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CONVERGENCE OF INFINITE EXPONENTIALS

(GENNADY BACHMAN

In this paper we give two tests of convergence for an
as‘
infinite exponential a;? . We also show that these tests
are essentially the best possible.

1. Introduction and Statement of Results. Given a se-

quence of positive real numbers a,, n = 1,2, 3, . .., we associate with
it a sequence of partial exponentials F,,, n =1,2,3,..., defined by
(1.1) E, = a®

We will call {a,} a sequence of exponents and the sequence {E,}
an infinite exponential. As in the study of sums and products one
would like to develop tests of convergence of an infinite exponential.
Euler [E] was the first to give such a test. He showed that in the
special case a1 = a3 = a3 = -+ = a, F, is convergent if and
only if e™¢ < a < e'/¢. This result has been rediscovered by many
authors. An extensive bibliography of papers containing this and
related results may be found in the survey paper by Knoebel [K].

In the general case of non-constant exponents the best known
results are due to Barrow [B]. He showed (although some of his
arguments are rather sketchy) that {F,} is convergent for e™¢ <
an < €¥¢, n > ng. He also considered the cases a, > e'/¢ and
an, < e~°. In the first case, writing a, = /¢ + ¢,, with ¢, > 0, he
showed that {E,} is convergent if

1/e
. 9 €
(1.2) lim e,n < 5
and is divergent if
1/e
(1.3) lim e,n® > c

n—00 e
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In the second case, writing a, = e™¢ — ¢,, with ¢, > 0, he obtained
the conditions lim,_, €, = 0 and lim,,_,, n%, = 0 for some q > 1,
as necessary and sufficient for the convergence of { E,,} respectively.

Ramanujan made the following entry (without a proof) on page
30 of his third notebook (see [R], page 390, also posed as an unsolved
problem at the 1991 West Coast Number Theory Conference, see

Problem 91:06 in [G]): E,, is convergent when
(1.4)

1 + logloga. <l{l+ 1 + 1 +}
§1080n = 9\ n2 (nlogn)? = (nlognloglogn)? ’

and is divergent when the left hand side is greater than the right
hand side with any 1 replaced by 1+e¢. This statement requires some
clarification. What Ramanujan probably had in mind was a test of
convergence of an infinite exponential of a sequence of exponents
an, > 1. A sufficient condition for the convergence was furnished
by the inequality 1 + logloga, < f(n), n > no for an appropriate,
possibly any, function f(n) with an asymptotic expansion given by
the right hand side of (1.4) as n — oo. An easy calculation shows
that Barrow’s satements (1.2), even in the much stronger form with
< replaced by <, and (1.3) are contained in Ramanujan’s assertion
with the right hand side of (1.4) truncated after the first term.

The main purpose of this paper is to give a proof of Ramanujan’s
test of convergence of an infinite exponential and to generalize it to
the case of complex exponents a,,. In order that the exponentiation
be unambiguous we assume that the sequence of complex numbers
b., n=1,2,3,...is given and set

(1.5) an = €.

With this definition of the sequence {a,} (1.1) is well defined. The
case of complex exponents has also been considered before. The
best known results here are due to Shell [S], in the case of equal
exponenents, and Thron [T}, in the general case. We state here.
only the results of Thron, who showed that {E,} is convergent if
|bn| < 1/e, n > ng. We first give the following test of convergence
of an infinite exponential with complex exponents:

THEOREM 1. Let {a,} and {E,} be defined by (1.5) and (1.1)
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respectively. Now set
(1.6) b =€l [n>1],

and define En,jl = 1,2,3,..., by (1.1) in terms of the sequence
{an}. Then if E, converges, then so must E,.

The above test of convergence is of independent interest. In par-
ticular, Thron’s result follows immediately from Barrow’s results for
real exponents a,, 1 < a, < e'/¢, and Theorem 1.

To state our results concerning Ramanujan’s test of convergence
we introduce the following notation for the iterated logarithm. Set-
ting z; = e and

Ly(z) = L(z) = log(z), forz > e,

we define recursively zy and Li(z), for k£ > 2, by z = e®-1, and
Ly(z) = Ly_1(L(x)), for z > xy.

With this notation we have:

THEOREM 2. Let {E,} be defined by (1.5) and (1.1) respectively.
Then the infinite exponential converges if there exist positive integers
ko and ng such that for all n > ng we have

1 +log|loga,| =1+ log|by|

<1{ L S 1 T
(1.7) 2 |n?  (nLi(n))? . (nL1(n)La(n))?

+
(nL1(n)La(n) - - - Lk,(n))?
To complement this result we prove:

THEOREM 3. Let E, be defined by (1.1) in terms of a sequence
of real numbers a, satisfying a, > 1 and

(1.8)
1+ logloga,
SYE I
~—2|n?  (nLi(n))?

4+ 1 n 1+e€ }

(nL1(n)La(n) - -+ Li,-1(n))? ~ (nLi(n)La(n) -+ Li,(n))?

for n > ng, for some positive integers ky and ng, and € > 0. Then
the infinite exponential diverges.
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2. Preliminaries. In this section we prove three lemmas. The
first of these reduces the principal case of our problem to an equiv-
alent problem which is easier to handle. We will find it convenient
to use the notation

[Z1,22,... ,2,) = xfé and [z, Z9,Z3,...]

to denote partial exponents and an infinite exponential respectively.
We also set

(2.1) lo(z) :% and (z) = a:Ll(z)LQ(i)---Lk(x) k> 1]

LEMMA 1. Let a sequence of real numbers xz,, n = 1,2,3,...,
satisfying x, > 1 be given. Define a sequence X,, n=1,2,3,... by

1+Xn>
. .

(2.2) Ty = €Xp (

Then [z1, 2,23, ...] converges if and only if there exists a sequence
Y., n=1,2,3,..., satisfying Y, > —1 and such that the inequality

(2.3) 14+Y, > (14 X,)el+
holds.

Proof. Since z, > 1 the sequence [z;, T3, z3,...] is monotonically
increasing. Hence to show that it is convergent it suffices to show
that it is bounded. But this follows immediately from (2.2) and
(2.3) since

[€1,Z2,...,Z4] < [21,Z2,. .. , Tn, el TTnH] < 11

In the opposite direction suppose that the infinite exponential
(1, %2, Z3,...] is convergent. Since z, > 1 then so must be an
infinite exponential %, Zyn41,Tnio,-..] for any n > 1. Denoting a
limit of [, Tny1, Tnya, .. -] by e!*¥*, we observe that Y, > —1 and
that the sequence {Y,} satisfies

eltYn — [ 1+Yn+1] — (1+Xn)e nt1

Zp,€

This gives (2.3) with equality and completes the proof of the lemma.
]
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The next two lemmas are the main ingredients in the proofs of
Theorems 2 and 3.

LEMMA 2. Let TF, C* and X} be defined by

k
(2.4) Ty =Y li(n—1),
§=0
1 k
(2.5) Cp =2 1(n),
2%
and
(2.6) 1+ XE = (1+TF) e ™,

where l;(n) is given by (2.1), for any integers k > 0 and n > 2 for
which the right hand sides of (2.4) and (2.5) are defined. Then there
erists a sequence of integers {ny} such that for all n > ny we have

(2.7) CF < Xk < CF+L.

Proof. Let an integer £ > 0 be fixed. We write 7,, and X,, to
denote T¥ and X* respectively. By (2.4) and (2.1) we have T,, =
Ok(1/n) < 1, for n > ny sufficiently large in terms of k. For such
integers n we can expand the right hand side of (2.6) in a Taylor
series to obtain

(2.8)
14+ X, = (1+T,)e T+

1 1 1
=1+ T) (1= Tass + 5(Tas)? = 5(Toss)® + Ox ()

1 1
=1+4+T, - Tn+1 + §(Tn+l)2 - TnTn+1 + §Tn(Tn+1)2
1 1
o (L)
6( +1)" + Ok ",
Now, by (2.4) and (2.1), expanding T, about n + 1 we get
1 1

(2.9) To=Thn—Thu+ 5 i1~ 6 E”I,
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for some & with n < £ < n+ 1, where

k J
(2.10) T, = Z l'(n Z 1;(n) Zli(n),

and

k

(2.12) T =3 1{'(€-1) =0 (%) :

=0

Substituting (2.9)-(2.12) into (2.8) and simplifying the resulting
expression we obtain

1 1 1
—1_7 _* 2, 1
1+X,=1-T,, 2(Tnﬂ) + 373 + O (n3 logn>.
Hence by (2.10), (2.4) and (2.5) we have
X T —l(T )2+—1—+0 =
" ntl T g lint 3n3 *\ndlogn
k 1
=-S5 —
(2.13) 2207(n)+3 3T k<n3logn>
1

This, for n > n, sufficiently large in terms of &, implies (2.7) and
completes the proof of the lemma. O

LEMMA 3. Let T* and XF be defined by (2.4) and (2.6) of Lemma
2. Moreover, let =¥ be defined by

k
(2.14) xﬁ:exp{1+Xn}.
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Then we have
. k
(2.15) Jim [:vfl,zflﬂ, . ,xfn] = e!tTx,
Proof. We begin by observing that it suffices to show that there

exists a sequence of integers {n}} such that (2.15) holds for all
n > nj. Indeed, assuming this we have, for any [ > nj,

: k ok _ k k
Tigrgo[xn,xnﬂ,..., T, —-[ ., zh hm [xl+1,...,xm]]
[ 1+T,+1]
ST
k
— HTE,

by (2.14) and (2.6). To exhibit the existence of such a sequence
{n}} we first observe that by (2.14), Lemma 1 and Lemma 2, any
infinite exponential [3:,’2, Tk Tk, .][1With n > ng, where {n,} is
a sequence defined in the statement of Lemma 2, is convergent. Let
us denote the limit of such an infinite exponential by el*+S». Then
(2.15) will follow if we can show that

(2.16) Sk =Tk

for all n > nj > ny sufficiently large in terms of k.
To this end let us define, for integers k > 0 and n > ny, t& by

(2.17) th =Tk — Sk,

We will deduce (2.16) from the following three inequalities:

(2.18) Sk>Sh>0 [k > I; n > max(ng,ny)],
(2.19) t* >0,
and

Lk(m_ ) /2 !
W) lk(m — 1) [m >n2> nk],

with n) > ny sufficiently large in terms of k, where in the case

k =0 Lo(z) = z. Indeed, assume (2.16) fails with £ = 0 and some

(2.20) t& >t (
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n > ny. Then by (2.19) 2 > 0, and hence by (2.20) and (2.4) we
get

m — 'n n

for some m > n sufficiently large in terms of ¢3. But by (2.17) this
implies that S7, < 0, which contradicts (2.18). Thus (2.16), with
k = 0, must hold for all n > nj,. We now proceed by induction on
k. Assume that (2.16) fails for some £ > 0 and n > nj.. Arguing as
above we obtain the inequality

N
8,28 (" 1) lo(m — 1) > lp(m — 1) = T2,

tfn > lk(m - 1),

for some m > n sufficiently large in terms of t*. This, together with
(2.17) and (2.4) yield

(2.21) Sk =Tk _tF < Tk = gk=1

by the inductive hypothesis, provided m > nj_,, as we may assume.
But since (2.21) contradicts (2.18) we conclude that (2.16) and hence
(2.15) hold. Therefore it only remains to prove (2.18)—(2.20).

To this end, assuming as we may that the sequence {ny} is in-
creasing, we have, for kK > [ and n > n; > n,

XF> X >0,
and hence
(2.22) z* > 2l > elle,

by (2.7), (2.5) and (2.14). It was already shown by Euler [E] that
the infinite exponential with constant exponents e/¢ converges to
e. This fact together with (2.22) yields (2.18). To prove (2.19) we
observe that for m > n > ng, we have

[xﬁ,xﬁﬂ, . ,a:fn] < [mﬁ, ,xfn,el+Tr"°=+l] = e!tTn
by (2.14) and (2.6). Hence S¥ < T* and thus (2.19) holds by the
definition (2.16) of tk.
We begin proving (2.20) by observing that by the definition of SF
and (2.14) we have

k k k 5k+1
U - [x2’61+5n+1] = o(1+xk)entr
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Hence S¥ satisfies the identity (2.6) with T replaced by SF. Let us
fix k and write S,,, T,, and t, for S¥, T¥ and t* respectively. From
our last observation it follows that

(1+ Sp)e 5+t = (1 4+ Tp)e Tnt1.

Substituting S,, = Ty, — tm, m = n, n + 1, into the last identity
leads to

=1—¢ tt

(2.23)

Now, by (2.19), (2.18), (2.4) and (2.1), we have
1
(2.24) 0<t, <T, < -

Hence

_t —
1- i tn+l Z n+1

i-1

tnt1
<t < n+1) — n ,
i Z 1+ tny1/2

provided n > nj sufficiently large in terms of k. Using this bound
for the right hand side of (2.23) we obtain

1+ ty41/2
tn > tn——.
+ 1+ T,

It now follows that for any integers m > n > nj, we have

T+t /2

2.25 tm > tn
(2.25) > 15T

i=n

We use (2.25) in two steps. Firstly, by (2.25) and (2.24), we have

m—1 1
—t exp{Zlog1+T}
>tnexp{~ZTi},
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for m > n >> n;, sufficiently large in terms of k. Now, by (2.4) and
(2.1),

m—1 m-1 k E o e k
Sh=YYu6-0<Yy [ L@ <Y Lilm-1).
i=n i=n j=0 j=07n—2 j=0
Hence
k
(2.26) tm > tnexp{ —»_ Lii(m—1
7=0

= tnlk(m — 1),

for any integers m > n > n;. We now reiterate the abpve argument
this time using (2.26) instead of (2.19) on the right hand side of
(2.25). To this end we observe that for m > n > nj sufficiently
large in terms of k£ we have t,0;(1)/2 < T;/2 < 1/i and

m

i Ik (2) > /nm~1 lk(z)dz = Lgs1(m — 1) — Ly (n).

=n

L)

Thus

1+t (d) /2 ol 1+ tole(i)/2
>t T = o {5 o (M2
7 i=n 7

i=n

> t, exp {7{5 (%tnlk(i) _ :/1-) }

i=n

k
> t, €xXp {é‘tn (Lk+1(m - 1) - Lk+1(n)) - Z Lj+1(m — 1)}

= t, (_L_k_g_(;b—)_l))tn/z o, p=

This gives (2.20) and completes the proof of the lemma. O]
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3. Proofs of Theorems.  Proof of Theorem 1. We may assume
that for all n, a, # 1, for otherwise both [a;,as,as3,...] and
[@1, G2, a3, ...] converge trivially. Now fix an integer n, and for
z € C, set

d
(3.1) f(z) = E[al,az, ev Oy, 2],
and
(3.2) (2) = Llar,ag,... ,n 2]
. g —dZ 1y W2y ... yUnp, .
We have, for any m > n,
(3.3)
[0,1, ag, ... aam] - [a11a2) e )an]
= [a1,--+ »8n, [Gns1,---an]] = [a1,. .. , @0, 1]
[an+1,-e,am]
= / ) de.
1
Setting
(3.4) U= [Gnt1y .-+ 5 Cm),
and
(3.5) W= [Gp41y--- 5 0m),

we estimate the right hand side of (3.3) to obtain

(3.6) lla1,az, ..., am] — [a1,02,. .., a4

/1u f(z)dz
1

/0 F(L+ (u=1)¢) d(1 + (u — 1)¢)

<wu-1 150 1)t)] dt

<hu—11 [ 1f(0+ @ -1yt dt.

Now, by (3.1), (1.5), (3.2) and (1.6), we have

f(2) = bifay, aq,... ,an,z]-gz—[ag,ag,... y G, 2)

n
= H bk[a'k, Qk41y - -+ 5 0n, Z],
k=1
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and

n
g(Z) = H lbkl [dk;dk‘-i—la s ,&nyz] .
k=1

Hence, by (1.5), (1.6), (3.4) and (3.5), we obtain the inequality

|f(1 —t+ ut)|
(3.7)

bk[ak7ak+11 . aana(l—t+Ut)]l

I ",_"jzn z:

IN

bkl aka ak+17 )a‘na (1 -1+ |u|t)]
(1 —t+wt),

valid for 0 < ¢t < 1. Applying (3.7) to the right hand side of (3.6)
we get

(3.8)
llas, g, - - am] — [a, az, - - ,an]] < Ju — 1|/0 g1+ (w — 1)) dt

_Ju—=1] gt o] o

=—— | g+ w-1))d1+(w-1)t)="——F | 9()dz
u—1| .. . X o )

:|w_1|([a1,a2,...,am]—[al,ag,...,an]),

by (3.2) and (3.5). We observe that w > 1 since a, 7# 1 and hence
G, > 1. Moreover,

(3.9)

lu—1]= e b

batifant2,.som] _ 1' —

21

Z Bl (bn+1[an+2, e Gm])
o 1 k=1""

Z k_ Ibn+1| [dn+2, N ,dm])k =w—1.

The statement of the theorem now follows from (3.8) and (3.9) by
the Cauchy criterion for convergence. (]

Proof of Theorem 2. By Theorem 1 it suffices to consider real
exponents a, > 1. In this case the sequence [a;, az, as, . . .| is mono-
tonically increasing and it suffices to show that it is bounded. Define
a sequence {c,} = {cf;’“} by

1 + Ck0+1
Cn = €Xp {__e—L— [n > ngyta],
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where C**1 and ny,,; are defined in the statement of Lemma 2.
Setting C,, = C**!, we have, by (2.5), (2.1) and (1.7),

1k
1+loglogc, =log(1+C,) =C,+ 0O (CZ) > 5 Z;)l?(n)
]__‘
>1+logloga,,

for n > ng sufficiently large in terms of k; as we may assume.
Therefore for n > ng, a, < ¢, and hence

[anoa a’no—\"l, vee ,an] S [cno, Cno+1y - - - ;cn]

Thus it suffices to show that the infinite exponential
[Cnos Crg+15 Cno+2, - - -] converges. By Lemma 1 this in term is equiv-
alent to the existence of a sequence S,, n = ng,no + 1,10 + 2,...,
satisfying S,, > —1 and

(3.10) 14 S, > (1 +Cp)es+.

But by Lemma 2

Tk0+1

1+Cp=1+ChH <14 XJot! = (14 Tot) eTin

Hence (3.10) is satisfied with S, = T**! n > n,. This completes
the proof of the theorem. O

Proof of Theorem 3. We argue by contradiction. Suppose to the
contrary that the infinite exponential [a;, az, a3, . ..] is convergent.
Then, since a, > 1, S0 iS [an, @nt1,8n42,...] for any n > 1. Let
us denote the limit of such an infinite exponential by e'*5». Let us
also define A, by

(3.11) a :exp{l +An}_
Then
(3.12) €1*5n = [ap, €15 ] = et AnemH,

In the remainder of this proof we will use n to denote an integer
satisfying n > ng. For such n, it is immediate from (1.8) that
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A, > 0, since a, > e!/¢. Moreover, by (3.11), (1.8), (2.1), (2.5) and
7), we have

(2.
(3.13) A, >log(l+ A,) =1+logloga, > C’,’fo + —;—lio(n)
> Ckotl 5 xko

for n > ng sufficiently large in terms of ky and ¢, as we may assume.
This gives

ap > TF0
where z¥° is defined by (2.14). Therefore, by the definition of S,
and Lemma 3, we get

(3.14) Sy > Tho,
We set

R, = S, — Tko
and

B, = A, — X,

Then by (3.14)
(3.15) R,>0
and by (3.13), (2.13), (2.5) and (2.1)

€ € 1
B> O+ S, (n) — Xk = S2,() + O, (=5 )
1
= ¢ (Che - Clo) + 04, (5)
1
= (Xt = x4 Opy (5)

> (Xpo - Xk,

for n > ng sufficiently large in terms of kg and e. Now, by (3.12),
(2.6), (3.15) and (3.16), we have

1+TP + R,
(1 +Xk0 +B )e T 4 Rnt1 _ (1 +Tko) efrtl 4 B 6T:3_1+Rn+1
(14 XE) = (1 4+ X)) el

(T — TR,

(3.16)

> (1+T8) (1+ Roy) +

N D

= (1 + T,’fO) (1+ Roy1) +
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This together with (3.15) and (2.4) yield

€
R, >R, + §lk0(n - 1)

Hence we obtain the bound

&>§ 3 o (m).
1

m=n—

But the last assertion is absurd in view of the definition (2.1) of
lk,(m). This contradicts our assumption and thus completes the

proof of the theorem. O
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