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Volume 175 No. 1 September 1996



PACIFIC JOURNAL OF MATHEMATICS

Vol. 175, No. 1, 1996

SOME PROPERTIES OF FANO MANIFOLDS THAT ARE
ZEROS OF SECTIONS IN HOMOGENEOUS VECTOR

BUNDLES OVER GRASSMANNIANS

OLIVER KUCHLE

Let X be a Fano manifold which is the zero scheme of a
general global section s in an irreducible homogeneous vector
bundle over a Grassmannian. We prove that the restriction
of the Pliicker embedding embeds X projectively normal, and
that every small deformation of X comes from a deformation
of the section s. These results are strengthened in the case of
Fano 4-folds.

Introduction.

Let Gr(k,n) = SL(n, C)/Pk be the Grassmannian of A -dimensional quotients
of n-dimensional complex space O1 considered as quotient of SL(n, C) by
a maximal parabolic subgroup P&. Then (irreducible) representations of Pk

give rise to (irreducible) homogeneous vector bundles over Gr(k,n). The
purpose of this note is to prove the following theorems:

Theorem 1. Let X be a Fano manifold which is the zero scheme of a
general global section in a globally generated irreducible homogeneous vector
bundle T over Gr(k,n). Then X is projectively normal.

Here by a Fano manifold we mean a manifold X with ample anticanon-
ical divisor —ϋΓχ? and X C Gr(k,n) is considered to be embedded by the
restriction of the Pliicker embedding.

Theorem 2. Let X be as above. Then every small deformation of X is
again the zero scheme of a section in the same homogeneous bundle.

Moreover it becomes obvious from the proof that the bundle T in Theorem
1 can be replaced by the sum of one irreducible vector bundle and line
bundles.

Concerning Fano 4-folds we have a slightly more general result:

Theorem 3. Suppose dim(X) = 4 and that the Picard group Pic(X) of X
is generated by Oχ(-Kχ). Then the statements of Theorems 1 and 2 remain
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118 OLIVER KUCHLE

true is T is fully reducible, i.e. direct sum of irreducible homogeneous vector
bundles.

The idea of the proofs goes back to Borcea [Bor] and Wehler [We], who
obtained results similar to Theorem 2 in the case of varieties parametrizing
linear subspaces on complete intersections of hypersurfaces. Nevertheless it
is difficult to make statements for arbitrary irreducible homogeneous vector
bundles. Therefore it is worthwhile to point out that the condition of X
being Fano is crucial here and sharp in a certain sense (cf. Example 4.11
and Remark 5.5). On the other hand homogeneous vector bundles seem to
play an important role in the classification of Fano manifolds (cf. [Muk],
[Kii]), e.g., all Fano 3-folds V of the "main series", i.e. with very ample — Kv

and b2(V) — 1 arise as sections of the sum of an irreducible homogeneous
vector bundle and line bundles over ordinary or isotropic Grassmannians.

The proofs work as follows: The Theorems will follow from the vanishing
of certain cohomology groups of bundles and sheaves on X and Gr(k,ή).
Via spectral sequence arguments this is reduced to the vanishing of coho-
mology groups of vector bundles on Gr(k,ή) involving only wedge products
and tensor products of T, its dual and the tangent bundle ΘGr(k,n) Since
all these bundles are homogeneous, we can apply Bott's Theorem to obtain
the vanishings once we determine the weights of the corresponding represen-
tations. This last step is the "ugly" part and consists in combining various
estimates, and here is where the Fano-condition comes in to keep control of
the shape of the occuring weights.

I would like to thank Rob Lazarsfeld for helpful discussions, UCLA for
hospitality and the Deutsche Forschungsgemeinschaft for financial support.

1.

Let Y = Gr(k,ή) C IPN be embedded by the Plϋcker embedding. It is well
known that Y is projectively normal of dimension k(n — k) with canonical
line bundle Oγ(Kγ) = Oγ(—n). Let X C Y be a subvariety. Then from the
commutativity of
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where Jx is the ideal sheaf of X in Y and lχ the ideal sheaf of X in I P N ,
it is clear that Oχ{\) := Oγ{\) ® Oχ embeds X protectively normal if and
only if

(1.2) H1(Gr(k,n),Jχ(r))=O V r > 1.

Now let 5 G H°(Gr(k^ή)^J:) be a general global section in a globally gener-
ated vector bundle T over Gr(k,n), such that Jf, the variety of zeros of s,
is non-empty. Then it is known (cf. [We]) that every small deformation of
X can be obtained by varying the section s if

x)=0, and

(1.3.b) H1(X,ΘGr(k,n)\χ)=0.

Finally the Koszul complex associated to the section s gives, for any vector
bundle £ on Gr(fc,n), spectral sequences

(1.4)

H*{Gr(k,n),S® Λ'+1 F*) = * H^{Gr{k,n),8 ® Jx), g > 0.

2.

Now we recall the set-up and fix notations for the weight calculations. Let

such that Gr(k, n) = SL(n, C)/Pjfc. Then an irreducible homogeneous vector
bundle T comes from a representation of the reductive part of Pk consisting
of matrices with B = 0. Such a representation is uniquely determined by
its highest weight which can be written as an integral vector β = (βu..nβn)
(cf. [Kϋ]). In this notation the universal quotient bundle Q on the Grass-
mannian, which comes from the representation of A, has highest weight
(1,0, ...,0), and the tangent bundle θGr(k,n) reads (1,0, ...,0, —1). The vec-
tor bundle T is globally generated if and only if βi > βι+ι for all 1 < i < n—1,
and the highest weight of the representation corresponding to the dual bun-
dle T* is (^ f c,...,-/?1,- i5n 5...,-/3 f c + 1).

The Weyl group acts on the weights by permutations among the first k
and the last n — k entries, yielding

(2.1) Π
3 % k+l<s<t<n
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for the rank of the corresponding vector bundle. In this notation, the van-
ishing part of Bott's Theorem (cf. [Bot], Theorem IV) can be expressed as
follows:

Theorem. Let T be an irreducible homogeneous vector bundle over Gr(k, n)
with highest weight (72,..., j n ) . Then Hp(Gr(k, n),^) does not vanish if and
only if all entries of the vector ( α ^ , . . . , α n ) = ( n + 7 1 , n — 1 + 72, •••, 1 + 7 n )
are distinct and p is the number of pairs (i < j) such that OLI < otj.

3.

Let X and T be as in the introduction. Since X has positive dimension,
i.e. rk(T) < k(n — k) and (2.1) we may assume that T comes from a
representation of the A-part of Pk, which means βk+ι — ... = βn — 0 for the
corresponding highest weight. Hence we will write β = (/?2, ...,/?&) for this
weight, and \β\ = βi + ... + βk- Then by symmetry the weight of det(T) is
rk(β) \β\/k times the weight (1,..., 1) which corresponds to Λ* Q defining the
Plucker embedding. Therefore, using the adjunction formula, the condition
of X being Fano turns out to be

(3.1) n>rW)-\β\
k

which is usually stronger than dim(X) > 0 which in turn reads

(3.2) n>ψ
Γh

Note that (3.1) shows in particular that the entries of the weights of arbitrary

wedge products of T are smaller than n.

(3.3) Remark. Our results are well known for hypersurfaces in projective
space, so we may assume k,n — k > 2. Moreover we assume that β is not
one of the following (cf. [Kϋ]):

(i) (1,0,..., 0), since X — Gr(k, n — 1) in this case.

(ii) (2,0,..., 0), 2k < n, since X parametrizes A -dimensional subspaces on
(affine) (n — l)-dimensional quadrics in this case. Then X is itself a rational
homogeneous manifold (resp. two disjoint copies of those if 2k — n), hence
known to be rigid and protectively normal.

(iii) (2,0,..., 0) and (1,1,0,..., 0) for 2k > n, since X = 0 is these cases.

4.

Now we prove Theorem 1. By (1.2) and (1.4) it suffices to show

Hp{Gr{k,n),{/\pT*){r)) =0 V p > 0 , r > 0 .
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We will prove a slightly stronger result, namely the vanishing for p > 0 and
r > 0, which also implies the connectivity of X. Suppose one of these groups
does not vanish and let β be the highest weight of T. Note that (ΛP^Γ*)(r) 1S

fully reducible and apply Bott's theorem. The proof relies on the elementary
observation that, since there is no space "between" the last n — k entries,
p jumps in steps of n — k and there has to be a (n — fc)-jump between the
entries of a weight of /\p T. The latter forces β to have a jump which makes
the rank big. But the rank in turn is bounded in terms of n which yields a
contradiction.

More formally, there has to be a weight (6χ,..., bk) of /\p T and a positive
integer s < k such that

(4.1)

p = s(n — k)

n — 1 > & i > . . . >bs>n — k + r + s

0<bk< ... < 6 s + i <r + s.

Moreover, starting with s(n — k)\β\ = bλ + ... + bk, (4.1) together with (3.1)
implies a condition on the rank of β:

(4.2) ^tΆ

Beginning with some special cases we show that such bundles do not exist.
(4.3) Using (3.3) we may assume that β φ (1,0,..., 0), (2,0,..., 0), (1,..., 1,0)
or (*,..,*).
(4.4) Suppose k = 2. Then s — 1, r = 0, and b2 < 1, so 6X + b2 < n, but
p = n - 2 , hence β = (1,0), (1,1), or (2,0).

Suppose k = 3. If s = 1 then r < 1, b2 + b3 < 4. By \β\(n - 3) < n + 3, we
know \β\ < 4, and \β\ > 3 by (4.3). If \β\ = 3, then n < 6 and β = (3,0,0)
or (2,1,0) contradicting n > rk(β). If \β\ = 4, then n = 5 > 4/3 rk(β)
shows/3 = (2,1,1).

If s = 2, then r = 0, so &! + b2 + 63 = (2n - 6)\β\ < 2n, but \β\ > 3, hence
n <4 .

So we may assume k > 4.
(4.5) Using (4.4), we conclude |/3| < A;, in particular ^ = 0.
(4.6) We may assume β φ (c, 0, ...,0), since, for c > 3,

f / Λ Λ /"fc + c - Λ fc2(fc-l) A;2
Γfc(c, 0, ..., 0) = > - f r f + —

y c J c(c — 1) c

Suppose /? = (1,1,0, ...,0). By (3.3iii), n - k > fc, but 6j < k - 1 for the
entries of wedge products of β.
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Suppose β = (2,1,0,..., 0). Then 3 rk(β) = k(k2 -I)>k2(k- l)/2 + k2.
For β = (2,2,0,...,0), we have 4 rfc(/3) - Λ2(ib2 - l)/3 > k2(k - l)/3 +
A;2 since A; > 4. Moreover rλ;(ί, ί,0, ..,0) > r&(2, 2,0, ...,0) for £ > 2 and
rΛ(ι;, w, 0,..., 0) > rA(2,1, 0,..., 0) for v > w > 0.

Hence, by (4.2) we may assume β3 φ 0.

(4.7) In the same way it is shown that we may assume βk-2 — 0 a n d \β\ > 5.
(4.8) We are left with k > 6, \β\ > 5 and rk(β) > (*), which gives a
contradiction to (4.2).

This completes the proof of Theorem 1.

(4.9) Corollary. Under the assumptions of Theorem 1 X is connected or

2k = n and T ~ S2Q.

Considering a diagram similar to (1.1) and using Kodaira vanishing, we

obtain

(4.10) Corollary. For X to be projectiυely normal it is sufficient to assume
that T is the sum of one irreducible homogeneous vector bundle and line
bundles.

The following example shows that one has to impose a non-positivity
condition on the canonical bundle.
(4.11) Example. Consider the surface S parametrizing lines on the cu-
bic 3-fold, in this context originally studied by Wehler [We]. S is the
variety of zeros of a section in S3Q over Gr(2,5). Then one can show
ϋ r 3 (Gr(2,5),Λ 3 (^ 3 ^)*(2)) - 1 and H1{Gr(2,5),Js{2)) = 1, i.e., S is not
quadratically normal with respect to C?s(l) = Os(Ks).

5.

The proof of Theorem 2 is similar. By (1.3) and (1.4) it suffices to show

(5.1.a) Hp(Gr(k,n),P®hPF*) = 0 V p > 1 and

(5.1.b) i ϊ p + 1 ( G r ( f c , n ) , Θ G r ( f c , n ) ® Λ P ^ * ) - 0 V p > 0.

If (5.1a) does not hold, then there exists an integer 0 < s < k and a weight
(αi,..., ak) of T* ® f\s{n~k) T such that

in — 1 > αi > ... > as > n — k

Therefore we get

(5.2) n < -ζJL-^(s{k -s) + \β\(sk + 1) - s + 1),
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where β as always is the highest weight of T. Concerning violations of
(5.1.b) the output of Bott's Theorem is more subtle since the weight of
©Gr(fc,n) is involved. Namely, if (δ.l.b) does not hold, then there exists an
integer 0 < s < k and a weight (6 l 3..., bk) of f\pT such that either

(b)

or

n -

p = s(n — k) — 1

! > . . . >bs>n-k

(b')

p = s(n - k) - 2

n — 1 > bι > ... > ί>s_! > n — k + s

n — k + s — 1 <bs <n — k + s

< ••• < < 5, ί>5+i < s + 1.

Note that β is not of type (1,1,0,..., 0), since &i < n — k — 1 in this case (cf.
(3.3iii)). So by (3.3) we may assume \β\ > 3 in the following. Now (b) again
implies (5.2), whereas from (b') we infer

n \β\sk + 2\β\)

(5.3)

i 2k for s > 2.

By considering increasing values of \β\ and using (3.1) we see that the situ-
ation 5 = 1 and 2k + l<n<k + 2 + τ|±^- can be excluded.

Hence, by (5.2) and (5.3) it remains to consider the case n < 2k. We do
this by listing all possible highest weights β and checking case by case that
(a), (b) and (b') can not be satisfied.

(5.4) L e m m a . Suppose \β\ > 3 and

rk(β)
< n < 2k.
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Then β = (/?!, ...,βk) is one of the following:

(i) ( t , . . . , ί ) , ί < n - l (ii) (2,1,..., 1)

(iii) (2,...,2,l),n = 2fc (iv) ( l , . . . , l ,0 )

(v) ( l , l , l , 0 , 0 ) , 7 < n < 1 0 (vi) ( l , l , l , 0 , 0 , 0 ) , n = 11,12

The Lemma's proof is obvious.

The exclusion of (i) is immediate and (vii) violates (5.2) and (5.3) since

s > 2 in this case. The remaining types are most economically dealt with by

determining the highest weights of the irreducible summands of the relevant

representations and comparing these to (a), (b) and (b').

This completes the proof of Theorem 2.

(5.5) Remark. As an illustration of the well known fact that K3 surfaces

have nonalgebraic small deformations we have nonvanishing in (5.1.b) for a

quartic in IP 3, i.e. T = SAQ over Gr(l,4).

6.

To prove Theorem 3 note that Fano 4-folds with Pic(X) ~ Z Kx arising as

zeros of sections in fully reducible homogeneous vector bundles over Grass-

mannians have been classified in [Kii]. There are only few cases that are

not covered by Theorems 1 and 2, and verifying the assertions in the above

way poses no further problems.

7.

Finally we ask some questions arising in this context.

(7.1) Question. Are there examples of Fano-manifolds V (dim(F) > 4)

with very ample —Kv spanning Pic(V) which are not projectively normal?

(7.2) Question. Do Theorems 1 and 2 hold for fully reducible TΊ.

References

[Bor] C. Borcea, Deforming varieties of k-planes of projective complete intersections. Pa-
cific J. of Math., 143 (1990), 25-36.

[Bot] R. Bott, Homogenous vector bundles, Ann. of Math., 66 (1957), 203-248.

[Kϋ] O. Kuchle, On Fano 4-folds and homogeneous vector bundles over Grassmannians,
Math. Z., 218 (1995), 563-575.

[Muk] S. Mukai, Biregular classification of Fano 3-folds and Fano manifolds of coindex 3,
Proc. Nat. Acad. of Sci. USA, 86 (1989), 3000-3003.



SOME PROPERTIES OF FANO MANIFOLDS 125

[We] J. Wehler, Deformation of varieties defined by sections in homogeneous vector bun-
dles, Math. Ann., 268 (1984), 519-532.

Received March 30, 1994.

MATHEMATISCHES INSTITUT
UNIVERSITAT BAYREUTH
D-95440 BAYREUTH, GERMANY





PACIFIC JOURNAL OF MATHEMATICS

Founded in 1951 by

E. F. Beckenbach (1906-1982) F. Wolf (1904-1989)

EDITORS

Sun-Yung A. Chang (Managing Editor)
University of California
Los Angeles, CA 90095-1555
pacific@math.ucla.edu

F. Michael Christ
University of California
Los Angeles, CA 90095-1555
christ@math.ucla.edu

Nicholas Ercolani
University of Arizona
Tucson, AZ 85721
ercolani@math.arizona.edu

Robert Finn
Stanford University
Stanford, CA 94305
finn@gauss.stanford.edu

Steven Kerckhoff
Stanford University
Stanford, CA 94305
spk@gauss.stanford.edu

Martin Scharlemann
University of California
Santa Barbara, CA 93106
mgscharl@math.ucsb.edu

Gang Tian
Massachusettes Institute of Technology
Cambridge, MA 02139
tian@math.mit.edu

V. S. Varadarajan
University of California
Los Angeles, CA 90095-1555
vsv@math.ucla.edu

Dan Voiculescu
University of California
Berkeley, CA 94720
dvv@math.berkeley.edu

SUPPORTING INSTITUTIONS

CALIF. INST. OF TECHNOLOGY UNIV.

CHINESE UNIV. OF HONG KONG UNIV.

MACQUARIE UNIVERSITY UNIV.

NEW MEXICO STATE UNIV. UNIV.

OREGON STATE UNIV. UNIV.

PEKING UNIVERSITY UNIV.

RITSUMEIKAN UNIVERSITY UNIV.

STANFORD UNIVERSITY UNIV.

TOKYO INSTITUTE OF TECHNOLOGY UNIV.

UNIVERSIDAD DE LOS ANDES UNIV.

OF ARIZONA

OF BRITISH COLUMBIA

OF CALIF., BERKELEY

OF CALIF., DAVIS

OF CALIF., IRVINE

OF CALIF., LOS ANGELES

OF CALIF., RIVERSIDE

OF CALIF., SAN DIEGO

OF CALIF., SANTA BARBARA

OF CALIF., SANTA CRUZ

UNIV. OF HAWAII

UNIV. OF MELBOURNE

UNIV. OF MONTANA

UNIV. NACIONAL AUTONOMA DE MEXICO

UNIV. OF NEVADA, RENO

UNIV. OF OREGON

UNIV. OF SOUTHERN CALIFORNIA

UNIV OF UTAH

UNIV. OF WASHINGTON

WASHINGTON STATE UNIVERSITY

The supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or
publishers and have no responsibility for its contents or policies.

Manuscripts must be prepared in accordance with the instructions provided on the inside back cover.
The table of contents and the abstracts of the papers in the current issue, as well as other information about the Pacific Journal
of Mathematics, may be found on the Internet at http://www.math.uci.edu/pjm.html.

The Pacific Journal of Mathematics (ISSN 0030-8730) is published monthly except for July and August. Regular subscription
rate: $245.00 a year (10 issues). Special rate: $123.00 a year to individual members of supporting institutions.
Subscriptions, back issues published within the last three years and changes of subscribers address should be sent to Pacific
Journal of Mathematics, P.O. Box 4163, Berkeley, CA 94704-0163, U.S.A. Prior back issues are obtainable from Kraus Periodicals
Co., Route 100, Millwood, NY 10546.

The Pacific Journal of Mathematics at the University of California, c/o Department of Mathematics, 981 Evans Hall,
Berkeley, CA 94720 (ISSN 0030-8730) is published monthly except for July and August. Second-class postage paid at Berkeley,
CA 94704, and additional mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O. Box
6143, Berkeley, CA 94704-0163.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS at University of California,
Berkeley, CA 94720, A NON-PROFIT CORPORATION

This publication was typeset using AMS-LATEX,
the American Mathematical Society's TEX macro system.

Copyright © 1995 by Pacific Journal of Mathematics



PACIFIC JOURNAL OF MATHEMATICS

Volume 175 No. 1 September 1996

1Homogeneous Ricci positive 5-manifolds
DIMITRI ALEKSEEVSKY, ISABEL DOTTI DE MIATELLO and CARLOS J.
FERRARIS

13On the structure of tensor products of `p-spaces
ALVARO ARIAS and JEFFREY D. FARMER

39The closed geodesic problem for compact Riemannian 2-orbifolds
JOSEPH E. BORZELLINO and BENJAMIN G. LORICA

47Small eigenvalue variation and real rank zero
OLA BRATTELI and GEORGE A. ELLIOTT

61Global analytic hypoellipticity of �b on circular domains
SO-CHIN CHEN

71Sharing values and a problem due to C. C. Yang
XIN-HOU HUA

83Commutators and invariant domains for Schrödinger propagators
MIN-JEI HUANG

93Chaos of continuum-wise expansive homeomorphisms and dynamical properties of
sensitive maps of graphs

HISAO KATO

117Some properties of Fano manifolds that are zeros of sections in homogeneous vector
bundles over Grassmannians

OLIVER KÜCHLE

127On polynomials orthogonal with respect to Sobolev inner product on the unit circle
XIN LI and FRANCISCO MARCELLAN

147Maximal subfields of Q(i)-division rings
STEVEN LIEDAHL

161Virtual diagonals and n-amenability for Banach algebras
ALAN L. T. PATERSON

187Rational Pontryagin classes, local representations, and K G -theory
CLAUDE SCHOCHET

235An equivalence relation for codimension one foliations of 3-manifolds
SANDRA SHIELDS

257A construction of Lomonosov functions and applications to the invariant subspace
problem

ALEKSANDER SIMONIČ
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