + λ)-nl2x\\ < \\{A + ζ + λ)-nl2x\\ <\\{A + ζ)-nl2x\\.

By using Fatou's lemma we obtain

| | (5 + ζ)-n/2χ\\ < lim \\(B + ζ 4- λ)-n'2x\\ <\\{A + ζynl2x\\,

that is, (B + ζ)~n < (A 4- ζ)~n . Taking their inverses, we obtain (a).
Now we have only to show (c) <* (d). But since

/ = exp(tA) exρ(-tA) D exp(-M) exp(tA)

(cf. §128 of [9]), Qxp(tA) is the inverse of exp(—ί-4) by (4) we obtain
it. This concludes the proof.

THEOREM 6. Let A and B be unbounded selfadjoint operators with
spectral families {Eλ} and {Fλ}, respectively. Then the following are
equivalent:

(b) Fλ < Eλ for every λ.
(c) e x p ( M ) < εxp(tB) for every t>0.
(d) cxp(-tB) < exp(-tA) for every t>0.
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Proof, (b) implies that for every μ > 0, F\ogμ < E\ogμ. Since
these operators are the spectral families corresponding to exp(J9) and
exp(^4), respectively, by Proposition 5 we obtain

(6) 0 < (exp(A))n < (exp(B))n for n = 1, 2, . . . .

To see that the above inequalities hold for all t > 0, we use Heinz's
inequality [6]. Since exp(tA) = (exp(-4))', we have (c). Conversely,
(c) implies (6). By using Proposition 5 again, we arrive at (b). (c) <Φ
(d) is obvious. This concludes the proof.

THEOREM 7. Let A be a (not necessarily bounded) selfadjoint oper-
ator. Let X be a bounded operator which is nonnegative. If there is a
real number a> \\X\\ such that

(7) exp(tA) < exp(t(A + εX)) < exp(t(A + εal)) for every t, ε > 0,

then XAcAX.

Proof. Set B = A + εX. Then B is selfadjoint and 3f{B) = 3f(A).
Now let us denote the spectral families corresponding A and B by
E{λ) and F(λ), respectively. From Theorem 6, it follows that

E(λ - ea) < F(λ) < E(λ) for - oo < λ < oo.

The above inequalities are equivalent to

c F(λ + εa)^ c E(λ + εά)β? for -oo<λ<oo.

Since BE{λ)& c BF(λ + εa)^ c F(λ + εά)^ c E(λ + εa)J^, we
have XE{λ)β? c E(λ + εa)%?. Since E(λ) is continuous from the
right, we obtain XE{λ)%f c E{λ)& and hence XE(λ) = E(λ)X,
which implies XA c AX. Thus the proof is complete.

COROLLARY 8. Let A and X be nonnegative operators. Suppose X
is bounded. If there is a real number a> \\X\\ such that

(8) An < (A + εX)n < (A + εal)n for every ε > 0 , / ι = l , 2 , . . . ,

then XAcAX.

Proof. It is clear.

For finite matrices or compact operators, we can get better con-
ditions than (7) or (8). From now on, A and B are nonnegative
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finite matrices or compact operators which are represented as A =
Σμi(A)ei ® βι and B = Σμi(B)di Θ dι, where {///(•)} is a decreas-
ing sequence of eigenvalues. It is easy to see that, in this case, the
condition (b) in Proposition 5 is equivalent to

(b') μi{A)<μi(B), and if μ^A) > μj{B), then e{ JL dj .

PROPOSITION 9. Let A be a nonnegative finite matrix. Set δ(A) :=
min{\λ-μ\:λφ μ, λ,μeσp(A)}.

(i) IfO<X<δ(A), and (A + X)n > An for n = 1 ,2 , . . . , ί/ww
= XA.

(ii) 7 / 0 < X < ^ μ ) , and A n > (A - X)n >0 for n= 1 , 2 , . . . ,
= XA.

Proof, (i) Set 5 = 4̂ + X and suppose μi(^4) = ••• = μt{A) >
μi+\{A). Then, by Ky Fan [4] (cf. [10]), we obtain

μi+ϊ(B) < μM{A) + μx{X) < μM(A) + δ{A) < μi(A).

(b') implies {e\, . . . , eι\ J_ {diJr\, di+2, } and hence the subspace
{βi, . . . , βi} = {ί/i, . . . , rf, } reduces 4̂ and 5 . Since the reduced
operator of A is constant, A and 5 commute there. Repeating this
procedure in the same way to the other restrictions of A and B, we
can derive AB = BA, which means AX = XA .

(ii) To prove this in the same way as (i), we need only to start with
the smallest eigenvalue of A. Thus the proof is complete.

COROLLARY 10. Let A be a self adjoint finite matrix which is not
necessarily nonnegative.

(i) 7/0 < X < δ{A)fand exp(tA) < exp(ί(Λ+Λr)) for every t>0,
then AX = XA.

(ii) 7/0 < X < δ(A)fand exp(t(A-X)) < εxp(tA) for every t > 0,
then AX = XA.

Proof, (i) Take a real number ζ > 0 so that A + ζl > 0. From
exp(t(A + ζI)) < exp(t{A + ζI+X)), using Proposition 5.9. AX = XA
follows.

(ii) Take ζ > 0 such that A + ζl - X > 0. Then we can derive
AX = XA.

PROPOSITION 11. Let A and X be nonnegative compact operators.
If An < (A+sX)n for every s>0 and n = 1, 2, . . . , then AX = XA.
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Proof. Suppose μ\(A) = = μj(A) > βi+\{A) as in the proof of
Proposition 7. Let us take s which satisfies s\\X\\ < βi{A) - μi+\{A).
Then the subspace {e\, . . . , e{) reduces A and A + sX, where they
commute. We have only to repeat this procedure to get AXem =
XAem for every m.

Let us end this paper by giving an example. Let A and B be
nonnegative matrices. Set V = {rA + sB + tl r, s, t > 0}. Then

= BA if

(9) exp(^(X + Y)) < ^(exp(X) + exp(Γ)) for every X,YeV,

In fact, take r > 0 such that A < rl < B + rl. Then we have
exp(L4) < exp(t(B + rl)) for every t > 0. From this and (9) it
follows that

(t{B + rl){\ + {\f + • . + {\)n) + t{\)nA) < cxp(t(B + rl)).exp

By Corollary 10(ii), we get AB = BA. This example shows that we
cannot regard exp(j(JT + Y)) as the geometric mean of expX and
exp Y if they do not commute (cf. [1]).

Acknowledgment. This paper was written while the author was at
the Department of Mathematics of the University of California, San
Diego as a visiting scholar. He is grateful to its faculty members for
their support. Especially he would like to express his gratitude to
Professor J. W. Helton for his hospitality and useful discussions. He
also thanks the referee for pointing out many grammatical errors.

REFERENCES

[1] T. Ando, Topics on operator inequalities, Lecture note Hokkaido Univ. Sapprop
1978.

[2] W. Arveson, On groups of automorphisms of operator algebras, J. Funct. Anal.,
15 (1974), 217-243.

[3] M. N. Chan and M. K. Kwong, Hermitian matrix inequalities and a conjecture,
Amer. Math. Monthly, 92 (1985), 533-541.

[4] K. Fan, Maximum properties and inequalities for the eigenvalues of completely
continuous operators, Proc. Nat. Acad. Sci., 37 (1951), 760-766.

[5] T. Kato, Perturbation Theory for Linear Operators, Springer Verlag, 1966.
[6] , Notes on some inequalities for linear operators, Math. Ann., 125 (1952),

208-212.
[7] T. Ogasawara, A theorem on operator algebras, J. Sci. Hiroshima Univ., 18

(1955), 307-309.



392 MITSURU UCHIYAMA

[8] M. P. Olson, The selfadjoint operators of a von Neumann algebra form a condi-
tionally complete lattice, Proc. Amer. Math. Soc, 28 (1971), 537-544.

[9] F. Riesz and B. Sz. Nagy, Functional Analysis, Frederick Ungar, New York,
1952.

[10] B. Simon, Trace ideals and their applications, London Math. Soc. Lecture Note
35, London, 1979.

Received November 20, 1991 and in revised form October 20, 1992.

FUKUOKA UNIVERSITY OF EDUCATION
MUNAKATA, FUKUOKA 811-41
JAPAN



PACIFIC JOURNAL OF MATHEMATICS
Founded by

E. F. BECKENBACH (1906-1982) F. WOLF (1904-1989)

SUN-YUNG A. CHANG
(Managing Editor)

University of California
Los Angeles, CA 90024-1555
chang@math.ucla.edu

F. MICHAEL CHRIST

University of California
Los Angeles, CA 90024-1555
christ@math.ucla.edu

HERBERT CLEMENS

University of Utah
Salt Lake City, UT 84112
clemens@math.utah.edu

EDITORS
THOMAS ENRIGHT

University of California, San Diego
La Jolla, CA 92093
tenright@ucsd.edu

NICHOLAS ERCOLANI
University of Arizona
Tucson, AZ 85721
ercolani@math.arizona.edu

R. FINN

Stanford University
Stanford, CA 94305
finn@gauss.stanford.edu

VAUGHAN F. R. JONES

University of California
Berkeley, CA 94720
vfr@math.berkeley.edu

STEVEN KERCKHOFF

Stanford University
Stanford, CA 94305
spk@gauss.stanford.edu

MARTIN SCHARLEMANN

University of California
Santa Barbara, CA 93106
mgscharl@henri.ucsb.edu

HAROLD STARK

University of California, San Diego
La Jolla, CA 92093

V. S. VARADARAJAN

University of California
Los Angeles, CA 90024-1555
vsv@math.ucla.edu

SUPPORTING INSTITUTIONS
UNIVERSITY OF ARIZONA
UNIVERSITY OF BRITISH COLUMBIA
CALIFORNIA INSTITUTE OF TECHNOLOGY
UNIVERSITY OF CALIFORNIA
UNIVERSITY OF MONTANA
UNIVERSITY OF NEVADA, RENO
NEW MEXICO STATE UNIVERSITY
OREGON STATE UNIVERSITY

UNIVERSITY OF OREGON
UNIVERSITY OF SOUTHERN CALIFORNIA
STANFORD UNIVERSITY
UNIVERSITY OF HAWAII
UNIVERSITY OF UTAH
WASHINGTON STATE UNIVERSITY
UNIVERSITY OF WASHINGTON

The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are
not owners or publishers and have no responsibility for its content or policies.

Mathematical papers intended for publication in the Pacific Journal of Mathematics should be in typed
form or offset-reproduced (not dittoed), double spaced with large margins. Please do not use built up fractions
in the text of the manuscript. However, you may use them in the displayed equations. Underline Greek letters
in red, German in green, and script in blue. The first paragraph must be capable of being used separately as
a synopsis of the entire paper. In particular it should contain no bibliographic references. Please propose a
heading for the odd numbered pages of less than 35 characters. Manuscripts, in triplicate, may be sent to any
one of the editors. Please classify according to the 1991 Mathematics Subject Classification scheme which
can be found in the December index volumes of Mathematical Reviews. Supply name and address of author
to whom proofs should be sent. All other communications should be addressed to the managing editor, or
Julie Honig, University of California, Los Angeles, California 90024-1555.

There are page-charges associated with articles appearing in the Pacific Journal of Mathematics. These
charges are expected to be paid by the author's University, Government Agency or Company. If the author or
authors do not have access to such Institutional support these charges are waived. Single authors will receive
75 free reprints; joint authors will receive a total of 100 free reprints. Additional copies may be obtained at
cost in multiples of 50.

The Pacific Journal of Mathematics (ISSN 0030-8730) is published monthly except for July and August.
Regular subscription rate: $200.00 a year (10 issues). Special rate: $100.00 a year to individual members of
supporting institutions.

Subscriptions, orders for numbers issued in the last three calendar years, and changes of address should be
sent to Pacific Journal of Mathematics, P.O. Box 969, Carmel Valley, CA 93924, U.S.A. Old back numbers
obtainable from Kraus Periodicals Co., Route 100, Millwood, NY 10546.

The Pacific Journal of Mathematics at P.O. Box 969, Carmel Valley, CA 93924 (ISSN 0030-8730) is
published monthly except for July and August. Second-class postage paid at Carmel Valley, California 93924,
and additional mailing offices. Postmaster: send address changes to Pacific Journal of Mathematics, P.O. Box
969, Carmel Valley, CA 93924.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION

This publication was typeset using Ajvfi-TγX,

the American Mathematical Society's TgX macro system.

Copyright © 1993 by Pacific Journal of Mathematics



PACIFIC JOURNAL OF MATHEMATICS

Volume 161 No. 2 December 1993

201On the method of constructing irreducible finite index subfactors of
Popa

FLORIN PETRE BOCA

233Brownian motion and the heat semigroup on the path space of a
compact Lie group

JAY BARRY EPPERSON and TERRY M. LOHRENZ

255Horizontal path spaces and Carnot-Carathéodory metrics
ZHONG GE

287Biholomorphic convex mappings of ball in Cn

SHENG GONG, SHI KUN WANG and QI HUANG YU

307The Temperley-Lieb algebra at roots of unity
FREDERICK MICHAEL GOODMAN and HANS WENZL

335Jordan analogs of the Burnside and Jacobson density theorems
LUZIUS GRÜNENFELDER, M. OLMLADIČ and HEYDAR
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