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VALUES OF THE RIEMANN ZETA FUNCTION AND
INTEGRALS INVOLVING log (2sinh %) AND log (2sin %)

ZHANG NAN-YUE AND KENNETH S. WILLIAMS

Integrals involving the functions log (2sinh(¢/2)) and
log (2sin(6/2)) are studied, particularly their relationship
to the values of the Riemann zeta function at integral ar-
guments. For example general formulae are proved which
contain the known results
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as special cases.

1. Introduction. Since the discovery of the formulae
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the relationship between the values of the Riemann zeta function
and integrals involving log ( 2sin g) and log (2 sinh g) has been

studied by many authors, see for example [2], [4], [5], [7], [9].
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Recently Butzer, Markett and Schmidt [2] made use of central
and Stirling numbers to obtain a representation of {(2m + 1) by

integrals involving log (2 sinh g) (see (2.13)). In §2 of this paper,

we reprove (2.13) and at the same time prove the analogous formula
for ((2m) (see (2.14)). Note that (1.2) is the special case of (2.13)
when m = 1.

In [7], van der Poorten proves (1.1), as well as the formula

3 0 7m3
3 2 7 7
(1.3) /o log (2sm 2)d0 108

and remarks that “It appears that (1.1) and (1.3) are not represen-
tative of a much larger class of similar formulas”. However in [9]
Zucker establishes the two formulae

(1.4)

3 0 362 0 253m°
3 4 1 — — —— 1 — T er—————————
/0 [log (2sm 2) 5 log® <2s1n 2)]d0— 55,315

(1.5)
3 6 63 0 313x®
3 4 1 — — — TTT | e—————————
/0 [OIOg (2sm 2) 5 log (2sm )]dé’ S 35,57

In §3, we prove the general formulae
(1.6)
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= 92k
B (_1)m7r2m+1 [ B 1 ]
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where the B,,, and E,,, are the Bernoulli and Euler numbers respec-
tively. We remark that (1.1), (1.3), (1.4) and (1.5) are all special
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cases of (1.6) and (1.7). Formula (1.6) is basically formula (3.10b)
of [2] and formula (1.7) is essentially Theorem 4.1 of [1].
In §4, we establish the relations:

(1.8)
© 1 (—lmem 5 /0
,;nm“(z:) = /0 flog (2sm §>d0,
(1.9)
00 (_l)n—l B (_1)m2m 2log T m . _0_)
n§=:1 n"'"+2(2:) = /0 6 log (Zsmh2 de,

which generalize the formulae (1.1) and (1.2). The formula (1.8)
was given by Zucker [4, (2.5)]. Formula (1.9) can be established in
an analogous fashion.

2. Representation of ((n) by integrals involving
log (2 sinh %) For k > 1, z > 1, we have

1 t—1 2logz 91k
(2.1) /:;2 l_o_g_(_t__)d = —/ ¢ [log (2smh 0) 2} db,
since
0 ef o _e e . 0
€ —1‘:—62(62 —e 2) =2ezsmh§,

log(e? — 1) =log (2 sinh g) + g

Similarly, we have

1 2logx k
(2.2) / log )dtt = /Oog [log(2sinhg)—g] dé.

We set
(2.3)
A(6) = log (2 sinh g)

1logk(1—¢ 1logkt
I(k)=/0 —g(—t-—)dt= [ lg_tdtz(—l)’“k!C(k+1).
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Taking z = 7 = £(1 + v/5) in (2.2) and (2.1) gives respectively

24)  f(k) = /1 1 lo—gk(i—’t)dt: /0 Hhoer :A(O)—g: *,

/7

(25) ok =[ : wdt: - Hoe :A(e)ﬂ' do.

Now we evaluate f(k) and g(k). We have

1 log(1-1) g 2t /1/'f log" Lry
/72 t 0 1—u

@6) Ik =

and

1logh(t — 1) | wese 7 logF u

T 1 1 7 log* u
= — log® udu — d
/o(l—u 1+u) o8 uau 0o 1—u U
_ [ logkuduz__/f logkudu
0o 1—u? 0 1—u

1 [ logfu 7 log* u
- du- [ d
2’°/0 1o J =™

1 1 logk u 1logFu ]
- 3~ [0 [ %],

that is

(1 1 [tlogfu 1logk u
g(k)—-(—ﬁ—l)I(k)—é—k/T?1_udu+/T 5 .

In the two integrals, using the substitution ¢ = 2 and noting (1_1—t)t =

1 1
7 + 3> We have

1 k —_1\k+1 1
1/ log uduz( 1) / ( 1 +%)log’°tdt

2% )2l-u 2k Jy\1—t
(1) (—1)* % log*t
T I(k) + 5% o 1_tdt
- logF*! 7

k+1
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and

1logk u _ v [t 1 1 k
T = (1) /1/T(l—t+t)10g bt

1 k
= (=1)*I(k) + (=1)*** |7 l—log—fdt
0 ——

1
tEr1 8

Hence we have

g(k) = ( ! 1)(1+(-1)’“+1)I(k)+(—1)’“+1 j%dt

(=1)F 5 loght logk*!

dt — .
+ 2k Jo 1-—t k+1
Thus
1 2m 1 2m 2m+1
r log™™ t 1 77 log™t log T
oy = - [F " P i
9@m) == J T3 %F 3m ), 1= 2m + 1
1 logzm 1t
g(2m—1):2(22m ) 2m—-1)+/ dt
1 % log®™~ ltdt _ log
22m=1 Jo 1-t 2m
From (2.6), we obtain
1 75 log®™t log®>™t! 7
2. 2 dt —
(27)  fem)+g(om) = oy [ 28 tay - T,
(2.8)
1
f2m—-1)-g(2m—1) -—-2( 22m_1>1(2m -1)
1 1 2m—1 2m
7z log tdt + log
22m-1 Jo 1-1¢ 2m

Next we evaluate the integral [, 1/7° l—g_thdt. Since

/1/72 logktdt _ /1 log(1 — u) du = I(k) — /1/7 log"(1 — u)du
o 11—t 17 u 0 u ’
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it suffices to evaluate

/l/flogk(l —u) du
0

u
/7

=/ log(1 — u)dlogu
0

i/ 1/7 k-1 _
—I-k/ log (11 :)logudu

= logF(1 — u) logu

2logT
= (- )"+12’°logk+1’r+k( e [ (J’C‘I[A(G)—g]do
0

_ ( )k+12k

2log T
k+1 _1)k+1 k-1
T log 4+ (-1) /O 051 4(0)d6

Hence we have

(2.9)
1 log2'"‘t 22m Jog?™t! 7
=I(2m) + —————
/0 T % =1Em) + 2 +1
+om / " g2m=1 4(9)d9
(2.10)

1/7* log?™1¢ 22m—1]og?™ ¢
% h-rom-1)-<_%6°
/0 1—¢ (2m —1) om
2log T

—(2m-1) / 67m=2 4(6)do.

0

Substituting (2.9), (2.10) into (2.7), (2.8) respectively, we obtain

I(2m) 2m (2l

(2.11) f(2m) + g(2m) = 6*™1 A(6)d0,

22m —2_2771_ 0
(2.12)
1
fem —1) — g(2m — 1) =2 (1 - 5—2——)1(2m ~1)
2m — 1 2log T om—2
-, TR AB).

Combining (2.11), (2.12) with (2.3), (2.4), (2.5) gives
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THEOREM 1. Form =1,2,..

(2.13)
(2m+1)= ——1—/21%102""11 (2s1nh 0)d0
m T @2m =D 08
22m 2log T ) 0 0 om
tamih s (2smb3) - 5]
2m
[pe(osn) 9o
and
(2.14)
1 . 1 2logT o2 ( . g)
(1 22m) (2m) = 22m(2m—2)!/0 6“" " log 2smh2 df

1 2logT 0 g12m—1
- 9sinh - | — —
5@m —1)! /0 {[log ( sinh 2) 2]

. 0 0 2m-1
+ [log (2 sinh 5) + 5] }dﬁ.

As previously remarked (2.13) is due to Butzer, Markett and
Schmidt [2], while (2.14) appears to be new. We note that (2.13)
can be rewritten as

(2.15) / og T (2k 2) __\2k=2) ok 2m=2k+1 (2sinh g)dO

(2k 1)2%-2
5 2log T 9m—1 . 0
+§"2;;; L 0P og (2sinh 5 ) a8
2m - 1)!

and (2.14) as

- m— 2m—1
(2.16) / kz ' (% )92'“ log?m-2+-1 (2smh e)de

22k

2m —1 [2logT , . 9)
+ = [ 62105 (2sinh £ ) o

= (é%n- - 1) (2m — 1)1¢(2m)

—-1)y™
— ( 4’”2 7.‘.2m(22m _ 1)B2m,
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since
(=1)™*'(2m)*" Bom
2.17 =
Taking m = 1,2 in (2.15), we have
2logT
(2.18) / ) 0bg(2$nhg)d0::—lgﬁn,
0 )
(2.19)
2logT 3 ) 7] 5 1 . [ ] _ 3
/0 [Olog (2 sinh —2—) + -169 log (2 sinh 2) do = 8C(5).
Taking m = 1,2 in (2.16) gives
2log T . 0 71-2
(2.20) ‘A log(2mnh§>d9_.—i6,
(2.21)

4

2log T 0 15 0 T
3(o0wunh 2\ o 2942 . __m
/0 [log (QSmh 2) + 160 log (2s1nh 2>Jd0 =1

3. Representation of ((n) by integrals involving
log (ZSin -g) We set

so that

We consider the integral
e flogi(l —w)f | u—ew . [ ( ’Lﬁ_)’“
(3.1) JW~A-——;~—M¢—%4 B+ =) do

where the first integral is along the arc of the unit circle |u| = 1 from
u=1tou=w=e"?in a counter-clockwise direction. Making
the substitution ¢ = ¢(1 — u), u = i(t — 1), du = idt, we obtain

1 1
w? Jogk ¢ 1log* ¢ w? Joght
2 k:/ ,t:/ ' at / dt.
(3 ) J() 0 t~1,d o t—1 + 1 t—1
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We now evaluate the two integrals on the right side of (3.2). We
have

1 log" ¢ Lt+i
/ %8 tar— [ 1 logktdr
0

t—1 0o 241
k k
1 rllog tdt2 ,/1 log™t
2Jo 1412 o 1+1¢2

Since

1 logkt _ k1
/0 dt = (~1)* RIS (k +1),

where S(s) = n%:jﬂéﬁ% (Re(s) > 0) is a particular Dirichlet L-
function (see (4.4) in [8]) and

1 k 1 k
/ log tdt2=i/ log tdt
o 1+ 1¢2 2k Jo 1+t
1 171 log* ¢
"Q_k[/() (1+t”1—t)1°g th/ dt]

_ 217[1(15) -/ 1 iof tidtQ] 21k (1 - %)I (k),

63 1 lfg_kfdt _ 21k (1- 21—,9)1(/@ +i(=1)* RSk + 1),

For the second integral in (3.2), we have

/wf log t /‘ﬂ t—l—z og"  dt

we have

t=e¥ /% (e?“) (ze) i
= -2 —] —ez2df
0

14 et 2/ 2
1 x [cosg-i-i(l—i—sing)} .
= 9k+2 / cos § 5°do

il 1 s\ kL 1+sin? 5 &
T 9k+2 [k+1<§> —H/o cos & d de]

__1 (E)kﬂikﬂ _ / 6% cos do.
2(k+1)\6 2542 Jo 1 —sin
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Since
-1 7% 6%cos — ]
2 6*d1 (1 - )
2 Jo 1- sm ] d0 / 8 Sin 2

= 0% log (1 — sin 9) :
2/lo
3 0
_ 3 pk—1 ain 2
k /0 6+ log (1 sin 2)d0

= (™ 1og2 — k [For (_-2)
= (3) log 2 k/oﬂ log (1 sin 3 dé,

we have
(3.4)

/w% log’“tdt_ 1 (ﬂ)kﬂ
1 t—i 2(k+1)\6
* m\* 5 k-1 . 0
~5m[(§) log2+k/0 0 log(l—sm—i)dﬂ].

From (3.1)-(3.4), we obtain

(3.5)
/ (B+ 20 ) do

=-2k—1+T (1 - 51,;) (=1)*kIC(k + 1)

+i(—1) RISk + 1) + —__2(k1+ D (’Z)Hl

ik ™ k k % k—1 . 0
——2—[<§) log2+§/0 0 log(l—-smg)dﬂ].

Taking k = 2m — 1 and k = 2m in (3.5) gives respectively
(3.6)

L2
=~ g (1~ gawes) (2m = DG Com) + (41171"‘ (6)
+i [ — (2m - 1)!1S(2m) + ﬂf (%) " log2

(=1)™(2m —1) 2m—2 ( 9) ]
+ 57m /0 0 log {1 — sin - )df
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(3.7)
/0 (B + ’29 ) do
=§§-7;1;T(1 2;m) (2m)!I¢(2m + 1)

_1\ym+1 2m
+( 1; [(%) lo g2+——/ 6*™1log (1-sm 0)d0]

+ i[(2m)!5(2m +1) + %—1—) (%)MH].

Taking the real part of (3.6) yields

1
(3.8) (1 - 52‘;,;3)((27”)
Ly B 0y
~2(2m)'\3 * (2m—1)!/0 Im{B+ 3 db.
Since
9\ 21 2m — 1\ (N o ok
Im(BJ“E) - kzo(_l) (2k+1)<2> B

2m — 1 mz—z (_l)k(m 2) g2k-+1 gam—2k—2

2 o (2k + 1)22k
(_l)m—102m—1
22m—1 ’
we have
9) (1- g ) com)
2

* m— 2m-—2
— (=™ tx®m _ 22m-1 /5 Z (= 1)k( )02k+lB2m 2%-2 49
2(2m)!32m-1  (2m — 2)! (2k + 1)22’°

Recalling the formula (2.17), (3.9) gives the following result.
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3

THEOREM 2. For m > 2,
(3.10)
x m—2 (_1)k(2m~2) 9
3
____________92k+11 2m—2k—2 (2 )d0
/0 Z (2k n 1)22k og sin

_ (_l)m,n.Zm [(1)2m—1 1 ) ]
T am(2m—1)1\6 2(1- gam-1 ) Bom |
Taking m = 2,3 in (3.10) we obtain

3 0 1774
3 2 ] — TIT ene—————
(3.11) /0 0log (2sm2)d0——24.34.5,

il

(3.12)

5 6 0 6 313x®
3 4 AN — _ oo
/0 [Hlog (2s1n2> 5 log<2sm2)]d0 51 36,57

Taking the imaginary part of (3.7) yields
(3.13)

3 0 (-1)m (ﬂ-)zmﬂ
= 15(2 1 —_| = .

/0 Re(B+ 2) 4 = (2m)!S(em +1) + 5o
Since

ig\2m mzl _1)’9(227:) . (_1)m92m
n ) 3 o g2k gam—2k | o
k=0
and

(3.14) (2m)IS(2m +1) = (—"—;)—m (g)zm“Egm,

where the E»,, are the Euler numbers, we have from (3.13)
THEOREM 3. Form > 1,

wml

(3.15) / Z 5k 2’“)92’° log?™ 2k (2 sin 0)d9
_ <__1>_____[E ]

22m+2 2m + 1)32m ]’
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Taking m = 1,2, 3 in (3.15), we have
3 0 Tnd
(3.16) /0 log® (2 sin )d@ CYRETL

(3.17)
2535

0 3 0
4o Y\ 942, 2 i _ _Lo9m”
[log (2sm 2) 29 log (2sm 2)]d9 CERETIL

w3

J
(3.18)

3 0 15 , o\ |, 15, 2( _ g)]
/ [log (2sm2) 62 1og* (2s1n ) 160 log 231n2 dé

_77821a”
T 96.36.7°
Taking the imaginary part of (3.6), we obtain

(3.19)

= 2m—1
/3Re(B+ f) a8

=—(2m - 1)I1S(2m) + (_:;_)ﬁ(%)%“l log 2

+ (=1)™(2m - 1) /§ 6*™21og (1 — sin g) do.
0 2

22m

Since

. _ 2m—1
Eg)zm—l _¥ (=D )02kB2m—2k—1

Re (B + 5 o2k

k=0
we have
(3.20)

S(2m) :2—(5—;-1-1—)_2—)? (%) o log2

(__1)m 3 2m—2 ( : 0)
+(2m 2)|22m/ 02 log (1 — sin 7 )8
1rm._ l)k 2"'n‘)

2m 2m —1)! / Z 22k 0"

- Jog?m—2k-1 (2 sin 0) dé.
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Taking m = 1 in (3.20) we obtain
6 5 .0
S(2) = —Elog2 - —/ log (1 — sin )d@ / log (28111 —2—)d0,

where S(2) = Z @n +1)2 = 0.915965. .. is Catalan’s constant.
Taking the real part of (3.7), we have

/’0!5 Im <B+ Za) df = —23—17”—1(551;; - 1)(2m)!((2m+ 1)

2
(—1)m[(7r>2m 2m (3 ome1 ( . 0) ]
+ 5 5 10g2—i—22m/0 0 log (1 sin o dé|.
In view of
oyt (D) ok ameai- 3
Im(B“LE) =X G P
we obtain
(3.21)
e (1) :
gok+1 |gg2m—2k-1 (2 . _)
/0 kz:% (2k + 1)2% °8 sin 5 )9
(D™ 15 gomn ( : 9)
+ oom /0 0 log {1 —sin 5 dé

= —1—(—1—- - 1) 2m-1DI¢2m+1) + (—;—17;)-"—1(%)27” log 2.

22m \ 92m
Taking m = 1,2 in (3.21), we obtain
(3.22)

3 . 0 1 .0 3
/0 9[log (2s1n 5) + Zlog (1 — sin 5)]‘” = —TéC(3) ~ log 2,

(3.23) /0 : [9 log® (2 sin g) - 303 log (2 sin -g-)]de

———1—/3 63 log (1 — sin g)dO

m\4

=~ 15566) +5() Tos2
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4. Relations between integrals involving log (2 sin g) and

log (2 sinh Q) and certain series. The power series expansion of

arcsint

==% is given by

arcsin i 92n g2n-1

-2 & (@)

Integrating and differentiating this equality, we have

lz] < 1.

(4.1) (arcsin )? Z (2z)™
n= 1277,2( )
(2)%" z? z arcsin z
R,

Next, we apply the method of constructing polylogarithms to the

function
27 arcsin T i (2z)%"

K, = = .
O(x) 1— 1:2 = n(zn)
We set
= Ko(z) (2x)%"
Ki(z) = / 20 gy =
1(z) T 4= (arcsin z)? ?;1 = (n)
* K (x) >, (2z)™
Ko(z) = / I gy = 5 T tc.
2(z) g ngl = (27:1) etc
In general, we have
(4.3) »
Z Kn—1(z) < (2z)*
Kn@) = 2270 =" 2 m;m=1,23,....
(z) /0 z o nz::l omym+1 (2:) m
Taking z = L in (4.3) gives

© 11N Ka(d)
R b () -

n=1
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Then, using integration by parts (m — 1) times, we obtain

= 1 3
2mnm+1(2n) :/0 Km-1(z)dlog(2z)
n=1 n
1
— /2 log(Zz)—I&'—’—;ﬂdx
0
= —5—!/(; Kp—o(z)dlog*(2z) = -27/0 log (Zm)——;—dm
(=™t s 4. (2arcsing L )
(=)™t (3 m_l( : 9)
= m = 1)!/0 flog 251112 dé,
that is
(4.4)

1

2

n=1"M

m+2(2n
n

(l

(=1)™2™ 3 m( . 0) .
oy /0010g ZSln2 dd, m=0,1,2,....

Taking z = § in (4.2), (4.3) and m = 0,1,2 in (4.4), we obtain

(4.5)

(4.6)

(4.7)

(4.8)

© 1 1 23
IO
00 1 _ﬁ
ngln(zg)— 97'('7

3
)
S

K
N
/‘b [u—y
NI
I
Ak

3

NgE

3
I
—
]
w
~
33
N—"

= —2/3 flog (2sin Q)de,
0 2

3 0 1774
= 3 2 in — = —
—-2/0 flog (2s1n2)d0 ERETIR

4(2n
Z )

© 1 4 (3 9
) ol -5 |7 o10g" (2in 5 )ab.
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Changing z into iz in (4.1) (4.2) and (4.3) with m = 0, we have

. (-1 (2x)™ T rsinh™'z
11 =
) TR e
n~1(2z)  2zsinh'gz

(4.12) i( l)n(2n) NV

(4.13) il (—12); E§2)39 -

Now, taking z = } in (4.11), (4.12), (4.13), we deduce (assinh™' 1 =
log 7)

= (sinh™'x)2.

(4.14) 2 (—(127):)1_ _ 1 5\/_logT
(4.15) il (;8:)_ - %logﬂ
(4.16) 5 EU" 2 oleg?r

3
Il
—

(%)

Analogous to the construction of K,(z), we set

2zsinh ™ z z Fo(x C -
Fo(iL‘) = —T'\/;_—?—, FI(CE) = /0 OLI(,' )d.'L' = (smh 1.’[3)2,

and, from (4.11) and (4.12), we have

(4.17)
Fn(z) = /(:c Mdm

o0 )n—l(zx)Zn

Z_: mnm+1(2n) !

- n

m=123,....

After integration by parts, we obtain

i (—l)n—l _ (_1)"::;2m+1 /05 logm(2$)F0(x)diL‘,

— nm+2 (2n
=1 n
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that is
(4.18)

( ]_ ( )m2m 2log T m( . 0)
Z /0 flog™ ( 2sinh 5 dé,

el nm+2( ) m!
m=20,1,2,....
Taking m = 1 in (4.18) and appealing to (2.18), we have the well-

known formula
n—-1

RS

l\DIUl

(4.19)

Taking m = 3 in (4.18) yields

n—1 4 r2logT

- (=" _ 3 (o f
(4.20) "z:l n5(2: ==3 flog (2smh §)d0

and substituting into (2 18) gives

'n

1 5 r2logT 3 . 0
(4.21) ¢(5) =2 Z ( 3 6/0 6% log (281nh 5)oze.
Since

log (2 sinh g) logf — Z

n=1

1)"¢(2n)

n(Zn) ~ Lo e 0<0<7/2,

from (4.21) we obtain

(4.22)
5 (=1~
¢(5) = 5(4loglog7‘+4log2——1)log 'r+2nzl n5(n)
20

= “1)nC(2”) 2n+4
= log?™
3nz::ln(n+2) 08T
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