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A NOTE ON INTERMEDIATE SUBFACTORS

DIETMAR BISCH

In this note we prove that if N C M C P is an inclusion of II,
factors with finite Jones index such that N C P has finite depth,
then N C M and M C P have finite depth. We show this result by
studying the iterated basic constructions for M C P and NCP.In
particular our proof gives detailed information about the graphs for
N C M resp. M C P. Furthermore, we give an abstract charac-
terization of intermediate subfactors in terms of Jones projections in
N' NP ,where N C P C P, is the basic construction for N C P
and give examples showing that if ¥ C M and M C P have finite
depth, then N C P does not necessarily have finite depth.

1. Introduction. The problem of classifying subfactors of the hy-
perfinite II; factor is one of the most challenging problems in oper-
ator algebras. Starting with an inclusion N C M of hyperfinite II;
factors with finite Jones index [M : N] < oo, one constructs the as-
sociated Jones tower of factors N ¢ M ¢ M; c M, C ..., where
M, is the II; factor obtained from the Jones basic construction for
M;_ C M; (see [Jol]). The centralizer algebras {M; N M;},<; are
finite dimensional C*-algebras sitting in the envelopping II; factor
M, =M, . Furthermore, inclusions of four such algebras

M l/ n M, ¢ M l’ N M,y
U U
Ml{+1 n M, C Ml{+1 N My
satisfy certain symmetry conditions: they form what is called a com-
muting square ([Po2], see also [GHJ]). All the information contained

in this double sequence of finite dimensional algebras is actually con-
tained in the following sequence of commuting squares

M N M, Cc M n Mg, C---
U U
Mi n M, C Mi N Mgy C--
which is an invariant for the inclusion N C M, called the standard in-
variant ([Pod] or paragroup [Ocl]). From this sequence one can form
the inclusion |J, M OM," c Uk M} NM," of hyperfinite II; von
Neumann algebras and ask if these algebras form a model for N C M,
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202 DIETMAR BISCH

i.e. are (anti-)isomorphic to the inclusion N C M. Popa introduced
recently a concept of amenability for inclusions N C M ([Po3], [Po4])
and showed that precisely the amenable subfactors of R, the hyperfi-
nite II; factor, are classified by their standard invariant. A particular,
but important class of amenable subfactors of R are the finite depth
subfactors, referring to the condition sup,dimZ(M’' N M;) < oo,
where Z(M'NM,;) denotes the center of M’ N M, . Equivalently, this
condition expresses the fact that the width of the Bratteli diagram de-
scribing the inclusions C=M'NnM cM' nM; Cc M'NnM, C ... is
bounded from a certain point on. Popa showed in ([Po2], see also
[Oc1])) that finite depth subfactors N of the hyperfinite II; factor M
are classified by an initial commuting square

M N Mko c M n Mk0+1
U U

for ky large enough (which can be made precise). Subfactors of index
< 4 are automatically of finite depth and the associated commuting
squares can be classified in terms of graphs of Coxeter-Dynkin type A,
D, E and certain connections on them ([B-N], [I1], [I2], [Jol1], [Ka],
[Oc1], [Oc2], [SV]). Wenzl constructed interesting series of finite depth
subfactors via braid group representations, generalizing Jones’ original
construction of subfactors of the hyperfinite II; factor. It is by now
well-known that Jones’ discovery of certain remarkable braid group
representations in the higher relative commutants of every finite index
subfactor lead him to the construction of his link invariant, the Jones
polynomial. Similarly, Wenzl’s subfactors carry representations of the
braid group in their higher relative commutants which can be used
to obtain the HOMFLY and Kauffman polynomials using the same
method as Jones’ original construction of his link invariant ([Jol],
[Jo2], [Wel], [We2]). The simplest finite depth subfactors are obtained
by letting a finite group G act by properly outer automorphisms of R
and considering the inclusion R C R x G. The canonical (classifying)
commuting square of this inclusion contains all the information on G
and its representation theory: G can be completely recovered from
the inclusion. Similarly, if H C G is a subgroup of G of finite index,
then RxH C RxG is again a finite depth inclusion and the associated
canonical commuting square can be described explicitly in terms of
induced representations (for details of all this and more examples
coming from groups, see [Bi2], [KY]).
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It is a well-known theorem in the theory of extensions of von Neu-
mann algebras that if G is a countable discrete group of outer au-
tomorphisms on the II; factor N and P is a subfactor with N C
P C N x G, then there is a subgroup H C G such that P=Nx H
(INT1, [Su]). This result is quite apparent for a finite group G and it
is natural to ask if a similar result holds for finite depth subfactors,
where the role of the group is played by the more general object, the
canonical commuting square or the paragroup. In other words, given
an inclusion of II; factors N ¢ M C P such that N ¢ P has fi-
nite depth, does this force the finite depth condition on N C¢ M and
M C P? We prove that this statement is indeed true, more precisely
we show the following theorem:

THEOREM. Let N C M C P be an inclusion of 11, factors with
[P: N]< oo and assume N C P has finite depth. Then N C M and
M C P have finite depth.

This theorem will follow from a detailed study of the basic con-
struction for N ¢ P and M c P. We are able to describe the higher
relative commutants of M C P completely in terms of the higher
relative commutants of the inclusion N C P. In particular we obtain
information on the graphs for N ¢ M and M C P and our proof
provides an algorithm for computing these graphs from the graphs for
NcP.

In §2 we collect for the convenience of the reader some facts about
the basic construction, fix the notation and prove some useful lemmas.
We proceed then with the proof of our theorem. Furthermore, we give
some examples showing that the converse of our theorem does not
hold: if N ¢ M and M cC P have finite depth, then N C M need
not have finite depth, in fact N C M need not even be amenable in
the sense of Popa ([Po4]).

In §3 we give an abstract characterization of intermediate subfac-
tors M of a given irreducible inclusion N C P in terms of Jones
projections in N’ N P;, where N C P C P; is the basic construction
for N C P. This allows us to recognize intermediate subfactors by
looking at the projections in N’ N P; and reconstruct the subfactor
from these projections.!

2. The proof of the theorem. Let N C M be an inclusion of II,
factors with finite Jones index [M : N]. We denote by L%(M, try)

ly. Kawahigashi informed us that A. Ocneanu has a characterization of intermediate sub-
factors using his Fourier transform.
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the closure of M in the Hilbert norm ||x||, = tras(x*x)!/?2 induced
by the unique trace try; on M. Let e : L2(M, try) — L*(N, try)
be the orthogonal projection and let JM L2(M , tryr) — L*(M , tryy)
be the canonical conjugation defined by J3/(x) = x*, x € M viewed
as a vector in L?(M, try). The algebra M; = vN(M,e¥) =
(M, e}{‘,l ), i.e. the von Neumann algebra generated by M and e¥ in
B(L*(M , tryy)) is called the basic construction for N ¢ M ([Jol]).
We recall ([Jo1]):

(1) eMxel = E¥(x)eM , where E¥: M — N is the unique trace
preserving conditional expectation from M onto N.

There is a unique trace try, on M; such that try, (xed) =
[M: NI ltry(x) forall xe M.
Y
(7) M =spanNeM N ([PiPol]).

It is easy to see that N C M has finite depth iff M C M, has finite
depth iff sup, dimZ(M' N M) < oo iff supy dim Z(M' N My) < oo
iff sup, dim Z(M' N My, q) < oo iff sup, dimZ(N' N My,) < oo iff
supy dim Z (N’ N My,;) < oo (see for instance [Po2] for a proof).
We will use at various instances the following simple abstract char-
acterization of the basic construction ([PiPe2]): Let N C M be an
inclusion of II; factors with [M : N] < oo and let P be a II; fac-
tor containing M and a projection p such that [p, N] = 0 and
EP(p) = [P : M]7'13y = [M : N]"'1,, then P is the basic con-
struction for N C M, i.e. there is an isomorphism from M; onto P
leaving M pointwise fixed and carrying eN to p.

It will be useful for the proof of our theorem to study the basic
construction for certain reduced algebras. This is done in the next
few lemmas.

LEMMA 2.1. Let N ¢ M be 11, factors, [M : N]<oo. Let p€e N,
q € N'NM be projections and consider the inclusion qpNpq C pgMpgq
with trace ttp p1pq(qpxpq) = trar(p) "' try(g) "t trar(paxpq), x € M.

Then the unique trace preserving conditional expectation E”;’%"q” :

pqMpq — pqNpq is given by

Egg]@gpqq(pqqu) =tra(q) "' pEN (axq)pq, x e M.
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Proof. The proof is a straightforward computation and left to the
reader. O

Recall that N C M is called extremal iff trpr|nyaar = U IN A
([PiPo1]), which happens for instance whenever N C M has finite
depth.

LEMMA 2.2. Let N C M be an extremal inclusion of Il; factors,
[M:N]<oo andlet NCM C M, =(M,eM) be the basic construc-
tion. Suppose we have projections p € NN NM and q € M' N\ M, with
tryr(p) = trag (q) such that tra (pgedl) = [M : N1 try(p). Then
(1) Npg C (pMp)q C paMipq

is the basic construction for the pair (Npgq C (pMp)q) ~ (Np C pMp).

Proof. Note that

[apMDpq : Npq) = [pgMipq : pgMpq] = try(p)*[M : N]

since N C M is extremal ([PiPol]).
Consider e := tra(p)~'pged pq € pgMipgq, then

trqulpq(e) = tI'M(p)—z try, (e) = trM(p)—3 try, (pqe]]\‘//[)
=try(p)"*[M : N1~ = [pgMipq : pgMpql™".
Let m be the unique element in M satisfying med = gel!,

ie. m=[M: NJE)(geM). Then m € N'n M. We have 2 =
tras (p) 2EM (pm)pge¥ pg = e, since by hypothesis

[M : N1 trar(p) = tra (pgedl) = trag (pmedf)
= try, (BN (pm)ey() = EXf (pm)[M : NI,

which implies E¥ (pm) = trps(p). In order to see that (1) is indeed
the basic construction we use the above-mentioned characterization
of the basic construction ([PiPol]). Since e clearly commutes with
Npg, we only need to check that

M — —_
(2) EﬁZM};];q(e) =tra(p)"'[M : N7 pq.
By Lemma 2.1 we know that
M, _ M,
(3) Eporpg (€)= v (p) *pEy (geN @)pg

= try(p)"2pm[M : NI"'m*pq
= try(p) *[M : NI"'pmm*pq.
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Computing traces on both sides of (3) gives
trar(p)? = try (pmm*pq) = |lpm|3 tray ()
and hence
lpm — p|3 = lpm||3 — trar(p) = 0,
i.e. pm = p. Note that this implies in particular that pqeﬁ,’ = pe¥

(the condition pm = p 1is actually equivalent to the condition on the
traces in the statement of the lemma). Thus

M — —
E} i (€) =ty (p)~'[M : N1 'pq,

which completes the proof. O

REMARK 2.3. Note that if N C M is extremal, given a projec-
tion p as in the lemma, we can always find a projection ¢ € M’ N
M, such that try (pgep!) = try(p)[M : N17', trp(q) = trae(p).
Namely, let g := JypJy € Jy(N'NM)Jyy = M' N M;, where Jy,
denotes as usual the canonical conjugation on L?(M , try;). We have
then clearly trys (q) = try(p) (extremality) and tras (pJMpJMe]Q,I ) =
[M : N 'try(p) since pJypJyedd = pe.

The proof of the following lemma is trivial.

LEMMA 2.4. Let N ¢ M be 11, factors, [M : N]< oo, pe N a
projection and N C M C My C ... the basic construction. Then

pNp CpMp C pMip C ...

is that basic construction for pNp C pMp .

We describe now the construction which will be used to prove the
theorem. Let
(4) McPcCcQ@Q CcQC...

be the Jones tower of factors obtained by iterating the basic construc-
tion for M c P. Similarly, let

(5) NcPchPcCchC...

be the tower for N ¢ P. Notethat N c M c P Cc Q; C P, C
B(L%(P, trp)). Let O, = (P, eg‘) be the basic construction for
Q,C P ,then PCQ,Cc P, c(Q,CP,CB(LP, trp )) . Continuing
this construction we obtain

(6) NcMcPcQ cPcOhcPhcOscPcC...,
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where Q;_1 c P, Cc Q; = (P;_y, eg ') is the basic construction. If we
set a:=[M:N], p:=[P:M], then af =[P : N] and the indices
of the various inclusions are indicated as follows

(1) Nc*McPPcPQicoPceO,cPPcPs5c...,

and

(8) e C* O P Py P Qg € Po_y C® O

C? Py f Qgpeyy C* Popeyy C°
We will denote the Jones’ projections in the following way: for in-
stance ¢*~' denotes the Jones projection which implements the con-

2k—1
ditional expectation from Py, _; onto Qr_; -
The computation in the next lemma will be used in the theorem.

LEMMlz)A 2.5.}D With the n}gtatzon as above we have »
1 E ~2k+l e 2k =a e 2k and hence e 2k+l e 2k e 2k+l _a e 2k e 2k+l
( ) Q2k+l ( PZk—l ) P P P,

Q 2%+ 2%kl % 2%
k>1.
P, P Py, P, P, , P
(2) E;*(ep* )=~ 1eP%1 and hence e 2"e,,”‘ lep* =B le ek
Oy T2 Oy, Oy T2t et L ak—1

kZ 1: (Ql :=Q1)'

Proof. The proof of (1) and (2) are identical, so we prove only
(1). Since eé” € Qyi41 > We have that

P, P P P
2kE 2k+1 e 2/c —_ E 2k+1 e Zke 2k — E 2k+1 e 2k .
QZk 2k+1( Py ) 2k+1( 2%k Py 1) sz+1( 2k —1)
By [PiPol] we know that there is a umque element m € Py, such that

E132k+l( 2k ) —_ E 2k+1 (e 2k )e ~2k — me ~zk Applylng EQ2k+l to bOth

k1 Pt Pyt

sides of the equatlon glves

e N—1 1 Porsr ¢ Pk ~11 _
_trP2k+l(er) E, P ( ) BI[P:NI''1=a"'l.
Since
e132k+l ePZk eP2k+1 _ e{)zk+l ePZk e{>2k+l eP2k+l
2Ue+1 Pyeer” P 2k+l Pyes Qe P
P
p— E 2k+1 (e 2k )eP2k+1 R
k+1 21 2%
the second part also follows. o

We restate now the theorem and give then the proof.
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THEOREM 2.6. Let N C M C P be an inclusion of 11, factors with
[P: N]< oo and assume N C P has finite depth. Then N C M and
M C P have finite depth.

Proof. (a) We show first that M C P has finite depth. We actually
prove the following statement by induction:
9) (PCQCQsC- - COx)
=~ (Pfi—1 C fym1PaSko1 €+ C frc1 P fi1) s

P P P . e
where f; ;= eg e Q3 ---e 21 (note that f; is a projection since all the
L3 2k+1
P, .
e ’s commute). First we show

o,
P P~ P P, P
(10) (PCQ1CQy)~(Px~ PeQ1l C eQ‘l QzeQ‘1 C eQ‘leeQ“).

Since O, = (P, eg‘) we have eg‘ Qzeg‘ = Qleg1 and therefore (P C
1 1 1 1
Q1) ~ (Peg‘ C Qleg‘) and hence

P P P P
(11) (PC Q) CQr)=(Pey CQiey C(Qiey , Pey'))
1 1 1 1
P P ~ P P P

where the last isomorphism is checked by using again the abstract
characterization of the basic construction ([PiPo2]): Set e := eé‘ e,f‘ eg‘
1 1

and note that actually eheh = el Thus e isa projection in el PzeP‘
Q- P P » Q" “7Q,
of the right trace, namely f. Clearly [e, Pey]1=0 and it remains to
1
show that
0. Pe !
1

(12) E2 % 0) = plef.

P A
eg, &g,

Py

To simplify the notation we set 4 := eg‘ Pzeg‘ and we recall that
1 1
—_——w

0, = span P, eg‘ P, . We need to check that
1
P_ P _ P _ P
try(eg ey e) = B 1trA(eQ'ler‘l) ,
forall x € Q,. Let y € Q; with eg‘ xeg1 = yegl , then
1 1 1
P_P P P P P P
trA(telerl,ePlte,) =[P : Ql]trpz(yeQ‘leP‘) = atrp (vep')
_ _ P
=[P : P) ety (y) = (B) ' atrp,(vey)

- P _P
=p 1trA(eQ’ler‘l).
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This proves (12). In particular we have (P C Q;) ~ (Peg‘l - eg‘l Pzegl)
(note that this implies already that P C O, and hence M C P have
finite depth since P C P, does (assuming we know that reduced sub-
factors of finite depth subfactors have finite depth). Since we want to
get an explicit description of the higher relative commutants, we want
to prove more, namely (9)).

For clarity of exposition let us also do the next step of the induction

Since P ¢ P, C P, is the basic construction, eg e P NP, e Q
3

PiNPy, trp (eg‘) = trPA(e}}) =a~!, we only need to check
1

(13)  wp(egesey) =[P P trp(eg) = [P: N] o™

in order to be able to apply Lemma 2.2. By [PiPo2] we know that
elfz =[P:N ]e?ef: e;,)?’ell,) and hence

P _P, P P P P

trp4(eQ‘leQ~33eP) [P: Ntrp,(eg ep'ep' ePSePZeQ)

P, P, P

PZ 3
=[P:N]a™! trp, (e ep ep'ep eQ ) (Lemma 2.5)

_ 1 PP, P P,
=a trp“(eQ ep'ep' eQ )
=a g trp4(egle§te) (Lemma 2.5)

=[P: NI 2trp (e)) = [P: N] 207,

Thus we can apply Lemma 2.2 to (P C Q) =~ (Peg‘ C eg‘ Pzegl)
1 1 1

(Pe C eQ PzeQ P3) and obtain
1 1

(PCQrCQ4)=(PfiC fiPafi C [iPsfr).

This shows (9) for k =1, 2. Now suppose (9) holds for k, and we
will show it for k + 1. To this end it is enough to show that

(14) (Qak—2 C Q2 C Qrict2) = (i Pak—2Sx C fi PaucSi C fiePors2Sx)-

Note that f,_, € Py,_,, thus by Lemma 2.4 (and [PiPo2]) we know
that ﬁc—2P2k—2f/‘c—2 C fl'c—-ZPZkfl‘c—2 C f}c—2P2k+2f}c——2 is the basic con-
struction. We want to apply Lemma 2.2 with N « f; _,Py_>fi_2,

o fe2Putias, My < fioaPua Sz, P o fiog and ¢ <

Q”‘“f _p. Since fi_ 2P _2fi—2 C fi—2Poxfr_» is clearly extremal
2k+1

(because P,;_, C Py, has finite depth) and tr fo Pyt _z(el?z"+1 Ji—2) =

2k+1

Ql Q3
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try p g ( fi—1) = a~!, we only need to check the trace condition in
Lemma 2.2, i.e.

(15) tl'fk_zp

2k+2

S Pt “lrp . A—
f ke g ) = o PN
But using [PiPo2] and Lemma 2.5 we compute

JeaPutis _ k-1 P,
trflc—2P2k+2fIc-2(ﬁcefk‘ZPZk_sz_z) =a tI‘szu (‘ﬁcePz )

2%—2
P, P, P P
ok ) Kl ol el o 2%
(ﬁc Pyt Pyy Py P2k—l)

=o* [P N]trp

2k+2

k-1 . —1 4. Py Py Py Py
=a* '[P : Na trp2k+2(ﬁc_leP2k_leP2k_2e % esz)
k-2 P, Py i Py
=« tr _1€ e €~
P2k+2 (ﬁ{ 1 PZk—l sz—z sz)

_ _ — P.
= o ta B rp  (fisiep® )

2%k+2 U1

=[P:N]2* trp (fou1) =[P : N 2.

Applying Lemma 2.2 gives (14) and completes the induction, i.e.
(9) holds. Therefore we proved that

(16) P'NQy = fr—1(P' N Py) fr—t, 1<r<k,

which implies that P C Q, and hence M C P have finite depth since
P C P, does by assumption (P C P, has finite depth iff N C P has
finite depth, [Po2]).

(b) The fact that N C M has finite depth follows now from a
simple duality argument. We can choose P_;, M_; such that P_; C
M, ,cNcMcPand P ,c NcPand M.y C NC M are
basic constructions. P_; C N has finite depth since N C P does
by hypothesis and hence M_; C N has finite depth by what we just
proved. But M_; C N has finite depth iff N C M has finite depth,
which completes the proof of the theorem. O

The main motivation for giving a detailed proof of the theorem is
the fact that we want to obtain information on the principal graphs
(see [GHJ] for terminology) for N ¢ M and M C P in terms of
the principal graphs for N ¢ P. Some information can indeed be
obtained by looking at the Bratteli diagrams of the inclusions of higher
relative commutants associated to N C P. We summarize in the next
corollary what can be read off the above proof.

COROLLARY 2.7. Let N C M C P be as in the theorem. Then the
Bratteli diagram of N C M (from 2 to 2 steps) is obtained as a
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subdiagram of the Bratteli diagram for N C P (from 2 to 2 steps).
Similarly, the Bratteli diagram for P C Q; (from 2 to 2 steps), which
is the “dual” Bratteli diagram for M C P, is obtained as a subdiagram
of the Bratteli diagram for P C P, (from 2 to 2 steps), which is the
“dual” Bratteli diagram for N C P (from 2 to 2 steps). Furthermore,
the method in the above proof gives an explicit algorithm to compute
these Bratteli diagrams (see (9), (16)).

Note that the corollary generalizes what happens in the situation
N CNxHCNxG, where H C G are finite groups and H is a
subgroup of finite index of G (see for instance [KY]). Even for these
subfactors it is impossible to find a general and more explicit relation
between the principal graphs of the “big” inclusion and the ones of
the two “smaller” inclusions.

Let us also remark that since finite depth subfactors are classified
by their canonical commuting squares or paragroups ([Poel], [Ocl]),
our theorem can be viewed as defining a quotient of the canonical
paragroup associated to N C P by the one associated to N C M :
the result is again a paragroup, namely the one associated to M C P.
As pointed out previously by Ocneanu, the quotient G/H of two
groups (viewed as paragroups) H C G with [G: H] < oo is always a
paragroup. We intend to explore these ideas further in a future paper.

We mention that Popa has shown independently the analogous
statement of the theorem with “finite depth subfactor” replaced by
“amenable subfactor”, which does not imply our theorem.

Finally we give some examples of finite depth subfactors N C M,
M C P such that N C P is not of finite depth and/or amenable
in the sense of Popa ([Po3], [Po4]). Let N be the hyperfinite II;
factor and consider N C N Xq Zy C (N Xq Zy) g Zy =: P, with o
and S outer actions of Z, on N such that period () = co. Then
N C P has standard graph D, i.e. is not of finite depth ([Po3]).
Haagerup showed in [Ha] that if there are subfactors N ¢ M C P
of the hyperfinite II; factor where N C M and M C P have index
2 resp. 4cos’n/5 (hence are of finite depth), then N C P cannot
be amenable. Another such example was mentioned to us by V.F.R.
Jones: take PSL(2, Z) = Z,+Z3; with generators a and . Let a and
B act on the hyperfinite II; factor by properly outer automorphisms
such that the action of PSL(2, Z) is ergodic on central sequences
([Jo3]) and consider the inclusion N* C N C N xgZ3 of index 2-3 =
6, which cannot be amenable since all the central sequences for P
contained in the subfactor are trivial ([Bil]).



212 DIETMAR BISCH

Given an inclusion of II; factors N C P, [P : N] < oo, we would
like to determine all intermediate subfactors of N C P from looking
only at this given inclusion. This can indeed be done and we settle
this problem in the following section.

3. Abstract characterzation of intermediate subfactors. Consider II;
factors N ¢ P, [P : N] < oo, not necessarily of finite depth and let
N C P C P; be the basic construction. If there is an intermediate
subfactor N ¢ M C P, then the Jones’ projection ef, € N'N P; can
be abstractly characterized among the projections in N’ N P;. Let us
first collect the properties of el .

ProrosiTION 3.1. Let N C M C P be 11y factors with [P : N} <
c©. Let NNC NCcPchP, M.{CNCMand M C P C Q, be
basic constructions with N Cc M c Pc Q; Cc P, and N, Cc M_, C
NcCcMCcCP. Then

(1) el eN'NnP.

(2) elel =el.

(3) Ep'(ef) =[P: MI™'1p.
4) e PeM—MeMCPeP
(5) eﬁeNeN—Eﬂ(eN Jer, and Ef (e ) =[P : M] e

Proof. (1)-(4) follow from properties of Jones projections, (5) is
proved using the method of Lemma 2.5. |

It will turn out that (1)-(5) characterize the Jones projections com-
ing from intermediate subfactors, but that actually not all these prop-
erties are needed to give this characterization.

Consider the basic construction N ¢ P C P;, choose a subfactor
N; € N such that Ny € N C P is the basic construction and and
define the set

IS(N, P) := {q € N’ n P, projection such that
P

(1)gey = ey
P,
(2)E,' (q) € C.
(3) Let m be the unique element in P satisfying
. P
gey ey = mef;, ie. m=Ep'(qefy ef)[P: N1.
Assume that m is a scalar multiple of a projection.}
Note that (2) is equivalent to requiring that Elf‘(q) = trp(q)lp

and that (3) does not depend on the choice of the subfactor Ny C N
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(two different choices are conjugate by a unitary in N ). Furthermore,
it is clear that we always have 1, el € IS(N, P) and that every
Jones projection ef, coming from an intermediate subfactor M lies
in IS(N, P). Conversely, we prove that any projection in IS(N, P)
is a Jones projection coming from an intermediate subalgebra N C
McP.

THEOREM 3.2. Let N C P be I1; factors with [P : N] < oo. Then
every projection q € IS(N, P) implements a conditional expectation
from P onto the intermediate subalgebra M := {g¥ NP. If M isa
factor, then its index [P : M) in P is equal to trpl(q)'l. In particular,
g =1 corresponds to the subfactor P and q =e%; to N.

Proof. Let q € IS(N, P) and m = Eﬁ‘ (qeﬁ,’leﬁ)[P : N] = Ap for
some A € C and a projection p € P. We show first that ¢ implements
a conditional expectation from P onto M := {g} N P, a finite von

Neumann algebra. Since ¢Pg = span qu}\‘," Ngq =span N qe,{‘,’l gN , we
need to determine gey g. But
1

qe}\}’lq =[P: N]qe}\}’1 eﬁe}flq =[P : N]A%pelp.
We first compute 4:
trp(p) = A" trp (qef\‘,’leﬁ)[P :Nl=A"Y4P:N]L

. P
Since me}\‘,’l =[P : N]Ep (qe}t,’1 ef,e}\‘{l ) =trp, (q)e]]\‘,'1 , we get that pe}\‘f] =
e}:{lp is a projection. But pel,{‘,’l = A1 trpl(q)e]{‘{l , thus A =trp (q).

We show now that pefp = trp(p)pq . It is easy to see that Ef(m) =
[P: NI 'ly, hence Ef(p) =trp(q) '[P : NI"'1y = trp(p) . Thus

Ipefp — trp(p)pql3
= trp (efpefp) — 2 trp(p) trp (gpefp) + trp(p)* trp (q)
= trp(p)’[P : NI™' = 2 trp(p) trp (efp) + trp(p)*[P : N]! = 0.

This implies that qe]{‘,’lq = [P : Nltrp (9)*trp(p)pq = trp (q)pg. We
have therefore qPgq = (span NpN)gq, in particular gPq C Pq. This
allows us to define explicitly the desired conditional expectation. Let
x€P, yeP with gxq =yq, then y = E(x) :=trp (q)‘lE;:‘ (gxq).
Suppose x = x* € P, then yq = gxq = (gxq)* = (¥9)* = qy, which
shows that E(x) € M forall x € P. If x € M, then E(x) =
tr(q)‘lEf:'(xq) = tr(q)“xEﬁ’(q) = x. Furthermore, if we let try,
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be the trace on M induced from the trace on P, then try(E(x)) =
tr(g)~ ' trp (gxq) = tr(q)~ ' tr(g) trp(x) = trp(x), i.e. E is indeed the
unique trace preserving conditional expectation from P onto M with
gxq = E(x)q, for all x € P. Hence gqPg = Mg = (spanNpN)gq,
which implies M = span NpN . Note that factoriality of A/ does not
follow automatically. Using the Pimsner-Popa estimate ([PiPol]) it is
now easy to see that A(M, N)~! = trp(p)~! (A(M, N) denotes the
generalized index for non-factors ([PiPol])) and hence A(P, M)~ =
[P : Nltr(p) = trpl(q)‘l, which says [P : M] = trp[(q)‘1 if M isa
factor. a

The following corollary gives the desired abstract characterization
of Jones projections coming from intermediate subfactors of an irre-
ducible inclusion N C P.

COROLLARY 3.3. Let N C P be 11 factors with [P : N] < oo and
suppose N' NP = C. Then IS(N, P) is precisely the set of Jones
projections coming from intermediate subfactors N ¢ M C P and
gives therefore a complete description of the intermediate subfactors of
NcCP.

Proof. Apply Proposition 3.1 and Theorem 3.3. O

REMARK 3.4. (1) Property (3) used in the definition of the set
IS(N, P) can be replaced by the following condition: (3) g¢gPqg C
Pg . One can then show that (1), (2), (3)" are equivalent to (1), (2)
and (3), thus giving an alternative definition of the set IS(N, P).

(2) Conditions (1)-(3) in the definition of IS(N, P) do not in-
sure factoriality of the intermediate subalgebra M obtained from
q € IS(N, P) in general. Of course, if N C P is irreducible, then all

intermediate subalgebras are factors. Condition (2) will imply facto-

riality in many cases: if M is not a factor, then EII:‘ (el) = Eﬁ(eﬂ)

is a central element, i.e. of the form Eﬁ‘ (el)) = YI_, aip;, where
Z(M) = @_,Cpi, Si_pi = 1p = 1ys. Then Ej'(eL,) will be a
scalar iff a; = const.,, 1 < i < r. Whether this happens or not will
depend on the traces of the minimal central projections p,. For ex-
ample, if N C M C P is an intermediate subfactor, then MV (M'NP)
is an intermediate subalgebra, which will not be a factor in general,
however the Jones projection corresponding to it may a priori be in
IS(N, P). Conversely, if M is an intermediate subalgebra (not nec-
essarily of factor) of N C P, then it is not clear whether (3) holds in
general or not.
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(3) Since we are interested mainly in irreducible subfactors, the
corollary gives the desired description of intermediate subfactors in
terms of information just coming from N C P. Furthermore, the
Jones projections coming from all intermediate factors are contained
in the set IS(N, P), which will be enough information in many con-
crete examples.

Subfactors N C P with intermediate subfactors as in the corollary
are of course easily obtained from group actions, i.e. N:=RC P :=
R x G, G a finite (for instance non-simple) group acting properly
outer on the hyperfinite II; factor R. We define

DEeFINITION 3.5. Let N C P be II; factors, [P : N] < oo, then the
inclusion N C P is called maximal if there is no subfactor M of P
such that N ¢ M C P otherthan N and P themselves. Equivalently,
NcP, NnP=C, is maximal iff IS(N, P) ={1, e}}.

Note that clearly R € R x G is maximal iff the group G has only
the trivial group as a subgroup. Since an inclusion N C P can only be
non-maximal if the index is a product of two indices, we see that all
inclusions of index < 4 and those with index € (4, 8 cos? %) are cer-
tainly maximal. We gave above examples of non-maximal inclusions
at index 4, index 8cos?%Z and index 6.
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TENT SPACES OVER GENERAL APPROACH REGIONS
AND POINTWISE ESTIMATES

MARIiA J. CARRO AND JAVIER SORIA

We consider the study of the tent spaces over general (possibly tan-
gential) approach regions and their atomic decomposition. As a con-
sequence, we obtain some pointwise estimates for a class of operators,
using the duality properties of a certain type of Carleson measures.
In particular, we can get the boundedness of a family of bilinear oper-
ators defined on the product of L? and some space of measures, into
a Lipschitz space; we give yet another proof of the pointwise bounded-
ness for the Fourier transform of distributions in A” and we improve
and generalize the Féjer-Riesz inequality for harmonic extensions of
H? functions.

Several authors have studied the boundedness of maximal oper-
ators defined by means of general subsets. For example, in [8], a
Hardy-Littlewood type operator is associated with a collection of sub-
sets Q, C R¥!  x € R". The natural way to define the balls for
these sets is to take the subset of Q, at level ¢, that is, the set of
points z € R" so that (z, t) € Q,. Our idea is to also replace the
cone I'(x) = {(y, ) e R™! : |x —y| < £} in the definition of the tent
spaces (see [2]), by a more general family of subsets of R%!. As an
application, we look at a family of integral operators (e.g. the Fourier
transform) as the action of continuous linear forms, and using the
duality established between certain spaces, we obtain pointwise esti-
mates that will allow us to give another proof of well-known bounds
for the Fourier transform of H? functions (see [4], [12]). We can
also improve the Féjer-Riesz inequality for harmonic extensions (see
[5]) and we find a generalization considering Hardy spaces defined in
terms of arbitrary kernels (see [14]). Our main tool will be given by
the properties that the tent spaces satisfy (see [2], [1], [10]), and in
particular their relation with a class of Carleson measures, for which
we find a suitable atomic decomposition. We begin by giving some
basic definitions.

DEFINITION 1. Let Q = {Q}, g be a collection of measurable
subsets, where Q, C R%+!. For a measurable function f in R%"! we
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define the maximal function of f with respect to € as

A (f)x)= sup |f(y, 1)l

(v, 0eQ,

We will always assume that Q is chosen so that AF(f) is a measur-
able function. We also define

TE=T. o={f:43(f) e L’ (R")},

with ||/ |7z = 45 (/- @) -

REMARK 2. It is clear that if Q, = I'(x) then Tg is precisely the
tent space T2 of [2]. If Q, = {(x, ) : £ > 0} then AY(f) is the
radial maximal function of f .

DEFINITION 3. Suppose Q = {Q} g is as above and F is any
subset of R". We define the tent over F, with respect to 2, as

Fo=R¥"\ |J Q..

x¢F
We alsoset Q,(¢) ={y €R": (y, 1) € Q}.
For a measure # in R%*! we say that u is an (Q, B)-Carleson
measure (f > 1) and write y € Vg if

1|(Qq
Iy = sup L) < o,

where the supremum is taken over all cubes Q C R".

REMARK 4. If Q, =T(x) then 1/75 = F, the usual tent over F. If
we choose Q, = {(x, t):¢> 0} then Fo = F x R" and it is denoted
by C(F).

LEMMA 5. Suppose F C R™ and Q = {Qx} g+ are as above. Then
(1) A°°(XFAQ)(x) < xr(x) forall x e R".
) Aw(xﬁ;)(x) = xr(x) ifand only if QxNFq # @ forall x € F .
(111) If Q is a symmetric family (that is, if x € Qy(t) then y €
Q. (1)), we have that

Fo={(v, ) eR¥':Q(t) c F}.

(i1

In particular if Q, = x + Q, for a fixed Q C R, the symmetric
condition holds if and only if Q(t) = —Q(¢), for all t > 0.
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Proof. (i) Observe that
1, if(y,t)¢Q;, forallz¢ F,

1 ~(y,t) = X
(1) XFn(y ) { 0, otherwise.

Suppose x ¢ F. Then if (y, t) € Q, we have that X5 y,t)=0

Q

(by (1)), and this shows (i).

(ii) Ag’(xf)(x) = xr(x) if and only if for all x € F, AZ(xz )(x)

Q Q

= 1 if and only if there exists (y, t) € Q. such that (y, t) € Fq if
and only if Q, N Fn #O.

(ii1) That (y, t) € Fq meansthat y ¢ Q,(?), forall x ¢ F, which,
by symmetry, is equivalent to saying that forall x ¢ F, x ¢ Qy(¢);
that is, Q,(¢) C F. O

A simple example of a symmetric family of sets of the form x + Q
can be found in the comments previous to Lemma 11. Another
example, for a general family of sets {,}, is given by defining
Qut) =(—n,-n+1),if ne€Z,and Qu(t) = (-n-1,-n+1),
ifn<x<n+1.

DEFINITION 6. We say that a measurable function a: R*! — C is
an (Q, p)-atom if there exists a cube Q C R® such that suppa C Qq,
and |lall. < |QI71/7.

We now give the proof of the atomic decomposition for the tent

space sz . We restrict ourselves to the case » = 1, but a similar
proof also works in any other dimension. A related result is given in

[6).

THEOREM 7. If Q = {Qy}xcr is a symmetric family of sets (as in
Lemma 5-(iii)), such that Q. (t) is an interval, for all (x,t) € R2,
then, for 0<p <1, fe T} ifand only if

(2) =Y 4a,
J

where aj is an (Q, p)-atom and 3 ;|A;|P < co. Moreover,

I/p
1S llzz ~ inf (Z M,-V’) ,

J

where the infimum is taken over all sequences satisfying (2).

Proof. We first show the easy part, for which we will not make use
of the extra hypotheses on 2. The only thing to observe is that || - ||z
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is always a p-norm, for 0 < p <1 and hence, if f = 3}>;4;a;, then
1/ 1% < 3, 14;Pllajli5 - But, by (i) of the previous lemma:
Q Q

”aj”%:; = /R(A?f(aj)(x))l’ dx

< [ o g P dx <Nl [ xo,dx <1,

and hence, Hfll‘}s <Y AP

For the converse we need the following observation: if f € T}
and 4 > 0 then {x € R: A¥(f)(x) > A} is an open set. In fact,
if AZX(f)(x) > A, then there exists a point (z,?) € Q. so that
|f(z, t)] > A. By hypotheses, we conclude that x € Q,(¢) and there
exists an & > 0 such that if |[x — y| < & then y € Q,(¢). Again, by
symmetry, (z, t) € 2, and so AY(f)(y) > A if |x —y| < é&. Set now
My = {x eR: AX(f)(x) > 2¥}, and write M} = UjEZIJ’.‘, where I¥
is an open interval and I¥ nI}’F =@ if j#j'. Since feTh, IF is
bounded forall j, ke Z. Set

_ 51
aj,k=/1j,kf( = X;k:l),

e gy fie
where A; j = 2k+1|I%|1/p | Tt is clear that suppa; , c I¥ , and
jak J ¢ .]sk j,Q

D14 klP =Y 22 DIM| < CI S Ny < oo,
j.k k

and so it remains to show that f = 3°; ; 4; xa; x and [la; ifle <

[I¥|71/P . Let (x,1) € I?\Q and suppose |f(x, t)] > 2kt Let y
Qx(t). Then (x,t) € Q, and hence y € M. Therefore Q,(t) C
M., and there exists a unique / € Z so that Q,(t) C I,"+1 . Since
Qu(t) c I¥ then If*' < I¥. Butif If*' c I¥ and I # I’ then
IFa NIt # o Infact, if (z,5) € Iff) NIf7h then Q.(s) C
IFing l",‘“ , which is a contradiction. Thus,

X~ (x, 1) = > Xza(x, ) =0.
1,9

',‘]
Iherefore, for all (X 5 t) c I"Q )

jaj,k(x, )] < 27EFD|IF| PR = 1k~



TENT SPACES AND APPROACH REGIONS 221

Finally, if (x, ) € RZ and 2! < |f(x, t)] < 2/*1 then Q,(¢) C M;.
Let K € Z be the greatest integer satisfying Q,(¢) C Mg (it is clear
that we can find such a number since 4A¥(f)(x) < oo, a.e. x € R).
Let s € Z so that Q(¢) c IX. We want to show that if

gj,k(xat)le/k\(xat)— Z Xl/k:l(x>t)a
7,9

K+l — gk T.R
I CI}.

then 3°; 4 g; x(x, 1) = 1. If Qx(?) C I¥ then k < K. Suppose that
k < K and (x,t) € I¥ , then IX c If*! c I¥ for some r € Z

and hence g; x(x,t) =0. If (x,?) € I?\Q then clearly j = s and
gK,s(-x,t)zl. O

We observe that in the previous proof, we obtained the atomic de-
composition for all 0 < p < co. An immediate application of this
theorem is given by the following duality result. We first recall that
for the case when Q, is the cone I'(x), it was proved in [2] and [1]
that the space of Carleson measures of order 1/p (0 <p <1) could
be identified as the dual of the tent space 72 (see Theorem 16). For
the general case we are considering, we restrict our study only to the
inclusion needed in order to obtain the estimates we mention below.

THEOREM 8. Suppose Q is a family of sets satisfying the hypotheses
of the previous theorem and 0 < p < 1. Then, for all f € T} and

1/
:uEVQp’

[, £ nducx, 0
R+

< I gl -
That is, V3" — (TB)*.

Proof. Let f € T and u € V(;/p, and write f = Zj/ljaj, as in
Theorem 7. Then,

[ £x, Ddutx, 9
R+

<l [ laytx, DldlulGx, 0
J e

< Y sllajlloolal(;,0) < D I 2l ully o217
j j

1/p
< (Z w) iy 0
J
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REMARK 9. (i) In the proof of the previous theorem, if p =1, we
can give a direct argument without using the atomic decomposition. In
fact, if f € T} and if we consider the set F*={yeR: A () >
A}, then

3) {(x, ) €R2: |f(x, 1) > A} € FA.

In fact, if |f(x, ?)] > 4, A3(f)(z) < A, implies that (x,?) ¢ Q,
and, hence,

(x,1) eRﬁ\ ( U Qz) =F$.
z ¢ F*
As we saw before, F* is an open set and hence F* = |J ; I; . Moreover,

by symmetry, Fé cy j IT\Q , and hence, for u € Vgi , we have

[ 1xs nduce, 0
R+

< [T Imde e s i 01> di by (3)

< /0 Wl(FdA<y /0 (05 o) dA
J

<lulyy [ |U2
J

(i) If Q satisfies that for every compact K C R2, the set {x €R:
Q. NK # 2} has finite measure, then using the ideas of [2], it is easy
to show that in fact equality holds; namely Vé/ 7= (TS)* . We do not
know what happens in the general case.

As was proved in [4] the non-tangential maximal function and the
radial maximal function of Poisson integrals of functions (distribu-
tions) in the Hardy space H?(R"™) have an equivalent L”-“norm”,
p > 0. This leads us to consider how this result could be extended for
all functions in the tent spaces 72 relative to both cones I'(x) and
lines {(x, t):¢t > 0}. From the point of view of the dual spaces we
see that the latter is a much bigger space than the former. We give the
details in what follows.

EXAMPLE 10. If Q, = {(x, t): ¢ >0} then Og = C(0) = O x R*.

Let us denote V2, = Vg, where Q. is the vertical line above x.

di =l llf N
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First suppose that 0 < a <1, f e LY/(1-2)(R") and o is a positive
finite measure in R*. Then

du(x,t)= f(x)dxda(t) € Vgy.

In fact, if O C R" then
[ aux, 0| < ( [ i, t)ldx) ( / da(t))

Cc(0) (0] 0
< llol I Il owlOF°.

An example of a measure that isin V* but not in V$; is the Dirac
mass at the point (xg, tp) € R™!. This follows by considering a
collection of cubes converging to xg .

However, for the case o > 1 we get that

V;gd = {0}.

To show this fix a cube Q@ C R" and N € Z+. Decompose Q in
2"V subcubes Q; such that Q;NQ; =@, i # j, Q = J;Q; and
|Qi] = 1Q]/2"N . Now, if u € V2, we have

rad

KI(C(Q)) < lui (U C(Qi)) < S IH(C(QD) < Cu 2 104"

2nN o
=Cu) %ngN = C,|Q|*2"M1=2) 0 as N — 0.
i=1

Hence u=0.

Our first application of the duality result, deals with pointwise es-
timates for the Fourier transform of functions satisfying an H?-type
condition. Consider an increasing function ¥: Rt — R*, y a C!
change of variables. Define the sets Q, = {(y, ) € R2 : |[x —y| <
w(t)}. It is clear that Q) satisfies the hypotheses of Theorem 7. Ob-
serve that

4) Io={(,eR::dy,R\I) > y()}.

We say that a function f belongs to H} if PI(f)(x, t) = P * f(x)
belongs to the space T2, where P is the Poisson kernel in R.

LEMMA 11. Let w and Q be as before, and suppose 0 < p < 1.
Consider the function ¢(t) = w/P=2(t)y'(t). Then, if g € L® and
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du(yv,t) = g)e(t)dydt, we have that u € Vl/p and ||,u||VQI/p <
Collglloo -

Proof. Let I = (a, b) Then, by (4):
R\I))
ul(Ta) < / / T oty

(a+b)/2 py~'(y-a) /p2 /
< gl A w2y (1) dtdy
a

b vy~ (b-y)
+ / / w“ﬂ-zu)w'(z)dzdy) .
(a+b)/2 Jo

y(n)
[ virev@an = 2o,
0 1—-p

But,

and hence,

e (a+b)/2 ) .
u(Io) € Goligllso (/ (y —a)t/r-ldy
a

b
+/ (b—y)‘/"“dy>
(a+b)/2

< Gpligloo(b —a)'?. 0

ProrosITION 12. Suppose v, Q, ¢ and 0 < p <1 are as in the
previous lemma. Then, for f € HY,

00 -1
7601 Gl ([ e oty ae)
Proof. Fix 0 <& <1 and set 9¢(t) = ¢()X(e,1/6)(f) . If we define

dus(y, t) = e ™gy(t)dydt, by Lemma 11, we have that |u,» <
Cp. Now, if f € Hf then P, * f € T}, and by Theorem 8,

< Gollf s -

[ P s aur. 0
R

+

But,

. 1/¢e
[ P fmau, o =17 [ e ip@dr. o
R’ e
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ExampLE 13. (i) If w(¢f) = ¢t in the previous result, we get the
classical estimate for the Fourier transform of functions in H? :

LfGoOl < Cylx| P

We will give more details about this result in Corollary 20.

(i1) If for example w(t) = e! — 1, so that Q, is a domain con-
taining the cone I'(x), then ¢(¢) = (e — 1)!/P=2¢?, and the integral
Jo© e~ *ltp (1) dt converges if and only if |x| > (1-p)/(27p) . Hence,
flx) =0 if |x| < (1 -p)/(2ap) and f € HY. Therefore, since
fr(x) = f(rx) € HS, if f € HE, one finds that f(x) = 0, for all
xe€R,and so H5 =0.

(iii) The above calculations show that, in fact, a necessary condition
for HY, to be nontrivial is that the Laplace transform of ¢,

Zo(x) = /Oo e o(t)dt < 00,
0

for all x # 0, which, for example, happens if for all s > 0, there
exists a constant Cs > 0 such that y(¢) < Cse’?, forall t>0.

We give now a characterization of the class of Carleson measures
in terms of the boundedness of the mean operator. Some related
questions can be found in [7] and [9]. Given a symmetric family
Q such that Q,(¢) is an open interval and for all intervals I C R
there exists (x, £) € R2 with Q,(¢) = I (these conditions hold if, for
example, Q is given by a function y as in Lemma 11), we define the
following mean operator:

1
Tof(x,t) = = fy)dy.
(e ) 1€2x(0)] Ja_q) )
We extend the notion of Carleson measure to consider the case of
weights simply by saying that the pair (u, u) € V§ if

(5) lu(Ig) < C(u(I))®,

where u is a positive and locally integrable function in R and u(/) =
Jyu(x)dx. Thus, in our previous notation, x € V§ means that
(u, 1) € V§. Recall that 4, denotes the class of Muckenhoupt’s
weights (see [5]).

THEOREM 14. () Ifa>1, p >0 and Tg: LP(R, u)— L*(R%, du)
is a bounded operator, then (u,u) € V§, and ||u| < ||Tql|*?, where
ll|| is the best constant in (5).
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(i) Ifue Ay, p>1 and (u,u) €VE, a>1, then Tq: L’(R, u)
— L*?(R2, dy) is a bounded operator, and ||Tg|| < C||u||Y/(@P).

(iii) Fix 1 <p < oo. Then, p € Vs if and only if Tq: LP(R) —
Lo?(R2 , dy) is a bounded operator.

(iv) Let d(x 1) denote the Dirac delta at (xo, to) € R2 . Then the
operator Tg: LP(R, u) — LP(R2, O(x,,1,)) IS bounded, for all (xy, ty)
€R2, and | Tall < Cp(u(Qx, ()))~"/7 . if and only if u € 4,.

Proof. (i) Evaluate Tqf, if f = x;, to get

Q(t)ynI
Tou(x, 0= SO LI > e ),

and hence,

1I)" @ < || Taxrll e < 1Tall 21l ) = | Tallw@)'/?.

(ii) As we saw in Remark 9, if F! = {y e R: A (Tof)(y) > t},
then —~
{(x,s) eRL: Tof(x,s) >t} C F§.

If M denotes the Hardy-Littlewood maximal function, it is clear that
by symmetry, A% f(y) < M f(y), and hence,

u({(x, 5) €Y : Taf(x,5) > 1) < u(F)
< lull((F))* < lul(w{Mf > 3))*.
Using now that LP(u) C LP-*?(u), the classical Lorentz space,

N T fllze (@

00 /(p)
<C (/O P lu({(x,s) eR2 : T f(x, s) > t})dt)1 ’

00 1/(ap)
< e ([~ e s > ) de) ’

= CllullPNMS Iz < Clal P, N2 -
(iii) It is a trivial consequence of (i) and (ii).
(iv) We first observe that forall u€ L. , (6, u) € Vg, and ||d]| <
(u(Qx (20)))~* . Hence, if u € 4,, we get the boundedness of Tgq, by
(ii). Conversely, if f € L?(u),

1o/ 20 = [ fo o, O COMR)

< C((Qx, (t)) ™21 Nry -
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Taking the supremum when ||f |7, < 1,

) 1/p’' -1/p
S — w P+ (x)dx < / u(x)dx )
|Qx, (t0)] </QX0(t0) &) ) (on(to) 9 )

Hence,
1 1 p-
— u(x)dx ————/ © w P (x)dx <C,
(|9x0(10)| o ) <|9x0<to>| ot
and by the hypotheses on Q, this implies u € 4, . O

We consider now the usual case when Q. is a cone, to obtain some
results in the classical theory of Hardy spaces.

DEFINITION 15. Suppose ¢ is a Borel measure in R*. We say that
o is a measure of order B, with f > 0, if there exists a constant
C > 0 such that

t
(6) / dio] < Ct#, foralli>0.
0

In this case, we write 0 € M# and also ||o||,» = inf{C: C satisfies
(6)}-

The following result corresponds to Theorem 8.

THEOREM 16 (see [2], [1]). For 0 < p < 1, the pairing (f, du) —
Joeo f(x, )du(x, t), with fe€TE and p e VP | realizes the duality

of T2, with V1/»,
For our next result, we need to introduce a densely defined bilinear
functional. We will restrict the action of this operator, when consid-

ering distributions in the Hardy space H?(R"), to the dense subspace
# of those functions in the class . with mean zero.

DEeFINITION 17. Fix 1 < g < 00. Suppose F: R* xR" - C is a
measurable function such that if we set F,(x) = F(z, x), z, x € R";
then F, € LI(R"). Let o > 0. For g €. 5, set

Rr(e)(x,2) = [ g0)F(z,y+x)dy.
We define, for ¢ € M2,
Tr(g, 0)(z) = /0 T (Re(8)(+, 2)* P)(0) do (1),
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where P(x) = cy(1 + |x|2)~(**+1D/2 is the Poisson kernel in R", and
Pi(x)=t""P(x/t).

EXAMPLE 18. Suppose ¢ = co and F(z, x) = e~**?. Then |F||c
=1 and if g € % we have that

Rr(e)(x, 2) = [ g()e ™7 dy = en24(2).
Hence,
(Re(@)(- 2+ P)O) = [ e 2(2) ) dx = 2(2)Pi(2).

If 0 < p <1 and we consider the measure do(t) = "(1/P-D-14¢,
then we have that ¢ € M"(1/P=1 since

tn(l/p 1)
/ aIol() = 7=

T [P —
M"(I/P-"U - n(l/p — 1) .

and so,

Therefore,

Tr(g. 0)(z) = /0 " 8(2)B(2) V=01 dy

=cn&(2) /oo p—2ntlzl n(1/p-1)~1 4;
0
and the integral is finite since n(1/p —1) > 0.

THEOREM 19. Suppose 1 < g <oo, a>n/q and 1/p =a/n+1/q,
sothat 0 <p<1. Then

|Tr (8, 0)(2)| < cnllollael1Fzll oy 1 8 | 27 ey »
forall 6 € M* and g € .%4.
Proof. The proof is a consequence of the nontangential maximal

characterization of HP(R") (see [4]): ||glprre) =~ |PI(&)|lr> , Where
PI(g)(x,t)= (P *g)(x). To estimate this quantity we use Theorem



TENT SPACES AND APPROACH REGIONS 229
16, (T2)*=V'/P, 0<p<1:

Te(g. o)) = [ ([ PGRe()w. 2)du) dat)
= [ o0 ([ pF . y+wdu) dydoty

+

= /R..H g (/R P(v—-y)F(z, v)dv> dyda(t)
= [ PI@@, 0F(z, v)dvdo().
R:_H
For a fixed z, consider the measure

du(v,t)=F,(v)dvdo(t).

Then, we claim that g € V12 and |jull,v» < |lof|pel|Fz]lze . Thus,

Te(e, )< [ IPI@©, Dldlulw. 1

< NPI()z el < callollare | Fzllzall gl g -

To prove the claim, it suffices to show that if f € LI(R"), 1 < g <
o0, 0 € M*, with 8 = 1/¢’ +a/n > 1 and we set du(x,t) =
f(x)dxda(t), then € V# and |ull,s < |6l f ]Iz . Now, for a
cube Q CR",

@ < ( /Q 7ol dx) ( / “ d|a|<z>>

<If el @1V llollage| Q1™ = I el sl QI

and so, ||ullys < fllzellollare - H

i/n

COROLLARY 20. If 0<p <1 and g € S(R"), then
18(2)| £ Cu,plz|" P8 e,
Jorall zeR®.

Proof. It suffices to consider the case 0 < p <1 and z #0. We
recall that by Example 18 we have

o0
Tr(g,o0)(z)= c,,g(z)/o e~ 2ntlzln(l/p=1)~1 g¢
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But,
0o
/ e—27zt|z|tn(l/p—1)—1 dt
0

— C|Zl—n(l/p—-1) /°° e_znuun(l/p—l)—l du = Cn,plzl_n(l/p_l) .
0

Hence, by the theorem,

1 Tr (8, 0)(2)] < cnllollae 1 Fzllooll 81| o rey 5

that is,

n(fp-1) < __Sn )
Co pl(2)] |21 e lele

which gives the result. O

REMARK 21. Corollary 20 was first proved in [4], using a differ-
ent approach. Later in [12], it was also proved using the atomic
characterization of H?. We want to give yet another simple proof
using now the duality of the H” spaces. In [3] it is shown that
(HP(R™))* = BX1/P=D: g « b < 1, where the norm on this Besov
space coincides with the Lipschitz norm of order n(1/p—1) (see [11]);

namely,
(A% £)(x)|
Wlsgro= 90 G
heR"\{0}
where, ke N, k> n(1/p—1) and
k £ (k
WHw=3 (§)-vrsecmm,

is the kth order difference operator. Now, we have the following
LEMMA 22. Fix yeR" and a > 0. Then
le™%3 g ~ Iy[°

Proof. Let k € N, k > a and suppose y € R"\{0}. Then, for
heR"

k
(A’,fe—iy- )(x) = Z (’:) (—1) e~ ¥o+rh)

r=0

k
= e 3 (B)cayemn = ee(a by,

r=0



TENT SPACES AND APPROACH REGIONS 231

Hence,
|(Ake™")(x)|? = (2 — 2 cos(yh))*.
Thus,
Ako—iv: - h))k/2
sup I( 1€ _ )(x)] = sup 2k/2(1 COS(: )
X€R" |A| heR™\ {0} Al
heR™\{0}
1 — cosu)k/2
< Culype sup L= 0080
ueR*
_ af2
< Ck sup w_(l — Cosu)(k_a)/zlyla
ueR” u
< Ck ,alyla ’

since k > a. Conversely, we want to show that for any y € R*\{0},
there exists an 4 € R™\{0} such that |y| = |#|~! and 1 - cos(yh) =
1 —cos(1) > 0. In fact, if # = y/|y|* then trivially |y| = |h|~! and
y-h=1. Hence

le™ " || go.c= > 2%/2(1 — cos 1)*/2|y|®. O

Thus, by the duality between H” and Brl/P=D. g . p <1, and
using this lemma, we find that if g € %

12001 = | [, stwre x| < el g
< Ca oI Dligl .

As a curiosity, and from the proof of Corollary 20, we see that

0o -1
e g~ ([T Bt ar) L a0,
& 0

One can also get very easily that, for s > 0, 1 < g < oo we have for
the Besov space B9, |le=”" ||z« ~ |y|*. Hence (see [13]), since

b

(By9)* = B;Hn(l/p-l),q'
O0<p<l1, 0<g<oo, O<s<n(l/p-1),

and

(F;,q)* — Bo—os+n(1/p—l),oo

b

O<p<l, 0<g<oo, O0<s<n(l/p-1),
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where ¢’ = 00 if 0 < g <1, and Fps’q is a Triebel-Lizorkin space
(see [13]), then, by a similar argument as above, we obtain

0] < Clyl=+ 2D £ e,
O0<p<l1,0<g<o0, O<s<n(l/p-1),

and

FON < CIYsH D) £ e,
O<p<l,0<g<o0, O<s<n(l/p-1).

The following result gives the regularity of a harmonic extension in
the x-variable, when integrated against an A/® measure on ¢.

COROLLARY 23. Suppose 1 < qg< oo, a>n/q and 1/p = a/n+
1/q'. For a function f € Li1(R") and o € M* define

K(f, o)y / (Pox £) ) do(2).

(i) If 0<p <1 then,
K: LI(R") x M® — B/P=1)-

and
IK(S 5 o)l grum—.0 < Cullollage |l Ml omey -

(i) If p=1, then
K: Li(R") x M* — BMO,
and

IK(f, o)llBmo < Cullollarellf Nl Lowr) -

Proof. We will only show (i), because the proof of (ii) follows sim-
ilarly. Since (HP(R"))* = BX!/P=D: then to show that K(f, o) €
BI/P=1).% e only need to see that

| e0K( . )0 ] < Calllel sl
forall ge . Set F(z, x) = f(x), for all ze€ R". Then,

/g(y)K(f o)(y)dy = / / (P, + F,)(y) do(t)dy
= Tr(g. 0)(2),
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for all z € R". Hence, by Theorem 19,

| €07, )0 dy| < Calolar S sl o

We now give another application of our duality techniques to es-
timate harmonic extensions to R%*! of functions in H?. The next
theorem gives, as a particular case, a generalization to higher dimen-
sions of the Féjer-Riesz inequality (see [S] Theorems I-4.5 and I11-7.57,
for the case p = 1), and shows that it can also be proved in all cases
0 < p <€ 1. Moreover, in the previous theorems, the authors work
with the atomic characterization of H! and some extra conditions on
the kernel are required, that will not be needed in our proof. This
inequality gives the behaviour in the vertical z-direction for the ex-
tension ¢, * f(x), relative to a kernel ¢, with f € %, instead of
the well-known growth on the x-direction for the harmonic extension
u = PI(f); namely,

sup [ |u(x, t)Pdx < C||f |3 -
>0 JR"

The proof is based in finding the right pairing for an appropriate Car-
leson measure.

THEOREM 24. If 0<p <1, F € T? and o € M"?, then

sup [~ \F(x, 0] dlol(0) < 10l 1Pl
xeR"JO

Proof. Fix x € R* and set du(y, t) = dx(y)da(t), where Jy is
the Dirac mass in R® at the point x. Then x € V/? and |jul,w <
llo ||y . In fact, since p <1, then if Q is a cube in R® we have that

i@ < ( /Q ) ( / ©

Therefore, since (T2)* = V'1/7 we get that

[T iE oldiolo < [ Fo, ol 0
0 R

1/n

dIO'I(t)) < 1QI"7 o || pgrs -

+1

S WFllzz llallyve < llallygrell Fll7z, - 0

For the next result we introduce the following notation (see [14]):
if fe S, 0<p<1 and we choose p € L' NL>®, [ap(x)dx #0
then we say that f€ Hy if ||fllpe = lo:* fllr <oo.
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COROLLARY 25. Let ¢ be as above, 0 <p <1.

(i) (Féjer-Riesz inequality, if ¢ is the Poisson kernel.) If f € H} ,
then -
sup [~ (@ NP dt < o plf .
x€eR"JO ’
(i) With more generality, if p < q <1, then for f € Hy we have

sup [ (g NP i < Co I Iy -

x€R"JO

Proof. (i) Consider the function F(x, t) = (¢; * f)(x) and the
measure do(t) = t"/?~1dt. Then F € T2, and ¢ € M"/? . Hence, by
the previous theorem,

sup /O " \pex 1))l dt

x€eR"

= sup [ 1F(x, 0ldlal) < Gl -

xeR" JO
(ii) Let p < ¢ <1 and consider now the function

F(x, t)=|(g:* f)(x))4.
Then F € TZ? with ||F|we = |f%, . Also, if we set do(t) =
tan/P=1 4t then o € M"/P and hence, since p/q <1,

(o o]
sup /0 (@ )P dt < Co pIFllgwe = Capll f 1%, T
xe n o0 [4
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ON SIEVED ORTHOGONAL POLYNOMIALS X:
GENERAL BLOCKS OF RECURRENCE RELATIONS

JAIRO A. CHARRIS, MOURAD E. H. ISMAIL, AND SERGIO MONSALVE

Orthogonal polynomials defined by general blocks of recurrence
relations are examined. The connection with polynomial mappings is
established, and applications are given to sieved orthogonal polynomi-
als. This work extends earlier work on symmetric sieved polynomials
to the case when the polynomials are not necessarily symmetric.

1. Introduction. We study in this paper systems {p,(x)} of orthog-
onal polynomials defined by general blocks of recurrence relations of
the type

(1.1) (x = BPpie(%) = Puics1(X) + @Dy (x)
(X = BN Dk j(X) = P jur (%) + @ P j_1 (%),

k-1 k-1
(% = B D 1yie-1 (%) = Py (%) + @5 D pmrrye—a(x),
0<j<k-1, n>0, and satisfying initial conditions

(1.2) p-1(x) =0, po(x)=1.

We shall assume aﬁ,j) >0, j=0,1,...,k—1, n>0 and also that
k > 2. Observe that the p,’s do not depend on a(()o) , SO we make
the convenient choice a(()o) = 1. Clearly {p,(x)} is a system of monic
orthogonal polynomials.

The case of bf,j) =0, n>0, 0<j<k-1, has been treated in
a previous paper [9] by Charris and Ismail, where they also assumed
that the determinants

x -1 0 0 0 0
—a? x -1 0 -~ 0 0

13 A2, k=)= 0 -4 x -1 .- 0o o,
0 0 0 0 a¥V x

237
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are independent of n, thatis A,(2,k—1) =Ag(2,k—-1), n > 0.
These two assumptions were motivated by the desire of the authors
of [9] to provide a unified approach to symmetric sieved orthogonal
polynomials.

Here we remove those two assumptions. Having done this, now
(1.1) covers, of course, all monic three-term recurrence relations defin-
ing orthogonal polynomials. However, the separation in blocks is again
naturally motivated by general sieved orthogonal polynomials and, as
we shall see, also arises naturally when considering systems of polyno-
mials obtained via polynomial mappings. In both cases A,(2, k — 1)
(with x changed to x — bf,l) , X — b,(,z) R bﬁ,k_l) in descending
order along the main diagonal) is independent of ». This is clearly
the case for sieved polynomials of the first kind where aﬁ,’ ) = 1/4,
b,(,l) = bﬁ,j) =0, n>0, 2<j< k-1, butitis not so clear for
polynomials obtained by means of polynomial mappings. In fact to
prove that the modified determinant A,(2, kK — 1) is independent of
n in the case of polynomials obtained via a polynomial mapping, we
needed to apply results where A,(2, k — 1) may depend on n. This
is done in §4.

This paper not only represents a further contribution to the under-
standing of general sieved orthogonal polynomials and systems deter-
mined by polynomial mappings, but it also covers more general sys-
tems which are not determined by polynomial mappings. As a matter
of fact, orthogonal polynomials defined through blocks of recurrence
relations, which are not necessarily sieved orthogonal polynomials and
do not originate—a priori—in conjunction with polynomial mappings,
have continued to appear in the literature, mainly in connection with
problems in physics and chemistry (see, for example, [6], [10], [20],
[21]).

The paper is organized as follows. Section 2 contains basic relation-
ships and preliminaries while §3 describes the link polynomials which
tie together the different blocks. Section 3 also exhibits the fundamen-
tal recurrence relationships satisfied by the link polynomials. These
fundamental recurrence relations will enable us to express the polyno-
mials under consideration in terms of the link polynomials. Section 4
studies the connection with polynomial mappings, and §5 deals with
sieved polynomials.

The evaluation of the Stieltjes transform of the orthogonality mea-
sures of the polynomials {p,(x)} and their associated families are
included in §3. Recall that if {p,(x)} is a system of monic polyno-
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mials which are orthogonal with respect to a unique measure u with
total mass 1, then the Stieltjes transform of u is

+o00
(1.4) xey= [T yec-r,
oo X —1
and the literature on the moment problem (see [4], [11], [19]) ensures
that
(1) )

X
(1.5) X(x) = lim 2=l

, xeC-R,
n—oo  pu(x)

where {pf,l)(x)} is the system of associated polynomials of order 1 of
{pPn(x)} (see §2 for the definition of {p,(,l)(x)}). Hence, if {p,(x)} is
given a priori by a recurrence relation such as (1.1), and it is known
in advance that they are orthogonal with respect to a unique measure
4 with total mass 1, then u can be determined from X(x), as given
by (1.5), via the Perron-Stieltjes inversion formula ([7], [S], [14]),

+00 . 1 +00
(1.6) fdu=lim — {X(x—ie) - X(x+ie)}f(x)dx,
oo e—0+ 27i J_
which holds for any bounded and continuous numerical function f
on R provided that the support of du is contained in a half line.
The existence of a unique measure u as above can be guaranteed
from properties of the coeflicients af,’ ) in (1.1). This is the case, for
example, if there is a constant M > 0 such that

(1.7) 0<a’ <M, 0<j<k-1,n>0.

In what follows, we will assume that conditions such as (1.7) are given
which guarantee the uniqueness of x. This is expressed by saying that
the Hamburger moment problem for {p,(x)} is determined.
The notation
1, n=0,

(1.8) (a)n={a(a+1)(a+2)..-(a+n—1), nx1,

for shifted factorials will be used throughout. If a #0, -1, -2, ...,
then the shifted factorial is

(1.9) (@n =520,

where I' stands for the Gamma Function ([18]). The series

) b — nbn n
(1.10) ZF,(“C ’x):Z(—‘(’Z)'E—ngx, Ix| <1,

n=0
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is the hypergeometric series. We recall the binomial formula ([18])
(L11) (1—x)—a=2F1(“’11 x), x| <1,

and the Euler integral representation ([18])

1
(1.12) /tb‘l(l—t)c‘b‘l(l—xt)_“dt
0
_T(d)I'(c—-b) a, b
gAY ):

which holds for |x| < 1, when Re(c) > Re(b) > 0. Since the right-
hand side of (1.12) is meaningful as long as b >0 and ¢ and c—b
are not integers < 0, we can define

(1.13) /Ol_ltc(l—xt)“A(l—t)‘Bdt

T+ 1I'(-B+1) A, c+1 )
T T T(-B+c+2) '\ -B+c+2

whenever ¢ > —1, |x| <1 and B is not an integer > 1. The integral
in (1.13) is called a Hadamard integral and will be used in §5. Details
about the theory of Hadamard singular integrals can be found in [4],
(8], [17].

2. Basic results. The results in this section and the next section
follow closely those of §§2, 3 in [9], so our treatment will be rather
sketchy.

The system of equations (1.1) can be written in matrix form as

[ Dnk+1 | [ (x - bSlO))pnk 1
Dnk+2 af,l)p,,k
D
@2.1) a| P3| 0 ,
DPnk+k-1 0
| Pnk-1 | Dnk+k J

vséhgre A is the k x k matrix
) © -

1 0 0 0 0 0 0 af
x=b -1 0 0 - 0 0 0 0
-a? x-p® -1 0 -~ 0 0 0 0
4=1 9 R A 0 0 0
0 0 0 0 - —a%? x_pk-2 -1 0
0 0 0 0o - 0 —a%0  x_pD o
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We will also write

0, ]<l“’2a
(2.3) An(i, ) =14 1, j=i-2,
x=b{"V, j=i-1,
and
(2.4) .
x-bY -1 0 0 0 0
—a) x—plD -1 0 -~ 0 0
0 —aith x—pith 1 ... 0 0
An(i, j) = . ) . A .
0 0 0 o - ——a,gj) x—bf,j)

for n>0and j>i>1.
We now solve (2.1) for p,i.; in terms of p,; and pui.x by
Cramer’s rule and obtain the recursion

(2.5) An(2, k= D)ppierj = Mn(2, j — D)Ppicrk
+aMa - aP A+ 2, k= Do,
n>0,j=1,..., k-1

Furthermore,

(2.6) a¥A(2, k — Dy
= [(x = B AR(2, k = 1) = aVAn(3, k = DIDpk = Prksrc »
n>0.

In particular (we assume p_;(x)=0, j=1,2,...),
(2.7) pe(x) = (x=b§")Ao(2, k—1)—a"Ao(3, k—1) = Ag(1, k~1).

For i =1,2,..., k-1, the associated polynomials of order i,
{pﬁ,’)(x)} , of {pn(x)} are defined recursively by

(2.8) (x — b'(lj))p;(zllz—iﬂ = plelz—i+j+1 + at(ij)plelz—wj—l >
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Phx) =0, p(x)=1.
Writing (2.8) in matrix form and solving for pfdz it
p((,? 1)k and pft ,Z ; Bives, exactly as in [9], the following results

in terms of

(2.9) An(2, k=)D, =An(2, j = DD, 1
+a£,l) anA(J+2 k—l)pnkz’
and
(2.10) aPAn(2, k- 1)p%_,_,
—p((ﬂ)+1)k—i +[(x - b(o))An(Z k—1)
—a"An(3, k= D)Ip)_, forn>1.
Let Ay(i + 1,k — 1) be the matrix whose determinant is (2.4) with

j=k=1 (sothat Det(A,(i + 1,k — 1)) =Au(i + 1, k —1)). Then
the relationship

- p(()) - - 0 -
(2.11) R+ 1, k-1 | = |=1]: 1,

P;%,--z <0)

l 1

P14 LPrlid

the initial condition poi)(x) =1 and Cramer’s rule give
(2.12) ) =Aoli+1,j+i=-1), j=0,1,....k—i
In particular we find

(2.13) P (x) = Ag(2, k - 1).

The associated polynomials of higher order {p (k1) (x)} , 1 >0
i=0,1,2, , k — 1, are defined by
(lk+i) _ o (k+i) () . (Ik+i)
(2'14) (x bn+1)pnk l+](x) _pnk—i+j+1(x)+anj+lpnk ll+] l(x)
Py =0, p*x):=1, j=0,1,..., k-1

Thus,

(lk
(2.15) Aps(2, k=1)p nk*;{j
lk
= 8nt(2, J = DDl

Ik
+ aiﬁz a}(’H)-lA’H'l(] +2, k= 1)p| Dy +zl)=
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j=0,1,..., k-1, n>1,and
(2.16) ,(leA,H,(z k - 1)plErh
= kD 1 = b2, k= 1)
- a,(1+1 n+1(3, k — 1)]P,(,I;fj,l),
n>1. Also,
(2.17) Py =Ai+1,j+i-1), 0<j<k-i

3. The link polynomials. Denote with {P,S”(x)} the system of poly-
nomials defined for / > 0 by

(3.1) [(x~- b,,+,) n1(2, k= DApyy 2(2, k= 1)
n_,_[ n-f-l(3 k - l)An+l 12, k=1)
—af,‘iZ,An+l< — DA 12, k=217 (x)
= Apyr-1(2, k= )PY, (x)

+a9a) % hA2, k-1DPY (x),  n20,
and the initial conditions
(3.2) PYx) =0, PPx) =1

We adopt the convention

(3.3) Ay(2,k=2):=0, A (2,k—1):=1.

In (2.5) replace n —1 by n and take j =k — 1 to find

(3.4) An_1(2, k= D)ppp—1 = An—1(2, k = 2)Dpx

2 k—
+a0a? - al P, n> 1

This, together with (2.6) and (3.3), shows that if P,(x) = p,(x),
n >0, then {P,(x)} satisfies (3.1) and (3.2) with / = 0. Hence,
(3.5) P(x)=P%x), n>o0.

The polynomials {P,(x)} are called the link polynomials of the
blocks (1.1) defining {p,(x)}.
Let

3.6) W (x), P (x))
PPy, PMY(x)

= A2, k—1)
PO (x), PV

n>0,
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be the Casorati determinants of {P,El) (x)}. Then

w (B (x), PV () = A2, k- 1)
and
3.7 wE(x), )

n
0 (1 k-1
=8p1-1(2, k= 1) Ha§-+)la§.+)1_1 ' "a;('+1—)1a n2l

j=1
Since W(P,sl)(x), P,Sl:’ll)(x)) is not identically zero, {P,Sl)(x)} and

{P,(,lfll)(x)} are linearly independent solutions of (3.1).
Let {Qn(x)} be a system of polynomials satisfying (3.1) for n > 1.
Then

(3.8) Qn(x) = APV (x) + BP" D (x),  n>0,
where
(3.9) Ag=Qo(x), B=0(x)—Q(x)PV(x).

This follows from {P,(,l ) (x)}, {P,Slfll)(x)} being a basis of solutions of
(3.1).

For example, it is readily seen that {p,(zl,f) (x)} satisfies the recurrence
relation (3.1) for n > 1, and a calculation based on (3.8) and (3.9)
gives
A2, k=2) a4
Ao @ k=Dt )

which holds for /, n > 0. Observe that p,;(x) = p,(gc)(x) = P,(,O)(x) =
P,(x). On the other hand, if i = 1,2,...,k—1 and Qu(x) =
P l_i(x), then {Qn(x)} satisfies (3.1), with [+ 1 in the place of
[, for n > 1. A calculation based on (2.15), (2.16), (2.17) and (3.9)

then gives

(3.10) p"(x) = P(x) + a2, k- 1)

(Ik-+i) A (I+1) © A1(2, k- 1)
(3.11) p(n+1)k—i(x) —A[(l+ 1, k- I)Pn (X)+al+lm

(Uk+1) _(k+i)  _(k+1) (k+i) 3 p(I+2)
X[Dg_y 'Py_i’ —Pr_y Pr_i 1Py

for n > 0, and it is easily verified that

312 WY, o) = b B~ )
_ al(z') o al(k—l)pl(l_k;l)
=a...a* Va2, i-2).



BLOCK ORTHOGONAL POLYNOMIALS 245

Thus we have established the explicit representation

(3.13) PO ) = A+ 1, k= DRI (x)
+aQa? a2, i -2)
A2,k - 1) (142
AQ k=T) fnt %)

which holds for n >0, />0, i=1,2,...,k—1. When i=1 we
have

(3.14) P () =42, k=P (x),  n>0,
and when A,(2, k — 1) is independent of n,
(3.15) PP x) = PO(x) + a9 12, k= 2)P" P (x),
(3.16) P (%) =82, k= NP D(x),
(3.17) PO () = A+ 1, k= )PV (x)
+a®a? a2, i -2 PP (x),
n>0,i=2,3,...,k-1.
Let
(l+l)( )
(3.18) PO(x) = lim , xeC-R.

=00 P(l)(x)

The Stieltjes transform of the measure of orthogonality of {pﬁ,l i) (x)}

is

(3.19) X; 1(x) = lim “2=L__—~
= i (x)

/1>0,i=0,1,2,...,k—-1. From (3.10), (3.13), and (3.3), we

obtain the following formulae

(3.20)  Xoo(x) =402, k—1)PO(x),  i,1=0,

. xeC—-R,

(3.21) Xp (x)
_ Al_1(2, k= 1DA(2, k- 1)PO(x)
Ay (2, k=1 +aOA2, k- 1A, (2, k=2)PO(x)’
>0,
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and
N; .

(3.22) X; (%) = 15+, [>0, i=1,2,..., k-1,
D; ,

where

Nii=82,k-DA(i+2,k-1)

+ al(-(&)-)lal(i+l) ... a[(k_l)AHl(z k- VA2, i - I)P(1+l)(x)

and
D; j=0Q2,k-1D)A>G+1,k-1)
+aQa" - a* VAL 2, k- 1)A2, i - 2)PHD(x),
for [ >0,i=1,2,...,k—1. When A,(2, kK — 1) is independent
of n, the above relationships simplify to

(3.23) Xo,0(x) = 802, k = 1)PO(x),

A2, k- 1)PD(x)

0) , [>0,i=0,
L+a; A1 (2, k—2)PD(x)

(324) Xo(x)=

and
(3.25) X; ;(x)
A(i+2,k=1)+aQa™ . .a VA2, i~ 1)PHD (x)
Ai+1, k=1 +a0a? - a VA2, i - 2)PE+D(x)
[>0,i=1,2,...,k—1.

REMARK 3.1. When A,(2, kK — 1) is independent of n, (3.1) be-
comes

(3.26) [(x = bQ,Ana(2, k= 1) —al)An (3, k= 1)

n+l
~a® An 12, k- 2)1P (x)
) 0 1 k—1 1)
= rs-zl(‘x) + afhzlar(z-zl—l ‘ "a£z+l—)lprs~)1(x) ) n21,

and (3.2) continues to hold.

4. Connection with polynomial mappings. Let {g,(x)} be a system
of polynomials such that go(x) = 1 and for every n, g,(x) has
degree n and positive leading coefficient. In addition, assume that the
polynomial set {g,(x)} is orthonormal with respect to a probability
measure u whose support is contained in [-s, 5], 0 <s < 4+00. Let
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T(x) be a polynomial of degree k > 2 with simple zeros such that
T(x) > s whenever T'(x) = 0. We say that T(x) is a polynomial
mapping for {g,(x)}. Choose W(x) = k~1T'(x), and let {p,(x)} be
the system of monic orthogonal polynomials obtained from {g,(x)}
via the polynomial mapping 7'(x) (with W (x) as above) in the sense
of Geronimo and Van Assche [12]. Assume {p,(x)} is given by (1.1)
and (1.2). It follows from (2.3) of [12] that

(4.1) Puk(¥) = " Vingn(T(x)),  n20,
where c is the leading coefficient of 7'(x) and

(0) n—1
_ 0 (1) (k-1)
(4.2) A”‘W”aj a;’---a; 7, n>0.
a4y j=0

More explicitly, let 7(x) and W(x) be as above, and assume that
a system of polynomials {Q,(x)} is given by
(4.3)  (x — Cp)Qn(x) = 4nQny1(X) + BnQn_1(x), n>0,
Q_1(x)=0, Qo(x)=1

Let {g,(x)} be the corresponding system of orthonormal polynomials;
ie.,

On(x)

n(x) = —F== n>0,

m > Pty

where
A)
An= [ On(x)du(x).
-8
If T(x)= cf‘(x) with f’(x) monic, then
44)  (T(x)-c'Co)pue(x)
= Dukek(X) + €2 Ay BuP(n_1ie(x),  n2>1,
po(x)=1,  pe(x)=T(x)-c'Co,
so that
(4.5) Pui(X) =c""Ag -+ Ap_1Qn(T (X)), n>0.

We also say that {p,(x)} is obtained from {Qn(x)} via the polyno-
mial mapping 7(x). Our next result gives a sufficient condition for
A,(2, k- 1) to be independent of n.
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THEOREM 4.1. Let {p,(x)}, as in (1.1) and (1.2), be obtained
from {Qn(x)}, given by (4.3), via the polynomial mapping T(x).
Then An(2, k — 1) must be independent of n.

Proof. Let T(x) = cT"(x) and T(x) monic. Then (4.4) and (4.5)
hold, and from (3.1) with 1 =0 and (3.5) we obtain
[(x = BY)A(2, k= 1)A,_1(2, k — 1)
—a,,‘)A (3, k=1)A,_1(2, k—1)
— a2, k= 1)A,_1(2, k=2)
—Ap_1(2, k= 1)(T(x) = 7' Ca)Iome
=[An(2, k= DaPaM), ... a*D

—An_1(2, k- l)c 2An—anlp(n—l)ka n>1.

Since the left-hand side is either 0 or a polynomial of degree at least
nk , whereas the right-hand side has degree nk — 1 at the most, both
sides must vanish. Thus,

A2,k —1)=Ap 1 (2, k—1)=Ag(2, k- 1),

aﬁ,o)afll_)l - --af,k__ll) =c¢"24,_1B,, n>1.

REMARK 4.1. The preceding results also imply

(4.6) T(x)=(x-bM)Ao(2, k- 1) —aMAy(3, k- 1) —c7'Cy,

(4.7) Cyp=Co+c(@PA,_1(2, k —2)
+a A3, k-1) —aVA(3, k= 1)), n>1,

and
4.8 a,(,o) + aﬁ,l) =aV , n>1.
( 0

REMARK 4.2. We shall see in §5 that the condition on A,(2, k- 1)
being independent of 7 is not sufficient for {p,(x)} to be obtained by
means of a polynomial mapping. Assume, however, that (1.7) holds
and that

(4.9) An(x) 1= aDA,_1(2, k=2)+aPA(3, k—1)—a{MAg(3, k—1)

is 1ndependent of x (which implies that (4.8) holds). Let 0 < s < +0
be such that the inverse image of [-M, M] under Ay(l, k —1) is
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contained in [—s, 5], and choose ¢ such that cAy(l, k—1) > M at
all points where Ag(1, kK —1)=0. Let

(4.10) T(x)=cAp(l, k—1).
Since Ay(1l, k — 1) = pp(x), Ao(l, k — 1) must have real and simple
zeros. Let {Q,(x)} be defined by

(4.11)  (x — Cp)On(x) = Qppr +aaM ---a¥* V0, 1 (x),
n>1,

QO(x) = 1: Ql(x) =
where Cp =0, C, =cA,(x), n>1. Then
(4.12) Pk (%) = ¢c7"Qn(T(x)), n>0,

and T'(x) is a polynomial mapping for {Q,(x)}. Hence {p,(x)} can
be obtained via a polynomial mapping.

5. Sieved orthogonal polynomials. Let {p,(x)} be given by

(5.1) (% = bV (%) = Pt js1(X) + @Dy jor (), m>1,
p-—l(x)=09 pO(x)= 17

with

(52) B=0, 1<j<k-1; af =7, 2<j<k-1;
n>0.

Then {p,(,i)(x)}, i=0,1,2,..., iscalled a system of sieved orthog-

onal polynomials. When k > 2, {p,(x)} is called a system of sieved
orthogonal polynomials of the first kind, and {pﬁ,l)(x)} a system of
the second kind. Curiously, because of historical reasons (see [2])
{pﬁ,l)(x)} is not the system of sieved polynomials of the second kind
of the system {p,(x)}. Instead, the system of sieved polynomials of
the second kind of {p,(x)} is the system of polynomials {q,(,l)(x)}
with {g,(x)} determined by

(5.3) (% = B9 i (%) = dnes 1 (%) + 8P e j1 (%)

nZO: OSJSk_l,
where
5.4) ¥ =4, aV=4, a’=-, 2<j<k-1,

n>0,

INES

5,(10)=b§,0), Y =0, 1<j<k-1, n>0.
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When k = 2, the above definition is applicable provided that we
choose a = 1/4 instead of a ~(° = a(()l) in (5.4).

If {p, (x)} is a system of s1eved polynomials of the first kind, then
A2, k=1)=Up_1(x), An(2,k-2)=A,(3,k—1)=Ui_5(x), and
their monic link polynomials {P,(x)} satisfy
(5:5)  [(x =B Tioy(x) — (@ + @) Uy (x))Pa(x)

n+1(X )+42k(0) ()Pn—l(x)’ n>1,

n 1

Pox)=1,  Pi(x)=(x = b Ueos(x) — a3 Tp (),
where {U,(x)} (see [18]) is the system of monic Chebyshev poly-
nomlals of the second kind: U_l(x) =0, Uo(x) =1; xU,,(x)
Upir + & U,,_l(x) n > 0. This follows from (3.26). Relatlon (5.5)
can also be written in the form
(5.6)  2'H[Ti(x) — b Uy (x) + (1 = 2(a + @i ))1Pa(x)

= P (x) +47%a0dV P, (x), n>1,

Pyx)=1,

Py(x) = 2'7¥[Tie(x) = B Up—1(x) + (1 — 2a() Up_(x)],
where Up,(x) = 2"[7,,(x) = sm( +1)8/sin6, if x = cosf, and
To(x) = 1, Tu(x) = 4((Un(x) = Up—2(x)), n > 0, are Chebyshev
polynomials of the second and first kinds, respectively. It follows that
if
5.7 aV=1; b0 =0, a9 +a) =1, n>o0,
in which case {p,(x)} is called a system of sieved random walk poly-
nomials of the first kind (see [7], [9]), then

1 -
(5.8) Puk(%) = Pa((x) = =57 0n(Tk(x))
where {Qn (x)} is the system of orthogonal polynomials determined
by
(5.9)  x0n(x) = Ons1(x) + 443720, 051 (x),  n 20,
0.09=0, Qof)=1.

In other words, {Q,(x)} is the system of monic polynomials of the
system {Q,(x)} given by

(5.10) XQn(x) = AnQns1(X) + BnQp_1(x),
Q_1(x)=0, Qo(x)=
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with 4, = 24V, B, =2a®, n>1, 49 =1, By = 0. Relation
(5.8), which can also be written

(5.11) p(x) = 22l 0, (T (x),

means that {p,(x)} is obtained from {Q,(x)} (or {Qn(x)}) via the
polynomial mapping 7(x) = Ty(x). Since 4, + B, =1, n > 0,
{Qn(x)} is a system of random walk polynomials ([7], [9]). The con-
verse is a consequence of the following theorem.

THEOREM 5.1. Let {p,(x)} be a system of sieved polynomials of
the first kind, and assume that {p,(x)} is obtained from the system of
orthogonal polynomials {Q,(x)},

(5.12) (x = Cp)Qn(X) = AnQn+1(X) + BnQn-1(x), 120,
Q-1(x):=0, Qi(x):=1,

by means of the polynomial mapping T(x). If k > 2, then

(5.13) b =0, a9 +al) =4’, n>o0,

and Qn(x) = Ry(x — Cy), where {R,(x)} is a system of symmetric

polynomials.

Proof. Assume {p,(x)} is obtained from (5.12) by means of the
polynomial mapping 7(x) = cT(x), with T(x) a monic polynomial
of degree k. It follows at once that

(5.14)  pu(x)=c"Ag-+ Ap1Qn(T(x)),  n>15p(x)=1,
so that
(5.15) (T(x) = ¢~ Cn)pu(x)
= Duk+k(X) + ¢ 2 Ap_1 BuP(n—1)k (%) 5 n>1,
po(x):=1, pi(x)=T(x)-c"'Cp.
Thus,
(5.16) T(x)—c™'Co = Tie(x) = B Upy (x) + 111 = 2a{"1Ts_»(x)
and
(5.17)  T(x)— 7' Cp = Ti(x) + 11 = (@ + ai)1Ty_(x)
b U_i(x), n>1
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Therefore,

(5.18) ¢ }(Cn ~ Co) =[a}’ - (a} +a£3>>wk 2(x)
(bé°’— NO(x),  n21,

so that

(5.19) b =L, a9 +a) =4, C,=C,, n>0.

Hence (5.18) holds, and if R,(x) = Qn(x+Cp), n >0, then {R,(x)}
is a system of symmetric orthogonal polynomials and Q,(x) =
Rn (X - CO) . (]

COROLLARY 5.1. Assume the polynomial mapping of Theorem 5.1
is T(x) = cTi(x), ¢ > 21, and that {p,(x)} is obtained from the
system {Qn(x)} by means of the mapping T(x). If k > 2, then
{pn(x)} is a system of sieved random walk polynomials of the first
kind. If, in addition, ¢ = 2%-1, then Q,(x) is a system of random
walk polynomials.

Proof. From (5.15),
Ti(x) = ™' Co = Ti(x) = 00" Uiy (%) + 3(1 = 20 ) Ty ().
It follows that Cy = b(o) =0 and a(l) = %. Also, from (5.17),
Ti(x) = 7' Cn = T (%) = 00U () + 311 - 2(ar” + @),

so that bﬁ,o) C, =0 and a(o) +a£,1) % n > 1. On the other hand,
if ¢ =2k-1,
(5.20)  Tp(x)Qn(Ti(x)) = AnQn+1(Ti(x))

+ BnQn-1(Ti(x)), n2=1

Also,
(5.21)  Tp(x)Q4(Tr(x)) = 2a" Q)1 (Tic(x))
+2a00, (Te(x)), n>1,
with
2n(k—2)

(5.22) Q(Ti(x)) =1;  Qn(Ti(x)) = a(()l)agl)”_aﬁll_)lpnk(x);

n>1,
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as follows from (5.10) and (5.11). Hence, from (5.20) and (5.22),
Qn(x) = Q.(x), and then 4, = 24", B, = 24, n > 1. Thus,
Ap+ B, =1, n > 1, and, since Ay = 2a((,l) = 1, it follows that
{Qn(x)} is as random walk polynomial system.

Theorem 5.1 and Corollary 5.1 generalize results in [9] from the
case of symmetric polynomials to general polynomials which are not
necessarily symmetric.

REMARK 5.1. The system {p,(x)} of sieved Pollaczek polynomials
of the first kind (see [8]) has the recurrence coefficients

©___n  y__n+t2A - p_1

(5.23) ay “dn+a+n) " Tadnmrarr *® T@
2<j<k-1, n>0,

=L W-0, 1<j<k-1, nx0.

It follows from Theorem 5.1 that if k£ > 2 and a # 0, it cannot be
obtained from any system of orthogonal polynomials via a polynomial
mapping. On the other hand, if a = b =0, then {p,(x)} is a system
of sieved random walk polynomials, namely, the sieved ultraspherical
polynomials of the first kind of Al-Salam, Allaway and Askey [2], and

(524 Pl = IO, 20,
where
(5:25) X0(x) = 5250 (1) + 5o On (), M2 1,

Qo(x) =1, @Qi(x)=2x.
This follows from (5.11). It is readily seen that

(5.26) On(x) =

where (see [18])
(5.27) 2(n+A)Cu(x,A) =(n+ 1)Cpyii(x, A)
+(n+22-1)Cy_1(x, 1), n>0,
C_i(x,2)=0, Cyx,1)=1
is the system of ultraspherical polynomials. Thus,

(5.28) Ppi(x) =

(21) ——Cu(x, ), n>0,

2"k(/1) Ca(Ti(x),4), n>0.
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We also observe that if under the remaining assumptions of the
sieved ultraspherical polynomials of the first kind, i.e.,

(0): n  _ n+ 21

= >
29 @’ =y Y Tamea b
a'g):%’ bO — p0 — p0) =
ZS]Sk_la nZO:

we change a(()l) from 1/2 to a/2, a # 1, then, if kK > 2, {p(x)}
cannot be obtained from any system of orthogonal polynomials by
means of polynomial mappings (because a,(, )+ an =1/2 # a/2 =
a(()l)) . However, it eas1ly follows that

(3:30)  Puic(x) = S5 [Cn(Tk(x) 5 4)

2nk( )
+2(1 — @)Uy 2 (x)CV (T (%), A)

n—

+24(1 — @) CP (Ti(x), A)],

or equivalently,

(3:31)  puk(x) = sz laCu(Ti(x), 4)

2nk( )
+24(1 = a)xUp_ (x)CV (Ti (%), M1,
n>1,

where {C,(,i)(x, A)} denotes the system of ith-associated polynomi-
als of {Cy,(x, A)}. Note that if k = 2, (5.30) shows that {p,i(x)}
originates via a polynomial mapping.

REMARK 5.2. Let {p,x(x)} be given by (5.1) and (5.2), and as-
sume that {p,(x)} is obtained from the system (5.12) by means of
a polynomial mapping T(x) It follows from the proof of Theorem
3.1 that if k > 2 then b b(()o), n>0,ie., b,(,o) is independent
of n. The general (non-symmetric) sieved Pollaczek polynomials do
not satisfy this condition (as b # 0). Hence, they cannot be obtained
via polynomial mappings, even if k = 2. However, the symmetric
sieved Pollaczek polynomials (b = 0 in (5.23)) can be obtained via a
polynomial mapping when k = 2. In fact,

(5:32) Panl¥) = g Pa(Ta(6)), m 20,
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where P,(x) = Py(x,4,a,a), n> 0, is the system of the Pollaczek
polynomials

(5.33) 2[(n+ A+ a)x + alPu(x)
=n+DP(x)+(n+21-1)P,_1(x), n>0,

p-1(x)=0, Px)=1
Thus, Theorem 5.1 cannot be extended to the case k = 2.

REMARK 5.3. It is usually assumed that a(()l) = 1/2 for sieved poly-
nomials of the first kind (perhaps for historical reasons, because this
was indeed the case for the sieved ultra-spherical and random walk
polynomials in [2], {7]). Here we drop this assumption, and some
interesting results will come about. For example, the sieved ultra-
spherical polynomials of the first kind in [2] (i.e., aﬁ,’ ) given by (5.29)
with a(()l) = 1/2 and A > 0) are orthogonal with respect to an abso-
lutely continuous measure whose support is [—1, 1]. However, if a(()l)
is changed to a/2 where a = %, and A > 3/2, the absolutely
continuous part of the orthogonality measure of the resulting polyno-
mials {p,r(x)} still has [—1, 1] as its support, but now the measure
carries masses at the end points +1 when k is even. To see this,
observe that, from (5.31),

Pa(1) = znk( Gl )+ 21— kG2 (1L D) 2 L.
But

_(24) (1 1 (22)n
Cn(l,}.)—Tn, Cn_l(l,},)—'u—__f o -1, nZO,

as follows from (5.27). Hence
n! 20k —a(2Ak = 1) + 1) (24)n _ 24k(1 - a)]
21k(2), 2A-1 n! 24 -1 ’
nz1l,

pnk(x) =

e 20k
and, if a= Ak-1D)71 * then
. n! 2 k(e - 1)
Let u denote the orthogonality measure of {p,(x)}. The measure u

is compactly supported and its absolutely continuous part has support
[-1, 1]. Furthermore,

‘/_+oopn( X)Pm(X) dp(X) = Anmn » m,n>0,

n>1.
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where
. _a (24)p, - n!
o« (s !

hukes = GukT gz,

It follows that

Pa(l) _ nl(A+k) uk(l-a)r 0> 1
Aen 2na | 24—-1 ’ ="

and, since o # 1, that

pa(l)  [22k(1-)]* TQA) 2
Akn 2A-1 o

Since 4 > 3/2, Y7, pﬁk(l)/lk,, converges. Moreover, it follows
from (2.5) that

s n>1.

Uk —1(X)Dnic45(X) = 277Uy (X)Dpic 4k (%)

_jn+24 .
+2Jn+,1Uk_j_1(X), ls_]Sk—l
Thus
Pusj(1) . [ n+1  DPun(l) ~ [n+2Ap,(1)
k=== jy : +(k = J) z
VAkntj n+i+1 P n+A Ay

from which we deduce (using the inequality (a + b)? < 2(a? + b?))
that ,
— D nk+j (1) <

oo, j=1,2,...,k—1.
k=0 'lnk+j

Hence Y"0° p2(1)/An < +00, and from [4, p. 13], we conclude that
4 has a mass at x = 1 and, thus, also at x = —1. We observe
that if k > 2, this conclusion cannot be obtained from the theory of

polynomial mappings as presented in [12].

REMARK 5.4. Under the circumstances above it can be shown that

(5.34) p({-1}) = p({1}) = 2—(22'1*,1—__—35

when k =2 (see [10]).
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We finally give an example of how our procedure can be advan-
tageous over other treatments of sieved orthogonal polynomials. To
this purpose we shall consider an example of sieved orthogonal poly-
nomials recently dealt with by Al-Salam and Ismail [1]: the sieved
associated Pollaczek polynomials. Contrary to ours, their treatment
is historical, and the polynomials are obtained from the associated
g-Pollaczek polynomials (see [3]) by the same limit process as in [8],
[13]. Then, the limit process is used to establish generating functions
for the polynomials, a very delicate matter, and the asymptotic be-
havior and the Stieltjes transform of the orthogonality measure are
determined via Darboux’s method ([15], Chap. VIII). We follow a
more direct approach.

We recall that the system of associated Pollaczek polynomials
{Rn(x)} is determined (see [16]) by the recurrence relations

(5.35) 2[(A+n+a+c)x+ bR, (x)
=m+c+ DRy(x)+(n+c+24-1)R,_1(x),
n>0, R_(x)=0, Ry(x)=1.

The notation R,(x) = P,(x;A,a,b,c) is also used. We observe
that if P,(x;A,a,b) = Py(x;A,a,b,0) and c=1,2,..., then
{Pn(x;A,a,b,c)} is the system of cth-associated polynomials of
{Py(x;A,a,b)}. The latter system is simply called the system of
Pollaczek polynomials.

If >0 and a,c >0, {R,(x)} is a system of orthogonal polyno-
mials (other cases of orthogonality are possible). Let

(5.36) R(x, )= Rp(x)t"*.
=0
By showing from the recurrence relation (5.35) that
OR(x,t) 2((a+Ai)x—Ait+Db) el

.37 - =
(3.37) at 12 -2xt+1 Rix, 1) 12 -2xt+1
and
(5.38) R(x,0)=1, ¢=0; R(x,0)=0, ¢>0,

it follows that
(5.39) R(x,1t) =c(1 -1 -ar)®
t
X / w1 - Bu) 411 —au) B 1du,
0

c>0,
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and

(5.40) R(x,t)=(1- 8041 —at)B, c=0,

where

(541) a=ax)=x+Vx2-1, B=Bx)=x-Vx2-1

and

(5.42) A= a42%FD g p9xtD
a—p a-p
From (5.39) and (5.40), and observing that R\"(x) is R,(x) with
¢ + 1 instead of c, it can be deduced (via Darboux’s method, for
example) that the Stieltjes transform of the orthogonality measure u
of {R,(x)}:

R(l) +00
(5.43) R(x) = lim Ig;(‘i’;)=/_ ‘;‘_‘(2, xeC-R,

is

(5.44)  R(x) = ﬁ'/ N g4 —5-1au.  c=0
0

and

et fy e = pruyA1(1 - w8 du
¢ a1 (1~ By A1 (1 — )y B du

(5.45) R(x)

c>0.
We observe that the integrals in (5.44) and (5.45) are Hadamard in-
tegrals. As as matter of fact
1]
(5.46) / we(1 = zu)=4=1(1 — 1)~B- dy
0

_ T+ DI(=B) . (A+1, c+1
TT(-B+c+D¥'\ -B4c+1

lz| <1, ¢> -1,

and the integral makes sense as long as B is not an integer > 0 (and
not only when Re(B) < 0). This was discussed in §1.

The branch v/x2 -1 of the square root of x2 — 1 in (5.41) is so
chosen that vVx2—1~Xx as x — co.
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Relation (5.44) can be obtained from (5.45) by taking

(5.47) [ e (1- £u>—A—1(1 W Bl =1

«

when ¢ =0.
We begin by considering the system {g,(x)} determined by

(5.48)  (x=B)dnr1j(X) = Qnics j+1(X)+0 Guy 1 (%), n=0,
0<j<k-—1,9.1(x)=0, go(x)=1.

We assume k > 2 and

2A+¢ 1 n+c

5.49) 0= _"7 (1 >
(5.49)  an dn+i+a+c)’ " 4n+it+a+c)’ n20

b R

50 pO-—-__ 7 W_0 1<j<k-—1 > 0.
(55) bn n+}.+a+c, bn 0) ._..]__k ’ n_o
and

(5.51) af,j)=%, n>0, 2<j<k-1.

Thus, the system p,(x) = ¢i’(x), n > 0, will be the system of
sieved associated Pollaczek polynomials of the second kind. Clearly
{p,(,r) (x)}, their system of associated polynomials of order r, is the sys-
tem of monic polynomials of the orthogonal polynomials {Q,(f” ) (x)}
in[1], for 0<r<k.

Let {P,(x)} denote the link polynomials of {g,(x)}. Then {pf,') (x)}
can be represented in terms of the polynomials {P,El)(x)} and {P,Ez)(x)}
via (3.15)=(3.17). Now, {P{"(x)} satisfies

1 b
S2) —
(5-52) 2k~1 Tk(x)+n+i+a+c+1Uk‘1(x)
a (1)
T atateqr1 k2| B
o) -k W+24+c+1 ' n+c 1)
= o () +4 n+i+a+c+1 n+/1+a+cP"—1(x)’

n>1
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and the initial conditions

(5.53) P{P(x)=1,
b

Dy — L -
P] (x) - 2k_1 Tk(x) + A+a+c+1Uk~l(x)

¢
+ /l+a+c+1Uk“(x)]'

If

~ 2%k (A +a+c+1
(5.54)  Rax)= (<c+1),, pO(x), >0,
then

(5.55) 2[(n+A+a+c+ DTe(x) + bUe_1(x) + aUg_p(x)]Rn(x)
=(n+c+ DRy (X)+(n+24+c+ 1)R,_1(x),
n>0,
and
(5.56) Ro(x) =1,

Ri(x) = c%[(z +a+c+ DT(x) + bUr_1(x) + cUp_(x)].

As in the case of the Pollaczek polynomials, it can be shown that

(5.57) iﬁn(x)t”” =c(1 = BF)1-1(1 — oFr)B-1
n=0
./‘t uc_l(l _ ﬂku)"“(l _ aku)—B du
0
where a = a(x), f = B(x) and
2T (x) + bUp_1(x) + aUp_»(x)

(5.58) A=—-A+2 e
= —A+2%,

B _j_2%Tkx)+ b(;kk—1_(3c+ aUy_»(x)
_ _l_zz;xjﬂb.

We note that of(x) = a(Tx(x)), B*(x) = B(Ty(x)). From (5.57)
it can be deduced (via Darboux’s method, for example, in the same
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manner as it is done for the polynomials {R,(x)}), that

N . RY (%)
(5.59) R(x)= "ll*ngo—ﬁ,,(—x)

_ct+1 fol—luc(l — B%u)=4(1 —u)~8 du
c fol—luc—l(l — B2ku)=A(1 — u)-B du

On the other hand,

@)y _ (€+2)n RW
(3.60) P (x) = 2% (A +a+c+2), " (x).
Therefore,
po
(5.61)  PW(x)= lim —B;Lx)
n—oo P,ﬁ )(x)
_gkdFatctDpy yec-Rr

c+1

Now, it follows from (3.25) that the continued fraction X,(x) of
{p(x)}, i, of {gi*"(x)}, and thus of {Q"(x)}, is, for 0 <
r<k-1,

262U, (%) + a}” Up(x) PV (x)

261U,y (x) + a0 Uy (x) P (x)
=24/B

(5.62)  X,(x)=2

where

1]

A= cUkk,_z(x)/ w11 - B%*u)=4(1 —u)~Bdu
0
+QA+c+ l)U,(x)ﬂk/ ﬂuc(l — B%Fu)y (1 —u)"Bdu
0
and

B= cUk_,_l(x)/0 1_luc‘l(l — B2u) A1 —w)B du

+QA+c+ 1)U,_1(x)ﬂk/l—|u”(1 — B%*u)y=4(1 —u) B du.
0
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which, after using the identities
(5.63) 2A+c+ 1)/ ﬂuc(l — B%*u)=4(1 —u)"Bdu
0
= (—A)/ l—lucu — B¥Fuw)y~AY 1 —u)"Bdu
0
+ (—B)/ ﬂuc(l — B*u)y~ (1 —uw)~B-' du
0
= c/ l—Iuc“(l — B*u)y=A(1 —u)"Bdu
0

— A(1 - /32")/0 I—'ucu — By~ 4-1(1 —u)~B du

and

alt! — ,Bj'H
(5.64) Uj(x) = Ta=f
becomes
(5.65) X(x)=2BC/E
where

C=c/l—|uc‘1(1 — B u)y=A(1 —u)B du
0

+Aﬂ2k(l _ a2r+2)/ I—IuC(l _ ﬂZku)_A_l(l _ u)—B du
0

and

E= c/ 1—]u"“(l — B%*u)= (1 —u)~Bdu
0

+ApH(1 - aZ')/ 1_IuC(l — B*uy (1 —w)y B du
0

which is (3.5) of [1]. Observe that when ¢ = r = 0, we obtain (using
(5.47)) that

(5.66) Xo(x) =2 [/3 + (B — a)ﬂZkA/O I—I(l — B*u)y= 411 —uw)Bdu

which is (3.39) of [8].
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As for the case r = k—1, we need to calculate the continued fraction

of {pf,k_”(x)}, or the same, of {q,(lk) (x)}. According to (3.24), this

1S
(5.67) X (x) = — 2 U1 POx)
- 1+ 22440 Uy _,(x) P (x)

A calculation as above readily gives

(5.68)
Xi-1(x) = 260 +a+c+1) fol—lucg — BZu)=4(1 —u)~Bdu
where

D= c/ 11 = po-4(1 — )-8 dy
0

+ AP (1 - a?*-2) / l—]u‘(l — B*u) 11 —u) B du.
0

The above procedure can also be applied to the k-sieved associated
Pollaczek polynomials of the first kind P,E’l") (x) = P,(,'l") (x;a,b,c),
k>2,n>0,r=20,1,2,...,k—1. These are given by the
recurrence relation

(5.69) 2xPH"(x)= P4 (x) + P4 (x), kln+r,  n>0,
2Q[(m+a+c+A)x+ b]P,(,fk’:)r(x)
= (m+c+20)PY0  (x)+mP&D _(x), n+r=mk,
m>0,
and the initial conditions
(5.70) P4 (x)=0, PH(x)=1.

For simplicity we will assume that » is a real number and A >
0, a, c > 0, but other cases of orthogonality can be similarly han-
dled.

It is readily verified that the system of monic polynomials of
{p§"7(x)} is the associated system {p{’(x)} of order r of the or-

thogonal polynomial set {p,(x)} given by the blocks

(5.71) (X = )Pk 5(X) = P j41(X) + @ P j—1(x)
for n>0, j=0,1,2, ..., k-1, and the initial conditions

(5.72) p-1(x)=0, po(x)=1,
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where
© _ -b o 1.2 _

(5.73) by T aterd b/’ =0, J ,2,..., k-1,
a0 — n+c a0 = n+c+ 2
" T 4n+a+c+d)’ " 4n+a+c+A)
as,j)=%, j=2,3,...,k—-1,n>0.

The link polynomials of {p,(x)} satisfy

(5.74)

1-k 4 v

2 [Tk(x)+n+A+a+cUk‘2(x)+n+l+a+cUk‘1(x) Fu(x)

n+c n+c+2i-1

Pn—l(x):

n>0,

_ -2k .
= Pr1(x) +2 n+i+a+c—-1 n+i+a+c
and the initial conditions
(5.75) P_(x)=0, Py(x)=1.

If we let

nk
(576)  Qu(x) =2 ((ﬁj‘;):")”

then Q_;(x) =0, Qp(x)=1 and

(5.77) 2[(n+A+a+c)Ti(x)+aUi_s(x) + bUi_1(x)]1Qn(x)
=(n+c+ 1)0p1(X)+(n+c+24-1)Qp1(x),
n>0.

P,(x), n>0,

Also

2™+ a+o),

(5.78) Wx) = P PV(x), nx0,

and, as before, we obtain
o (x)
5.79) 1 L
( ) ”‘l’g’l° On(x)
_ c+1 fol—luc(l _ ﬂZku)_A_l(l — u)—B—l du
¢ fol—luc—l(l — B2ky)—A-1(1 — y)~B-14y
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for x €e C—R, where a = a(x), f = B(x) are given by (5.41) and
A = A(x), B = B(x) by (5.42) or (5.58). Observe that a(Ty(x)) =
ok (x), B(Ti(x)) = B¥(x). Thus,

pY )
(530 PO = fim B A2 i G

and therefore, if x € C — R, then

(5.81)

PO(x) = kA A+ C g foﬂuc(l — BZuy=4-Y(1 —u)~B-ldy
C foﬂuc——l(l — ﬂZku)—A——l(l _ u)_B_l du

where as before
1]
C/ uc——l(l _ ﬂZku)—A—l(l _ u)—B—l du = 1’ c=0.
0

Also,

(5.82)
P2\ (x)

P(l)(x)= lim "=
n=—o0 ,51)()6)

_gkAtatc+l kfol—luc“(l — By ~4-1(1 — y)~B-14y
c+1 foﬂuc(l - ﬂZku)—A—l(l — u)—B—l du

From (5.81) and (5.82) and from relations (4.23) and (3.25), we ob-
tain for the continued fraction X,(x) of {P,S'l")(x)} the following
evaluation

1

(5.83) Xo(x) = 5

Ug-1(x)PO(x)

Jo T (1 = ) =4-1(1 — wyB-1 d
foﬂ uc—l(l - ﬁZku)—A—l(l _ u)—B—l du

X Ug_i(x)

which reduces to

(5.84) Xo(x) = 2(A+a)ﬁkUk_1(x)/0 _l-l(l—ﬂzku)_“‘_l(l—u)“B“'1 du
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when ¢ =0, and
2620, _,_y(x) + @O U,_; (x) PO (x)
22U (x) + O U, _5(x) PO (x)

A+ B
C+D

(5.85)  Xi(x)=2

=2

where

4= Uk—r—l(x)/l u(1 — p%u)y=4-1(1 —u)=8-14u,
0
C = Up_,(x) /1 w1 = g2y 4=1(1 —u)~B-1 du,
0
B =U,_(x)B* /1 uttl(1 - g2 u)y=4=Y(1 —uy 8- du,
0

1
D= U,_z(x)ﬁk/ utl(1 - pHu)y~4=Y(1 — )~ du
0
forc>0and r=1,2,...,k—1.
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ASYMPTOTIC RADIAL SYMMETRY FOR SOLUTIONS
OF Au+e* =0 IN A PUNCTURED DISC

K. S. CHOU AND ToM Y. H. WAN

In this paper a representation formula for solutions of the equation
(*) Au+2Ke* =0, K aconstant,

in a punctured disc in terms of multi-valued meromorphic functions
is found. As application it is deduced that a necessary and sufficient
condition for a solution of (x), K > 0, being asymptotic radially

symmetric is
/ e’ < oo.

1. Introduction. In [3], L. A. Caffarelli, B. Gidas, and J. Spruck
proved that non-negative smooth solutions of the conformally invari-
ant equation

(1) Au+urd/=2 =0,  u>0,
in a punctured n-dimensional ball, » > 3, with an isolated singularity

at the origin, are asymptotically radial. More precisely, if u is a
solution of (1), then

u(x) =(1+o(M)y(x]) asx—0,

for some radial singular solution y(r).

Geometrically speaking, to solve equation (1) is to find locally a
conformal metric on a conformally flat n-dimensional manifold with
constant scalar curvature. Therefore, its two-dimensional analogue is

(2) Au+e*=0.

In this paper, we shall establish a similar asymptotic radial sym-
metry result for a smooth solution u# of (2) in the punctured disc,
D* = D\{0}, D ={z € C||z| < 1}, with an isolated singularity at the
origin, under

(3) /D_eu<+oo.

Unlike the higher dimensional case, as one will see, that the integra-
bility condition (3) is necessary for # being asymptotically radial.
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We point out that the isolated singularities or the behaviour at in-
finity of (2) in a punctured ball B;(0)\{0} = {x e R3:0 < |x| < 1}
in 3-dimensions have been studied by M. Bidaut-Véron and L. Véron
[2].

2. Results. Our approach to this problem is based on a classical
result of Liouville which gives a representation of solutions of equation
(2) in a simply-connected domain by analytic functions. We extend
this representation to a punctured disc, and then deduce the result
from analytic function theory.

Let us first recall Liouville’s theorem.

THEOREM 1 (Liouville [6]; see also [1]). Let Q be a simply-connected
domain in R?. Then all real solutions of

(4) Au+2Ke* =0 inQ, K aconstant,
are of the form
I/
5 u=Ilo ,
®) NI FRE

where f(z) is a locally univalent meromorphic function in Q.

COROLLARY 2. All solutions of equation (4) in Q = R?* with K >0
and
/ e’ < oo
RZ

1642
@+ 22K |x — xo)2

are of the form

u(x) = log A>0, xcR2.

Proof. Let u and f be given in (5). Observe that Theorem 1 implies
that e%|dz|> = f*gx, where gx denotes the standard metric on S?
with curvature K. By the integrability assumption f cannot have
an essential singularity at infinity, for otherwise f would cover S?
(possibly except one point) infinitely many times near infinity, which
is impossible. Therefore lim,_,,, f(z) = co or some zy € C. By
compositing with an inversion, we may assume the former case holds.
Then f maps S? onto S?>. Since C cannot cover S? (notice that
f'(z) # 0 for all z € C), f does not have poles in C. This means
f: C— C is a covering map and therefore it assumes the form f(z) =
az + B for some o # 0 and f in C. A substitution into (5) gives
the desired conclusion. O
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Corollary 2 was previously proved by Chen and Li [4] by the method
of moving planes. From (5), one can see that the integrability con-
dition is also necessary for asymptotic radial symmetry. All non-
radial solutions, which arise from transcendental functions, satisfy

fet=o00.
Theorem 1 is, in general, not true for domains which are not simply-
connected. For instance, the function u = —logdr(l + £r)? is a

solution of equation (4) in the punctured disc D*, with an isolated
singularity at the origin. Yet it is easy to see that this solution is
given by a multi-valued analytic function f(z) = z!/2 instead of a
single-valued analytic function in the punctured disc via the formula
(5).

We now give an extension of Liouville’s theorem for the punctured
disc.

THEOREM 3. Real solutions of the equation (4) are of the form (5),
with f a multi-valued locally univalent meromorphic function satisfy-
ing:

1. When K >0, f(z)=g(z)z%,a€R, or 9p(\/z),

2. when K =0, f(z) = g(z)z* or g(z)+clogz,a € R,c €C;
and

3. when K <0, f(z) =h(z)z?, > 0.

Here g, ¢, and h are single-valued analytic functions in D*, D*, and
D respectively, ¢(z)p(—z) =1, h(0)#0, and |h(D)| < 1.

Proof. Consider the universal cover D* = (0, 1] x R of the punc-
tured disc. Let n(r, 8) = re'® be the projection and let § = dr? +
+d§* = n*|dx|*. It follows from Theorem 1 that there exists a local

univalent meromorphic function /4(z) on D* such that e*g = h*gg,
where ## = n*u = uon and now gx denotes the standard met-
ric on the two dimensional space form Sk with curvature K. Let
7: D* — D* be the map (r, 8) = (r, 6 + 2n). Then

T*h* gk = 1% (e%§) = e*§ = h*gx .
Therefore, hotoh~! is a local isometry of Sx. By a result in dif-

ferential geometry (Corollary 6.4, p. 256 in [5]), hotoh™! can be
extended uniquely to a global isometry of Sk . Locally

hot=poh, p € Isom(Sk).

Since D* is simply connected, this holds globally. Moreover, p is
analytic since 42 and 7 are analytic. Therefore, there exists a locally



272 K. S. CHOU AND TOM Y. H. WAN

univalent multi-valued meromorphic function 4(z) = A(n~!z) satis-
fying h(ze*™) = p(h(z)), p € Isom(Sk), p analytic, in D* such
that

L
(1+(K/4)|h2)?
Here h(ze?™!) denotes the value of A after a turn along the circle
centered at the origin with radius |z|.

By a change of coordinates, we only need to prove the theorem for
K =4, K=0,and K = -4, where now p is an analytic isometry of
the standard unit sphere, the Eucidean plane, and the Poincaré disc
respectively.

For K =4, p is given by

w-a _ ip2-4

u =log

l+aw = l1+az
and —
w-—a pl+az
—_— e —
1 +aw z—a
for some a € C and 6 €[0, 2x). In the first case, let
h(z)—a

@) =1Ta@nm

Then f satisfies
f(ze*™) = e f(z), VzeD*.
Consider the function
g(z) = f(z)z™°
on D*, where a = 6/2n. We have
g(ze27ti) — f(ZeZM')(ZeZni)—a
— f(z)eiez—ae—Znai — g(z)

for all z € D*. Hence g(z) is a single-valued function and therefore
analytic in D*. So f(z) takes the form g(z)z®. Using the fact that
w = (z —a)/(1 +az) is an isometry of the standard unit sphere,

|n'|? 11
=1 =1 ,
LR TP T R 12
which proves the first case.
In the second case, letting
_ h(z)—a

f(Z)—mm,
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we have f(ze*") = f(z). Hence there exists a single-valued analytic
function ¢ in the punctured disc satisfying f(z) = ¢%/2¢(\/z). The
condition f(ze?™)f(z) = e!% implies ¢(z)¢(—z) = 1. The proof of
the positive case is completed.

For K = 0, we notice that analytic isometries of the Euclidean
plane are of the form w = ez + ¢, which can be represented by
w—a=e?(z—-a) or w=z+c. Similar argument as in the positive
case gives us the desired result.

Finally, for K = —4, analytic isometries of the Poincaré disc are in
one of the following forms:

w—a 0y Z — )
—— =%~ with|a| <1,

1 —aw 1-az

w — e'Y z — 'Y .

M withk >1,60; #6,€R,

w — eif z — elt

_ = —+c, withfeR, ceC.
w+el?  z+eif

Using the same argument as above one can show that f assumes one
of the following forms:

i) g(z)z°,

(i) e (e — g(z)zi)/(e~i% — g(z)z™), and

(iii) e’@(1+ g(z)+alogz)/(1 — g(z) —alogz),
where g is analyticin D*, and «, 6;, 0,, 6 € R. Observe that in (5)
(K = —4) u becomes singular at |f| = 1. Hence, by the analyticity
of f and the regularity of u, the image of f lies either inside or
outside D. Replacing f by 1/f if |f| > 1, we may assume f(D*)
is contained in D. This immediately implies that the expression in
(i) can be rewritten as h(z)z? where 4(0) #0 and 8 > 0.

In the following let ~ stand for an analytic function in D with
h(0) # 0. We shall show that in (ii) and (iii) « =0 and g(z) = h(z),
and consequently they are special cases of (i). To see this first observe
that in case (ii) the image of D* under the map g(z)z'® lies in a half
plane, which, modulo a rotation, may be taken to be the upper half
plane. We have

0 < arg(g(z)z'*) = arg g(z) + alog|z| < ® (mod2nm).

Applying the maximum principle to Im g(z) in the annulus r; < |z| <
rj,, rj=e kel j> jo, jo large, we conclude that Im g(z) > 0 for
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all z in a deleted neighborhood of 0. Hence O cannot be an essential
singularity of g. Now we can write g(z) = h(z)z*, k € Z. Then the
inequality

0 < arg(g(z)z®) = argh(z) + alog|z| + kargz < (mod 2nr)

implies @ = k = 0. Similarly one can show that in (iii) ¢ = 0 and
g(z) = h(z). This completes our proof of the theorem. O

Now we can deduce an asymptotic radial symmetry result for equa-
tion (4) from Theorem 3. First we need a lemma from complex anal-
ysis.

LEMMA 4. Suppose that g(z) is a holomorphic function in D* which
has an essential singularity at the origin. Then the multi-valued func-
tion f(z) = z°g(z), a € R, takes all values infinitely many times
except at most one value.

Proof. Consider the single-valued function ¢(z) = zK-2f(z) =
zkg(z), where k is an integer such that k > . Since g has an
essential singularity at the origin, so has ¢. The sequence

6n(2) = ¢ ()

is not a normal sequence on some annulus I': /4 < |z|] < 2r. In
particular, the sequence is not a normal sequence on intersection €
of I" with any sector: |argz — arg zy| < &, in the unit disc. Therefore

the sequence
z

w2 =1 (5)
cannot be normal on Q. Now, applying the Montel theorem [7], we
see that for any a € C, except at most one point, there exist infinitely
many »n such that f, takes the value a in Q. This implies that f
takes the value a infinitely many times in the sector. o

THEOREM 5. Let u be a smooth real solution of the equation (4)
with K > 0 in the punctured disc D*. Then u is asymptotically
radial, more precisely,

u(z) =alog|z| + O(1) as|z|—0,a> -2,

if and only if
/* e’ < +o0.
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Proof. By Theorem 3, the metric e“|dz|? is the pull-back of the
spherical metric with curvature K via the holomorphic map f. More-
over f is a covering map on D\{z < 0} since f’ # 0 forall z € D*.
If g takes the value oo infinitely many times, then so does f. This
implies e*|dz|? has infinite volume, i.e. [,.e* = +oco. So we may
assume g takes oo for finitely many times. Then g is holomor-
phic near the essential singularity and we can apply Lemma 4 (in case
f(z) = g(z)z*) to conclude that f covers the image of f in the
sphere infinitely many times. Thus [;.e* = +oo. Therefore, the in-
tegrability condition implies that g at most has a pole at the origin.
Simple calculation now establishes the asymptotic radial symmetry of
the solution u«. O

REMARK. Theorem 5 no longer holds for K = 0. In fact, it is
straightforward to show that [e*|dz|?> < co for some deleted neigh-
borhood of 0 if and only if f(z) = A(z)z*, h(0) # 0 and o> 0. In
particular, all radially symmetric solutions corresponding to f(z) =
h(z)zF+clogz,k € Z, c # 0, satisfy [e*|dz|?> = co in any deleted
neighborhood of 0.

On the other hand, Theorem 5 holds for K < 0. In fact, all solu-
tions are asymptotic radially symmetric and satisfy [ e*|dz|? < co.
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KNOTS WITH ALGEBRAIC
UNKNOTTING NUMBER ONE

MicaHn E. FOoGEL

Every knot, K , in S° has associated to it an equivalence class of
matrices based on S-equivalence of Seifert matrices. When the knot
is altered by changing a crossing, the S-equivalence class of the new
knot is related to that of the original knot in a very specific way. This
change in the Seifert matrices can be studied without regard to the
underlying geometric situation, leading to a theory of algebraic cross-
ing changes. Thus, the algebraic unknotting number may be defined
as the smallest number of these algebraic crossing changes necessary
to convert a Seifert matrix for the knot into a matrix for the unknot.
A straightforward test of some well-known knot invariants will reveal
that the algebraic unknotting number is one.

In [4], Murakami defined an operation on Seifert matrices that he
called an algebraic unknotting operation. He showed that any geomet-
ric crossing change induced an algebraic unknotting operation on a
suitably chosen Seifert matrix. Since any knot could be changed into
any other knot by a sequence of crossing changes, any Seifert matrix
could be transformed into any other Seifert matrix by a sequence of al-
gebraic unknotting operations and S-equivalences. For knots K; and
K, the algebraic Gordian distance from K; to K, is the minimum
number of algebraic unknotting operations needed in such a sequence.
The algebraic unknotting number, u,(K), is then the algebraic Gor-
dian distance of K from the unknot, i.e. the minimum number of
algebraic unknotting operations needed to reduce a Seifert matrix for
K to a matrix S-equivalent to the zero matrix.

Since every crossing change induces an algebraic unknotting opera-
tion, there is the inequality u,(K) < u(K) where u(K) is the regular
geometric unknotting number of the knot. And in many cases #,(K)
is the appropriate object of study rather than u(K) because only the
algebraic information contained in a Seifert matrix is used. Such is the
case in Murasugi’s result on signatures [5] and Nakanishi’s theorem
about minor indices [6]. Also, results depending only on the abelian
invariants (notably Lickorish [3] as generalized by Cochran and Lick-
orish [1]) apply to u#,(K) since all of the homology information about
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the cyclic covers is contained in the Seifert matrix (see, for instance,
[2, §§8 and 9]).

In the case u,(K) = 1, Murakami was able to prove that the Alexan-
der module H;(Ck) (where Ck is the infinite cyclic cover of the knot
exterior and ¢ acts by covering translations) is a cyclic Z[¢, t~1]-
module. In addition, there is a generator, g, of this module with
B(g, g) = £1/A, where (-, -) is the Blanchfield pairing and A is
the Alexander polynomial of the knot. This paper contains a proof of
the converse, providing a complete algebraic characterization of knots
with 4, (K)=1:

THEOREM. A knot K with Alexander polynomial Ax can be changed
by a single crossing change into a knot K' with trivial Alexander poly-
nomial if and only if the Alexander module is cyclic and has a generator

g with B(g, g)==x1/A.

In addition, the proof often allows direct calculation of the nec-
essary crossing change. A somewhat unfortunate application of the
theorem will be made to the knot 8.

1. Some special surgery curves. Crossing changes will be examined
via surgery on a well controlled class of curvesin S3. All knots, curves,
and disks will be tame, and oriented when convenient. The orienta-
tions chosen will be noted, but they are only used for calculation and
will be irrelevant to the outcome. The notation z will be used to de-
note t1/2 — t=1/2 and for a matrix M, the calligraphic letter .# will
be used to represent the skew-Hermitianized form /21 — =127
(t~! being considered the conjugate of 7).

A disk D in S? will be said to be nice with respect to K if D and
K intersect in two points and 1k(0D, K) = 0. A simple closed curve
y in S3—K is a nice surgery curve for K if it bounds a nice disk. Any
knot and nice surgery curve pair can be isotoped to look like Figure
1. Clearly 1 surgery on a nice surgery curve yields a single crossing
change in the knot, and any single crossing change can be effected by
+1 surgery along a suitably chosen curve.

In Figure 1, a Seifert surface can be chosen for the knot so that
the two strands of the knot cobound a band in the surface, and the
surface does not meet the curve y. Generators for the homology of
this surface can be chosen so that one of them (to be called gy) runs
over this band from right to left, and the rest of the generators do not



ALGEBRAIC UNKNOTTING NUMBER 279

Y

Strands of knot
with Seifert surface
between them.

FIGURE 1

go over the band at all. A Seifert matrix for K has the form

* *
14 : 7
M= , %:
* *
E I .« X -0 x XZ

where x =1k(go, g7), g; being the pushoff of gy from the Seifert
surface in the (arbitrarily) chosen positive direction. ¥ is the linking
matrix for all the generators that don’t go over the shown band, and
their pushoffs.

If instead of the mundane curve shown in Figure 1, a nice surgery
curve which has » full twists is used, the resulting knot has a Seifert
surface which looks like Figure 2 (next page) (for —1 surgery). Note
that n could be zero. This operation adds two generators to the ho-
mology of the Seifert surface, and the new Seifert matrix is

( 0 0
M : :
M = 0 0 ,
-1 0
0 00 n O
\0 0 0 1 =l
( 0 0
y /4 : :
7 - 0 0
—t12 0
0 0 Y2 pz 12
\0 0 0 12 Fz

It is then simple to calculate the Alexander polynomial of the new
knot, which is given by Ay = det(.#"), by expanding along the bottom
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FIGURE 2

row of the matrix. The result is (1Fnz2)det(.#)Fzdet(?"). Denote
by L the knot obtained from K when n = 0 in the above, so that
Ay = det(#) F zdet(7"). Then noting that det(.#) = Ag, the result
is

Ap =Arp Fnz?Ag.

Since n may be any integer, =1 surgery along a properly chosen curve
can add any integral multiple of z2Ag to Ay .

The key fact is that with proper choice of (nice) surgery curve, any
polynomial multiple of Ag can be added to Ay, as long as the result
satisfies the well known conditions A(1) = 1 and A(f) = A(¢~!) for an
Alexander polynomial. This is done by examining curves that wrap
around the knot as in Figure 3. Each g; is a nonzero integer, and
if a; < 0 then all the crossings in the magnified view of box i are
reversed.

LEMMA 1. The knot obtained from +1 surgery on the curve shown
in Figure 3 has Alexander polynomial

(1) Ag =Ar F Ak [z2 (n + Zai)
— 3 sign(a) (42 — 1) + el (e - 1))] .
Proof. Figure 4 shows box i after +1 surgery is performed along

the curve. The figure shows part of a Seifert surface for the new knot
K’ along with a set of homology generators for the new handles. Note
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n full
twists

la;! loops

FIGURE 4

that the generators for one box do not interact with those of another
box except that lk(g;CZIale, 8i+1,1) = —1 or IK(&; 2a 112> &1 1) =1
depending on whether g, is positive or negative.

Thus the Seifert matrix coming from this set of generators has the
form
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( 0
M
0
¢ O 0
0 0 d 0
0 | Block for
box 1 0
0 C
M = 2
0 -~ 0 d,
dr
0
0

where (¢;, d;) =(-1,0) if a; >0, and (0, 1) if a; <O0.
Each block is square of size 2|a;| + 2 and has the form

Mr=

(1 -1
0 0 -1
0 1 -1
0 . -
1
0
-1 0
\0 0

\
¢, 0 0
0
Block for
box r 0
-1 0
0O --- 0 0|n O
0| -1 :Fl/

0 0)
—1 :
0 -1 0
0 0
0 1 0)

for a, > 0, while if a, < 0 then this is replaced with the negative
of its transpose. When this block is skew-Hermitianized in order to



ALGEBRAIC UNKNOTTING NUMBER

calculate the Alexander polynomial, it becomes

(2)
( z
172
M, =
V)
0

_t1/2

0
172

0
0

_t1/2
Z
172

)

172
z —¢1/2 :
=12 0 —11/2
=120

O t1/2

or the negative of the transpose if a; < 0.
Now the calculation of Ay is routine. The determinant of .#” can
be expanded along the bottom row and last column. The result is

(A

*

M

t1/2 det *

= (1 Fnz?)det

(./9?

\

283

0

0

)
0 )

\ (%
*
*
WA
*
4z det *
*
*
M,
0
* t‘1/2) \
(/%
* *
*
A M
* F zdet

)

\

M,
*
— )
\
*
*
*
7

where Z means .#, with the last row and column removed.
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The determinant in the first term can be computed easily by using
the form of the blocks .#; given in formula (2). The determinant can
be expanded repeatedly along the last row and column until all that is
left is det(#) = Ak .

The second term is a bit more complex. It can be expanded along
the row and column corresponding to the top row and column of .4 .
The result is

(* )

*

det(4,) - det *

(# )

Z with first
+ det * -det [ row and column | .

removed

\ Zy)

The large determinant in the first term reduces to Ax as before.
And the smaller matrix in the second term can be expanded along the
first row and column repeatedly until it reduces to 1. So inductively,
the result is (note that /£ = 2)

(3) Ag = (1Fnz2)Ax Fz(Ax Y det M; + det?)

—_~

It remains to calculate det(.#;). This is done by taking the matrix
M; as given in (2) and deleting its last row and column. This leaves
a matrix whose last row and column have two nonzero entries each.
Expanding along the last row and column gives four terms, as follows
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(assume aq; > 0):

0 -1~
172 z —f1/2
20
det . _an
172 z _f1/2
20
_1/2
z —tl/?
+ tdet 20
172 Z _/2
t—1/2 0 _t1/2
t—1/2 O _t1/2
12z
—1/2 . _41/2
+ ¢t~ det t -t
0 -2
172 z
t—l/Z
7z —fl2
t—1/2 0 _t1/2
=172 z
+ det iy
t—1/2 O _tl/2
t1/2 z

whose values are 0, —¢%+1/2, =4~1/2 'and a;z respectively. If a; <
0 then since .#; is of odd size, the determinant of the negative of
its transpose is opposite in sign. Therefore, for any a;, det(#;) =
a;z —sign(a;)(#141+1/2 — t~14,1=1/2) | Inserting this in (3) and noting that
Ap = Ag F zdet(7") gives the desired result.

COROLLARY 2. For knots, K, appearing as in Figure 3, with Alexan-
der polynomial Ak, it is possible to make one crossing change to obtain
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a knot, K', with
Ay =Ap + Agb(2)

where b(t) is any polynomial subject to the constraint that Ag: is a
knot polynomial.

Proof. Since Ay is the Alexander polynomial for some knot, the
requirements on b(¢) will be that b(1) = 0 and b(¢t~!) = b(¢). But
looking at formula (1) it is clear that n and a series of a; may be
chosen to give any b of this form. Therefore, there is a nice surgery
curve on which +1 surgery—which changes exactly one crossing in
the knot—gives a knot with the desired polynomial.

2. How nice are nice surgery curves? In this section some properties
of nice surgery curves are developed to show that they are useful for
more than just making large Seifert matrices.

LEMMA 3. All of the different surgery curves, y, given by different
choices of n and series of a; are homotopic in S3 - K.

Proof. Obvious, since homotopy in S3—K allows y to pass through
itself.

Denote by Ck the infinite cyclic cover of the exterior of K. The
Alexander module of K is H;(Cx) and is presented as a Z[t, t~!]-
module by the matrix t!/2.# . Fix a strand of the knot and consider
a small loop going around this strand. A lift of this loop represents ¢
in the Alexander module (see Figure 5).

Any nice surgery curve ¥ can be isotoped to appear as in Figure 5.
The can be seen by sliding the top half of Figure 1 around the knot
to the left until it comes near the bottom half. Since the nice surgery
curve bounds a nice disk, and both intersections of this disk with X

band links
with rest of
knotK

t

S

FIGURE 5
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are clearly visible in Figure 5, the rest of the disk forms a band that
meanders through the knot but never meets it. Let u be a simple
closed curve that starts near the strand of K on the band, follows the
band through the knot back to K, and then loops around the strand
of K enough times so that lk(u, K) = 0. The original surgery curve
is homotopic to the product curve tut~'u~!. This procedure works in
reverse as well; any simple closed curve # with lk(u, K) = 0 gives rise
to a nice surgery curve (in fact, a whole family of them) homotopic
to tut~lu-l.

Both u and y have linking number zero with the knot K, so both
lift to Cg. Call these lifts &z, . Homologically there is the rela-
tion [$] = (¢ — 1)[#]. Now note that ¢ — 1 is invertible mod A in
Z[t, t~']. Thus for any homology class ¥ in the Alexander module,
(t — 1)[#] = [¥] can be solved for [i#]. Choosing a representative of
the class [#] and projecting it down into S3 yields a simple closed u
with lk(u, K) = 0. Using the construction at the end of the previous
paragraph completes the proof of

LEMMA 4. Any class of curves in the Alexander module can be rep-
resented by the lift of a nice surgery curve.

In light of Lemma 3 and the fact that homotopic curves have homo-
topic (hence homologous) lifts, it is possible to choose a nice surgery
curve representing any element of the Alexander module, yet still have
the full power of the previous section available to alter the knot poly-
nomial.

LEMMA 5. Any nice surgery curve can be taken to be the pushoff of
curve on a Seifert surface of the type shown in Figure 6.

Proof. The moves in Figure 7 show how this can be done.
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3. The main result.

THEOREM. A knot K with polynomial Ax can be changed into K'
with Ag = 1 by a single crossing change if and only if the Alexander
module H\(Cx) is a cyclic Z[t, t~']-module of order Ax and has a
generator g such that (g, g) = £1/A.

Proof. Assume that K can be changed into K’ with Ay = 1 by
a single crossing change and that K, K’ are as shown in Figure 8,
where pieces of Seifert surfaces are also shown. This situation can
always be obtained by using Reidemeister moves of type II and III
to get a local picture like Figure 8 near the crossing to be changed
and then moving it to the top or bottom of a knot diagram, finally
using the Seifert circle method to choose the Seifert surface. A simple
calculation yields
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*1 0 0 x| 0 O

V : V 3 I

M = * 0 O , M = * 0 O
* * x| —1 0 x« -+ % x|—=1 0

0 0 O 0O --- 0 0 -1 1

0O -~ 0 0 -1 1 o -~ 00 O0 O

as the Seifert matrices with skew-Hermitianized forms

* 0 0 \
/4 : : :
0 0
M = *
x - % xz | —tY2 0
o0 12 0 —1/2
0O --- 0 0 —t1/2 z
* 0 0
7" : : :
0 0
M = *
* - % xz | —=tY/2 0
0 -~ 0 12 2z 12
\O o 0 0 —t1/2 0

Taking the determinants of these gives

so that this matrix has determinant one. Thus Ax = 1 + zdet(7").
Note also that the Alexander dual to g5 in the picture of K is a nice
surgery curve, +1-surgery around which gives the knot K’.

Now t'/2.# is a presentation matrix for the Alexander module of
K . Since the determinant of the upper left corner of the matrix is a
power of ¢, which is a unit of Z[¢, t~!], the first bunch of generators
can all be expressed in terms of the generator corresponding to g,
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and the last column of .# shows that this can in turn be expressed in
terms of the generator corresponding to g, . The presentation matrix
has determinant Ag , proving the assertion that the Alexander module
is cyclic of order Ag . It is generated by the lift g of the Alexander
dual of g,.

The Blanchfield pairing is given by f(a, b) = za#~'b where a,
b are vectors in terms of the spanning set used for calculation of .#
(see, for instance [2, §8]). Since g = (0, ..., 0, 1) in these coordi-
nates, B(g, g) is simply the bottom right entry in z.#~!. Direct
computation using the cofactor expansion of the inverse of a matrix
gives f(g, g) = zdet(?")/Ax . Noting that the Blanchfield pairing
takes values in Q(¢)/Z[t, t!] and that Ax = 1 + zdet(Z") gives the
desired result f(g, g) = —1/Ag.

Had a right crossing been made into a left crossing, the calculations
would all be the same by switching all the crossings in Figure 8. Every-
thing is the same except that Ax is now 1—zdet(7"), which changes
the end result to (g, g) = +1/Ak.

(The foregoing is essentially Murakami’s proof. It should be noted
that if B(g, g) = £1/Ax then a — Axf(g, a) is an epimorphism
from H;(Ck) to Z[t, t~'1/AxZ[t, t~'], and a simple argument based
on the fact that Q[¢, t~!] is a PID proves the kernel of this map to
be zero. Hence, the Blanchfield pairing condition alone is enough to
imply the generating condition.)

The converse is a matter of applying the lemmas in the correct order.
Assume that the Alexander module for K is cyclic with generator g
such that B(g, g) = £1/Agx. Use Lemma 4 to find a nice surgery
curve y whose lift to Ck is in the homology class g. Use Lemma 5 to
arrange the knot and surgery curve to look like Figure 8; if f(g, g) =
+1/Ag we first change all the crossings in Figure 8.

Once the knot is in this position, its Seifert matrix is given by
formula (4). From the above calculation, 8(g, g) = zdet(?")/Ax .
Therefore zdet(7”) = +£1 + b(t)Ax (recall that the Blanchfield pair-
ing takes values in the quotient ring Q(¢)/Z[t, t~!] so that values of
the numerator are only determined up to adding a multiple of the
denominator), where if the plus sign is chosen, the crossings are re-
versed in Figure 8. But since this is the case, a quick calculation yields
Ag = Ax+z det(7”) , where again the plus sign is taken if the crossings
in Figure 8 have been reversed. Substituting yields

Ag =1 +b(t)Ak.
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Now since “1” is a knot polynomial, the condition on b(t) to make
Ay aknot polynomial are exactly those necessary to apply Corollary 2.
And because of Lemma 3, we may alter the surgery curve as necessary
in Corollary 2 and still have a curve that will lift to g. Therefore
surgery on this new nice surgery curve—which changes exactly one
crossing—yields a knot with polynomial 1.

On occasion, the necessary surgery curve can be found explicitly.
Suppose, for instance, that a Seifert surface is chosen and the corre-
sponding Seifert matrix calculated. When this matrix is skew-Hermi-
tianized, it becomes a presentation matrix for the Alexander module,
with generators the lifts of the Alexander duals to generators of the
homology of the Seifert surface.

If this matrix can be column-reduced to a matrix whose only non-
zero entries are on the diagonal and any one row, and the diagonal
elements in the other columns are +¢", then a single generator for
the Alexander module has been found—namely the generator g cor-
responding to the given row. If the matrix cannot be so reduced, then
some basis change in the homology of the Seifert surface allows it
to be reduced. However, discovering the necessary basis change may
not be a simple problem. But if such a generator can be found then
B(g, g) can be easily calculated from the Seifert matrix. The prob-
lem then becomes whether or not a multiple of this generator can be
found with B(f(¢)g, f(¢)g) = £1/A. This is a problem in Hermitian
residues, which again may be difficult to solve.

Assuming both the difficulties in the previous paragraph can be over-
come, and some multiple of the known generator has been found, it
is now simple to extract the required surgery curve. For fg projects
down to the loop whose lift is g, conjugated by the loop whose lift
represents ¢. Thus, the projection of f(¢)g can be found in S3 - K,
and that will be the needed surgery curve.

4. An application to the knot 8,,. Figure 9 (next page) shows two
pictures of the knot 8¢, the standard picture that appears in knot
tables and one for which a Seifert surface is more obvious. The second
picture is shown with generators for the homology of the surface. This
knot has proven to be a stumbling block in the determination of the
unknotting numbers of prime knots with small crossing number. This
is because it can easily be unknotted with two crossing changes, yet all
of the lower bounds (four-ball genus, minor index, half the signature)
are one. The knot is thought to have unknotting number two.
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FIGURE 9

A Seifert matrix can be read from Figure 9 as

-1 0 00 O o
1 -1 00 O O
O 0 10 O O
M=1 65 0_-11 0 o0
O 0 00 -1 o0
o 1 01 -1 -1
Thus a presentation matrix for the Alexander module is given by
—z —t12 0 0 0 0

12—z 0 0 0 —t1/2

0 0 z 7120 0
A=19 —t12 z 0 -2
0 0 0 0 -z 12

0 t1/2 0 tl/2 _t1/2 —
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With a lot of tedium, this matrix can be column reduced to one
which is upper triangular with ones on the main diagonal except.for
the first entry, whichis A=13—32+6t—-7+6t"1=3t72++3. So
the homology of the infinite cyclic cover is a cyclic Z[¢, t~!] module,
generated by the first generator in the presentation. Call this generator
g.
Now consider B(f(t)g, f(t)g) for some f(¢). Using the definition
B(a, b) = za#~'b gives

B(f)g, f(1)g) = zf(t" ) f(O)A41,1/A

where .#; ; is the cofactor of the (1, 1)-entry of .# . A little calcula-
tion yields z.#) | = —(z°+2z* + 2z2). Since the Blanchfield pairing
takes values in Q(t)/Z[¢, t~!] and the denominator here is A, we can
reduce z.#) ; modulo A to arrive at

B(f(t)g, f(t)g) = (z*+ 22 + (™) f(1)/A.

Choosing f(f) = t3 — t + 2t — 1 and substituting into the above
formula yields B(f(t)g, f(¢)g) = 1/A. Furthermore, f(¢) inverts
modulo A (its inverse is t* —3¢3+4¢2—2¢+1 up to multiplication by
units). Therefore, f(¢)g also generates the homology of the infinite
cyclic cover of 8¢, so that applying the theorem proves

COROLLARY 6. The knot 819 has algebraic unknotting number one.

In this case, a further simplification exists in finding explicitly the
crossing change, namely that the lifts of the Alexander duals to the
homology generators of the Seifert surface actually form a Z-basis
for the Alexander module, so that the surgery curve can actually be
calculated in terms of the Alexander duals themselves. When this is
done and the curve is suitably modified by the moves in Lemma 1 to
trivialize the Alexander polynomial, the resulting curve can be sim-
plified by Reidemeister moves to appear as in Figure 10 (next page).
When the surgery is performed, the resulting knot can be reduced to
the (at most) 14-crossing knot shown in Figure 11 (next page), which
is 6*1.(3, 2)1.1.1.21.2 in the Conway notation. The Alexander poly-
nomial of this knot can indeed be calculated to be trivial.

In The Introduction this was cited as an unfortunate result. This
is because this corollary shows that abelian methods, or any other
methods dealing with the Seifert matrix, cannot be used to show that
the unknotting number of 8;( is not one. More delicated procedures
must be found.
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THE STRUCTURE OF CLOSED NONPOSITIVELY
CURVED EUCLIDEAN CONE 3-MANIFOLDS

KERRY N. JONES

A structure theorem is proven for closed Euclidean 3-dimensional
cone manifolds with all cone angles greater than 27 and cone locus
a link (no vertices) which allows one to deduce precisely when such a
manifold is homotopically atoroidal, and to construct its characteristic
submanifold (torus decomposition) when it is not. A by-product of this
structure theorem is the result that any Seifert-fibered submanifold
of such a manifold admits a fibration with fibers parallel to the cone
locus. This structure theorem is applied to several examples arising
as branched covers over universal links.

0. Introduction. Much of the recent progress in 3-manifold topology
has to do with the link between topology and geometry in 3-manifolds.
There has been a great deal of work in the last decade on homogeneous
Riemannian metrics on 3-manifolds, spurred on by the tantalizing
prospect of the Thurston Geometrization Conjecture. At the same
time, there has been a renewed interest in branched covers, as a result
of the notion of a universal link, a link in S3 which has the property
that all closed, orientable 3-manifolds are obtained as branched covers
over S3, branched over this fixed link (see, for example, [HLM]).
It had, of course, long been known that all such 3-manifolds were
representable as branched covers over the 3-sphere, but in the older
construction, it was a very simple kind of branched cover (namely a
3-fold cover) over a possibly very complicated link in the 3-sphere.
One advantage of the newer branched cover construction is that many
geometric structures on the fixed link in S3 lift to the branched covers
and thus, to all 3-manifolds. So, it seems likely that by moving the
complication from the link to the branched covering map itself we
may gain some real insight into the geometry of 3-manifolds.

One particular kind of geometric structure which has this lifting
property is that of a cone manifold structure (see, for example, [A-R],
[Ho] and [Jo1]). The purpose of this paper is to give a structure theo-
rem for 3-manifolds possessing a certain type of cone manifold struc-
ture, namely, a Euclidean cone manifold structure without vertices
and with cone angles greater than 27z . These are the “nonpositively

297
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curved” cone manifolds referred to in the title. It will become clear
subsequently why we refer to these as nonpositively curved. This kind
of cone manifold structure is possessed, for example, by all branched
covers over the figure-eight knot with branching indices greater than
2 and all branched covers over the Borromean rings with branching
indices greater than 1 (both the figure-eight knot and the Borromean
rings are universal).
More specifically, we will prove

THEOREM 2.1. Let M be a closed, orientable 3-dimensional
Euclidean cone manifold with no vertices and all cone angles > 2x.
Then there is a canonical compact 2-complex C in M such that

(1) the components of the complement of C (denoted by M,, ...,
M,) are each the interior of a compact Seifert-fibered manifold (possibly
with boundary)

(2) each M; may be given a convex Euclidean cone metric

(3) M is atoroidal if and only if each M; is an open solid torus.

Note that here (and consistently throughout this paper) atoroidal
means homotopically atoroidal, i.e., admitting no nonperipheral 7;-
injectively immersed tori.

We will also deduce some corollaries of this structure theorem, in-
cluding results related to the Jaco-Shalen/Johannson torus decompo-
sition of these manifolds, restricting the kinds of geometric structures
that can be present in these manifolds. We will also be able to repro-
duce (only for manifolds of this type) Casson, Jungreis and Gabai’s
recent result (see [Ga]) that manifolds with 7;-injectively immersed
tori but no incompressible tori must be Seifert-fibered.

We will then apply this theorem to several illustrative examples. The
manifolds to which this theorem applies are known to be irreducible
and in fact to have universal cover R3, so finding the tori in these
manifolds is the key to understanding how they fit into the Thurston
Geometrization Program.

1. Cone manifolds. We will begin by making a few brief definitions
and state some preliminary results. More details may be found in
[Jo2].

DEFINITION. A Euclidean cone manifold is a metric space obtained
as the quotient space of a disjoint union of a collection of geodesic
n-simplices in E” by an isometric pairing of codimension-one faces
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in such a combinatorial fashion that the underlying topological space
is a manifold.

Such a space possesses a flat Riemannian metric on the union of the
top-dimensional cells and the codimension-1 cells. On each codimen-
sion-2 cell, the structure is completely described by an angle, which is
the sum of the dihedral angles around all of the codimension-2 simpli-
cial faces which are identified to give the cell. The cone locus of a cone
manifold is the closure of all the codimension-2 cells for which this
angle is not 27z (the Riemannian metric may be extended smoothly
over all cells whose angle is 27). For the purposes of this paper, we
are interested in the 3-dimensional case in which the singular locus
is a link (which must have constant cone angle on each component)
and we make this blanket assumption throughout the remainder of the
paper.

One particularly useful feature of the cone manifold structure is its
close relationship with the notion of a branched cover. Recall that a
branched covering map is a continuous map of pairs p : (M, L) —
(M, L) where M, M are n-manifolds, and L, L are (n —2)-com-
plexes, which restricts to a covering map both on L and on the com-
plement of L (we will make the stipulation that L be saturated with
respect to p for technical convenience). The important result is that
if M is a cone manifold with the cone locus contained in L, then M
is a cone manifold with the cone locus contained in L . In particular,
cone metrics may be lifted to true covers as well as branched covers
(a covering map is clearly a branched covering map with any down-
stairs branch set whatever). Branched covering maps of degree d,
branched over a fixed branch set L are in one-to-one correspondence
with conjugacy classes of transitive representations of n;(M —L) into
S, (that is, representations whose image acts transitively on the set
{0,1,...,d —1}). We also note that the cone angles in the lifted
cone manifold structure are the downstairs cone angles multiplied by
the branching indices of the branched covering (we will need this in
our examples).

Geodesics in a Euclidean cone manifold are of three different types:
straight lines joining points on the cone locus which join in such a way
as to have an angle of at least # measured in either direction, straight
lines disjoint from the cone locus, and straight lines contained in the
cone locus. One consequence of the nature of geodesics in Euclidean
cone manifolds is that when a geodesic encounters a point of cone
angle less than 27, that geodesic may not be extended beyond that
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point, since no possible direction of an extension will have the required
angle measure. Conversely, however, when a geodesic encounters a
cone point with angle greater than 27 there are an infinite number of
distinct ways to continue.

As mentioned earlier, there is a very strong analogy between cone
angle and curvature, as one might expect by considering, for example,
the Gauss-Bonnet theorem. More specifically, cone angles greater than
2n act like negative curvature and cone angles less than 27 act like
positive curvature. To be precise, we have the following

PROPOSITION 1.1. Let M be a Euclidean cone 3-manifold with cone
locus a link. If all the cone angles of M are less than 2n, M admits
a smooth Riemannian metric of nonnegative sectional curvature. If
all the cone angles of M are greater than 2n, M admits a smooth
Riemannian metric of nonpositive sectional curvature.

Proof. One constructs a metric of bounded sectional curvature
which is flat outside of a tubular neighborhood of the cone locus. See
[Jo1], Theorems 2.1 and 2.2. Similar techniques are used in [G-Th]
with hyperbolic cone manifolds. O

One of the most useful aspects of this smoothing technique is that
it gives us immediately that the universal cover of a Euclidean cone
manifold with singular locus a link and all cone angles greater than 2z
is R3 (apply the Cartan-Hadamard theorem to the smooth metric). In
particular, such a manifold is irreducible.

By being a bit more careful with the smoothing, we can also deduce
the following theorem, which is an analogue (and consequence) of a
minimal surface result in Riemannian geometry due to Schoen and
Yau [S-Y].

ProrosITION 1.2. Let M be a compact Euclidean cone 3-manifold
with cone locus a link and all cone angles greater than 2n. Then, any
n1-injective map of a torus into M is homotopic to a totally geodesic
torus (in the cone metric) which contains some component of the cone
locus.

Proof. See [Jo2, Lemma 3.1] for the details. Essentially, one shows
that one can take a sufficiently tight smoothing to which one applies
the Schoen and Yau minimality result and obtains a totally geodesic
torus in the smooth metric which is homotopic to a totally geodesic
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torus in the cone metric. This torus can be translated in a normal
direction and remains totally geodesic until it hits some component
of the cone locus, which it must in fact contain. O

This result will be the key to the proof of part (3) of Theorem 2.1.
2. Structure theorem.

THEOREM 2.1. Let M be a closed, orientable 3-dimensional
FEuclidean cone manifold with no vertices and all cone angles > 2x.
Then there is a canonical compact 2-complex C in M such that

(1) the components of the complement of C (denoted by M, ...,
M,,) are each the interior of a compact Seifert-fibered manifold (possibly
with boundary)

(2) each M; may be given a convex Euclidean cone metric

(3) M is atoroidal if and only if each M; is an open solid torus.

Proof. We will construct this decomposition by working in A, the
universal cover of M . We will mimic, in some sense, the usual Dirich-
let domain construction of differential geometry.

Begin with disjoint metrically regular tubular neighborhoods of the
cone locus in A7 . Expand the radius of these tubular neighborhoods
equivariantly. When two of the neighborhoods touch, continue ex-
panding in such a way as to maintain the product structure of each
neighborhood. That is, after the first point at which two of these
bump into each other, each neighborhood will be a round tubular
neighborhood with a flat side cut off by a plane parallel to the core
geodesics of both of the intersecting neighborhoods (see Fig. 2.1 on
next page). These boundary “ribbons” intersect (nontransversely) in
parallelograms (generically—they coincide if the core geodesics of the
intersecting neighborhoods are parallel) and, as the neighborhoods
continue to expand, the ribbons widen until they bump into another
ribbon (or possibly the round part of another neighborhood if a tan-
gency of the round parts occurs exactly at a “corner” of the cross sec-
tion). Note that at all times the cross section of each neighborhood is
convex. Note also that this expansion cannot continue indefinitely (all
cross sections must eventually be compact polygons) since a regular
neighborhood of the cross section is imbedded under the projection
to M, which has finite volume.

When the expansion of these convex product neighborhoods has
been carried as far as it will go, the union of all the boundaries form
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FIGURE 2.1

an invariant (under the actions of the deck transformations on M) 2-
complex C; whose complement is a collection of open parallellepipeds
with convex base (and a singular core geodesic) and a collection of
open Euclidean solid polyhedra. We note that each of these Euclidean
polyhedra (the components that do nof contain a cone geodesic) has
compact faces, since each face is the portion of a ribbon between two
of the nontransverse intersections with other ribbons. We need to
eliminate these Euclidean polyhedra. First, however, we will note the
following lemma, which will be useful subsequently.

LEMMA 2.2. Let o be a cone geodesic in a Euclidean cone manifold
M satisfying the hypotheses of Theorem 2.1. Let & be a component
of the preimage of o in M and let T, be the deck transformation on
M with minimum translation distance which leaves & invariant (i.e.,
the deck transformation that “rolls up” & into o). Then, T, rotates
a tubular neighborhood of & by an angle rationally related to the cone
angle at o.

Proof of Lemma. Since the deck transformations act by isometries
and the preceding construction is geometrically canonical, any deck
transformation that leaves a cone geodesic invariant must leave the
component of the complement of C; containing that cone geodesic
invariant also. In particular, the isometry must take polygonal cross
sections to polygonal cross sections and so must act locally as a trans-
lation composed with a rotation rationally related to the cone angle
at the center point (other symmetries of the polygon are ruled out by
orientability). o

Now, we will eliminate the Euclidean polyhedra in the complement
of C; (at the cost of convexity of the complement) by cutting each
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of these Euclidean regions up by considering the shortest path from
an interior point to the boundary. The set of points that admit short-
est paths to two or more faces (including those whose unique shortest
path is to the intersection of two faces) is an invariant 2-complex
which decomposes the polyhedron into contractible bounded polyhe-
dra. We now alter C; by removing the faces which are part of the
boundary of one of these Euclidean polyhedra and adding in the 2-
complex which subdivides each polyhedron to yield a 2-complex C,.
The complement of C, consists entirely of polyhedra which retract
to a cone geodesic. They are convex parallelepipeds with non-convex
“warts” attached to them along the faces which were between the in-
tersections with the other ribbons. C, is still invariant under the
action of the deck transformations on A/ and, since each component
of the complement has exactly one cone geodesic in it, has the prop-
erty that the components of the complement are left invariant only by
a deck transformation that has an invariant cone geodesic. In particu-
lar, using Lemma 2.2, we see that the complementary regions project
to open solid tori in M which may be canonically Seifert-fibered by
the projections of lines parallel to the singular core geodesic (actually
the Seifert-fibration is canonical only on the complement of C;, but
it may be extended to the complement of C, in an obvious, but non-
canonical, fashion—this will cause us no difficulties, as we will only
need the fibration to be canonical near faces which are in both C;
and ().

Next, we will define a new invariant 2-complex C; by removing
all the interiors of all the noncompact faces from C,. These are all
infinite strips which bisect an infinite strip cobounded by two parallel
cone geodesics. We note that this can be done without disturbing the
Seifert-fibration on the complement, since the Seifert-fibrations on the
two sides of all of the removed faces agree. If this face removal leaves
any isolated geodesics in Cj, remove them also. Note that these may
be additional singular fibers for the complement of C;—it is no longer
true that all singular fibers of the fibration are cone geodesics. Singular
fibers of order 2 can also be introduced which bisect a type-II face (see
definition below) if that face is glued to an image of itself under a deck
transformation.

Now, let C be the projection of C3 to M. We claim that C has
the desired properties.

Let us now proceed to verify the conclusions of the Theorem: (1)
is clear from the construction. (2) follows from the following con-
struction: let & be a cone geodesic in M. Let N(&) be the convex
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FIGURE 2.2

parallelepiped obtained by expanding a tubular neighborhood of &
until it hits either another cone geodesic or the perpendicular bisector
of the strip cobounded by & and some parallel cone geodesic ﬂ . We
will refer to the former faces as “type-I faces” and the latter as “type-II
faces.” N(&) has compact cross section since a regular neighborhood
of a polygon similar to the cross section, but shrunk by a factor of two
is imbedded under projection to M . Now, consider the collection of
N( B ) for all B parallel to & (here parallel means “cobounding a to-
tally geodesic flat strip”). These may be glued along the type-II faces to
give a new parallelepiped P(&) which is still convex since any type-I
face which is adjacent to a type-II face corresponds to a cone geodesic
91 which is not parallel to the core geodesic and thus causes a type-I
face adjacent to the corresponding type-II face in the adjacent paral-
lelepiped (adjacent across the type-II face) making an angle of 7 with
the first type-I face (see Fig. 2.2) unless another geodesic $, cuts it
off exactly at the vertex, causing an angle less than 7.

Now, it need not be the case that N(&) projects to an open solid
torus in M, or that P(&) projects to a Seifert-fibered subset of M,
but it is true that P(&) is homeomorphic to a component A of the
complement of C3 whose stabilizer I" leaves P(&) invariant (it is
generated by deck transformations that either “roll up” or permute
the cone geodesics of M; which are also the cone geodesics of P(a)).
and thus, AM; projects to a Seifert-fibered subspace of M that is
homeomorphic to P(&)/T" which is the interior of a compact convex
Euclidean cone manifold.

(3) is somewhat more difficult to verify: we will define an associated
convex cone 2-manifold (similar to the technique used in [Jo2]) which
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has the property that M is atoroidal if and only if the 2-manifold has
no closed geodesics. (3) will follow from this. First, we will define the
associated 2-orbifold for M and subsequently define the associated
2-manifold for M .

For each cone geodesic a in M, take a copy of the cross section
of N(&), then take a quotient of this cross section under the rotation
guaranteed by Lemma 2.2 and denote this quotient by O(a). O(a)
is a convex “cone orbifold”—an orbifold in which the cone angles
at singular points are not necessarily 2z/n where n is the order of
the isotropy group. Thus, in a cone orbifold, one needs to record
the cone angle at a singularity separately from the order of the local
isotropy group. Now, some boundary edges of the collection of cone
orbifolds will correspond to type-II faces of the N(&a) and some will
correspond to type-I faces (note that the rotation of which O(«) is the
quotient preserves face type). Take the collection of O(a) for all cone
geodesics a in M and glue corresponding type-II faces together—
this will perhaps introduce new orbifold singularities at vertices of
the O(a) and perhaps at the midpoints of edges (these must have
isotropy order 2). Note that we must orient the cone locus to fix a
normal direction for the O(a) in order to insure that the gluing is
well-defined. The components of this new cone orbifold (which we
will denote by O(M)) are the base orbifolds for the Seifert fibrations
on the various M,;.

Now, we are ready to define an associated 2-manifold for M , which
we will denote by O(M) (note that this is slightly different from the
definition in [Jo2]—the 2-manifold in [Jo2] is the union of the cross
sections of the P(&) which is the universal cover of the 2-manifold
we will define here). We use the fact that all orbifolds (with two fam-
ilies of exceptions) have a finite cover which is a manifold and take
O(M) to be the union of the minimal-degree manifold covers for each
component of O(M). This is perhaps not uniquely defined, but we
really only need some compact manifold cover, so our definition will
be sufficient for our purposes here. We need only show that none of
the components of O(M) are “bad” orbifolds (in Thurston’s terminol-
ogy, see [Sc], [Th]). The bad orbifolds, however, all have underlying
space S? and a simple Gauss-Bonnet argument shows that S? can
admit a Euclidean cone metric only when there are at least 3 cone
points with cone angles less than 2z. But the only cone points on
O(M) that have cone angle less than 27 are points that have nontriv-
ial isotropy groups, and thus the orbifold structure must have at least
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three singularities. But all of the bad orbifolds have fewer than three
singularities.

To see that O(M ) has the property claimed, we use Proposition
1.2 to see that any injectively immersed torus is homotopic to a totally
geodesic torus containing some cone geodesic « and thus corresponds
to a closed geodesic in any component of the 2-manifold which con-
tains a cross section of N(&). To see this, lift the torus to a totally
geodesic plane in M which contains a geodesic & and observe that
this plane stays entirely in P(&) and thus meets any cross section
of P(&) in a geodesic which projects to a closed geodesic in O(M).
Furthermore, any closed geodesic in O(M) corresponds to a totally
geodesic (and hence =;-injective) immersed torus in M . Thus, M is
atoroidal if and only if there are no closed geodesics in the associated
2-manifold. It should be noted that, in general, a torus corresponds to
several distinct geodesics in O(M) which form an equivariant family
with respect to the orbifold covering projection to O(M).

It only remains to show that the associated 2-manifold of M con-
tains no closed geodesics if and only if each component of the com-
plement of C is a solid torus. Since each component of O(M) is a
Euclidean cone manifold with all cone angles greater than 27z, there
will be closed geodesics in each free homotopy class of loops in O(M).
Thus, M is atoroidal if and only if each component of O(M) is sim-
ply connected. Since the 2-sphere does not admit a Euclidean cone
metric with all cone angles greater than 27, no component of O(M)
can be a 2-sphere. Thus, the only obstruction to the existence of tori
in M is the possibility that each component of O(M) is a disk. But,
the only orbifolds that are covered by a manifold disk are disks with
a single orbifold singularity and all of the Seifert-fibered spaces corre-
sponding to these bases are solid tori (again, see [Sc]). a

Actually, somewhat more can be said than the preceding theorem.
For each one of the M; which is not an open solid torus, we observe
that we can find a collection of disjoint 2-sided embedded tori (one
for each end of M;) which are parallel to C and saturated with re-
spect to the Seifert fibration on AM; (since each end of the interior
of an orientable Seifert-fibered manifold with boundary is a product
of a torus with an open interval). Each of these tori must in fact be
incompressible, since this torus fibers over a boundary curve of the
associated 2-manifold to M;. This boundary curve is homotopically
nontrivial and hence homotopic to a geodesic in the 2-manifold which
is covered by a totally geodesic torus (hence 7;-injective) in M .
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Thus, if there is more than one M;, the manifold must be Haken
unless all M; are solid tori, in which case the manifold is atoroidal. In
particular, if M admits an injectively immersed torus, there must be
some M; that is not a solid torus, and if M admits no incompressible
tori, there must be only one Af;. Thus, we recover the result (only for
manifolds of this form) that a manifold that admits an injectively im-
mersed torus but not an incompressible torus must be Seifert-fibered
(see [Ga]).

Furthermore, these tori form a collection 7" containing the canon-
ical collection of tori in the Jaco-Shalen/Johannson torus decomposi-
tion (see [J-S] and [Jh]). To see this, we observe that each torus in
T cuts off a “collar” from its associated AM;. The components of the
complement of 7T thus fall into one of three categories:

(1) a manifold homeomorphic to a non-solid torus component of
the complement of C

(2) a manifold consisting of a union of solid torus components of
the complement of C, together with one or more collars and compo-
nents of C

(3) a manifold consisting of collars and components of C.

We observe that each of these components must be Seifert-fibered or
atoroidal: a component in the first category is clearly Seifert-fibered.
For a component, N, in the second or third category, we observe that
each collar may be extended metrically (away from the component in
question) until the torus boundary is totally geodesic in the cone met-
ric. This cannot necessarily be accomplished in M , since the geodesic
homotopic to the boundary curve in the associated 2-manifold need
not be simple (also, the surface covering the geodesic might be a one-
sided Klein bottle instead of a torus), but it can certainly be done
metrically by working (for example) in the cover of M corresponding
to the fundamental group of the particular torus in question. This
metric extension is homeomorphic to N. Repeat this procedure for
all collars of N. We now have a Euclidean cone manifold with totally
geodesic boundary (note that it may have cone locus on the bound-
ary) which we may double to obtain a closed Euclidean cone manifold
(call it N’) which either has no cone locus (possible only if N was
in the third category) and is hence a Euclidean manifold and thus
Seifert-fibered or has nonempty cone locus and satisfies the hypothe-
ses of Theorem 2.1. Note now that in N’, all 7;-injective tori may
be homotoped to the doubling tori and, thus, all tori are peripheral
in each half (using standard free product with amalgamation results).
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Note that we are not asserting that the atoroidal pieces obtained in
this way are not Seifert-fibered also—there are some spaces that are
both atoroidal and Seifert-fibered (the I-bundles over the torus and
Klein bottle).

Finally, we observe that there is a restriction on the kinds of geome-
tries that the Seifert-fibered pieces can possess—the base orbifold must
be negatively curved (since there are cone points on the associated 2-
manifold it must have negative Euler characteristic). So, a maximal
proper Seifert-fibered submanifold of a manifold of this type must
have H? xR or E3 geometry (for the components that consist of col-
lars only and have empty cone locus) and, if the whole manifold is
Seifert-fibered, it must have H? x R or §L\2i§ geometry (again, see
[Sc] for the relevant definitions—for a different proof of a slightly
weaker result, see [Jol, Chapter 5]).

We collect these results in the following

COROLLARY 2.2. If M is a Euclidean cone manifold satisfying the
hypotheses of Theorem 2.1, then

(1) if M admits a n,-injective torus but no incompressible torus,
M must be Seifert-fibered

(2) the collection of boundary-parallel tori in each non-solid torus
component of M; forms a collection of tori containing the Jaco-
Shalen /Johannson characteristic tori

(3) if M is Seifert-fibered, it must have H> xR or Lﬁ geometry

(4) a maximal proper Seifert-fibered submanifold of M must have
E3 or H2 x R geometry.

3. Examples. The easiest way to get examples of cone manifolds
of this type is to consider sufficiently branched covers over Euclidean
orbifolds, that is, branched covers over a topological space which ad-
mits a Euclidean orbifold structure in which the downstairs branching
locus is equal to the singular locus of the orbifold and the branching
indices over each component are greater than or equal to the order
of the isotropy group of that component in the orbifold fundamental
group of the base. Two particularly accessible orbifolds to use in this
context are the figure-eight knot and the 6% link (see the link tables in
[Ro]) since both of these have had their lattice of branched covers cal-
culated up to degree 10 ([He], [Jo3]). These links are of interest since
they are both non-torus rational links and hence universal [HLM].

First, we note that much of the actual calculation of the 2-complex
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C is unnecessary if all we are interested in is, say, the homeomorphism
types of the various components of the complement of C. In this
case, we really need only calculate the associated 2-manifolds of M
corresponding to the various parallel classes of cone geodesics and
look at how the parallelepipeds over them fit together. This can be
done quite conveniently in the case of sufficiently branched covers
over orbifolds by simply examining the monodromy of the branched
cover.

First, the figure-eight knot (a more detailed development of whose
geometry may be found in [Jo2]): S3 admits a Euclidean orbifold
structure with cone angle 2z/3 along the figure-eight knot. Therefore,
any branched cover over S3, branched over the figure-eight knot with
all branching indices greater than 2 admits a Euclidean cone mani-
fold structure satisfying the hypotheses of Theorem 2.1. Let us fix
some notation by letting K denote the figure-eight knot and
¢: 7 (S3—K)— S; be a homomorphism with transitive image in S
(that is, whose image acts transitivelyon {0, 1,...,d—1}). Then, ¢
is the monodromy of a degree d cover of S — K and thus a degree d
branched cover of S3, branched over K. We will use the presentation

@,b,c,d:d'b'c, b\aba"'c, a~'d \¢)

for #;(S3 — K) and note that the group is generated by a and ¢ so
that we need only specify ¢ on these generators. Then, a component
of the cone locus corresponds to a cycle in ¢(a) of length 4 or greater.
For each such cycle of length g, we have a parallelepiped with base a
2gq-gon which is the universal cover of a product neighborhood of the
component of the cone locus. It is possible that two or more of these
cycles represent the same component of the cone locus if ¢ of the
longitude of the knot (ba—!c~lad) takes one cycle to another. Let us
label the vertices of each polygon in the order of each cycle of ¢(a) by
the labels 0, 1,...,d — 1 alternating with O/, ', ..., (d —1). We
may ascertain which vertices of the polygonal cross-section correspond
to type-I faces and which correspond to type-II faces by the following
calculation: writing permutation actions on the right, and denoting
the set of fixed points of a permutation ¢ by fix(¢) we define

F = fix(p(d*))p(a™'cab™") nfix(p(d*))p(b7")
Nfix(p(a))p(b~") Nfix(p(a?))p(cab™").
Then, we set
G = {j | orbit((p(ba~'c"'ad)), j) C F}.
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Then, a vertex with a label i is a type-II face if and only if i €
G and it is glued to the vertex with label (ip(bd~1))'. From this
information, we can compute the associated 2-manifold.

For example, if we set

o(a) = (021)(347)(5698)

and
p(c)=(052497)(68)
(which is branched cover number 43 in [He]), we find that there is
one component of cone locus (cone angle = 8n/3) whose associated
2-orbifold is a disk with two orbifold singularities, of orders 2 and
3. The 2-fold singularity comes from the fact that the monodromy
of the longitude in this cover rotates the disk normal to the cone lo-
cus through an angle of 4n/3, yielding a quotient orbifold with four
vertices in the boundary, each having angle 2n/3. The 3-fold sin-
gularity comes from the fact that two adjacent faces of this orbifold
correspond to type-II faces which are glued to each other, yielding the
orbifold asserted above. Thus, the torus decomposition of this space
consists of an atoroidal Euclidean piece (which is in fact a twisted
I-bundle over the Klein bottle) and the Seifert-fibered space which
fibers over the disk with two exceptional fibers, of orders 2 and 3 (the
trefoil knot complement).
Using another of Hempel’s examples (number 37), we set

o(a) = (021)(3758496)

and

p(c)=(0356)(2487)
and calculate that here there is also one component of cone locus (this
time with cone angle 147/3) whose associated 2-manifold is a disk
(there are no type-II faces) with only one cone point and thus we have
an atoroidal manifold (which is in fact computed to be hyperbolic by
Jeff Weeks’ computer program snappea).

At this point, a remark is in order about how the definitions for F
and G were obtained: this computation is done in detail in [Jo2] and
consists of examining the flat planes extending out from the cone lo-
cus in the direction of a potentially parallel component of cone locus
and checking which components of the branching locus are intersected
transversely along the way—for the two components to be truly par-
allel (and thus separated by a type-II face) it must be the case that
all components of the branching locus encountered must not be in
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the cone locus (in this case, they must be in the 3-fold branching lo-
cus). The definitions for F and G are merely codifications of these
intersection conditions in terms of the monodromy of the branched
cover.

The 6% link is somewhat more complicated than the figure-eight
knot because it is a 2-component link. In fact, the Euclidean orbifold
structure has different cone angles on the two link components even
though there is an involution of S? that takes one component to the
other. The Euclidean orbifold structure has cone angle 27/3 on one
component and 7 on the other.

We will use the presentation

(a,b,c,d,e:ab 'd 'ba~ b7, de 'a=!, ca~le!, bece™!)

for the fundamental group of the 6% link complement and note that it
is generated by a and b (which are meridians of the two components)
and thus we need only specify ¢ on these two elements. We will use
the orbifold structure in which a has cone angle 27/3 and b has
cone angle 7.

There are two distinct types of associated 2-manifolds here, the
ones corresponding to components of the cone locus that cover the a
component and the b component, respectively. For the former, as
before, we set

F' = fix(p(b%)) Nfix(p(c?))
nfix(p(a®))p(ec™!) nfix(p(a®))p(b~'a ec™")
Nfix(p(d?)p(a~"ec™") Nfix(p(d?)p(ec™)
and let
G' = {j | orbit({p(ce'a~'b)), j) c F"}
and compute that the type-II faces run between the vertices labelled i
(where i € G') and (ig(ce~1d~1)).
For the components of the cone locus that cover the b component
of the 63 link, we set
F" = fix(p(a*)) N fix(p(c?))
Nfix(p(b?))p(a~") Nfix(p(a’))p(e™")
and let
G" = {j | orbit((p(ea~'ba™")), j) C F"}
and we set
F" = fix(p(d?)) N fix(p(a’))p(ae™")
N fix(p(c?))p(ae™") Nfix(p(a®))p(c 'ae™")
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and let
G" ={j| ombit({(p(ea~'ba™")), j) c F"}.

For covers over the 6% link, we have the type-II faces running be-
tween vertices labelled i and ip(ea) where i € G” and also between
i’ and (ip(d))’ where i € G"”. We note also that crossing a type-1I
face around a cone geodesic that covers b reverses the orientation of
the geodesic.

We will again apply this procedure to two examples. For the first
(10.56 in [J03]), we set

o(a)=(012)(345)(6789),  ¢(b)=(03)(14)(267589).

We find that there are two components of cone locus, one of which
(covering b) has associated 2-orbifold a MoObius band with one order-
2 singularity and the other of which (covering a) has associated 2-
manifold a disk with one cone point. Thus, we have a manifold
whose torus decomposition consists of a Seifert-fibered space over the
Mobius band with one singular fiber of order 2 and an atoroidal man-
ifold with one cusp.
For our second example, we set

p(a)=(012)(345)(6789),  o(b)=(0134)(2658)(79).

This is example 10.49 in [Jo3].

Here, we again have two components of cone locus (both of the 4-
cycles in @(b) are on the same component of cone locus) and we find
that there are no type-II faces, so that we have an atoroidal manifold
(which is in fact hyperbolic—again courtesy of snappea).
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ON THE FROBENIUS MORPHISM OF FLAG SCHEMES

MASAHARU KANEDA
Dedicated to Professor C. W. Curtis on the occasion of his 65th birthday

We give a new proof to V. B. Mehta and A. Ramanthan’s theorem
that the Schubert subschemes in a flag scheme are all simultaneously
compatibly split, using the representation theory of infinitesimal al-
gebraic groups. In particular, the present proof dispenses with the
Bott-Samelson schemes.

Let K be a perfect field of positive characteristic p. If 4 is a
K-algebra and r € Z, one defines a new K-algebra A(") by the ring
homomorphism K — A such that & — & . Givena K-scheme X we
will denote by X() the K-scheme having the same underlying topo-
logical space as that of ¥ but with the structure sheaf @ Qx K=",
which we regard as a sheaf of K-algebras by the usual multiplica-
tion of K on K(-) from the right. If # is an @-module, we set
F ) =F @k K", it comes equipped with the structure of an G-
module. If r > 0, the morphism F7: X — X (") that is the identity
on the underlying topological spaces and such that a ® £ — ar'é for
each a € I'(V, @) and ¢ € K(-") with U open in X is called the
rth Frobenius morphism of X.

If K is algebraically closed, Hartshorne [HASV], (II1.6.4) showed
that on the projective spaces over K, the direct image of any invert-
ible sheaf under the Frobenius morphism splits into a direct sum of
invertible sheaves; this was crucial for B. Haastert [Haas] to prove
the Z-affinity of the projective spaces. We will compute in §1 which
invertible sheaf enters as a direct summand.

More generally, we say after V. B. Mehta and A. Ramanathan [MR]
that X is Frobenius split iff the structural morphism Fafe: Oy —
Fx.0x admits a left inverse, called a Frobenius splitting, so that @,u
is a direct summand of Fx.@%. If ¢ is a Frobenius splitting of X
and if 9 is a closed subscheme of X defined by an ideal sheaf .7,
we say o splits 9 iff g(Fx,.”) € F (W, in which case 9 will also be
Frobenius split, said to be compatibly split in X.

Mehta and Ramanathan showed that the flag schemes are Frobe-
nius split with all the Schubert subschemes compatibly split. Their
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result has various applications, e.g., to their simple proof of Kempf’s
(resp. Demazure’s) vanishing theorem of the higher cohomology of
dominant (resp. ample) invertible sheaves on the flag schemes (resp.
the Schubert schemes).

In §3 we will rederive a part of their theorem that the flag schemes
are Frobenius split, using the representation theory of infinitesimal
algebraic groups. Along the same line one can find a particularly nice
splitting of each flag scheme that splits all its Schubert subschemes;
that we will do in §4.

We will let KAlg (resp. Modyx) denote the category of K-algebras
(resp. @x-modules). Also Schy (resp. Grpg) is the category of K-
schemes (resp. K-group schemes). If & is a K-group, & Meod will
denote the category of &-modules.

The §4 is largely due to the referee, who kindly communicated a
sketch of the arguments. We have also revised the proof in (3.2) of the
surjectivity of a nonzero G,B-homomorphism from S, ®k St, into
Z,(2(p" — 1)p) . Formerly the argument was borrowed from Jantzen’s
book [J], (I1.11.13).

The author is grateful to the referee for generously sharing his/her
ideas with him. Thanks are also due to Akiyama S. for a helpful
suggestion to (1.3).

1. Projective spaces. In this section we assume K is algebraically
closed and consider the case X = PV the projective N-space over K.

(1.1) As P is defined over F,, (PV)() ~ PV, We will denote by
F the composite of Fpy with the isomorphism.

The invertible @x-modules are parametrized by Z: if &(1) is
Serre’s twisting sheaf, we let @' (n) = @(1)%: (resp. @(—n)~1) if n >0
(resp. n < 0).

By [HASYV], (111.6.4) for any n € Z there are n; € Z such that

-1
Fo&(n)~ || #(n) in Mods.
i=0

We will compute the n; in this section.
(1.2) If n=n'+pn” with n’ €[0, p— 1] and n” € Z, then

(1)  F&O(n)~F(O1)®s, F*O(n")) ~ FO(n) ®s_O(n")

by the projection formula; hence we have only to compute F.Z'(n),



FROBENIUS MORPHISM OF FLAG SCHEMES 317
n € [0, p—1]. Fix such n. Then (cf. [Haas], p. 400)

(2) 36; € Nwith > 6; = pV: F.&(n) = [(@(-i)%).

i>0 i>0

Let S,, be the mth homogeneous part of the polynomial algebra
in N + 1 indeterminates over K. Then for each j € N we have as
K-linear spaces

(3) Sn+jp = T(X, &(n + jp)) ~Modx(Fx, @ (n + jp))
~ Modx(F*@x, @(n + jp))
~ Modx(@x, F.@(n + jp))

~ Modx (ﬁx , I_[ﬁ - i)@9i> by the projection formula
i
®
~ L[S 1—01
i
hence

@) (n+]p+N) Zg(~z+N)

In order to compute the 6;, we will agree that for each ¢t € Z and

meN
(3) (m)zm—_dxm x=1x = t(t-l)..;g-—m+1) i£m> 1,

(1.3) LeMMA. (i) For each r e N

0r—Z( 1y (N+l)(n+(r—Ni)p+N).

i=0

(ii) Ifr>N(l 3n+N2(N+1—r)P,then 6,=0.
=Y ifp-n-1>N
Oy = N -
(iid) 6w {O otherwise.

Proof. (1) We will argue by induction on r. If r =0, take j =0
in (1.2) (4) to verify the assertion. If r > 1, take j =r in (1.2)(4) to
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get
1

( +rp+N) rz":el(r—z+N)

i=0
< +rp +N)

—1-s5

n+sp+ N\ W (N+1\(r—s—k+N

B Z ( N ) >, (=D k N
s=0 k=0

by the induction hypothesis; hence one has only to show

2) —f(—l)k(N; DY) =M wenan

k=0
Assume first ¢ — 1 < N. Then the left-hand side of (2) is

3) _%‘( N (N+l)(t—l§v+N>+(_l)t<N;-1);

hence it w111 be enough to show

(4) %1( 1) ( >(I_IEV+N)=0 ve> 1.

But the left-hand side is

N+1
N+1\ 1 aV
5 —l)k( )_ ‘ xt—k+N
o X ()
1 4av

- - {xt——l(x_l)N+l}=0’
N'dxVN|, _,

using the Leibniz rule.
If t—1> N, then the left-hand side of (2) is

©) %jl o (MED (T =0 b

while the rlght-hand side of (2) is 0 as £ > N + 2. Hence (1) holds.
(i) If r > N+ 1, then

N+1 .
A(N+1\(n+(r—i)p+N .
M 6= 20(4)1( ey by (i)
1=
1 av
N'dxN|, _,
using the Leibniz rule again. Likewise the rest.

{xn+(r—N+1)p+N(x _ 1)p(N+1)} — O,
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(1.4) We summarize the foregoing computations in

ProrosiTION. If n€[0, p— 1] and n’ € N, then
FEO(n +pn') ]_[@’n—l@i in Modzx

with 0; = 3% _o(=1)/ (V1) ("UPHY) as in (1.3).

2. Preliminaries. In this section we recall some standard facts of
the Frobenius splittings and of the representation theory of algebraic
groups. We will also introduce the notations in (2.5) to be used in §3
and §4.

(2.1) Let X be a K-scheme. If U is open in X, one can identify
O (B) = T(V, Gp) with Fx(U)V. Then the structure morphism
F;E(QI): O (B) — (Fx«0O%)(0) is just the p"th power map. Hence a
Frobenius split K-scheme is reduced [R], Remark 1.3(i).

(2.2) LemMA (cf. [R], Corollary 1.11 and [MR], Lemma 1). Let X
be a K-scheme Frobenius split by o € Modyw (Fx«O% , Ox0).
(i) If X, and X, are closed subschemes of X both split by o, then
sois X1NXx,.
(ii) Let 9 be a closed subscheme of X split by o . If the underlying
space || of 9 is Noetherian, then each irreducible component of 9
given the reduced closed structure is also split by o .

Proof. (i) If % is the ideal sheaf of X;, the ideal sheaf of X;NX%,
is A +.%. Then

(1 0(Feu A +A) €AV + A = (A +5)0,

and hence X; N X, is split by o.

(i) If || = |P1|U---U|D,| is a decomposition into the irreducible
components of 2), each of which is given the reduced closed structure,
put U = |[X\(D2/U---U|D,). Then |9, NY| = | NV|. As both
91NV and PNY are reduced, P; NV =Y NYV; hence

(2) 21 NP is split by 7|y in V.

Let & be the ideal sheaf of ); in X. To see that g(Fx,#) C P,
the problem being local we may assume X = GpgA for some K-
algebra 4. Then &£ = p and o(Fx.%) = J for some ideals p and
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J of A with p CJ. As 9, is reduced and irreducible, p is prime.
By (2) there is f € A\p such that p, = J, in A,; hence J =p, as
desired.

(2.3) Let & be an affine algebraic K-group scheme, §) a subgroup
scheme of &, and n: & — &/§ the quotient morphism. &/5 is
a K-scheme (cf. [J], (1.5.6)(8)), and = is open and affine (cf. [J],

(I.5.7)(3), (1)).
If M is an $)-module and if U is open in &/5), we set
(1) Schy(n~'0, M)%
= {f € Schg(n~!0, M)]|
f(A)(xh) = k™! f(4)(x) Vx € (n~'0)(4),
heH(A), A€ KAlg}.

One defines an G y-module 75, 4(M) by
(2) 20— Schg(n~10, M)5.

The correspondence M +— Z5,5(M) defines an exact functor from
$ Mod into the category of quasicoherent @ -modules. L, (M)
carries also a structure of ®-linearization.

If we let $ operate on the coordinate algebra K[®] of & (resp.
M) by the right regular action (resp. as given), and take the $-fixed
point set of M ®k K[®], we get a left exact functor

(3) ind$: $ Mod —» & Mod via M — (M ®k K[8])?,

where the &-module structure on (M ®k K[®])? is given by the left
regular action on K[®]. Then

(4) ind$(M) ~ I(8/%, Z/5(M)) in & Mod.

The functor ind%s is right adjoint to the forgetful functor & Mod —
$H Mod: If V is a -module, one has a K-linear isomorphism

(5) & Mod(V, ind3(M)) — $ Mod(V, M) via freyof
with an inverse given by g — ¢ such that
6) &)A)(x)=(g® A(x"'(v1)),

veV, xe®(Ad), A€ KAlg,

where ey = M ®k &g € H Mod(ind§ (M), M) such that ¥ m;®a; —
> es(a;)m; with gg the counit of the Hopf algebra K[®&], or eps is
the evaluation at the neutral element of &(K) under the identification
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(4). The isomorphism (5) is called a Frobenius reciprocity. One has
also the tensor identity (cf. [J], (1.3.6)) in & Mod:

(7 V ®k indg (M) indg (V ®x M)

such that the image of v®f sends x € &(4) into (x~1(v®1))®4f(x),
A€ KAlg.

(2.4) Let K be a subgroup of $ and ¢: /8 — &/$ the natural
morphism. One has (cf. [J], (1.5.19)(5))

(1) P 0ind2 ~ ¢, % s on £ Mod

such that if 9 is an affine open of &/$ and M € | Mod, the fol-
lowing commutative diagram results:

K[z 9] ®k ind2(M) —— K[n~!0]ex M

J ]

Schg (=190, ind2(M))® —=— Schg(n~'0, M)*%
where 7 is the quotient morphism & — &/ and the top horizontal

map is given by a® f —a ey (f).
Taking the global sections of (1) yields the transitivity of inductions:

(3) ind§ oind} ~ indg .

If L € 8 Mod, the transitivity of inductions makes the following
diagram commute:

ind§ (ind2(L)) —— indZ(L)

@ | [

ind2(L) — L
L

(2.5) We now fix the notations to be used throughout the rest of the
paper. G will denote a semisimple simply connected K-group with
a maximal torus 7', both split over Z, and R the root system of G
relative to T with a positive system R*. We choose a Borel subgroup
B of G containing T such that the roots of the unipotent radical U
of B are —R*, and set X = G/B.

Let W = Ng(T)/T be the Weyl group of G. If «a is a simple root,
let s, be the reflexion in W associated to o, and let /: W — N be
the length function on W with respect to {s, | @ simple}. If wy €
W with woR* = —R*, set U* = woUw;'. Then {wU*B}yew
provides an open covering of G.
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As B=Tx U, Grpg(B, GL,) ~ Grpg(T, GL,), which we will
denote by X. X has the structure of an abelian group, called the
weight lattice, such that (A + u)(¢) = A(Hu(t), t € T, A, u € X.
Define a partial order on X such that A < u iff u—4Ae€ ) p Na.
Let X+ be the set of dominant weights, and put p = % Yoacr ¥EXT.

If M is a T-module, one can write M = [[;cy M; with M; =
{meM|tim®1l)=mQeA(t) Vte T(4), A€ KAlg}. Wesay 4 is
a weight of M iff M; #0.

By abuse of notation we let A € X also denote the 1-dimensional
B-module defined by A. One has (cf. [J], (I1.2.6))

(1) ind§(1) £0 iff ie X,
in which case (cf. [J], (IL.2.2))
(2)  ind$(A) has the highest weight A with dimind$§(A); = 1.

If G, =ker F5,, Ff: X — X") factors through the natural morphism
q: X — G/G,B to induce an isomorphism F: G/G,B — %) in Schg
(cf. [J], (1.9.5)) so that the diagram

x L=, 50
(3) al  ~SF
G/G,B

commutes. If B, =ker Fg and U,f = ker . , the multiplication in-
duces an isomorphism of K-schemes U x B, — G, (cf. [J], (IL.3.2)).
For simplicity we set

(4) Z, =indy”: B Mod — G,B Mod.

As G,B/B ~ U} is affine,

(5) Z, is exact (cf. [J], (1.5.13)).

If A€ X, then (cf. [J], (I1.9.2))

(6) Z,(A) has highest weight A with dim Z,(1); = 1
and

(7) Z,(A)* ~ Z,(=A+2(" —1)p) in G,B Mod.

Also (cf. [J], (IL.9.5))
(8) SOCG B Z,(4) is simple of highest weight A.
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In particular (cf. [J], (I1.3.18)),

9) Z,((p" — 1)p) is simple and admits a structure
of G-module,

called the rth Steinberg module and denoted St,.
One has by (2.4)(1)

(10) 4-Z5/8(M) =~ Z/6,5(Z,(M)) VM € B Mod.

As B is defined over F,, B") ~ B in Grpg (cf. [J], (1.9.5)); hence
one can make M into a G,B-module, denoted M1, through the
quotient morphism G,B — G,B/G, composed with the isomorphism
G,B/G,=B(" induced by F}. One has

(11) Fo %516, 8(M) ~ 25, 5(M)") inMod,.
That is given in each (wU*B/B)"), w € W, by the following com-
mutative diagram:
T(wU*B/B)", F.%/6,8(M")) ——— T(wU*B/B)", Z;5(M)")

! Y
(12) Schg(wU*, MU' Schx(wU*, M) @x K"

Y| z|

K[wU*1% @x M1 —— Mo (KwU*lex K™)

with the bottom horizontal map given by mQa®¢& — a’é@m.

(2.6) We examine next the inverse image ¢*ZG/6p(V), V €
G,B Mod. As the quotient morphism G — G/G,B is not locally
trivial, the argument of [J], (1.5.17)(1) does not apply as it is. One
could consult [CPS], (3.1.2) and (2.7), but we prefer to write down an
explicit proof of the following fact:

PrROPOSITION. Let s € N, r€ Z*, and let q;: G/GsB — G/G,+sB
be the natural morphism. If V is a G, sB-module, the imbedding

Z6/6.,8(V) = 4«26/, 8(V)

r+s

induces an isomorphism

4526/6,, B(V) = Z5/6,8(V)
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that makes, in each wU x; = wUB/GsB, w € W, the following
diagram commutative:

TwU*x,. 4! %6 (V) — T(WU*x,, 4] %y,5(V)
KlwU" /U 1@ (KwU*leg V) ——  KlwUe,V
s 1 ¥kut Ut ) K K

where the bottom horizontal map is given by bQc®v — bc®v.

Proof. By taking the direct limit we may assume dim V' < co. Let
ns: G — G/GsB and 7: G — G/G,sB be the quotient morphisms
so that g; o my = ng. Define y: ¢/ %6 (V) — Z5/68(V) to be
the adjoint of the imbedding o’i”G/G’H g(V)— qs*,.%/gsg(V) .

Assume first s = 0. As {wU"xp}ywew 1s an open covering of X,
to see that y is invertible, we have only to check it in each wU*xg,
w € W, thenonlyin U*x, by the W-equivariance; hence it is enough
to show that the map

(1) L(U*x0, &) @, s, ,) Sk (U™ B, V)G.B
— Schg(U*B, V)E
is invertible. But the left-hand side is isomorphic to
(2) K[U*1®gy+ju+ Schi (U, VU
~ K[UH] @y indg’:(V)
~ K[U*] @y (V ®k K[UTDY

while the right-hand side is isomorphic to V ®x K[U*]. Hence we
are reduced to showing that the map

(3) KU @y (V ®k K[UT]) = V &k K[U*]
viha@meb— m®ab
induces an isomorphism upon restriction to
K[U*] @y (V ®k K[UTDY .
We will argue by induction on dim V. Note that
(4) vU £0 ifV#0
as U/" is unipotent. In particular, if dimV =1, V = VU’ : hence
(5)  (Vex K[UDY =V ek (KIUTY) ~V ek K[UHI",

and the assertion follows.
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Assume next dimV > 1. As Ut/U} ~ U") is affine, indg: is

exact. Also K[U*] is free of rank p''R'l over K[U+]". Hence we
get a commutative diagram of column exact sequences

0 0
+ . U" Ut Ut +
KIU @ inds (VY) —— VU ok K[U]

(6) K[U*] @y ind¥e(V)  ——  V@x K[U*]

KU1 @y indg;(V/VUf) —— (V/VU) @k K[U*]

! !

0 0.

By the induction hypothesis, the top and the bottom horizontal maps
are isomorphic; therefore so is the middle, as claimed.

If s >0, we have by the above a commutative diagram

* % ”;W *
n345-26/6,, (V) —— 1525/68(V)

" | !

n* 26, 8(V) ——  Zg(V).

r+s

Hence at each x € X we have an isomorphism

(8) (m5¥)x =%, x s

G/GB ,ng(x)
@x’x ®ﬁG/GsB,ns(x) @G/GSB e n:(x) ®ﬁ6

Vn,(x) *
26/6,,8(V)x'(x)

{GpysB, n;(x) r+s

- g,.'{,x Sz ) ac-':ﬂG/GSB(V)nS(x)-

G/GsB , mg(x

But @, is free of rank p*IR’l over Oro ,;hence Ox x is faithfully
flat over &G, B, x (x)» SO W (x) 1s already isomorphic, from which we
conclude that y: ¢;.%/6 p(V) — Z5/68(V) is an isomorphism.

(2.7) One can likewise show
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PropoOsITION. Let (&, 9) = (G, B) or (G, G,B). Let M, M' €
$H Mod.
(i) The natural morphism
Zo/5(M) ®s,,, Zo/5(M') — Zg/5(M @k M')
is invertible.
(ii) If M is finite dimensional, Z5(M) is locally free of rank

dim M, and the natural morphism Lg;6(M*) — ZLg,5(M)V is invert-
ible.

(2.8) LEMMA. Let (6, 9H)=(G,B) or (G,G,B). If L, M, and
N are $y-modules with L and M finite dimensional, put
M; =Modg5(-Ze/5(L), Lo/5(M)),
M = Modg (Lo /5(M) , Lo/5(N)),
M3 = Modg,5(ZLe/5(L) , Z5/5(N)).
Then one has a commutative diagram of K-linear spaces

4

M, @k M, E— M;

| k
ind§ (L* ® M) ®x indg(M* @k N) — ind§(L* ®k N),
where ¢ is the composition, the vertical isomorphisms are the natural
ones, and u € & Mod, such that the diagram
ind§(L* ®k M) ® ind§(M*®x N) —t—  ind%(L* ®k N)

L*®@x M @ M* ®@x N _— L*®x N
L*®,v® N

commutes if v is the natural map.
Proof. Let y, € indg(L* ®x M), w, € indg(M* ®k N), y3 =

u(y1 ®k y2), and ¥ € My, W, € M,, 3 € M; corresponding to
Vi, Va2, W3, respectively. We must show

(1) Y0 Y = 3.
One has
(2) w3=(L*®kv®k N)o(y;®k y2) inSchg(&, L*®k N).
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If U is an affine open of X, one can write
res>, (y1) =Y a;® fi®m; inK[n D)ok L ®x M,
i

and
res® ' (¥r) = Zb ®gj®n; in K[n~ 0] ®@x M* @k N.
J
Then by (2)
(3) res> . (¥3) = > aib; ® gj(mi) f; ® n;

i,j
in K[n~!'¥] @k L* ®k N.
If v =Y, c ®l € (K[n'%] @ L)® = (B, Z(L)), then
(4) 73(B)(v) =Y aibjck ® gi(mi) fil)n; by (3)
ik
while

(5) ((¥2 0 91)(0))(v) = ¥2(V) (Z aick ®fi(lk)mi)
ik

= > aiceb; ® fi(l)gj(mi)n;;
ij,k
hence ¥, o ; = 73 in U, as desired.
(2.9) Let M € B Mod, and denote the isomorphism ,‘ZG/G,B(Z(M )
— ¢«ZG/8(M) (resp. q* 256 B(Z(M)) — ZG/8(2,(M))) of (2.4)
(resp. (2.6)) by 6, (resp. 6,). One readily verifies

LEMMA. If a: q*q.2G/p(M) — Z5,5(M) is the adjunction, then
aoqr0) = Zsp(em) 0 0.

(2.10) Let M’ be another B-module. If dimM < oo, one gets
from (2.9) a commutative diagram of K-linear spaces
(1) R
Modx(q" 9. Z%(M), Z5(M')) ——  Modx(q"Z5/6,8(Z:(M)), Zx(M"))

Mod x (&, Z (M’»[ zIMMx(oz ,Fx (M)
Modx (% (M), Z(M")) _ Modx(Z% (Z,(M)), Z(M"))
Y Y
ind§(M* @k M') s ind§(Z,(M)* ®x M"),

ind§(ep @k M')
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where the top (resp. middle) horizontal map is Modx(g*6; , -Z%(M"))
(resp. Modx(Z(ey), Z%(M'))) and e}, € B Mod(M*, Z,(M)*) is
the dual of ey,.

On the other hand, let L € G,B Mod with dimL < oo, 7] €
G,B Mod(L* @k Z,(M"), Z,(L* ®x M")) the tensor identity (2.3)(7),
and 7, € G Mod(ind¢ »(Z,(L* ® Z,(M"))), ind§(L* ® M) the
transitivity of inductions (2.4)(3). If 6} (resp. 6%) is 6; (resp. 6)
with M (resp. Z,(M)) replaced by M’ (resp. L), one has a commu-
tative diagram of K-linear spaces

Modg/6,5(Z5/6,8(L), ¢»F2(M')) ——— Modx(q*ZG/6,8(L), Zx(M'))

Modg,q, 5(%/6,5(L). GI)L me(azL , L (M)
(2) Modayq,5(Z/6,8(L)  Zo/6,8(Zr(M")) Modz (% (L), Zx(M"))
Y Y
ind§ 5(L" ®k Z/(M")) — ind§(L* ®x M'),

where the top (resp. bottom) isomorphism is an adjunction (resp. 720

ind¢ p(11)).
Then putting together (1) and (2) yields

(2.11) LeEMMA. If M, M’ € B Mod with dim M < oo, one has a
commutative diagram of K-linear spaces

Modz(Z(M), Z(M'))  —— ind§(M* ®x M")
lindg(e;,e;KM')
ind$(Z,(M)* @k M)
zTrzoindgr,,(rl)
Modg/G 5(an-Za(M) , 4F(M")) —— ind¢ (Z,(M)* ®x Z;(M")),
where the left vertical map is given by f v q.f,
171 € G,B Mod(Z,(M)* ®x Z,(M"), Z(Z,(M)* ®x M"))
is the tensor identity, and
75 € G Mod(ind 5(Z(Z,(M)* ®k M')), ind§(Z,(M)* @k M'))

is the transitivity of inductions.
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3. Flag schemes.
(3.1) As F: G/G,B — %) is invertible, to see that X = G/B is
Frobenius split, one has only to show that

F7Y(FpP) € Modg6 5(F6/6 B » 4Fx)

admits a left inverse.
One has socg p Z,(K) = K by (2.5)(8); hence one has the inclusion

i € G:B Mod(K, Z,(K)). As Z5gp is exact, Zg p(i) induces
monic &g/ s — 4«F% - On the other hand,

(1) Modg/ 3(F6/6 B » 1:0%) 2 T'(X, Fx) ~ K.
Hence we may assume
(2) F7H(FD) = Z6,8().
(3.2) THEOREM. The imbedding 5, (i) splits to yield
9Ox ~ OG5 ® Z5/6,8(Zr(K)/K)  inModgg p.

Proof. Put i¥ = Modg/c p(-Z5/6 8(i)» /G B) - Our objective is to

show that iV is surjective. If i* € G,B Mod(Z,(K)*, K) is the dual
of i, one has a commutative diagram of K-linear spaces

~ -V
Modg/c,5(-Z6/6,8(Z+(K)) , G6/6,8) ——— Modg/6,8(Z5/6,8(K) » F6/6,8)

Y| Y

(1) indg 5(Z,(K)") s indg 5(K)
| |-
Z,(K)* — K,

%
1

where the middle horizontal map is indg 5(i*).
As ex 1is invertible and as i* is surjective, one has only to show

(2) €3 &) is surjective.

Recall the tensor identity (2.3)(7)

(3) St, ®k St, ~ Z,((p" — 1)p ®k St,) in G,B Mod.
As 2, is exact, a surjective

(4 (" —1)p®key_1), € BMod((p" - 1)p ® Str, 2(p" — 1)p)
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induces a surjective
(5) Z,((0" = 1)p ®x egr_1))

€ G,B Mod(St, ¢ St,, Z,(2(p" — 1)p)).
But 2,(2(p’ —-1)p) ~ Z(K)* by (2.5)(7); hence one gets a surjective
(6) ¢ € G,B Mod(St, ®k Sty , Z,(K)*).

Then ¢ induces ¢ € G Mod(St, ®k St,, indf 5(Z,(K)*)) by the
Frobenius reciprocity such that

(7) "Z(K)*°$=¢?

hence ez k)" must be surjective, as desired.

(3.3) ReMARks. (i) Unlike the case of the projective spaces,
4+9,p does not in general split into a direct sum of invertible sheaves
[Haas], (4.5.5).

(ii) If s € N, one can make as in (2.5)(11) a G,B-module M into
a G,.sB-module, denoted also by M), Then in G,,;B Mod

. G.B . G, B/G . G.B
(1) indg’y (K)zlndG:z,/éss(K)z(mdBr (K))l.

If g;: G/GsB — G/Gy4+sB 1is the natural morphism, one has commu-
tative diagram in Schg

G/B —— (G/B)® —— G/G;B

o le I

G/G,B —— (G/G,B)®) «——— G/G,4sB;
hence the natural morphism & /G, B~ 45« /G.B splits to yield

(3) 5x05/6,8 = 66, B ® LG, 8(Z(K)/K)¥1)

in MOdg/G B-

(iii) The cup product St, ®k St, — indg(Z(p’ —1)p) in G Mod,
induced by the multiplication (p" — 1)p @k (p" — 1)p — 2(p" — 1)p,
turns out to be surjective (cf. [J], (II.14.20)). On the other hand, one
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has K-linear isomorphisms
G Mod(St, ® Sty , indg 5(Z,(K)*))

~ G Mod(St, ®k Sty , ind§ 5(Z,(2(p" — 1)p)))
~ G Mod(St, ® St,, ind§(2(p" — 1)p))

by the transitivity of inductions
~ B Mod(St, @k St,, 2(p" — 1)p)

by the Frobenius reciprocity

~ K.

It follows that ¢ is surjective, hence every morphism ¢.0% — G /G.B >
and, a fortiori, every Frobenius splitting of G/B, is provided by
S tr ® K S tr .

4. Schuber~t schemes.
(4.1) Let ¢ be the K-linear map

St, @k St, — MOdG/GrB(q*ﬁf , ﬁG/G,B)
induced by ¢ of (3.2). One has K-linear isomorphisms

(1) G,B Mod(St, ®k St,, K)
~ G,B Mod(St,, St,) as St, is self-dual
~ B Mod(St,, (p" — 1)p) by the Frobenius reciprocity
~ K as (p" — 1) is the highest weight of S?,
~ G Mod(St,, St,) ~ G Mod(St, ®k St;, K) = K Tr,

where Tr is the trace map of the K-linear endomorphisms of S¢,.
Hence we may assume in (3.2)

(2) i*o¢=Tr.

In particular, if v_ € St ~1)p\0 and v, € St, (y_),\0, then

r,—=@'
(3) Tr(v-®vy) #0

as one can regard v, as the dual of v_. Hence one can take the
splitting of %5/ p(i) to be

(4) 0= p(v-®vy).

We will show
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(4.2) THEOREM. Let w € W . If %, is the ideal sheaf of the
Schubert scheme X(w) = UtwB/B in X, then

0 (quF) C F7U (D).

Hence F.o splits all the Schubert subschemes of X .

(4.3) Let 9 be a closed subscheme of X with the underlying topo-
logical space |X|\|U*B/B|. If « is a simple root, the Schubert scheme
X(s,) is an irreducible component of . In w € W with l[(w) > 2,
there are simple roots o) and «, such that /(s, wsa,) = [(w) — 2.
Then

(1) So, W # WS, With [(so w) = [(ws,,) = (w) — 1.

It follows that

(2)  X(w) is an irreducible component of X(s,, w) N X(ws,,) .
Hence in order to get (4.2), it will suffice by (2.2) to show that
(3) F,o splits 2).

(4.4) Let j € ind(p), be such that j = 1 in U+ regarded as an
element of Schg(G, p)5 [J], (I1.2.6), and let
J € Modx(F%(—p), Fx) ~ (X, %(p))

corresponding to j. If w € W, one has a commutative diagram

T(wU*B/B, Z(—p)) LY EE), 1

(wU*B/B, C%)
| |

(1) Schg(wU*, —p) Schx(wU*, K)
) ]

K[wUT] T K[wU].

j,wU+

If jlyu+ = 0, then j would vanish in wU*B that is open in G,
hence in the whole of G, contradicting the choice of j. It follows
that

(2) j is monic.



FROBENIUS MORPHISM OF FLAG SCHEMES 333

(4.5) Lemma. Supp(coker j) = |X|\|U*B/B|.

Proof. As j is invertible in U*B/B,
(1) Supp(coker j) C |X|\|U* B/B|.

On the other hand, if « is a simple root, one finds j =0 in U*s,B
(cf. [J], (IL.2.6)); hence

(2) Supp(coker j) 2 |U*s,B/B|.
But Supp(coker j) is closed in ¥ as % (—p) is quasicoherent. Hence

(3)  Supp(coker))2 |J [%(sa)l

a simple
= |J |UtwB/B|=|x|\|U*B/B|,
weW\1

and the assertion follows.

(4.6) We take 2 to be the closed subscheme of X defined by the
ideal sheaf imj. One has a commutative diagram of short exact
sequences

x(r) ~
0 — H(-p) L= & —— (coker/)?) —— 0

0 | Jie |

0 — FL%(—p) —— O —— Fj,(cokerj) —— 0,
—

Itj

where the left vertical morphism is given by f — f? -1 If j, =
F71(j0), hitting F! on (1) yields by (2.5)(11) a commutative dia-
gram of short exact sequences

(2)

0 —— F65(-p'p) —— Fgjgp — cokerj, —— 0

! | |

0 — @ %(-p) —— @O — g.(cokerj) — 0,
q.)

with j, = j,(G/G,B) € ind (0" p),\0.
Our objective is to show
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(4.7) PROPOSITION. d(im(g,j)) C im j,.

Proof. Put
(1) M, =Modg/G p(9:«P% , F6/G.8) »
M, = Modg/G B(9:-Z%(—p) , 4«7%)
M3 = Modg/c p(9:-Z%(—p) » Z6/6.8(—P"P)) »
My = Modg/G B(-ZG/6 8(~P"P), 6/ B) »
I = ind¢ 5(Z,(K)"),
I, = ind¢ (Z,(K) ®k Z,(—p)").
One has in G Mod
(2)  ind p(Z:(~p)") = ind§ 5(Z((2p" ~ 1)p)) by (2.5)(7)
~ind$((2p" — 1)p) by the transitivity of inductions
and
(3)  indg p(Z(-p)* ®k —p'p)
~ ind¢ 5(Z,((2p" - 1)p) ®k —P"p)
~ind$ p(Z,((p" — 1)p)) by the tensor identity
~ St, ,by the tensor identity again.

Hence one gets by (2.8) and (2.11) a commutative diagram of K-linear
spaces
(4) i}

St, ®k St, 9k Modx(Z%(—p), Oc) —— St, 9k St, ®k ind$(p)

q’S@ch $®KV1
M, @k M, — LIex
c v,

'l 1
Modg/G (:-2%(—p) » F6/6 B) —— ind§((2p" - 1)p)

c, L€

M; @k M, —— St,® ind§ p(r"p),

where c¢; and ¢, are compositions, and v, v, v3 are some noNzero
G-homomorphisms.
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If 9_ € M3 is v_ under the isomorphism (3), then (4.7) will follow
from

(5) ¢1 0 (@ ®k qu)(V- ®k V4 ®k J) = 2T ®k Jr) s
which translates through (4) into
(6) V3 0 (¢ ® v1)(v- ® V4 ® J) = v3(v- ®k J)-
We actually need (6) to hold only up to K*.
Consider an imbedding &,, € G Mod(ind¢ 5(p"p), ind§(p"p)) and
put j; =&, ,(Jjr). One has K-linear isomorphisms
(7) G Mod(St, ®k St, ®k ind§(p), ind§((2p" — 1)p))
~ B Mod(St, ®k St, ® ind§(p), (2p" — 1)p)
by the Frobenius reciprocity
~ K by (2.5)(2)
= G Mod(St, ®k ind¢ 5(p"p), ind§((2p" - 1)p))
~ G Mod(St, ®k ind§(p"p), ind§((20" - 1)p))-
Hence if u; € G Mod(St, ®k St, ®x ind$(p), ind§((2p" — 1)p)) and

U2 € GMod(St,®kind$(p"p), ind$((2p"—1)p)) are the cup products,
we are reduced to showing

(8) p1(v- ®k vy ®k j) = p2(v- ®k J;) up to K*.
But we have another cup product

w3 € G Mod(St, ® ind§(p), ind§(p"p))
such that
) B = po o (Str ®k U3).
By the weight consideration we must have
(10) u3(vy ® j) =j, upto K*;

hence (8) follows, as desired.

(4.8) Finally, if P is a parabolic subgroup of G containing B, let
7#: G/B — G/P be the natural morphism. As G/B and G/P are
both projective over K, 7 is projective. Also W.0g/p = O/p, a8 T
is locally trivial with @p p(P/B) = K. Hence one gets from [MR],
Proposition 4,
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COROLLARY. T7.(F.a) splits all the Schubert subshcemes of G/P .
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MOBIUS-INVARIANT HILBERT SPACES IN POLYDISCS

H. Turgay KAPTANOGLU

We define the Dirichlet space < on the unit polydisc U” of
C". & is a semi-Hilbert space of of holomorphic functions, contains
the holomorphic polynomials densely, is invariant under compositions
with the biholomorphic automorphisms of U”, and its semi-norm is
preserved under such compositions. We show that < is unique with
these properties. We also prove & is unique if we assume that the
semi-norm of a function in & composed with an automorphism is
only equivalent in the metric sense to the semi-norm of the original
function. Members of a subclass of & given by a norm can be writ-
ten as potentials of .#>-functions on the n-torus T". We prove that
the functions in this subclass satisfy strong-type inequalities and have
tangential limits almost everywhere on JU” . We also make capaci-
tory estimates on the size of the exceptional sets on U” .

1. Introduction. Mébius-invariant spaces. Let U be the open unit
discin C and T be the unit circle bounding it. The open unit polydisc
U”" and the torus T" in C" are the cartesian products of » unit discs
and 7 unit circles, respectively. T” is the distinguished boundary of
U" and forms only a small part of the topological boundary 8U" of
U". We denote by .# the group of all biholomorphic automorphisms
of U" (the Mébius group). The subgroup of /inear automorphisms in
A is denoted by % . The space of holomorphic functions with do-
main U” will be called #(U") and will carry the topology of uniform
convergence on compact subsets of U”" .

A semi-inner product on a complex vector space # 1is a sesquilin-
ear functional on #Z x # with all the properties of an inner prod-
uct except that it is possible to have (@, a)) = 0 when a # 0.
llall = /{a, a) is the associated semi-norm. We assume (-, -)) is
not identically zero.

DEFINITION 1.1. #Z is called a Hilbert space of holomorphic func-
tions on U" if
(i) Z is a linear subspace of 7 (U"),
(i1) the semi-inner product (-, ) of #Z is complete,
(iii) # contains all (holomorphic) polynomials,
(iv) polynomials are dense in /# in the topology of the semi-norm
||l of 2.
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A space # of functions on U” is .#-invariant if fo¥ € #
whenever f € #Z and ¥ € # . An .#-invariant Hilbert space /Z of
holomorphic functions on U” will be called an .#-space for brevity.
Z -invariance and % -space have similar definitions.

N, Z,, Z, R denote the set of nonnegative integers, positive in-
tegers, integers, and real numbers, respectively. A multi-index o =
(ay,...,ap) is apointin N”. 3" indicates a summation with o
running over all the points in N”, and ", ; is a summation where we
consider only those o in the index set I with all positive components.
Let also D; = 8/0z; and D; = 8/0z;. The following abbreviated
notations will be used:

la| =) +--+ap, Z°‘=Z‘f‘---zg",
al=aq!l-ay!, DazDi‘"--Df{".
The Dirichlet space 2 (U") is the class of f(z) =3, foz* € Z(U")
with
oo
(LY A5 = z apan|fal? =) Y aran|fal? < oo
k=0 |a|=k

Equivalently, & (U") is the class of those f € #Z(U") with

1918 = [ 11+ Duffdin < oo,

where u, isthe Lebesgue maesure on U” normalized so that u,(U") =
1. The semi-norm || - || is obtained from the semi-inner product

W, o =D o w-an fuga= | (D1 Do) By D) i

Main results. In this work, we first prove two theorems which show
that the Dirichlet space is unique among .# -spaces that have certain
properties.

THEOREM A. Let # be an # -space and suppose that
(1.2) Ifll=1fo¥| (feZ, Yei).

Then
Ifl=Clfle (feZ),
where C = ||zy -+ zy||*. Thus #Z is 2(U").
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Note that the assumption on the semi-norm is equivalent to
(foW, goVW) = (f, g), and the conclusion implies that
(f, eh=C{f, ghg,forall f,ge# and Y ~.

For the second theorem, we need a strengthening of condition (ii)
of Definition 1.1. To derive it, we write the Taylor series expansion at
0 of an f € #Z by seperating the higher and lower dimensional terms.
For example, when n = 2, using (z, w) for (zy, z;) and (k, /) for
(a1 , az) , WE write

f(z,'w)=f00+2fk02k+2f01wl+ Z frzkw'.

k=1 I=1 k,l=1

Since we assume conditions (iii) and (iv) of Definition 1.1, we can
define a norm on # by

(o9} o0 e}
2 2 2 20 ko, 1112
AP = ool + D7 kol 1F+ D Lo Pl IF + Y- 1Pl w2,

k=1 I=1 k,l=1

where || -|| is still the semi-norm of # C #Z(U") and || -||; denotes
the semi-norm of a similar #’ ¢ #(U). We already know (see [1])
that ([-[|; is equvalent to ||| in U. Since our proof of Theorem B
is by induction on the dimension of the polydisc, the above definition
of ||| - ||| makes sense. Now we make the alternate assumption

(ii)’ # is complete in the norm ||| - |||.
A similar condition was assumed in [1], whereas [4] assumes (ii).

THEOREM B. Let # be an # -space in the sense modified by (ii)
and assume that there is a positive constant 6 < 1 such that

(1.3) Il <IIf o ¥ < éllfll (feZ, Yed).

Then there exists positive constants K; and K, such that

Kilfle W1 £Klfle  (feX).
Thus & (U") is unique again.

The proofs of these theorems will be presented in §2.

Next, we consider a subspace of the Dirichlet space, one that is
defined by a genuine norm similar to || - |||. This space is not ./Z-
invariant any more, but the stronger conditions on it allow us to prove
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that it has tangential limits as we approach 9U". In fact, tangential
limits exist for a wider class of functions which are potentials of cer-
tain functions in .#%(T"). The precise definitions and theorems are
stated in §3. Theorems C and D at the end of that section are the
major results in this direction.

In earlier work, Arazy and Fisher [1] proved, under slightly different
hypotheses, the analogs of Theorem A and Theorem B in U. Zhu [5]
found the equivalent of Theorem A for the unit ball in C" when
n > 2. Nagel, Rudin and Shapiro [3] obtained the unit-disc versions
of Theorems C and D.

After the submission of the manuscript, we were informed by a ref-
eree that in the preprint Invariant Hilbert Spaces of Analytic Functions
on Bounded Symmetric Domains by J. Arazy and S. D. Fisher, results
analogous to Theorems A and B were established for all irreducible
bounded symmetric domains.

NOTATION. A, is the Lebesgue measure on T”" both normalized to
have mass 1; i.e., it is the Haar measure on the compact abelian group
T". If pe[l, 00), its conjugateis q = p/(p — 1). The ZP- and ¢P-
spaces will have their usual meaning. z; will usually be an element
of U and {; of T. Apart from the usual big & notation, we will use
u ~ v to mean both u =& (v) and v =& (u), and u ~ v to mean
u/v has a finite positive limit.

The Poisson integral of an f € ZL1(T") is

PG = [ 1) ILI'@' Q) (zeum),

and its Cauchy integral is

CLA(z ‘/f din(0)  (zeU™,

1_ JCJ

where the products are called the Poisson kernel P(z,{) and the
Cauchy kernel C(z, () for U”, respectively. These transforms have
the following invariance properties: If f ¢ Z'(4,), ¥ € 4, and
UeZ%, then

P[fo¥]=P[flo¥ and C[foU]=C[f]oU.

The automorphisms of U” for » > 2 are generated by the following
three subgroups: rotations in each variable separately

Ry(z) = (e'%zy, ..., ez,
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MGébius transformations in each variable separately

Dy (z) = (¢w1(zl)> s ¢w,,(zn)) ;

and the coordinate permutations. Here 6 € [-n, n]" and w € U" are
fixed, Mobius transformations are in the form

(1.4) Pu(z) =

and the coordinate permutations are nothing but the n! members of
the symmetric group %, on n objects. Thus an arbitrary ¥ € .#
can be written in the form

¥(z) = (eio‘ ¢w1 (Za(l)) soen s €0 ¢w,. (Za(n))) )

for some w € U" and 6 € [-n, n]", and 0 € &,. # is generated
by o € %, and the rotations R,. Each Mobius transformation ®,,
is an involution (its inverse is itself) exchanging 0 and w. .#Z acts
transitively on U": if a, b € U", then ®p o P, € # moves a to b
(and b to a). Finally, .#* denotes the component of the identity in
M ie., #* is A without the action of &, .

2. Uniqueness of the Dirichlet space. We start by showing that
Z(U") has all the properties of a Hilbert space in the sense of Defini-
tion 1.1. Clearly the polynomials are in Z/(U") and ||z%|)? = a; - - an
for all o € N”. A quick look at (1.1) shows that the polynomials are
dense in & (U") with respect to || - || . Again from (1.1), identify-
ing g by {g.}, we see that & (U”") is a weighted ¢2-space, hence
every Cauchy sequence {f;} in Z(U") convergesin | -|o to some
f € Z(U") represented by {f,} for a € Z}. To show that f is
holomorphic, let fin(2) = 34, Yjajek JaZ® and pick & > 0. For any
0 < r <1 and positive integers m > [ > n,

> > e

-z
l—wz

(welU, zel),

sup |(fm = f)(2)| = sup <> Z"mrlal

zery” zerU™ k=41 Jol=k k=I+1 |a|=k
m o 12, m ' 1/2
(> Twer) (3 )
k=I+1 |a|=k k=I+1 ]al k
m
(3 Tearalir) (3w
k=I+1 |o|=k k=l+1

The first factor is less than ¢ when / and m are large enough because
f € Z(U"), and the second factor is bounded as /, m — co. Hence
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f(z) =3 foz® is uniformly convergent on compact subsets of U”,
and this proves f € Z(U"). Note that we need not know f, if
a € N"\Z} . These coefficients of f can be taken arbitrarily as long
as f remains holomorphic.

LEMMA 2.1. # is generated by %, rotations Ry (z) = ('®z;, z,,
, Zn) With w € [-n, nt], and Mébius transformations of the form
D,(2) = (¢u(21), 225 .-, zn) With 0< < 1.

ProrosITION 2.2. Z(U") is A -invariant.

Proof. The integral form of the Dirichlet semi-norm uses the mea-
sure u, which is invariant under rotations and permutations. Thus
Z(U") is #-invariant. To prove invariance under Mobius transfor-
mations, in view of Lemma 2.1, it suffices to consider

w = ¢r(z) ( _Zl 22,... ,Zn).

l—rzl

Then Di(f o ®,) = (D} f)dw,/dz, and

r?2—1)2
DDy D(f 0 @) = [DY'Dy - Dy f1? |(1-—rzl)|4

= |D{'Dy--- D fI? Ja®;(2),

since dw;/dz, = (r*—1)/(1—=rz;)?, where Jg®, is the real Jacobian
of ®,. Therefore

17 0@ = [ [DEDs--Da(f 0 @) din(2)

1)2 1
=/ |DYD; - - Dy f (w )l 1—rz)|4 Jn®,(z )d’u”(w)
/ |DYD; - Dy f ()| dpn(w) = | £ 0

Note that when n > 2, 2(U") does not put any conditions on
the infinitely many power series coefficients of f, those with at least
one o = 0, ie., those in N"\Z?} . Thus if each term in the Taylor
expansion of some f € #(U”) depends on fewer than n variables,
then ||f|l =0 and f € 2. The Dirichlet space can also be thought



MOBIUS-INVARIANT HILBERT SPACES 343

of as a quotient space of holomorphic functions satisfying (1.1) where
the functions whose Taylor series differ by terms depending on at most
n — 1 variables are identified. Trivially any holomorphic function f
of fewer than » variables or any constant f has | f|l = 0 and is
in Z(U") . For comparison, when n = 1, only constants (a one-
dimensional subspace) have zero Dirichlet semi-norm.

We can define a modified Dirichlet space & (U”) similar to & (U")
by considering a norm instead of a semi-norm. This requires some
control on all the power series coefficients of f € #Z(U"). For sim-
plicity let’s look at the case n = 2. With notation as before, let

A5 = Uool? + D klfwol + D Ul + D Kl fual?

k=1 I=1 k,l=1

=110, 0))% + / D (2, 0) du(2)
U
n / 1D,/(0, w)[> dpuy (w)
U

+/2]D1D2f(z, w)lzduz(z, w).
U

This norm is % -invariant, but not .# -invariant; in fact, none of its
first three terms is preserved under compositions with @, .

Proof of Theorem A. First, {(z*, zB) = 0 if a # B. To see this,
assume, without loss of generality, «; # f;. Let @ be an irrational
multiple of 7 and consider the rotation R, (z) = (/®zy, z3, ...,2n).
By the .#Z-invariance of (-, -)),

(2, 2%) = (2* 0 Ro, ¥ o Ro)
— «ela‘wzclllzgz Ve Zﬁ" , elﬂlwzlﬂl 252 - Zgn»

= ei(al—ﬂl)w «Za > Zﬁ» s

and the desired orthogonality result follows.

Put C, = ((z*, z%)). Note that C, is defined only for o € N*. If
B is another multi-index and B = o(«a) for some o € &, then by
the ./Z-invariance of (-, -)) again, C, = Cy.

Nowlet 0 <r; <1, ¥= (¢ ,...,¢ ), and consider f(z) =
H;?:l(l —r;jzj) € #Z . Then since z* is orthogonal to zB for a # B,
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we get

l—erj)

n n 2
= HI—ZVJ'ZJ"F""F(—I)erij
j=1 j=1

n

= Co,..,0 + (Z rjz) Cu,o0,...,0)

j=1
n n
+ ( Z rjzrlz)c(l,l,O,...,O) +-- 4+ (Hrf)C(l,.__,l).
I>j=1 j=1
On the other hand,
n n 2
-z _ 1 =I5
(fo¥)(z) =] (1 e _r,.z,.) -~
Jj=1 ) j=1
n o0 n
= H[(l - rjz) Z r]’zjf] = (H(l —rjz)) (Zro‘z") ;
Jj=1 a,=0 j=1 @

now the density of the polynomials and the axioms of a Hilbert space
imply

n

e, ro¥y = ([0 -r2) S rc.

j=1
Putting x; = rJZ and using the .# -invariance of the semi-norm gives

n

(2.1) Cp, ... (Ex;)c(l 0,..,0)F ( > xjxl)c(l,l,o,...,O)

I>j=1
n
+ (H -xj) Cua,..,nH= (H(l - xj)z) ZxaCa.

The constant terms (Cjo,. o)) cancel, and if we set the coefficients
of x1, x;x2, ..., and x;x, --x, on either side equal to each other,

we obtain, respectively,

Cu,o0,..,00=Cu,0,..,00 = 2Cp,...,0)»
Ca.1,0,...00=Ca.1,0,...00— 2*Ca 0,... ,0)»

Ca,..n=Cu,. 1n=2"Cu,. 1,0
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These imply Ci,.. 0y =0, Cu,0,..,00 =0, ..., Cu,..,1,00 = 0.
After the elimination of the terms that are zero, (2.1) simplifies to

Foap XX Gy
2GS T (T %P

=Cy,.. ,1)( Z alel> ( Z anxle") ;

a,=1 a,=1

and this implies
Coa=aj-anCy,. 1 (ax € ZY).

Thus the norm of a monomial of fewer than » variables is zero.
Since the polynomials are dense in /# , the same result is true for any
f € # whose Taylor expansion consists of monomials depending on
fewer than n variables. But C; ) # 0, because otherwise, since
the polynomials are dense in &, (-, -)) would be identically zero
contrary to hypothesis. Then renaming C(; 1) = C completes the
proof. o

Proof of Theorem B. We will only show how the two-variable case
is obtained from the one-variable case. This then can be adapted to
prove by induction the case for arbitrary U”. Unless explicitly stated,
subscripted C’s will denote positive constants that are independent
of any parameters.

Step 1. We begin by introducing two other semi-inner products on
#Z .For f,geX,let

(. 81= [ (o Ro. g0 Re) dAaf®)

and
(f, @) =m{fo®, go®),
where m is an invariant mean (see [2]) on the abelian subgroup

N ={®= (s, d):0<5,2<1}

of .# . To actually make ./ abelian, in this proof we change our
definition of a Mobius transformation so that ¢, (z) is the negative
of what is given in (1.4). The earlier definition was adopted to make
¢y an involution, since it simplified calculations involving ¢;!. The
required boundedness condition for the existence of this nonunique
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mean is furnished by (1.3). Rotations and .#", along with %5, suffice
to generate .# , by Lemma 2.1.
Now [-, -] is rotation-invariant

(22)  If.81=IfoRs, goRy) (9€-7,aT"),
and (-, ) is ./ -invariant

2.3 (f,8)={fo®, g0®) (@)
Moreover, (1.3) implies

(2.4 PIPSU, N HIP (e,
and

2.5 PP NS IR (Fe);

and combining these two, we further obtain

@6  SULASU NS [ LA (feR)

(2.4) and (2.5) show that the semi-norms associated to [- , -] and (-, -)
are both equivalent to || -||.

As in the proof of Theorem A, the rotation-invariance of [-, -] gives
the orthogonality condition

(2.7) [zhwh, Zhwh]=0  ((k, L) # (ka, b)),
which leads to
lf, f1= i \ful? 25!, Zw!]  (fe ).
k,1=0
Therefore, to prove the theorem, it suffices to show that
Kkl <[z*w!, Z*w'] <Kr kil ((k,]) eN?)

or, equivalently,
Kskl < (ZFw!, 8w’y < Kykl  ((k, 1) € N?)

for some positive constants K;, K;, K3, and K. Clearly K; > K,
and K4 > K3 .

Step 2. Claim:
(2.8) (zkw!, Z*w!'y £0  ifk>1landl>1.
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Suppose it is zero for some (N, M); then [zNwM, zNwM] =0 also.
Then for 0 <s, < 1, if we use (2.3), (2.6) and power series expan-
sion

T e,
> 58[ — SZ) (1 o )M’ (12—_ssz )N(lw—_wtt )M]

M8

|

ka

o0 o0
CkN Zc,M yw!, chN(s)szc;M(t)'w’]

lein ()P ehpe () 125w, X!,

0

x

=0

I
M 7

~
Il

A tedious computation shows that the coefficients ¢,y (s) # 0 for any
k, N, and s as given above; the same is obviously true for cj,,(¢).
Thus [zFw!, zkw!] = 0. This means that every element in /# has
zero norm and contradicts our basic assumption that (-, -)) is not
identically zero. Hence the claim is proved.

The one-variable result can be stated as

(2.9) Cik<(zF, z¢ <Gk (keN).

It is a consequence of condition (ii)’ of Definition 1.1 and of (2.8)
that the subspace of #Z consisting of functions whose Taylor series
expansion at 0 depend only on z is closed. Then (2.9) implies that,
for fixed M €N,

(2.10) Csk < (ZFwM | ZkwMy< Csk  (keN),

and we have a similar equation when the power of z is held constant.
Of course, the constants C3 and Cy4 are different for different A . It
is our aim to find their explicit dependence on A/ . If we had only
finitely many M , we could pick C; and C4 independently of M and
the proof would be over. In the sequel, whenever we have only finitely
many n or M, we will use this fact without further reference.

Step 3 (upper bound). Let M € N be fixed and k, j € N. Put

M _ ( k'LUM

QM = My,

ﬁkM = (kaMa kaM) s

M , kaM].

, 22w

bkM = [zkw
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By (2.3), akM (pkwM | pJwM) for any s € [0, 1). Differentiate
both sides of this equality with respect to s and set s = 0. Then take
k = j+1 and add the resulting expressions from j=0to j=N>1;
and finally divide both sides by N + 1. The result is

(2.11) Bnii,m _  2SnmM o m
' N+l " NN+D N

where Syy = 5 ,30M+ZkN { Bxar- In particular, axfz’ u is real. Now
using (2.3) and (2.5), and letting s? = 5757, we obtain

‘6—4'BIM = 53(¢st’ ¢st> > [¢sta ¢st]

oo
= s%bop + (1 =92 5% by ur
k=0

&4 N 54
(N+1)2 <N+1) Prvt e 2 (V+1)% ¢ Z Prvt, b

which implies

Svm < (eﬂlM + BO—M)NZ.

o8 2
Using (2.10) twice on the right side gives
(2.12) Snur < CsM N2,

It is this inequality and its pair (2.15) below that allow us to pass from
one variable to several variables.

As a special case, when M = 0, we get Syo =0 forall ¥ > 1.
Symmetric nature of the calculation shows also Sy =0 forall N >
1. It follows that
(2.13)

Bvo=(z",z¥)=0 and Boy=(w",w")=0 (NeZ,).

The inequality
¥ (Bwam + Brsz, ) < (2N + 2V 2y wM | (2N 4 V2w M)

is a direct consequence of (2.6) and (2.7). Using this, after some
routine calculation, (2.11) can be written as

Byii,m _  4Swm | 2Bni2M <8 (BNM B2, M)
2N+ S N+ TN ey T *N+2

< 6CsM + (1 _68)(ﬂNM 4 BN+2,M) ,

N N+2
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which is equivalent to 2yy.1. 4 < (1 — 83 (yvar + Pvs2, ar) if we let

S Bvmu  3CsM
NM N 58 -

A result in [1] shows yn1 ar < |yvar| for positive N. Then using
(2.8), we get

Bvm _3CsM | By 3CsM
N o8 — |1 o8
Multiplying both sides by M, we conclude

Bnm < (C6 + —3—§-5~)NM= K4NM,

< CeM.

o8
which holds for N> 1 and M >0, and for M >1 and N >0, by
the symmetry of the computation.

Step 4 (lower bound). If we combine the result of Step 1 with (2.6),
we also get

K
(2.14) bear < 5—jkM.

We use (2.6), (2.7), (2.3), (2.14), and take s* = 3 to calculate
08s%bypr < S8[(1 + sz)wM, (1 + s2)wM]
=0 (1 +s¢s)wM, (1 + s )w™)

M M 1 2 oo
< (12| Y w — ) 2k
(-5 [l—sz’ l1—sz N+1 :L;OS bin

< 1 (%b NESTVS k(—-—N )k)
SNHZ\ A M T N¥1/) )’

k=mN+1

where m will be determined shortly. After approximating the second
sum by an integral, we have

N
s (2 \p <-l~—§jb + &2 01 m 4 Dyem
N+1 ‘M—(N+1)2k=0 kM T 54 '

Because of (2.10), M in the last term can be replaced with Cgby,s .
Now choose m so large that Ky6~*(m + 1)e=™ < 63/3. Using (2.10)
once again and some simplification yields

N
(2.15) > brar = CoMN?,
k=0
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which is the reverse inequality for (2.12). Combining (2.15) with
(2.11), we obtain

(2.16) 54 CoM < Bnii, M + (BNM)1/2(3N+2,M)1/2'

N+1 N N+2
Now let

Sz

N oo
@)= (£22) =S an(o)*
k=0

and consider
by > 0*Byar = 54N wM | pNwMy > 5¥[¢NwM | N wM)
o0

=4 ZlckN(S)|2bkM > 8%|ens ,N(S)|2bN+1,M
k=1

A calculation in [1] shows that |cN+1,N(s)|2 > 1/2 for all s €[0, 1)
and N > 1. Thus there is a constant C;y such that
(2.17) Bn+1,m < CroBnm.
Now (2.16) and (2.17) together imply
4
e > (2 \NM = k3 N,

for N>1 and M >0,and for M>1 and N >0.

Step 5. The only term we have not yet accounted foris Sy = (1, 1).
Since it represents a one-dimensional subspace of # , we now know
# = 2 (U?). To complete the proof, we will also show oo = b = 0.
To obtain a contradiction, suppose bgy =[1, 1]#0. Let fe€Z, ®
be a Mobius transformation, and denote the power series coefficients
of f and fo® by fi; and f},, respectively. Because of (2.13)

W2 2 82Lf, 11 =52 (boolﬂo, 0P+ S !fk,|2bk1)

k,l=1

and
[fo®, fo®] = b | F(@0, )+ 3 /1 bur
We have o
S b 2K S 1kl = Killf o @1 = K1

k,l=1 k,I=1

oo K oo
=K Z | frt |2kl > 7(—1 z | frt*Brr-
k,lI=1 2 K 1=1
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Hence

boo| (0, 0)]* + Y 1fulPbu =1F, /1268 f o @, fod]

k,l=1

= 5% (huol (@00, )P + 3 1£L0u)

k,l=1
=58(boo|f( 0. 0P+ 3 I bk,)
k =1
from which we obtain
K o0
bool (0, O+ (1= 8%L) 37 UfuPPbus 2 6%boo 11 (@(0. O

k,l=1

The left hand side of this equation is finite since it is equivalent to
lflI?. Since ®(0,0) can be any point in U?, it follows that every
element of #, i.e., of 2(U?), is bounded. But a Dirichlet space
contains unbounded elements. In U, this is seen most easily by the
Area Theorem; in U?, we take an unbounded function depending only
on one variable. Therefore byy = 0 and we are done. O

COROLLARY 2.3. Theorem B is true even if (1.3) holds only for ¥ €
M*. Theorem A is true even if (1.2) holds only for ¥ € #*.

Proof. The proof of Theorem B uses coordinate permutations no-
where. Theorem A is a consequence of Theorem B. |

3. Boundary behavior. Dirichlet-type spaces. This section requires
some new notions that were studied in U in [3] and [4]. For each
6 = (01, ... ,0,) witheach 0 < J; < 1, we define the Dirichlet-type
spaces Z5(U") to consist of those f(z) = >, foz® € Z(U") that
satisfy

Ifllg, =D 03+ | fal? < o0
This definition makes sense even if some &; = 0 if we interpret 00 =
1. In fact, if all the §; = 0, then Z5(U") = Z*(U"). The space
corresponding to J; = --- = J, = 1 consists of functions f with
D,f € Z%(U"). When 6, = --- = §, = 1/2, we have the
Dirichlet space. For n = 1, all Dirichlet-type spaces are contained in
#*(U), but this is not true if n > 1.
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Some subclasses of Z5(U") have certain integral representations:
If FeZ*T"),for 0<d;<1 and z € U", set

(3.1) 1@ = [ FOTL ——5 dhn(®)

The product is the Cauchy kernel each of whose factors is raised to a
fractional power. Omitting j, each factor can be expanded as

I—ZC)J 1 Zb Zaca

a=0
where
b = I'l—0+0a) 1
T TA-0)T(1+a) of
In particular by = 1. Let ¢, be the (ay, ... , a,)th Fourier coefficient
of Fji.e.,

= [ e F© a0

Setting fo = by, -+ ba Ca, We get

fiz) = /HZb Z9EIF () dan(0)

Jj= 1a—0

=S b, b /T {2 F(£) dan()
=Y bo - bo 2= foz®

Now

1z, =Y o™ - an|be, [P b, |Plcal? ~ 3 leal® < oo

[e7 o

Hence f € Z5(U"); i.e., any f given by (3.1) is in a Dirichlet-type
space.

But not all f € Z5(U") have integral representations as in (3.1),
because a Dirichlet-type space does not control all the power series
coefficients of its members. However, we can define a space Z;(U")
similar to & (U™) in which an integral representation is possible. Let’s
concentrate on the case n = 2 again for simplicity. With obvious
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notation, f € Z5(U?) if and only if

(3.2) 1713, = 1ool” + 3= K21 kol + 3- 1Pl foul?
k=1 =1

oo
+ > kB fy)? < 0.
k,l=1

Given f(z) = 3y fuzkw! € D5(U?), let cxy = fu/biby if (k, 1) €
N? (recall that by = 1), and let ¢;; = O otherwise. Then, using (3.2),
o0 o0 o
> el = leool* + Y lewol* + Y learl? + Y leral® ~ ||f||_2@6 < 0.
(k,hez? k=1 I=1 k,i=1
Thus there is an F € Z2(T?) such that F(k, [) = ¢y;. Therefore

f(z) = Z ﬁclzk'wl= Z cr1 biby zkw!

k,1=0 k,1=0

= by 2! / T FQdAy(0)
K.1=0 T

_ / F(Q)diy(0)
 (1-82)70(1 - Lw)' =%

Clearly F is not unique. In fact, ¢;; can be defined arbitrarily for
(k,1) ¢ N aslong as we retain 3, ez lcn]* < oo.

Kernels and potentials. From now on, we will also use e%, for
{; €T, e for n; € T, and rje'® = r;{; for z; € U. The point

(1,...,1)€T" corresponding to 6; = --- = 6, = 0 will act like the
origin in R”. Now the Poisson kernel takes the more familiar form
n 1—r?
P.(6) = ! ,
r(0) H 1—2rjcosf;+r?
Jj=1 J

and it is considered as a function of 6 indexed by r. So the .Z#?-
norm of a Poisson integral will be obtained by an integration on the
0-variable and will still depend on r.

A kernel K is a nonnegative .#!-function on T” which is even
and decreasing in each |6;| when the other variables are kept fixed.
We will also have K(1,...,1) = co and normalize as ||K|; = 1.
A potential is the convolution of an .#?-function F on T" with a
kernel. Thus (3.1) defines f(z) € Z5(U") as a potential. The Poisson
integral is simply the convolution with the Poisson kernel.
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Let’s define the Bessel kernels on the torus. For 0 <d; <1, let

6s(0) =1 &0 = T1(1+3 X las1)
j=1

j=1 « #0

—H(1+Za 7 cos(a;0; )
a =1
where each &, is a Bessel kernel on the unit circle. g5(0) = oo,
gs 1is a decreasing function of |w| for w # 0, gs(w) > 0, and
gs(-w) = gs(»). Each g € ZIT), so Gs € Z(T"), and
Gslly = TIj—; llgs I =1. When 0<d <1,
61

sin — as w — 0.

2

Also gi(w) = 1 —log|2sin(w/2)|. P;[gs] = P, * gs is the harmonic
extension of g5 to U. As r — 1, it satisfies the following:

8(w) ~

(3.3) 1P % gsllg ~ (1 —r)°~ 1 (6p < 1),
1 1/q
64)  IPralo~ (loer;)  @p=1.p>1),
1
“Pr*glnoo"‘l()g‘l“__r (6=1,p=1).

P,[Gs] possesses these properties in each variable seperately.
On the unit circle, for 0 < § < 1, the modified Bessel kernels are

g’a(a)) = (1 — eiw)6—1 and gl (w) = l()gl__eE

On the torus, let G;({) = H};l g(;j(Bj). These functions are not
positive, so they are not properly kernels, but they are dominated
by the Bessel kernels: There are constants Cs; > 0 such that |G| <
CsGs . If each J; is less than 1,

n n
P[Gs10) = [ P [2s1(6)) = [T(1 — z))% ",
j=1 j=1
with a logarithmic term if some 6, = 1. For F € Z7(T"), the map
that takes F to Gs*F isone-to-one, and the Cauchy integral of Gs*F
is the same as its Poisson integral:

1,[65 * I ]( ) (lr*Ga*l )(0)
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Thus we have obtained the integral in (3.1). From now on, F and f
will always be related as in this equation. J; = 1 does not give rise to
a Cauchy-type integral; so we will not pay any attention to this case
any more.

Tangential limits. Define the tangential approach regions to the unit

circle:
. b4
(3.5) Ay.(p)= {relf’ il—r>c }
-9

: -y
Ey,c(q)):{re"’: 1—r>exp(—c > ) }

A, (p) has (polynomial) order of contact y, and E, .(¢) makes
exponential contact, with T. A function f defined in U has A4,(E,)-
limit L at e'? if f(z) —» L as z — e'? within 4, .(E, ) for every
¢ > 0. In [3], it was shown that Poisson integrals of the modified
Bessel potentials have A,-limits a.e. on T if dp < 1 for y = 1—_‘5; ,
and E,-limitsa.e.on T if dp=1 for y=qg—1.

Let Q = Q(n, s) be the cube centered at n € T" with sides s =
(S1,... ,8n), where each s; has the same order as max{s; : 1 <
j<n}—0. Its volume is 4,(Q) = s;---5,. If F € LP(T"), its
Hardy-Littlewood maximal function is

l/p
(MpE)m = s (ﬁ /Q P dz,,) .

M, is of weak type (1, 1); and since M,F = (MllF[P)l/p, M, is of
weak type (p, p). Thus there are C, such that
In(MF > 1) < SZIFp  (Fe2r(T), 1€(0, ).

The proofs of the following assertions are similar to the proofs given
in [3] for n = 1 and will be omitted. Some of them are valid in more
general situations. The first result is obtained using the straightforward
inequality

[ 1F1Gsdan < MF), o 1) [ Godin = WYL, ., 1),
T T
which holds for any F € Z!(T"), and whose proof is also in [3].

0—o

sin
2

sin

THEOREM 3.1. There is a C, < co such that for F € £P?(T") and
{,neT",

(Gs + F)(Q)| < G, [(Mm(n) (H 1t - ml””) 1Gslla + (MLF)(n)).

j=1
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Convolution of two kernels is a kernel; so Theorem 3.1 holds with
P, x Gs = P,[Gs] in place of G5, which has the desired properties
1P % Gslly = [|Pll1 |Gslly = 1 and || Pr* Gsllg = [Tj—y 1P, * &5 llq - The
Hélder inequality gives M F < M,F . In addition, |{; — 5| can be
replaced by |6, — ¢;|, or even by [sin((6; — ¢;)/2)|, since they are all
of the same order as { — 7. Lastly, we can put G5 in place of G5 on
the left side of the inequality since the latter dominates the former.
Hence Theorem 3.1 yields

THEOREM 3.2. If F € £P(T"), then, using z = re'?, for all e'% , e'®
e T",

(36) | /(2)] < Gy (MpF)(p) [1+H

j=1

("J

sin ——
2

"1p, - g o]

For given ¢, any bound on the product on the right side gives a
bound on f(z). This leads us to the tangential approach regions to
T". So fixan n € T". As z — {, all r; — 1; and because of

(3.3) and (3.4), ||P, * Gsllg ~ [T/ bj, where bj = (1—r;))’""/? or
b; = (log(1/(1 —r;)))"/4 depending on whether d;p <1 or d;p =1,
respectively. In other words, an approach region should be determined

by
n
. Hj —0Q; l/p
H bj'sm Tl <c
Jj=1
So define B, (1) by

0; — [Jl 2]
sin ——< 3

<c}.

Each of the factors in the above product is related to one of the re-
gions in (3.5). In particular, points in a cartesian product of one-
dimensional approach regions such as B, . (¢1) X --- X By ¢ (¢n),
where each B, . (9;) is either 4, c(¢;) or E, (¢;), satisfy the
criterion for being in B, .(n7). Hence an approach region can make
exponential contact with T” in one (complex) direction and polyno-
mial contact in another. For n € T", the maximal functions associated
to these approach regions are defined as

(Mg, ,y,e)(m) = sup{|f(2)| : z € By c(m)}-

A function f defined in U” is said to have B,-limit L at n € T" if
f(z) - L as z — n within B, .(n) for every ¢ > 0.

(3.7) By,c<n>=By,c<¢)={zeU" I16"
j=1
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THEOREM 3.3. If F € £?(T") and t € (0, o), there is a C =
C(p, c) such that

C
ln({MGJ,y,cf> t}) < t—pllFllﬁ,

where

1 . .
(3.8) }g:m ifdjp<1 and y;j=q-1 ifdjp=1

This follows from the weak-type-(p, p) estimate for M,. The
weak-type estimate gives rise to a convergence theorem via classical
arguments. This is the content of part (i) of Theorem C. The case
p = 1 of part (ii) of that theorem also follows from Theorem 3.3.
Henceforth, p, &, and y will always be related by (3.8).

Capacities. For E Cc T", let T(Gs, p, E) be the set of all nonneg-
ative F € Z£P(T") such that (G5 * F)({) > 1 for all { € E. The
p-capacity of E is

%6,(E) = inf{ |F||} : F € T(Gs,p, E) }.

2G,(E) = 0 implies A,(E) = 0. The functions G5 x Fare defined
Zga-almost everywhere. If F € T(P, x G5, p, E), then Zpr(E) <
2p.q,(E). For n € T" and fixed p > 1, let

F(n)={zeU":|z;—-nl<p(l-|zl), 1<j<n},

and set S(E) = U\U,ggI'(n). T'(n) is the cartesian product of »
sets each of which is asymptotic, as z; — #;, to an angle-shaped ap-
proach region in U with vertex at ;. For n € T", the nontangential
maximal function is

(NS)(m) = sup{|f(2)| : z € T(m}.

For W c U", J?(W) is the set of n € T" for which W intersects
By c(m).

LEMMA 3.4. There exists a constant b = b(n) > 0 such thatif F >0
onT", F>1 on E€T", and z € S(E), then P[F](z)>b.

We will use this lemma with G; * F in place of F. It leads to the
following lower estimate for capacities.
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PrOPOSITION 3.5. If F € Z1(T") and 0 <t < oo, then {Mg_ , .f
>t} is contained in JI (S({Nf >1t})). Thus, thereisa C =C(p, c)
such that if t € (0, 00) and F € ZL1(T"), we have

}'n ({MGé,y,cf> t}) < CZGJ({Nf> t})

THEOREM 3.6. For 1 < p < oo, there is a constant C, < oo such
that if F € £P(T") and F >0, then

/Ooo 36 ({Gs + F > 1}) d(1") < G| F|1.

Combining Lemma 3.4~, Proposition 3.5, and Theorem 3.6 with the
fact that G5 dominates G and that N(Gs*F) = Gsx NF , we obtain
the strong-type estimates in part (ii) of Theorem C.

THEOREM C. Let 1 <p <oo, F e Z?(T"), 0<dj <1, define f
as in (3.1), pick y; as in (3.8), and for { € T", construct B, ({) as
in (3.7).

(i) The B,-limit of f exists a.e. [An] on T"

(ii) There are positive constants C, such that

Mg, ,y.cfllp < GpllFll, (1 <p<o0),

In({ My pef > 1) < HF (p=1, 0<1<o0).

If { € 9U"\T", then only one component of ({, say the nth, has
|{n| = 1. Then the first n — 1 factors in the product in (3.6) are
bounded as z — {. So in this case, it suffices to apply the one-variable
result in the nth variable. The approach regions are restricted only
in the nth component as in (3.5), and (z;, ..., z,_1) can approach
(¢15 ... 5 &n_1) € 0U" in any manner whatsoever. Theorem C remains
valid except that in part (ii), we would use one-dimensional norm and
Lebesgue measure.

When p = 2 and all the 6; = 1/2, this theorem takes care of
Z(U"), but cannot deal with 2/ (U"). Thus the functions in the mod-
ified Dirichlet space have tangential (B(; _1)-) limits at almost every
boundary point of the unit polydisc. When n = 1, since #2(U) in-
cludes all Dirichlet-type spaces, elements of < (U) have nontangential
limits a.e. on T.
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Now we will look at the size of the exceptional sets. From Lemma
3.4, part (ii) of Theorem C, and the first part of Proposition 3.5, we
obtain

LemMmA 3.7. If 1 < p < o0, then for some C = C(p, c)
Zp (J(S(E))) < CEpag,(E).
Hence for F € £P(T"),
ZP,({MGé,y,cf > t}) < CZPV*G‘, ({Nf > t})

THEOREM 3.8. If 1 <p < oo and F € L?(T"), then
| =0 (e, y.cf > ) den) < CUFI,

and thus ’
IFI

2p ({Mq, ,.cf > 1) < CI

This theorem is an analog of Theorem C in the language of capaci-
ties and proved similarly.

THEOREM D. Let 1 <p <oo, F € ZP(T"), and f be as in (3.1).

(i) There is a set E; C T" with 2p.,(E1) =0 such that the non-
tangential limit of f exists at every point of T"\E .

(ii) There is a set Ey CT" with Zp(E;) =0 such that the B,-limit
of f exists at every point of T"\E,.

This result is a consequence of the basic properties of capacities
and Theorem 3.10. For points on 0U"\T", the one-variable result
can again be used to reach a similar conclusion. Hence if p = 2 and
all the J; = 1/2, the points on dU" where the modified Dirichlet
space does not have nontangential limits have zero capacity in some
sense.
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THE COHOMOLOGY RING OF THE SPACES OF LOOPS
ON LIE GROUPS AND HOMOGENEOUS SPACES

KATSUHIKO KURIBAYASHI

Let X be a simply connected space whose mod p cohomology is
isomorphic to that of a compact, simply connected, simple Lie group
as an algebra over the Steenrod algebra. We determine the algebra
structure of the mod p cohomology of QX algebraically. Moreover
we give a method to determine the algebra structure of the mod p
cohomology of the space of loops on a homogeneous space.

0. Introduction. Let G be a compact simply connected Lie group
and QX the space of loops on a space X . In [4], R. Bott has given
a method to obtain generators of the Pontryagin ring H.(Q2G) and
has determined its Hopf algebra structure explicitly for G = SU(m),
Spin(m) and G,. By applying this method, T. Watanabe [23] has
determined the Hopf algebra structure of H,(QF;). A. Kono and
K. Kozima [8] have determined the Hopf algebra structure over the
Steenrod algebra &7 (2) of H.(QG; Z/2) for G = Fy, E¢, E; and
Eg, without using Bott’s method. In order to determine the alge-
bra structure, they have made use of the Eilenberg-Moore spectral
sequence [16] which converges to H*(G; Z/2) and whose E,-term is
isomorphic to Ext;}“(QG.’Z /2)(Z/2, Z/2) . Moreover a homotopy fiber
of Qx4: QBG — QK(Z, 4) has been used to examine the coalgebra
structure, where x4: BG — K(Z, 4) is a map representing the gener-
ator of H*(BG). The consideration of the dual of those results ([4],
[8], [23]) enables us to determine the Hopf algebra structure of the
mod p cohomology of QG for the Lie groups G . On the other hand,
we can decide the coalgebra structure of H*(QG; Z/p) algebraically
from the algebra H*(G; Z/p) over the Steenrod algebra %/ (p). The
following result is due to R. M. Kane [5].

THEOREM 0.1. Suppose that X is a simply connected H-space and

(0.1): there exists a compact, simply connected, simple Lie group G
such that H*(X ; Z/p) = H*(G; Z/p) as an algebra over the mod p
Steenrod algebra &/ (p). (We do not require the existence of any map
between X and G which induces the isomorphism.)

Then H*(QX ; Z/p) = H*(QG; Z/p) as a coalgebra.

361
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This result motivates the conjecture that H*(Q.X ; Z/p) is isomor-
phic, as an algebra, to H*(QG; Z/p) under the condition in Theorem
0.1. In this paper, we will show

THEOREM 0.2. If X is a simply connected space and satisfies (0.1),
then H*(QX ; Z/p) = H*(QG ; Z/p) as an algebra.

(Note X is merely a simply connected space. We do not assume that
it space is an H-space.)

Theorem 0.2 is obtained as a consequence of algebraic calcula-
tion of the algebras H*(QG; Z/p). In particular, when H,(G) is
p-torsion free, the algebra structure of H*(QG; Z/p) is determined
by virtue of Proposition 1.6, which asserts that algebraic calculation
of H*(QX ; Z/p) is possible when H*(X; Z/p) is an exterior alge-
bra. In order to calculate the algebra H*(QG; Z/p), we make use
of the Steenrod operations in the Eilenberg-Moore spectral sequence
([15], [20]) and [10, Theorem 2.3], which is an answer to extension
problems in spectral sequences.

In the latter half of this paper, we examine the algebra structure of
the cohomology rings of spaces of loops on homogeneous spaces. In
[19], L. Smith has shown the following.

THEOREM ([19; Theorem P2]). Let G be a compact simply con-
nected Lie group, U a closed connected subgroup of G and i: U — G
the inclusion map. Consider H*(U ; Z/p) as an H*(G; Z/p) module
via the map i*: H*(G; Z/p) — H*(U; Z/p). Then if H*(G; Z/p) is
an exterior algebra on odd dimensional generators, there is a filtration
{F~"H*(Q(G/U); Z/p); n > 0} such that Ej*(H*(Q(G/U); Z/p)) =
Tor}‘;.(G;Z/p)(Z/p, H*(U; Z/p)) as a Hopf algebra.

From this theorem and [10; Theorem 2.4], we will obtain a proposi-
tion (Proposition 1.10) on the algebra structure of H*(Q(G/U); Z/p).
By applying our proposition, the mod p cohomology rings of

QSU(m +n)/SU(n)),  Q(Sp(m + n)/Sp(n)),
Q(Sp(m + n)/ Sp(m) x Sp(n))
can be computed. But if G is not simply connected or H*(G; Z/p) is
not an exterior algebra, it is not easy to calculate the cohomology ring
of Q(G/U) in general. In order to determine the algebra structure of
H*(QU(m +n)/U(m) x U(n)); Z/p),
H*(Q(SO(m + n)/SO(n)); Z/p), H*(Q(Es/(SU(9)/Z/3)); Z/2),
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we cannot apply Proposition 1.10 because U(m + n) and SO(m + n)
are not simply connected and H*(Eg; Z/2) is not an exterior algebra.
In the concrete, we will attempt to compute the mod p cohomology
rings of

QU(m 4+ n)/U(m) x U(n)), Q(SO(m + n)/ SO(n))
and the mod 2 cohomology ring of

Q(Eg/(SU(9)/Z/3)).

This paper is organized as follows. In §1, we state our results. In
§2, we prove them by using results of [1], [2], [3], [7], [14] and [22].

1. Results. In this paper, we may denote p/ by p[f] for any prime
number p. K, means a field of characteristic p. In this section, for
algebras 4 and B, A = B means that 4 is isomorphic to B as an
algebra.

Let G be an exceptional Lie group. When H*(G) has p-torsion,
the algebra structure of the mod p cohomology of the space of loops
on the exceptional Lie group G is determined by considering the
Eilenberg-Moore spectral sequence converging to H*(QG; Z/p).

THEOREM 1.1.

(1) H*(QGy; 2/2) 2 Z/2[s™ ' x3)/ (s~ ' x3) ® [wio., ¥s],

degs™!x3=2, degys=8, degw;y=10.
(2) H*(QF;; 2/2) = Z/2[s ' x3]/(s~ x3)
®Twig, yg, s ' x15, s~ 1xa3],
degs™!x;=i—1, degys=28, degw=10.

(3) H*(QEq; Z/2) = Z/2[s 'xg]/(s™'x 16)®{®f>1Z/2[ef]/(ef)}
@ Mwig, s~ x5, 57 x23]

1

degs~!x;=i~1, degwjo=10, dege,=2/*2.

(4) H*(QE;;Z/2)
= 7,/2[s™ x3]/(s ' x3®)
®r[w10: wig, W34, V32, s_l-xlS s S~1x23 ’ S_1x27],
degs !x;=i—1, degw;=1i, degys,=32.
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(5) H*(QEg; Z/2)
= 2/20s™ " x3]/(s7'x3%) @ 2/ 2[5~ x151/ (s x)
® Mwas , W3g, W3s, Wss, Y32, V56> S ' X23, 5~ x27],
degs™!x;=i—1, degw;=1i, degy;,=1i.

THEOREM 1.2.
(1) H*(QF,; Z/3) = Z/3[s ' x3]/(s7'x3)
®TMwaz, y1s, s~ x11, 571x35],
degs™'x;=i—1, degy;s=18, degw,y =22.

(2) H*(QEg; 2/3) = Z/3[s ' x3]/(s7'x3)
®TTway, y1g, s~ 'xg, s71x1y, s7 x5, s71xp7],
degs 'x;=i—1, degy;s=18, degwy =22.

(3) H*(QE7; 2/3) = Z/3[s ' x31/(s7'x3") @ {®>1Z/3[es]/(€})}
@ TTwyy, s7xy1, s7xs, s71xp7, 57 x3s],
1

degs™'x;=i-1, degwy =22, deger= 6-3.

(4) H*(QE3;Z/3)
= 7,/35 x3) /(s x3)
®F[w22 > Wsg, V54, s—1x15 s S—1X27 ’ S—1X35 s S_I-x39 ’ S_IX47],

degs™'x;=i—1, degyss=>54, degw;=1i.

THEOREM 1.3.
H*(QEy; 2/5)
= 7,/5[s"1x3]/(s71x3°)
® Twss, ¥so, s~ x15, 57 x23, 57 x07, 57 1x35, 57 x50, 571 xas],

degs ™ 'x;=i—1, degysp =50, degwss=>58.

Before we state the algebra structure of the mod p cohomology of
the space of loops on G whose integral cohomology has no p-torsion,
let us define some notation.

NoTATION 1.4. Let k be a non-negative integer, p a prime number
and @', Sq' the Steenrod operations. Put P(k, m) = p”k_l'm g™
where k >0, ' =Sq% if p=2,and P(0, m) =id.

The following lemma will be needed to study the Steenrod opera-
tions in the Eilenberg-Moore spectral sequence.
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LEMMA 1.5. Let H* be a Hopf algebra over &/ (p). Suppose that
H* is isomorphic, as an algebra, to an exterior algebra on odd dimen-
sional generators. Then we can choose generators x; which satisfy the
following properties.

(1.1) H* = A(xy, ..., Xs), where degx; =2m(i)+ 1.

P(k, m(i))x; = ex; for any k > 0 and i, where ¢ = 0 or 1,
degx; = 2m(i)pk + 1 and x; =0 if (QH*)>mp'+1 =0,

Also, for any i and j (i # j), if P(k, m(i))x; = P(k', m(i))x;,
then P(k, m(i))x; = P(k’, m(j))x; =0.

In Proposition 1.6, we treat a space X which satisfies the following:
(A) X is a simply connected space and

H*(X; Kp) = A(Xz.m(1)+1 y e s x2.m(s)+1) ,

where deg Xy ()1 = 2m(i)+ 1 and m(1) <--- < m(s).

(B) When K, = Z/p, H*(X;Z/p) has a Hopf algebra structure
over & (p). Moreover if we choose generators X, satisfying
(1.1), then one of the conditions (1.2) or (1.3) is satisfied for any
i € J, where J = {i|xpm@)4+1 # Pk, m(j))Xo.m(j)+1 for any k >0
and j}.

(1.2): m(j)-plf1# m(i) forany jeJ and f>1.

(1.3): If there exist j € J and f > 1 such that m(j) -p[f] = m(i),
then f < k(j), where k(j) = min{k|P(k, m(j))Xo.m(jj=1 = 0}. If
m(i) - p[k(i) + f1=m(j) - p[t] forsome jeJ, t <k(j) and f>1,
then k(i) > k(j).

Let {F"},<o be the decreasing filtration of I' = H*(QX; Z/p)
which is obtained from the Eilenberg-Moore spectral sequence con-
verging to I'. Roughly speaking, the condition (1.2) or (1.3) is suffi-
cient for deciding whether, for any algebra generator x of I" belonging
to F", xP and the algebra generators of I" belonging to F"*! are
independent.

ProrosiTiON 1.6. (1) If p = 0 and X satisfies the condition (A),
then
H*(QX ; Ko) = Kols ™ Xam(i)yr15 -+ » §7 Xom(sy+1],
where degs™!x.miy+1 =2 m(i).
(2) Suppose that K, is a perfect field whose characteristic is non-zero,
X satisfies the condition (A), and that m(1)-p > m(s). Then
H*(QX; Kp) =TI Xomiy1s -+ 5 8 X2mis)1]

where degs™'X).piy11 = 2- m(i).
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(3) If X satisfies the conditions (A) and (B), then
H*(QX; Z/p)

= {®Z/p[yp[f](s—1x2~m(i)+l)]/(7p[f](5_1x2-m(i)+l)p[k(i)])} ,

ieJ \f>0

where deg Vp(/)(S™ X2.m(iy+1) = 2 - m(i) - p[f'], and yi(s™' Xp.m(iy+1) =
S~ . m(i+1 . Throughout Proposition 1.6, s~'x, transgresses to x;.

By making use of Proposition 1.6, we can determine the algebra
structure of the mod p cohomology of QG, where G is a compact,
simply connected, simple Lie group whose integral cohomology has no
p-torsion.

In Proposition 1.6, if X is a simply connected Lie group G whose
typeis 2n(1)+1,...,2n(t) + 1), then SZr(M+1 x ... x §2n()+1 jg
mod 0 equivalent to G. Therefore, Proposition 1.6 (1) holds clearly
in this case. Since $3xS°x---xS8?""1~, SU(n) (mod p-equivalence)
if p>n,and $3x 87 x..-x§""1 ~, Sp(n) if p > 2n, Proposition
1.6 (2) holds clearly in the cases where X = SU(n) and Sp(n).

REMARK. In the assumption of Theorem 0.2, if the condition “G is
simple” is omitted, then we cannot deduce the assertion of Theorem
0.2 by applying Proposition 1.6. In fact, the condition (1.3) does
not hold in general for cohomology of semi-simple Lie groups. For
example, let us consider the mod 3 cohomology ring

H*(SU(2) x Spin(20); Z/3)
=A(x3)®Ales, e7,e11, ..., €3, €27, €31, €35) ® A(Y19).
If we take notice of the elements x3 and y;9, then it follows that
condition (1.3) is not satisfied because m(j) = 1 and m(i) = 9,
thatis 1-32 =9 and f = 2 > 1 = k(j). This means that we
cannot determine, by using our method, the mod 3 cohomology ring
of the space of loops on a simply connected space X whose mod 3
cohomology is isomorphic to H*(SU(2) x Spin(20); Z/3).
Applying Proposition 1.6 (3), we have

THEOREM 1.7.
(1) H*(QG,; Z/p)

N { s~ 'x3,s7'x1] ifp=3o0rp>5,
® 150 Z/P[7p1r 15 X3)1/ (Pprr1(s7 ' x3)%%)  ifp =5.



THE COHOMOLOGY RING OF THE SPACES OF LOOPS 367
(2) H*(QFs; Z/p)
Tls~'x3, s lxyp, s s, s7lxps] ifp > 11,
{®r>0 Z/pYprr1(5 ™ X3)1/ (o (57 x3)PLA0) }
®ITs~1x11(5), s7x15(7), s71xp3(11)]
ifp=5,7o0rll.

(3) H*(QEs; Z/p)

((TIs~1x3, s 1xg, s71x11, s71x1s, s71x17, s71x3]
ifp>11,

{® 150 Z/P[1p1r1(7 X3)1/ (Pprry (s~ x3)P12)}

®IIs ™ x9, s71x11(5), s71x15(7), 57 x17, 57 xp3(11)]

R

L ifp=5,7o0rll.
(4)
H*(QE7; Z/p)
( TIs x5, s71x1y, s71xs, s71x19, s71x23, 57 1xa7, 57 1x3s]
ifp>17,

{® 150 Z/P7p1r1(™ X3)1/ (prry(s™ " x3)P12)}
s~ x11(5), s71x15(7), s7 x10, s xn3(11), 57 x27(13),
s™1x35(17)]
ifp=5,7,11,13 or 17.

IR

<

\

(5) H*(QEg; Z/p)
[ TIs 'x3, s71x1s5, s71xo3, 7 1x27, s71x35, 57 1x39,
s7x47, 57 xs9] ifp>29,
{® 150 /o117 %3)1/ (ppr1 (s~ 1x3)P121)}
QI [s~'x15(7), s7x23(11), s71x27(13),
s~ x35(17), 57 x30(19) , 571 x47(23) , 57 x59(29)]
L ifp=5,7,11,13,17,19,23 and 29.
Throughout Theorem 1.7, degs~!x; =i—1, degs™'x;(¢) =i—1,
and s~x;(q) is removed from the divided polynomial algebra if p = q .

Moreover s~'x; (s~'x;(q)) transgresses to x;, which is a suitable free
algebra generator of H*(G ; Z/p).

iR

Before we state results about the cohomology rings of spaces of
loops on classical groups, let us define the following



368 KATSUHIKO KURIBAYASHI

NoTATION 1.8. Let T be a set consisting of some natural numbers.
Put M(T,p)={n e T|n # mp/ forany me€ T and f > 1} and

t(m, k) = min{¢|2mp' + 1 > k} for me M(T, p).

THEOREM 1.9.

(1)
H*(QSpin(2n + 1); Z/p)

= ® {®Z/P[)’p[f](s—leZmH)]/(yp[f](s—lezm“)p[t(m,4n-1)])

meM(T,p) \ 20
where T ={1,3,...,2n— 1} andp #2.

(2)
H'(QSpin(2n); Z/p)

= ® {® Z/P[J’p[f](s_leZmH)]/(ypm(s—1ezm+1)p[t(m,4n—5)])}

meM(T,p) \ /20
-1
®Ils ‘e, ,]

where T ={1,3,...,2n—-3}andp #2.

(3)
H*(QSU(n); Z/p)
* Q& {®Z/p[yplf](s—182m+l)]/(yp[f](s—lezm+1)p[t(m’zn—-l)])}
meM(T,p) \ f20
where T ={1,2,...,n—1}.

(4)
H"(QSp(n); Z/p)

_ _ e
® ®Z/p[yplf](s 162m+1)]/(y17[f](s le2m+l)p[t(m " 1)])
meM(T,p) >0
where T={1,3,...,2n—1}andp #2.

IR

(5) H"(QSp(n); 2/2) = I“[s_lx3, s_lx7 Y e s—lx‘m_l].

Throughout Theorem 1.9, the free algebra generator s~'e; (resp. s™1el,
s71x; and s~'x!) transgresses to an appropriate free algebra generator
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e; (resp. e}, x; and x}) of H*(G; Z/p) (see the proof of Theorem 1.9
in §2).

Let G be a simply connected Lie group whose mod p cohomol-
ogy is an exterior algebra on odd dimensional generators, U a closed
connected subgroup of G, and i: U — G the inclusion map. By
[13; 7.20 Theorem (Samelson-Leray)], we see that the sub-Hopf al-
gebra H*(G; Z/p)\\i* (= sub-keri*; see [18; Notation, p. 312]) of
H*(G; Z/p) is an exterior algebra on odd dimensional generators.
Moreover, from the method of construction of H*(G; Z/p)\\i* (see
[18; Proposition 1.4]), we see that H*(G; Z/p)\\i* is a sub-Hopf al-
gebra of H*(G; Z/p) over &/ (p). Under the above conditions and
notations, the following proposition holds.

ProrosiTION 1.10. Suppose that the condition (1.2) or (1.3) is sat-
isfied in the algebra

H*(G; Z/p)\\i* = A Xam(1)+15 - > Xom(s)+1) s
where Xi,,;+1 are algebra generators satisfying (1.1), and that
QH(U; Z/p)/ /i*)> O = 0
forany ieJ and f>0. Then
H*(Q(G/U); Z/p)
=) {® Z/p[yp[f](s—lxzm(i)ﬂ)]/(Vp[f](s‘Ixzm(i)+1)p[k(i)])}

ieJ \f>0
QH*(U; Z/p)//i*

as an algebra.
Applying Proposition 1.10, we have the following:

THEOREM 1.11.

(1)
H(Q(SU(m + n)/SU(n)); Z/p)

® {® Z/p[yplf](s—lxlvﬂ )]/(yp[f](s—lxzs+1)p[t(s,2m+2n—1)])}

seM(T,p) \ /20

IR

where T={n,n+1,..., m+n—1}.
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(2)
H(Q(Sp(m + n)/ Sp(n)); Z/p)

= ® {®Z/p[yp[f](s x23+1)]/(yp[f](s x2s+1)p[ts »4m+dn— 1)1)}

seM(T,p) \ f>20
where T = {2n+1,2n+3,...,2m+2n—1}andp #2.

(3) H*(Q(Sp(m +n)/Sp(n)); Z/2)
= s ' Xant3, S Xant7s - 5 S Xameran—1].

THEOREM 1.12.

H*(Q(Sp(m + n)/ Sp(m) x Sp(n)); Z/p)
= U5 Xamrss S Xame7s -5 S Xamyan—i]
QA(XS, X7, oov s Xap_1)

1

where degs™'x;=j—1,degx;=iandm>n.

The following theorems are obtained by computing in the concrete.

THEOREM 1.13.

H*(Q(SO(m + n)/SO(n)) ; Z/p)

(
® { ® Z/P[Vp(fl(s—lxkﬂ)]/(Vp[fl(s—lxzs“q)p[t(s’2m+2n_3)])}
SEM(T,,p) (/20
if nisodd, mis even,
X {® Z[p[ypir1(s ™" Xase 1))/ (Dpr 1 (87 d2gg JPUC - 2420230
SEM(T,,p) \ f20

Qs e, 1] ifn and m are odd,

® {® Z/p[yp[f](s_lxb+l)]/(yp[f](s’1x25+l plt(s,2m+2n~3)] }

R

SeM(Ty,p) | f20
®A(x,—1) ifniseven, misodd,

® { ® Z/p[yp[f](s x2s+1)]/(V17[f](S x2s+l)p[t(s 2m2n— 5)]
SEM(T,,p) | 20

@T[s e} n_1]1® A(xp—1) ifn and m are even,

Ve

where p #2, Ty ={n,n+2, ..., m+n-2}, Tr={n,n+2, ..., m+
n-3}, Ih3={n-1,n+1,....m+n-2} and Ty ={n-1,n+
l,...,m+n-3}.
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THEOREM 1.14. When n > 2,
H*(Q(SO(m + n)/SO(n)); Z/2)

g{ (0% r[wj]}
JEL,s>1

eA® { ® Z/z[s‘lxj]/(s—lx}?_ttmm,m,,,,)}
m(j)

eM(T,2)

® { X IMw;l® A(S"lxj)}

jeL'
where
L={jli=2m()+1,n<j<m+n-1}, T={m@j)ljeL},
L' = {jlj =2m(j), n < j <min(2n, m +n)},
([ Q@ TIyamy)]l fm+n—-2#0mod4orn>m,
JEL,s =1
QX  I'yampl
jEL,sJ:l
A =4

® {J@O Z/z[l’z[f](ym+n—2)]/(3’2[f](J’m+n—2)4)}

m(j)#£(m+n-2)/4, (im+n-2)/2
ifm+n-2=moddandn<m,

J2lsj—1]1<m+n < j-2[s;], degw; = j-2[s;]-2, degs™lx; =i—1,
degy; =1t.

THEOREM 1.15.

H*(Q(U(m +n)/ U(m) x U(n)); Z/p)

= F[Tpl sy TP2s ooy Tpn]®A(S_Icl ’ S_l

-1
€,...,8§ Cn),

where degtp; =2m+2i—2, degs~lc;=2i—-1, m>n.

THEOREM 1.16.
H*(Q(Es/(SU(9)/Z/3)); Z/2)
= A(e’lls eil s 8137 Us, Ug, U17, u29)
Q@ I'wsg, w3s, Wae, Wsg, V22, V26, V2gl

where dege; =i, degu; = j, degw; =1, degvy, = m.
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Furthermore, j*(e;) = e} if i = 7,11 or 13, and j*(e;) = 0 if
i=3,5,9,15, 0r 17, where j is the inclusion map in the fibration

Q(Es/(SU(9)/Z/3)) <> SU(9)/Z/3 — Eg

and
e; € H*(SU(9)/Z/3;Z/2) = A(e3, e5, ..., €17).

2. Proofs. In this section, we will prove all the results stated in §1.

Proof of Theorems 1.1, 1.2 and 1.3. Let (G, p) be one of pairs of the
exceptional Lie group and the prime number in Theorem 1.1, 1.2 or
1.3. For an appropriate algebra generator x; of H*(G; Z/p), choose
a continuous map f to the Filenberg-MacLane space K(Z/p, degx;)
from G representing the generator x;. We can compare the Eilenberg-
Moore spectral sequence {E,, d,} converging to H*(QG; Z/p) with
the spectral sequence converging to H*(K(Z/p, degx; — 1); Z/p) by
using the morphism of spectral sequences which is induced by the map
f:G—K(Z/p, degx;). By applying [18; Lemma 3.9], all differentials
d, are determined. This enables us to obtain the explicit form of EY .
We have Theorems 1.1, 1.2 and 1.3 by virtue of [10; Theorem 2.4].
(Cf. the proof of Lemma 2.2.)

In order to prove Lemma 1.5, we will prepare a lemma.

NoraTION. Put U = {u|u # Omod p}. For any u € U, let i(u)
be the least integer i which satisfies (QH*)24?'+1 £0.

LEMMA 2.1. For any u € U, put m = up'® . Under the assump-
tions of Lemma 1.5, for any |, we can choose a basis {x, ..., Xy}
Jor Qo<i<1+1(QH *Y2m'+1 50 gs to satisfy the following conditions.

(i) x1,...,Xxy are primitive.

(ii) If deg P(k, m(i))x; < 2mp'*' + 1 (degx; = 2m(i) + 1), then
P(k, m(i))x; = ex;, where ¢ = 1 or 0, degx; = 2m(i)p* + 1 and
Xj= 0 lf (QH*)Zm(i)pkH =0.

(iii) Forany i and j (i #J), if

deg P(k, m(i))x; = deg P(K', m(j))x; < 2mp'*! + 1

and
P(k, m(i))x; = P(k', m(j))x;j,

then
P(k, m(i))x; = P(k', m(j))x; =0.
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Proof. All basis elements x; can be replaced by primitive elements
modulo decomposables, by the Samelson-Leray theorem and associa-
tivity of homology. Let us prove this lemma by induction on dimen-
sions. Suppose that Lemma 2.1 holds up to an integer /, that is, we
can choose a basis

M = {P(t;, mp'D)x;}ies o<t <s(i)

for GBOQS,H(QH*)Z”’I’I+1 so that x; is primitive, where degx; =
2mp!® 41 and s(i) is the lesser of / + 1 — (i) and the integer ¢
satisfying

P(t+1,mp'x;=0 and P(t, mp'®)x; #0.

We can see that basis elements of (QH*)>"?"'+! can be uniquely
expressed as P(I + 1 —1(j), mp'U))x;. Let S be a subset

{p"" - P+ 1-1(j), mp'D)x;}
of (QH*)2mP""+1 which is obtained from the basis
{P(L+1-1(j), mp'D)x;}.
Choose a maximal subset S’ consisting of linearly independent ele-
ments of . The subset S’ is written as
I+1 . .
{p™" - P(I+1-1(j;), mp'9)x; }i<icn -
If there exists an integer j € J —{j;, ..., jy} such that
e P(I+1-1(j), mp'D)x; £0,
then, from the maximality of S’, we have that
e P+ 1=10)), mp'D)x;
— (_;ti)pmpm P(l +1- l(.]z) ) mpl(j,-))xji ,
1<i<N
where the coefficients 4; are not all zero. Choose an element Xx;
of maximal degree from the elements x; (1 < i < N) such that
Ai #0.Put y; =x; +Yocicn, iz MPUU) =130, mpl(h))xji , where
Xj, = Xj, 4o = 1 and A; = A;/4;. By replacing x; with y; and
P(k, mp'Wl)x; with P(k, mp'UD)y; forall k <1+ 1—1(j;), we
see that """ . P(I + 1 — I(jy), mp'U))y; = 0. The subset of H*

obtained from M Dby this replacement is a basis for H* and satisfies
the conditions (i), (ii) and (iii) up to the integer /.
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If the argument started from the unique expression of the base
of (QH *)2”’1’[+1+1 continues infinitely, then we obtain infinitely many
bases P(I + 1 - I(j), mp'U))x; of (QH*)2mP""'+1 guch that ™' .
P(l+1-1(j), mp!U)x; = 0, which is a contradiction. Finally, by re-
peating the argument, we can obtain a basis {P(/+1-1(j), mp')x;}
for (QH *)2”’1’[+l+ I such that all non-zero elements

I+1 . 1(i
™ P+ 1-1(j), mp'D)x;

are linearly independent. From such elements, we can obtain a basis
for @o<,<; +2(QH*)2’"P1+‘ which satisfies the conditions (i), (ii) and
(ii1). (Note that all basis elements x; for QH* are primitive.) Sim-
ilarly, we can choose a basis for o, (QH *)2mp'+1 g0 as to satisfy
(1), (i1) and (iii). This completes the proof of Lemma 2.1. O

Proof of Lemma 1.5. The vector spaces

P(k, up™®+7) - (QH"®""+1 and @ (QH"P" !

0<t

do not intersect for any k, r and u, ¥’ € U (u # u'). Therefore
Lemma 1.5 follows from Lemma 2.1. O

Proof of Proposition 1.6 (1) and (2). Let {E,, d,} be the Eilenberg-
Moore spectral sequence (with K,-coefficients) of the path-loop fibra-
tion QX — PX — X. Put I'= H*(X; K,).

(1) In the case where p = 0, since I' = A(X2m(1)415 --- » X2m(s)+1) »
we see that E, = TOI"I.:*(K(), Ko) = K0[5_1X2m(1)+1 s ey S_1X2m(s)+1] .

Since the total degree of each algebra generator in E5* is even, this
spectral sequence collapses at the E,-term. Hence, by [12; Example
11 (page 25)], we have (1).

(2) By the same argument as in the proof of (1), we can conclude
that Eg* = Ex = E3* = T[s™ ' Xom(1)+15 - - » S Xom(s)+1]. Therefore,
a subset S = {V11(S ™ Xom(iy+1)} r>0,1<i<s of H*(QX;K,) is a p-
simple system of generators. In order to apply [10; Theorem 2.4], we
must verify that

(2.1) Vo115 Xameiy+1) & N(S)
and

(2.2) 1ot 18 Xom(n+1)T ¢ NP(S) forany i (1<i<ys)
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(see [10; Notation 2.2]). If there exists some integer i such that
o115 X2m(i)+1) € N(S), then we have an equation

(2.3) > 4jad +w =y (5™ Xam(iy+1)
J
where a; € S and w represented by S does not have a term

Avpr 18 Xomner)  (A#0).
Comparing the degree of the elements in the equation, we see that
p/ 1 -2m(j) = p/ - deg s~ Xom(iy+1 = p/ - 2m(i) when the filtration de-
gree of «; is p[f’]. Suppose that m(j) < m(7). Then f'+1> f and

so p < pft1-/ = % < ,’ZJ(% But this contradicts the assumption

% < p. For a similar reason, the case m(j) > m(i) does not occur.
Hence we have that m(j) = m(i). Thus each «; in the equation (2.3)
is written as yp[f_n(s‘lxzm(,])ﬂ), where m(t;) = m(i). The element
a‘? is in a smal.ler filter than the filter including y,; f](s“1x2m(i)+1).
From the equation (2.3), we have that

(2.4) otr 1087 Xamiy41) —w = lealf .
j

Let / be the least of the filtration degrees of the terms in the left-hand
side of (2.4). Consider the equation (2.4) in E(I)’*. The right-hand
side of (2.4) is zero and the left-hand side is non-zero. Finally, we
obtain (2.1). In a similar manner, we have (2.2). From the above
argument, we see that h(yp[f](s‘lxz,,,(i)+1)) = p for any i (see [10;
Theorem 2.4]). Hence we have (2) by applying [10; Theorem 2.4]. O

In order to prove Proposition 1.6 (3) by using [10; Theorem 2.4], we
must obtain a good p-simple system of generators for H*(QX ; Z/p).
First, applying the same argument as in the proof of (2), we can
conclude that E3* = EX = E3* = Ils™Xoma)r1s - > S W Xom)+1]
where {E,, d,} is the Eilenberg-Moore spectral sequence (with Z/p-
coefficients) of the path loop fibration QX — PX — X. There-
fore, we can choose a subset S = {y,01(S™ Xomi1+1)} >0, 1<ics Of
H*(QX; Z/p) as a p-simple system of generators for H*(QX ; Z/p).
The following lemma guarantees that we can choose a good p-simple
system of generators.

LEMMA 2.2. A p-simple system of generators

S = {Forr 1™ Xamiy11)} 120, 1<i<s
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for H*(QX ; Z/p) which satisfies the following conditions (2.5), (2.6)
and (2.7) can be organized from the system S.

(2.5) o108~ Xamiypr+1)? = Fpif 1S Xop(ippreiyy) Sorany i € J and
0 <r < k(i)—2. (About the integer k(i) and the set J of integers,
see the remarks following Lemma 1.5.)

(2.6) Pprry(s™ Xom@iy1) € N(S).

(2.7) ?p[f](s—lxzm(i)pk(.-)_.ﬂ)P ¢ NP(S) forany i€ J.

Proof of Proposition 1.6 (3). Let AG be a subset

(o115~ Xam(iy+1) Yies, £0

of S. By Lemma 2.2, we see that the conditions of [10; Theorem 2.4]
are satisfied and that h(i)p[f](s‘lxzm(,-)ﬂ)) = p[k(i)]. Thus we have
(3) by virtue of [10; Theorem 2.4]. O

Lemma 2.2 can be proved by virtue of the following lemma.

LEMMA 2.3. In the module FPUIH*(QX ; Z/p), if k(i) = 1, then
}’p[f](S_I.X2m(i)+1)p = Wy andsz(l) >1, then yp[f](s‘lxz,n(,-)sz)I’ =
yp[f](s—lem(i)p’“+l) +w, forany 0 < t < k(i) — 2, where w, €
F-PUMHIH*(QX ; Z/p). (See Figure 1.)

Proof. By [15], we know that the module E}* is an ./ (p)-module
and that the isomorphisms E3* = EX¥ and E}Y = E3* are morphisms
of &/ (p)-modules, where &7 (p) is the Steenrod algebra. Let us con-
sider pm(’)p[f]y o118 Xom(iy+1) in EZ forany i € J. By identifying
the Torp" (Z/ p, Z/p) which is obtained from the Koszul resolution
and that which is obtained from the bar resolution, we can regard

o118 M Xam(iy+1) as

[X2m(iy+1|X2meiy+1] - [ X2m(iy+1] -
——-plf] ———
(See [19; Proposition 1.1] and [11; Proposition 1.2].) Therefore

PE( )P[f]yp[f](s Yomeiye1) = pE1(W) p[f][me(i)Hl e [ Xam(i)+1]
[P x2m(z +1] Ip ¢ )x2m )+1]
+ Z[P X2m(i) IEO f))x2m )11

(1)+---+1(n(f)) = m(i) -plf],
(1), ..., [(n(f))) # (m(D), ..., m(i)).
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sgm(i)‘P[f*'zl
-1
Y157 Xamiyp2e1) + Wi
w1
@ Pl
-1
@ - plf Yo ™ Xamiyp+1) T Wo
™D p
Wo
-1
Y15 ™ *2m(iy+1)

FIGURE 1
In the above last expression, the second summations are zero from
the instability axiom of the Steenrod operation. From (1.1),
_ Xom(ip+1 1 k(i) > 1
0" DX gm(iy41 = in H*(X ; Z/p) .
0 if k(i) =1
Note that there is an integer j such that m(i)p = m(j) if k(i) > 1.
Hence we obtain that

—~1 . .

m(i)pLf] Sty e Xam@per)  if k(i)>1,

OeEm  Poif 18T Xam(iy+1) { 0 k() =1,
in E()—Op[f]’* .

Therefore, we see that

Vo171 Xameiye1)P = ™D PE y (s ko miiy 1)
_ { Yo 18 Xom@iypr1) i k() > 1,
0 ifk(i)y=1,
in E; pl/1.x , where @' is the ordinary Steenrod operation. This fact
allows us to conclude that
-1 ; if k(i) > 1
S e e XamGper) +wo
yp[f](s x2m(z)+l) { wo lf k(l) — 1 ,
in F-PU/IH*(QX ; Z/p), where wy € F~PUHIH*(QX ; Z/p) . Using
the same argument as above, it follows that the latter half of Lemma
2.3 holds.

Proof of Lemma 2.2. Put

o ) » ,
Potr 108 Xamiypr+1) = Vo118 Xamiypr1)+wB ™Il
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for 1 <r<k(i)—1,and put F,r1(5™ Xom@iy+1) = Vo108~ Xom(iy+1) -
From Lemma 2.3, it follows that (2.5) holds.

Let S be the subset of H*(QX;Z/p) which is obtained from S
by replacing ,(71(5™! Xam(iypr41) With ?p[f](s‘lxz,n(,-)prﬂl in S for
any i € J. Let us prove (2.6). If 5,171(s™ ' X2m(i)+1) € N(S) for some
i € J, then we have following:

(2.8) Potr 15 Xamiys1) = Z i Porr ™ X2m(y+1)? + w
J

in H*(QX; Z/p), where u; # 0 and w represented by S does not
have a term Ay 715~ Xom@y+1) (A#0).

First let us consider the case where i satisfies (1.2). Choose an
integer j in the right-hand side of the equality (2.8) such that j € J.
By comparing the degrees of the elements in the equality (2.8), we
have that 2m(i) - n(f) = p - 2m(j) - p[f(j)]. From (1.2), we can
conclude that m(i) = m(j). Hence

(2.9) Porr (S~ Xamgiy1) € FPU-IIH*(QX ; Zp).

Choose an integer j so that j ¢ J. Then there exist some integers
t € J and n € N such that xypjj+1 = P(n, m(8))Xom@)+1 - Since
Yo Xam(iy+1) = Vorri (8™ Xam(sy+1)P1M, from (2.8), we see that
2m(t)-[f(J)] - p[n+ 11 = 2m(i) - p[f]. From the condition (1.2), we
have that m(i) = m(t) and f > f—n—1 = f(j). Thus we can
conclude that

(2.10) Fprrin(S™ Xam(iy+1) = P(n, m(D)Fpr (5™ Xamry+1)
= P(n, m())Pptr-n-11(5" Xom(+1)
e FPU/-"-11g*(QX ; Z/p).

From (2.9) and (2.10), we see that the equality (2.8) causes a contra-
diction to the module structure of Ej*. Thus we have (2.6).

Next let us consider the case that i satisfies the condition (1.3). As-
sume that there exists an element s j)](S“lxzm( j)+1) which satisfies
f(j) > f in (2.8). Applying the same argument as above, we see that
there exist integers ¢t € J and n € N such that F,7(y;(S™ X2m(j)+1)
= 37p[f(j)](S'1)C2m(t)+1)p[n] .If n+1<k(2), then

fil-deg Fyp (1 (5 ™ Xam(y 4P = —pLf ())].

Therefore, by using the usual argument of the filtration, we see that
(2.8) causes a contradiction. Hence n+ 1 > k(¢). From the argument
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of the total degree in (2.8), we obtain that p[f]-2m(i) = p[f(j)]-
pln +1]1-2m(t) and so p[f] - m(i) = p[f(j) +n+ 1] - m(t). But
this equality contradicts the condition(1.3) because f(j) > f and
n+ 1> k(t). Hence we conclude that f(j) < f for any j in (2.8).
Suppose that f(j) = f for some j. From the condition (1.3) and the
fact that m(i) = p[n + 1]- m(t), where i and ¢ € J, it follows that

ot (S Xamy 1 P € FPUHH*(QX ;5 Z/p)
if n+ 1 =k(¢) and that

~ -1 1 _ = 1
Pt ™ Xam(n 1 = Pop 15T Xy 1)

if n+1 < k(¢). From (2.8), we have an equality:
o115 Xamiiye1) = D AuFprr1(5™ Xom@uy+1) +w  in E;U L

where F,(71(5™ M Xomiy+1) # ?p[f](i‘lxz,n(u)ﬂ) and A, # 0. But this
equality contradicts the fact that S is a p-simple system of generators
for Ej*. Finally, f(j) < f for any j, which is a contr?diction. We
have (2.6).

Let us verify (2.7). If there exists an integer i such that

ot 168  Xam(iypik(iy—1141)7 € NP(S),
then we have the following:
(211) Fprry(s™ Xamitey-1141Y = D2 AiTptr (S ™ Xamper) + '
J

in H*(QX; Z/p), where w’ expressed by S does not include terms
At Xamjy+1) (A #0).

Suppose that there exists an integer j in (2.11) such that j € J.
By applying the same argument as the proof of (2.6), we see that the
equality (2.11) causes a contradiction. Hence it follows that j ¢ J
for any j in (2.11). For any j, there exist integers f; € J and n;
such that

Dot (™ Xame )41 = Vo™ Xam(iya1) -

From (2.11), we have the following equality:

(2.12) F171(5™ Xam(iyer POV = 37 A1 (5™ Xamee )P + 0.
j

We can suppose that the element

Dot 108 Xamnpt(iy-1141)° (= Forr (8™ Xamiyr)PEN)
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has the least degree of elements F,p7(jy(5™ X2m(j)+1)P*)! which be-
long to Nl’(§). Hence

Porr1(5™ Xom@iy+1) # 0 and ?p[f(j)](s_lxzm(tj)ﬂ) #0

in @ypirikaiom(QH(QX; Z/p))* (cf. the proof of [10; Propo-
sition 2.5]). When the condition (1.2) is satisfied, it follows that the
equality (2.3) induces a contradiction (compare the degrees of the el-
ements in the left-hand side of (2.12) with those of the right-hand
side). If the condition (1.3) is satisfied, then k(i) > k(¢;) for any ;.
Therefore, by regarding H*(Q.X ; Z/p) as an algebra which is a tensor
product of monogenic algebras, we see that the equality (2.12) induces
an equality contradicting the algebra structure of H*(QX ; Z/p) (cf.
the proof of [10; Proposition 2.5] and [13; 7.11 Theorem (Borel)]).
Finally, we have (2.7). O

Proof of Theorem 1.7. By using the result in [14] concerning the
Steenrod operation in H*(G; Z/p) and Proposition 1.6 (3), we can
have this theorem. O

Proof of Theorem 1.9. (1) As is known,

H*(Spln(2n+1)’ Z/p)gA(e3ae7a“°:e4n—l)
and
k m(i)
(2.13) P emiyr1 = | 1 )€2m+2kp-1)+1

if there exists the algebra generator e;,,(;2k(p—1)+1 > and @kezm(i) 41 =
0 if indecomposable elements do not exist on the degree 2m(i) +
2k(p — 1) + 1. Therefore the set {m(i)|i € J} is equal to M (T, p)
and the number k(i) is equal to ¢(m, n). By virtue of Proposition
1.6 (3), we have (1).

(2) Since Spin(2n — 1) x §2#~1 ~, Spin(2n), it follows that

QSpin(2n — 1) x Q5?"~! ~, QSpin(2n).

Hence we obtain (2) from (1). (In this case, since the condition (1.3)
is satisfied, (2) can be proved by applying Proposition 1.6 (3) without
using (1).)

(3) and (4). If p # 2, then (2.13) holds in

H*(SU(n); Z/p) = Aes, es, ..., en-1)

and
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H*(Sp(n); Z/p) EA(e:;a €75..., e4n—l)-

If p=2,then Sq¥ey;_; = (i;l)e2i+2j_1 in H*(SU(n); Z/2), where
ey = 0 if ¢t > n. By applying Proposition 1.6 (3), we can obtain
(3) and (4).

(5) By considering the degrees of the subalgebra generators of
H*(QX; Z/2), we see that P(k, m)xy,4+1 =0 forany m and k > 0.
Therefore, J ={1,2,...,n}, m(i)=2i—1 and k(i) =1 in Propo-
sition 1.6 (3). We have (5) by Proposition 1.6 (3). O

The method used to prove Theorems 1.1, 1.2, 1.3, 1.7, 1.9 and
[10; Theorem 2.4] is indeed algebraic, that is, properties of G as Lie
groups are not used. Therefore we can have Theorem 0.2.

Proposition 1.10 can be deduced from the results of [19].

Proof of Proposition 1.10. By virtue of [19; Theorem P2], it follows
that

(2.14)  Eg*(H*(Q(G/U); Z/p)) = Tort'(Z/p , H*(U ; Z/p))
= H*(U; Z/p)//i* ® Torfi\ - (Z/p , Z/p),
as Hopf algebras (see [19; Proposition 1.5]), where I'= H*(G; Z/p),
[H*(U; Z/p)//i* ® Torp\ (Z/p , Z/P))*"*
= @ H*(U; 2/p)//i")" ® Tork - (Z/p, 2/p)].

m-+n=t

Moreover, from the proof of [19; Theorem P2], we see that the fil-
tration {F~"H*(Q(G/U); Z/p)} is given from the Eilenberg-Moore
spectral sequence {E,, d,} of a fibration Q(G/U) — U 4 G, and
that the isomorphism (2.14) is as follows:

E3*(H*(Q(G/U); Z/p)) 2 EX = E, = Torf(Z/p, H*(U ; Z/p)).
Therefore, we can conclude that
(2.15) the isomorphism (2.14) is a morphism of %/ (p)-modules.

Since H*(U ; Z/p)//i* is a Hopf algebra, by the Hopf-Borel theorem
([13; 7.11 Theorem)), it follows that H*(U; Z/p)//i* is isomorphic
to

AW, -, 9) ®L/pluy, ..., um)/ VDY, BTV
as an algebra, where y; and u; are appropriate algebra generators.
Since T\\i* = H*(G; Z/p)\\i* = A(Xom(1)+15 -+~ > X2m(s)+1) > WE

obtain that
Torf\\;+(Z/p , Z/p) =TIs™ Xom(y415 -+ » S Xam(s)+1]-
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Let us express the element in Ej* and its representative element with
the same notation. Let .S be a subset

Vit 1<i<e ULu 1< jem Y {00108 Xamiy+1)} 20, 1<i<s

of H*(Q(G/U); Z/p), where degyr1(s™ Xom@i+1) = PLf]- 2m(i).
Then S is a p-simple system of generators for H*(Q(G/U); Z/p).
From (2.15), by using the same argument as the proof of Proposition
1.6 (3), we can have this proposition. O

Proof of Theorem 1.11. Let i: SU(n) — SU(m + n) be the inclu-
sion map. We know that i*(xy;_;) = xp,-; if 1 < i < n and that
i*(X2i-1) =0 if n < i < m+ n, where i* is the morphism of al-
gebras from H*(SU(m + n); Z/p) = A(x3, X5, ..., Xoms2n—1) 1nto
H*(SU(n); Z/p) = A(x3, X5, ..., Xon—1) , and the x; are appropriate
generators of each algebra. Hence we can conclude that

H*(SU(n); Z/p)//i* =0

and that

H*(SU(m + n); Z/p)\\i* = A(X2n+15 X2n435 -+ 5 X2m+2n-1) -
By applying Proposition 1.10, we can obtain Theorem 1.11 (1). Sim-
ilarly, we have Theorem 1.11 (2) and (3). O

Proof of Theorem 1.12. Let i: Sp(m) x Sp(n) — Sp(m + n) be the
inclusion map and Bi: BSp(m) x BSp(n) — BSp(m + n) the map
which is induced from i. We know that Bi*(q;) = > ; k-, qj’. qy s
where Bi* is the morphism of algebras from

H*(BSp(m+n); Z/p) = Z/plq1, 92 --- > Gm+n]
into
H*(BSp(m) x BSp(n); Z/p) = Z/plai, @3s - s D> 1 5 - » Ay,

gi, q;, and gq; are appropriate algebra generators of each algebra,
and degq; = degq] = degq/ = 4i. Therefore, we see that i*(x4;_1) =
X+ x4 i 1<i<n, i*(x4-1)=xy_, if n+1<i<m,and
i*(x4i—1) = 0 if m+ 1 < i, where i* is the morphism of algebras
from i*: H*(Sp(my); Z/p) = A(x3, X7, ... » X4msdan—1) iNntO

H*(Sp(m) x Sp(n) ; Z/p)
EA(XY, X7s s X1 X35 X7 5 e s Xigu_1)s
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and the algebra generators x;, x; and x/ transgress to ¢; g; and g/
respectively. Hence we can conclude that

H*(Sp(m) x Sp(n); Z/p)//i* and H*(Sp(m + n); Z/p)\\i*
are isomorphic to
A(x3, x7, ..., Xap_) and A(Xami3> Xam+7> --- > Xaman—1)

respectively. We have Theorem 1.12 by virtue of Proposition
1.10. O

Proof of Theorem 1.13. Let p be an odd prime. As is known,
H*(SO(m + n)/SO(n); Z/p)

( A(erni1s> €ne55 --- 5 €2myan—3) if nis odd and m is even,
Aernt1, €n15, - - 5 €2my2n-5, €;n+,,_1)
if n and m are odd,
~ 2
= < A(6’2n+3 » €2ntT s cee s e2m+2n—3) ® Z/p[xn]/(xn)

if n is even and m is odd,

A€2ni3s €147 - - @mi2n—5, €hn_1) ® Z/D[Xn]/(X2)
if n and m are even,

\

and prermiiyri = (") ermiy2k(p-1)+1 > Where pFesn,q = 0 if inde-
composable elements do not exist on the degree 2m(i)+2k(p—1)+1.

Consider the Eilenberg-Moore spectral sequence {E,, d,} of the
fibration

Q(SO(m +m)/ SO(n)) — SO(n)/ SO(n—1) — SO(m +n)/SO(n—1).
We have that
E}* = Torf*(Z/p, H*(S""!; Z/p))

and
Er* = H*(Q(SO(m + n)/ SO(n)); Z/p),

where I' = H*(SO(m + n)/SO(n - 1); Z/p) .
Let n be odd and m be even. Then we see that i*(x,_1) = yn_1,
where i* is the morphism of algebras from

H*(SO(m + n)/SO(n — 1); Z/p)

into
H*(S" ' 2/p) = Z/plynu-1l/(V3_))
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induced from the inclusion map i. Therefore, by computing the
Koszul complex, it follows that

~ Tro—1 -1 -1
Ey =T s  exn-1)+3-5 €m-1)475++->5  €ms2n-3]-

Hence E* = E3; = Ej*. By applying [10; Theorem 2.4], we obtain
the desired result in the case where »n is odd and m is even.

Let n and m be odd. By using the same argument as the above,
we see that

~ Tr—1 -1 -1 —1,
Eg* =T[s™ en-1)+3> 5~ €(n-1)+75> -+ >S5 €ms2n-5>5 €pmin_1l-

Let S be the p-simple system of generators determined from the di-
vided power algebra Ej*. Put 2t+1=m+n—1. Then 2pi+1 >
2(m+n—3)+1. Using this fact and the usual argument of the filtration
degrees and the total degrees, we see that y,r1(s~'e/,.,_;)? ¢ NP(S).
Furthermore, using the Steenrod operation in the Eilenberg-Moore
spectral sequence, we see that y,ri(s~tel,., ;) ¢ N(S). Hence we
have our result in the case where n and m are odd.

Let n be even and m odd. We can obtain that
E3* =TIs™ eypn-1ye15 S €2(n1y455 -+ » S €amioan-31® Alxn_1),

where bidegs~'e; = (-1, i) and bidegx,_, = (0, n—1).
Let {E,, d,} denote the mod p Eilenberg-Moore spectral sequence
of the path loop fibration

Q(SO(m +n)/ SO(n)) — P(SO(m + n)/SO(n)) — SO(m + n)/ SO(n).

We see that this spectral sequence collapses at the E»-term by applying
[6; DHA Lemma]. Therefore H*(Q(SO(m + n)/SO(n)); Z/p) can
be determined as a vector space. By comparing each dimension of
H*(Q(SO(m + n)/SO(n)); Z/p) and the total complex P E3*, we
conclude that E3* = EJ¥ = E3*. As usual, we can have an appropriate
p-simple system of generators for H*(SO(m + n)/SO(n); Z/p). By
[10; Theorem 2.4], we get our result in the case where » is even and
m is odd. In a similar manner, we can also get it in the case where n
and m are even. O

In general, it is not easy to determine the algebra structure of
H*(Q(SO(m + n)/SO(n)) ; Z/p)

from the associated bigraded algebra E;;” which is obtained from the
Eilenberg-Moore spectral sequence {E,, d,} in the above proof. For
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example consider {E,, 3,} in the case where p =3, m = 5n—4 and
n is an even integer greater than 3. Then we see that
FS* = Iﬂ[s—132n+3 ) Sﬁl€2n+7 yeees 5_132m+2n-5 s S‘Ier/nﬁ—n—l]
®TIt(xA)]® A(s™ ' xn)
as an algebra, where

bidegs~le; = (-1, i),
bidegs~le, ., 1 =(-1,m+n-1)=(-1,6n-75),
bideg 7(x2) = (-2, 2n).
Since 7(x2) = [xn|x,] in EZ*, it follows that
Pnt(xD) = pilxalxal = Y o xnlp xa]
i+j=n—1

in EZ2*. p'x, is decomposable for dimensional reasons. Therefore,
if p'x, # 0, then n+2i(3—1) > 2n+3+2n+7 and so n+4i > 4n+10.
Hence n+2j(3—1) < 4n+10, because i+j = n—1. We can conclude
that @/x, = 0. Finally, [p’x,|p/x,] = 0 for any i and j such that
i+j =n-1. We have that t(x2)} = p" !7(x?) € F'Hon—6
The element r(xz) may be equal to s~'e; |, because s7le, -
belongs to F'H6"=6 _ 1t is difficult to show whether 7(x2)3 is equal
to s™'e,  ,_, or not even if we use the argument of the filtration and
the Steenrod operation in the Eilenberg-Moore spectral sequence.

Proof of Theorem 1.14. As is known, H*(SO(m+n)/SO(n); Z/2) =
A(xn > Xntls -ov s xm+n~1) and

(2.16) Sq'x; = (]l.)xHj, where x, =0if t >m+n.
Therefore,
H*(SO(m + n)/SO(n); Z/2) = R Z/2[x,1/(x;"),
JjeJ

where J = LU L’. Consider the Eilenberg-Moore spectral sequence
{E,, d,} of the path loop fibration on SO(m + n)/SO(n). Then we
have that

E}* = Tor{*(2)2, ZJ2) (T = H*(SO(m + n)/ SO(n); Z/2))

g{ X (I‘[wj]®A(s“1xj))}®{ & F[S_lxj]}

JjeJ,s,>1 JjeJ s, =1
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and E}* = H*(Q(SO(m + n)/SO(n)); Z/2), where bidegs~!x; =
(=1, j) and bidegw; = (-2, j-2[s;]) . By applying [6; DHA Lemmal],
we see that this spectral sequence collapses at the Ep-term: Ej* =
E3 = E5*. Let S be the simple system of generators obtained from
Ep. If je L' and s; = 1, then yyri(s7'x;) ¢ N(S). In fact,
suppose that yy f](s‘lx ) € N(S); we see that there exists an integer
ieJ suchthat (j—1)=2[f"]-(i-2[t]—2), where f">1 and t>1.
But the left-hand side of the equality is odd and the right-hand side is
even, which is a contradiction. Next let us verify that yr1(s~1x;)? ¢
N2(S) if j € L’ and s; = 1. Suppose that pyi(s~!x;)2 € N%(S).
From [10; Lemma 3.1], we have the following equality:

S TUDyy 1(s71x) = yar (7 %)% = Apapy(s7Ix) + w

in E; ASTox , where 4 # 0 and w expressed by S does not have the
term uyyry(s~!x;) (4 #0). Therefore

Sapad V7Vl bl = Al el +w i EQUT
—2[f]— —2[f]—
and the left-hand side is equal to

I(D)+-+iUD=201-(-1)

For any term [Sq'lx;|---|Sq®/Dx;], provided that there exists
some integer i(¢) such that i(¢) > j, there exists an integer i(¢')
such that i(¢) < j— 1. Since j is even, from (2.16), we obtain
that [Sq‘(Vx;|---|Sq'?/Dx;] = 0. Similarly, we see that the term
[Sq'(Dx;| - |Sq"®/ Dx;] is zero if i(¢) < j for any i(¢). Hence

ALxi| - |xi]+w =0 in EL2A 1,

which is a contradiction. Thus we conclude that py f](s‘lxj)2 ¢
N2(S). Using the above fact and [10; Lemma 3.1], we have Theorem
1.14. (Note that (m+n—-2)/2+ 1€ L ifandonlyif m+n-2=
Omod 4 and n<m.) m|

Proof of Theorem 1.15. Let {E,, d,} denote the Eilenberg-Moore

spectral sequence of the path loop fibration

Q(U(m + n)/ U(m) x U(n)) — P(U(m + n)/ U(n))
—U(m+n)/U(m) x U(n).
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Note that this spectral sequence has a Hopf algebra structure. We
know that

H*(U(m + n)/ U(m) x U(n); Z/p) = Z/plcy, ..., cal/(P1s .- s Pn)

as an algebra, where p;, ..., p, is a regular sequence, p; is decom-
posable for any i, degc; = 2i, degp; = 2m + 2i and m > n (cf.
[11]). By virtue of [19; Proposition 1.1], we obtain that

E3* = Torg*(Z/p, Z/p) = A(s7'cr, ..., s7len) ® Ttpyr, ... s TPn)

as an algebra, where bidegslc; = (—1,2i) and bidegtp; =
(=2, 2m+2j). Since the free algebra generators with less total degree
than totdegs~!c, + 1 have column degree —1, by applying [6; DHA
Lemma], it follows that those images by the differential d, are zero
for any r > 2. By applying [10; Theorem 2.4], we have Theorem
1.15. O

In order to prove Theorem 1.16, we will calculate a Koszul complex
in the concrete.

Proof of Theorem 1.16. As is known,
H*(SU(9)/Z/3;Z/2) = Ales, es, ... , €17),
(217) qujezl'_l = (l ; 1)62i+2j—1 , where €ry_1= 0ift>9,

and

(2.18)
H*(Eg; 2/2)
= Z/2[x3, X5, X9, X151/(x3%, x§ , X3, x{5) ® A(x17, X23, X27, X29),
Sq*x3=x5,0 Sq*xs=xy, Sq’xi5=x17, Sqx9=x17,
Sqtxis = X3, Sq*x3=xy and Sq’xy; = x9.
Let us show that
" e; ifi=3,5,9,150r17
P = { 0 ifi=23,27or29,
where i: SU(9)/Z/3 — Ejg is the inclusion map.
First, we have that i*(x3) = e3 since j.: H3(SU(7)) — H3(Eg) is an

isomorphism, where j: SU(7) — Eg is a composition of the inclusion
maps i: SU(9)/Z/3 — Eg and k: SU(7) — SU(9)/Z/3.

(2.19)
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Using the Steenrod operation, we have that i*(xs) = es, i*(x9) = g
and i*(x17) = e;7. Let us show that i*(x;5) = e;5. Since {e;s, e3 -
es - e7} is a basis of H'3(SU(9)/Z/3; Z/2), we can write as follows:
i*(x15) = Aeys+4’es-es-e; . Therefore, applying the Steenrod operation,
we have that

Sq*i*(x15) = Sq*(Aers + Nes - es - €7)
and so
el7=Ae;r+Aes-es-eq.
We see that A =1 and A’ = 0. Hence we obtain that
(2.20) *(x15) = €15

From (2.17), (2.18) and (2.20), we conclude that i*(x;) =0 if i = 23,
27 or 29. Thus we have (2.19).

Next let us consider the Eilenberg-Moore spectral sequence {E,, d,}
of the fibration Q(Eg/(SU(9)/Z/3)) — SU(9)/Z/3 — Eg. By using
the Koszul resolution, we can obtain the explicit form of the E,-term:

Torr(Z/2, H*(SU(9)/Z/3; Z/2)) = H(Z , 9),
where I' = H*(Eg; Z/2),
F =A(s""x3, 57 x5, 57 %9, 57 x15)
® 1_‘[IUJI ,» W2, W3, Wy, S_1x17 ’ S—1x23, S_1x27 » S_1x29]
®A(€3,€5, ,317),

bidegs~!x; = (-1, j), bidegw; = (-2, 48), bidegw, = (-2, 40),
bidegws; = (-2, 36), bidegw, = (-2, 60), bidege; = (0, i) and
6(s71x;))=e if i=3,5,9,15 or 17,

S(rarr1(s™ %17)) = varr1-1(s 7 x17) ® ey

and J(a) = 0 for any other algebra generator «. (The differential
0 is determined from (2.19), see Figure 2.) Computing the above
complex, we obtain that

E5* = A(er, er1, €13)
®A(S_1X3 ® es, S_1X5 ® es, S_l)C9 Qeg, s‘1x15 ® ers)
-1 -1 -1
Iwy, wy, w3, wa] ®I'[s™ Xx23, §7 X27, 57 X29]
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Wy 460 Wy +60
Ta(s7M59) To(s71x0)
Yals _1x27) Yols™ 1x27)
wy W
Yo(s ‘1x23) Yols ’1x23)
Wy < Wy
-1 W3 -1 HE
Yo(s 7 xy7) §—=t 57X ®ey,
5™ty 730 N 130
571x15®e 5
57 Lyy 5705
-1
oL To I S P 57 xg®eq
.___.____..8..__..> e
€13 213
e _ 11
5 --8;1 571X ®es +
e e
—_—— e; s‘1x3®e3 4
sThey 5 ey
2 1 2 1
FIGURE 2 FIGURE 3

(see Figure 3). Applying the same argument as the proof of Theorem
1.15, we see that

d;(a) = 0 for r > 2 and any algebra generator « in E>*.

Hence Ej* = ES = E5*. Put

AG={er, e, €13, 5 'xs®es5, s X9 ® €, s x15 ® €5}
U {rar3(w1) s vapn(w2) s Papry(ws) s Papry(wa)}t oo
U{221g1(57 ' %23) » 721g,1(57 " %27) , P21g1(5 ™" %29) Y >0 -

The usual argument of the filtration of H*(Q(Eg/(SU(9)/Z/3)); Z/2)
allows us to conclude that e? = 0 and (s~'x;®e;)? = 0. Furthermore,
h(a) = 2 for any a € AG because there is no pair of non-negative
integers (f, f’) which satisfies
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22.2/ =26-2 282/ ,46.27,38.2/,34.2/ 58.2/
26-2/ =28.2 46-2/,38.2/ 34.2/ 58.21,

28-2/ =46.2/,38-2/,34.2/ 58.2/

46-2/ =38.2/ 34.2/  58.21

38.2/ =34.2/,58.2/,

34.2/ =58.2/

(see [10; Theorem 2.4]).
We have Theorem 1.16 by [10; Theorem 2.4].
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A NOTE ON MURASUGI SUMS

ABIGAIL THOMPSON

We give two examples to show that the genus of knots is neither
sub- nor super-additive under the Murasugi sum operation.

A number of “addition” operations can be defined on pairs of knots
in S3; the connected sum is the most obvious of these, but there are
several other more complicated possibilities. A general question one
can ask is: which properties of knots behave “nicely” under these op-
erations? It has long been known that the genus of a knot is additive
under connect sum. Schubert [Sc] showed that bridge number is ad-
ditive minus one under connect sum.

Outstanding questions are how crossing number, unknotting num-
ber and tunnel number behave under connect sum. Only the most
obvious inequalities are currently available, and they are quite weak—
for example, the crossing number is obviously sub-additive, as is the
unknotting number, and it is easy to show that the tunnel number of
the connect sum of K; and K, is less than or equal to the sum of
their tunnel numbers plus one.

A more complicated operation on pairs of knots is the band-connect
sum. This operation is not well defined, since it depends on how the
band is chosen. Gabai and Scharlemann simultaneously established
the superadditivity of genus under band-connect sum [G1], [S].

Yet another operation combining knots is the Murasugi sum of two
knots (see [G2] for a definition); this depends on a choice of Seifert
surfaces for the knots as well as a choice of disks along which to do the
sum. Gabai [G2] nevertheless has shown that under reasonable con-
ditions many geometric properties of the Seifert surfaces are retained
under the Murasugi sum. In particular, he has shown that the Mura-
sugi sum of K; and K, along minimal genus Seifert surfaces R; and
R, yields a minimal genus Seifert surface R for the resulting knot
K, so genus is additive under Murasugi sum provided the addition is
done along minimal genus surfaces. Taking the Murasugi sum of two
knots can thus be considered a “natural” operation on pairs consisting
of knots together with minimal genus Seifert surfaces. However, the

393
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FIGURE 1

FIGURE 2

operation of constructing a Murasugi sum is not confined to minimal
genus or even incompressible Seifert surfaces; we give two examples
to illustrate that the genus does not behave in a predictable way in this
larger category. The first [Figure 1] is an example of two trivial knots,
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each bounding a (compressible) genus one surface, summed along a
square to yield a trefoil. The second example [Figure 2] is two figure
eight knots, one bounding a genus one surface and the other bounding
a (compressible) genus two surface, summed along a square to yield
the trivial knot.
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