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IMMERSIONS OF KAHLER MANIFOLDS INTO

INDEFINITE EUCLIDEAN SPACES

HlTOSHI FURUHATA

We classify isometric pluriharmonic immersions of a Kahler
manifold into an indefinite Euclidean space. The moduli space
of such immersions is explicitly constructed in terms of com-
plex matrices. Some examples of these immersions are also
given.

1. Introduction.

It has been a fundamental problem in the theory of minimal surfaces to
determine the moduli spaces of isometric minimal immersions. An answer
to this problem was given by Calabi [3], and recently it is generalized to
higher dimensional cases by the present author [8]. In fact, we prove that the
moduli space of isometric minimal immersions of a simply connected Kahler
manifold into a real Euclidean space can be constructed in an explicit way
as a set of certain complex matrices.

The purpose of this paper is to prove the counterpart of this construction
in the case that the ambient space is an indefinite Euclidean space. Namely,
we shall construct a parametrization of the moduli space of isometric pluri-
harmonic immersions of a simply connected Kahler manifold into an indef-
inite real Euclidean space in terms of certain complex matrices, which are
in fact determined by a full isometric holomorphic immersion of the Kahler
manifold into an indefinite complex Euclidean space. The key ingredient of
our construction is the pluriharmonicity of these immersions, which eventu-
ally enables us to classify them in a similar fashion as in the case of minimal
surfaces. However, it should be remarked that isometric maximal immersions
of Kahler manifolds into indefinite Euclidean spaces are not pluriharmonic
in general, which contrasts with the fact that isometric minimal immersions
of Kahler manifolds into Euclidean spaces are always pluriharmonic.

In their paper [1, 2], Abe-Magid proved a rigidity theorem of indefinite
complex submanifolds and a representation formula for maximal surfaces
in terms of holomorphic curves and complex matrices. Our result can be
regarded as a sequel to their work.
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This paper is organized as follows. After fixing our notation and termi-
nologies, we recall in Section 2 a rigidity theorem of isometric holomorphic
immersions of a Kahler manifold into indefinite complex Euclidean spaces.
The precise statement of our classification theorem and its proof are given
in Section 3. In Section 4 we illustrate some examples of isometric plurihar-
monic immersions of Kahler manifolds into indefinite Euclidean spaces.

The author wishes to express his gratitude to Professors K. Kenmotsu
and S. Nishikawa.

2. Preliminaries.

Let R $ + p denote a real vector space of dimension N + P endowed with the
standard metric

- ( ώ 1 ) 2 (dxN)2 + (dxN+1)2 + + {dxN+pf

of signature (ΛΓ, P), and Cj^+ P a complex vector space of dimension N + P
endowed with the standard metric

-dzιdzι dzNdzN + dzN+ιdzN+1 • • + dzN+pdzN+p

of signature (JV, P), respectively. Let /, t and s be integers such that

0 < / <min(iV,P), 0<t<N-l and 0 < s < P - Z .

For each (/, ί, 5) we denote by H(l, t, s) an (I + t + s)-dimensional subspace
of Rj^+ P consisting of the elements

N

x\... ,x',xι+t+1,y. ,xι+t+;o,... ,0),
P

where Xj G R and 1 < j < I + t + s. Also, by fί c(/,t, s) we denote an
(I + t + s)-dimensional subspace of C%+p consisting of the elements

Z = ( Z 1 , . . . , Z ' , Z l + 1 , . . . , Z l + ' , 0 , ,q

P

where Zj e C and 1 < j < I +1 + s. For each element Z e Hc(l, t, 5), we
set

Z0:=(Z\...,Zι),

Z_:=(Zι+\...,Zι+t),

Z+:=(Zι+t+\... ,
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which are called the 0-component, the —component and the +-component
of Z, respectively. We often write Z — (Zo, Z_, Z+) for convenience.

Let M(τv+p)x(jv+p)(F) denote the set of (N + P) x (N + P)-matrices with
entries in F(= R or C). Let O(N,P) and U(N,P) be the groups of isome-
tries of Rj^+ P and Cj^+ P, respectively, that is,

0{N,P) := {O G M ( ^ + P ) X ( ^ + P ) ( R ) : 'OINPO = 1NP} ,
TTίAT Ώ\ fTT CL Λ/Γ (t~*\ *ΓΓ1 TT 1 \
U yl\ , ± J .— "̂  U t : lVl (N-\-P\χ (j\[-\-P\y V~J ) . U x]S[PU — ^NPj i

where

1 I

€ M(N+p)x(N+P){ΈL) and *U = tU.

Note that each linear subspace of Rj^+ P can be written as O(H(l,t,s))
for some (/,£,s) and some O G O(N,P). As a result, when we discuss
O(N, P)-congruence classes of maps into Rj^+ P, we only have to consider
H(l,t,s) as subspaces of R^ + p . We remark that the induced metric on
H(0,t, s)(= Rj+S) C Rj^+ P is nondegenerate, while for I > 0 the induced
metric on H(l,t,s) C RJ^+P is degenerate.

Throughout this paper, we always denote by M a connected and simply
connected Kahler manifold of complex dimension m. An isometric immersion
/ : M —> Rj^+ P of M into the real indefinite Euclidean space R ^ + P is said
to be full in H{l,t,s) if the image f(M) of / is contained in H(l,t,s) and
if the coordinate functions f\... Jι, fι+\ . . . , fί+t, / i + t + 1 , . . . , / / + t + s of /
are linearly independent over R.

Definition 2.1. We say that an isometric immersion / : M -> Rj^+ P

is pluriharmonic if the (1, l)-component α^1'1^ of the complexified second
fundamental form a of / vanishes identically :

a(1>1> = 0.

Note that / is pluriharmonic if and only if the C$+p-valued function
df /dza is holomorphic, where (za) := (z 1,... , 2:m) is a local complex coor-
dinate system on M. An isometric holomorphic immersion / : M —> Cj^+ P

is pluriharmonic when regarded as a map / : M -> R2^ + 2 P (= C ^ + p ) . It
is also easy to see that the mean curvature of a pluriharmonic immersion
vanishes identically. Conversely, we have the following

Proposition 2.2. Let f be an isometric immersion of M into
and P = 2m, the real dimension of the Kahler manifold M. If the mean
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curvature H of f vanishes identically, then f is pluriharmonic.

Proof. We choose local orthonormal frames βi,... , em, Jei , . . . , Jem on M
and define \/2Ej :— βj + y/—Uej £ Γ0'1^^, where J is the complex structure
of M. Prom the Gauss equation of / and the Kahler condition of M, it follows
that

= (α , α - (α , α

where # is the Kahler metric on M, i? denotes its curvature tensor and
fc, r = 1,... , m. Taking sum with respect to k and r then yields

0 - , H) -

which implies that H — 0 if and only if α ( 1 > 1 ) = 0, since H and α (1>1) are
both timelike vectors. D

Dajczer- Rodriguez [6] and Ferreira-Tribuzy [7] proved that for an iso-
metric immersion / : M -> R p ( = R p ) the same result is true with no
restriction on the dimension P of the ambient Euclidean space.

The following proposition is the indefinite version of a result due to Da-
jczer-Gromoll [4], which can be proved in the same way as in the positive
definite case.

Proposition 2.3. For an isometric pluriharmonic immersion f : M —>
R $ + p , there exists an isometric holomorphic immersion Φ : M -> C $ + p

such that f = \/2ReΦ.

It is well-known by Calabi's rigidity theorem that an isometric holomor-
phic immersion of a Kahler manifold into a complex Euclidean space is rigid.
The counterpart of this result in the indefinte case is given by the following.

Proposition 2.4. Let Hc(l,t,s) and H°(V,t\s') be linear subspaces
of C%+p as above. Let Φ = (Φ0,Φ-,Φ+) : M -> Hc(l,t,s) and Φ =
(Φo,Φ_,Φ+) : M -> HCftit'iS1) be isometric holomorphic immersions, re-
spectively. If Φ is full in Hc(l, t, s), then

1) s < s' and t < t', and
2) there exists a unitary transformation U G U(t',sι) such that

= u

φ_
Ot'-t
φ +
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To prove this proposition, we only have to apply Calabi's rigidity theorem
to the new isometric holomorphic immersions (Φ_;Φ+,OS'_S) and
(Φ_,Ot/_t;Φ+) : M -» C*'4"*' constructed from Φ and Φ. We refer the
reader to Abe-Magid [1] for details. It should be remarked that we have no
relation between Φo and Φo in this case.

Definition 2.5. A full isometric holomorphic immersion of M into
Hc(£, t, s) C C # + p is called the shape of M if I = 0.

Note that by Proposition 2.4, the shape of M is unique up to unitary
transformations.

3. A parametrization of the moduli space.

We denote by Mf (M; R $ + P ) the moduli space of full isometric plurihar-
monic immersions, that is, the set of 0(N,P)-congruence classes of full iso-
metric pluriharmonic immersions of a Kahler manifold M into R^ + P .

Our aim of this section is to parametrize Mf(M;Έl^+p) by the set
V(Φ] AT, P) defined in the following manner.

We assume, throughout this section, that Λ4^ (M; R $ + p ) is not empty.
Then it follows from Propositions 2.3 and 2.4 that there exists the shape
Φ : M -> C£+p of M. For Φ and integers N and P, we define V(Φ]N,P)
to be the set of (n + p) x (n + p)-complex matrices satisfying the following
conditions (PI) - (P4):

*<9Φ dΦ
p 0 ( / ? 1 )

(P2) ιP = P,

(P3a) *x_ (lnp - 'PlnpP) x- < 0 for rr_ G # c ( 0 , n, 0),

(P3b) *x+ (lnp - *Pl n p P) x+ > 0 for x+ 6 tfc(0,0,p),

(P4) sign (ln p - *PlnpF) = (N-n,P- p),

where (P4) means that the Hermitian matrix l n p — tPlnpP has (JV — n)
negative eigenvalues and (P — p) positive eigenvalues.

First, we give another description of V(Φ; JV, P) for later use.

Lemma 3.1. An (n+p) x (n+p)-complex matrix P belongs to V(Φ; JV, P)
if and only if P satisfies (PI) and there exist a complex matrix

U € U{n) x U(p) := j M € U(n,p) : A € C/(n), B E U(p)
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and real numbers λ i , . . . , λn, μ l 5 . . . , μp satisfying

(P21) P = t t7d iag(-λ l ϊ . . . , - λ n ; μ 1 ? . . . ,μp)t/,

(P3r) - 1 < ~λi < < - λ n < 0 < μp < < μ1 < 1,

(P4'a) — 1 = —λi = = —λ2n-7V < —A2n_i

(P4'b) μ2P-p+i < μ2P-p = = μi = 1.

Proof. In order to see that P € P(Φ;iV, P) is diagonalized as in (P2 ;), we
inductively define subsets S2n~^2j~^ (j = 1,... , n) of i ϊ c ( 0 , n, 0) and vectors
^ G ί2*1-^"-1) as follows.

1. We set

S2n~ι

 : = {* = (χ_;0) G C ^ : *xlnpx = -1},

-λi := inf Re(*α;Pa;).

Then there exists xλ € S2n~ι such that —λx = *XiPxi < 0. In fact,
since S2n~ι is compact, we have a vector Xι G S2n~λ such that —λi =
Re^iPrc !) < 0. Note that if x G S2n~ι and θ := l/2(π - arg^Px), then
the vector e^^171^ belongs to S2n~λ and e2vCΓT^(^Pa;) < Re^xPx). Hence,

= tx1Px1.

Step j . We set

52n-(2i-l) . = 1^ = ( α ; _ ; 0 ) e S2n-(2j-3) .

-λ. := inf Re(^Pa ).
a;G52n-(2j-i)

Then the same argument as in Step 1 assures that there exists Xj G <S2n~
such that — λj = ιXjPxj < 0.

Consequently, we obtain vectors # i , . . . ,xn G iϊ c(0,n,0) such that

txjPxk = -λ^ i f c, ~λi < < - λ n < 0.

In a similar fashion we also obtain vectors x n + i , . . . , xn+p G iίc(0,0,p) such
that

t , μi> >μP>0.
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It is immediate from these that P is diagonalized as in (P2'):

U~ι := (xi,... ,x n ;x n + i ? . . . ,xn+p) G ί/(n) x

- λi < < -λ n < 0 < μp < < μ i .

Now we note that

lnp -lnp
= *C7diag(-(l - λ ϊ ) , . . . , - ( 1 - λ*); 1 - μl... , 1 - μ2

p)U.

Then (P3) means that -(1 - λ?) < 0 and 1 - μ] > 0, which implies (P3')

(P4) means that sign ( l n p - *Plnp]p) = (n - (2n - N),p - (2p - P)), which

is equivalent to (P4;).
Conversely, it is easy to see that matrices satisfying (PI) and (P2;) - (P4')

belong to V{Φ\N,P). D

In order to construct a bijection from Mf (M;R^ + P ) to V(Φ]N, P), we
prepare the following lemmas.

Lemma 3.2. For each full isometric pluriharmonic immersion f : M —>
R ^ + p

; there exists an (N + P) x (n -\-p)-complex matrix S such that

(SO)

(SI)

(S2)

(S3)

/ = V2Re SΦ,

'^SIHPS™, - 0

*SlκpS = ln p,

rank ^S,5) = N + P,

denotes the (N + P) x 2(n+p)-matrix consisting of S and its

complex conjugate S.

Proof. Recall that by Proposition 2.3, there exists an isometric holomorphic
immersion Φ : M -> Cj^+ P such that / — \/2Re Φ. It also follows from
Proposition 2.4 that for Φ and Φ there exists U = (uu) e U(N, P) (/, J =
1,... ,N + P) such that

Φ _

= ?7
Φ+
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Let S be the (N + P) x (n + p)-matrix defined by

n p

where

5 Ί : =

Then we have

(3.1) / = λ/2Re Φ

(3.2) β/.^β.-^

Since / and Φ are isometric,

Φ

dz"
np

which together with (3.2) implies (SI) and (S2). By (3.1), the fullness of /

in R $ + p is equivalent to (S3). D

Conversely, by reversing the above process it is easy to see the following:

Lemma 3.3.

(1) Let S be an (N + P) x (n + p)-complex matrix satisfying (SI), (S2)
and (S3). If we define f as in (SO), then the congruence class [f] of f
belongs to Mf(M',R%+p).

(2) Let f1 = y/2ReS1Φ and f2 = y/2Re S2Φ : M2n -» R # + P be isometric
pluriharmonic immersions. Then [fι] = [f2] if and only iftSιlNpSί =

We also have the following lemma.

Lemma 3.4. // an (N + P)x (n+p)-matrix S satisfies (S1),(S2) and (S3),

then ^INPS belongs to V(Φ;N,P).

Proof. Step 1. By (SI), 'S l^pS satisfies (PI).

Step 2. By the same argument as in the proof of Lemma 3.1, we obtain

U e U(n) x U(p) such that

ί SΊ i V pS = *ί7diag(--λ1,... , - λ n ; μ l 5 . . . ,μp)U,

- λi < < - λ n < 0 < μp < < μi.
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It follows from (S2) that - 1 < -Ax < 0 < μλ < 1. In fact, let V G U(N,P)
be a matrix such that

VSiS2"-1) C{ye Hc(0,N,0) C

Then we have

- λ x = inf Re ( V S 1 W

eS2n1

: *ylNPy = -1} .

= inf Re (*ylNPy)

€5(52 n-1)

Also, a similar argument applied to μi implies μ\ < 1. Consequently, tSlNPS

satisfies (P2#) and (P3;)
We proceed to prove that (S3) is equivalent to (P4').

Step 3A. Since — 1 < — λ̂  < 0 < μ^ < 1, we can choose complex numbers
dj, 6j, Cj and dj so that

(3.3) 1 = H 2 4- Ifeil

In particular, if λ̂  = 1 (resp. μ̂  = 1), we take a{ = 1, ί>; = 0 (resp. c3 = 1,

Note that α<, 6< (resp. q , c?j) are linearly dependent over R if and only if
λ» = 1 (resp. μ2- — 1).

3B. For these complex numbers α ί ? 6i? c J ? 6?̂  and the matrix

n+p

'2 }P

s =

we consider (2n + 2p) x (n + p)-matrices T and S defined by

n+p
On

T:= and S :=

0 2 D _2P-PJ
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By definition, we have

* (fu) l2n2p (fu) = *51an2p5,

* (fu) i2n2p (fu) = *si2n2ps = inp,

which implies that there exists O G O(2n,2p) = U(2n,2p) Π O(2n,2p;C)
such that 0 5 = fU.

Step 3C. (S3) holds if and only if rank (Ί\ , Ί\) = N and rank (Ψ2, T2) = P.

In fact, rank ί^S') = N + P if and only if we can choose AT timelike

vectors and P spacelike vectors from the image of (S, S). By Step 3B, this

T, ΓJ,

which means that rank (Ί\,Ί\) = N and rank ί ΐ ^ ΐ Π = P.

Step 3D. rank (Tι,Tχ) = N if and only if 1 = λi = - = λ2n_iv > λ2n_jγ+i,

and rank (Γ2,T2J = P if and only if 1 = μλ = = μ2p~p > μ2p_p+i

In fact, by the definition of T l 5 rank (Ti,Ti) = N if and only if there

exist 2n — N pairs of R-linearly dependent vectors (αi5ά;") and (bi^bA. Step
3A then implies^ that this is equivalent to 1 = λx = = λ2n_iv > A2n_iv+i.
The proof for T2 is similar.

Step 3C combined with Step 3D now implies that (S3) and (P4') are
equivalent, which completes the proof of the lemma. D

We are now in a position to define a natural map T from ΛΊ* (M;
toV(Φ\N,P).

Let [/] be an element of Mf ( M ; R # + P ) . By Lemma 3.2, for each full
isometric pluriharmonic immersion / G [/], we can choose an (N + P) x
(n +p)-matrix S satisfying (SO) - (S3). By Lemma 3.4, tSlfsfpS belongs to
V{Φ; JV, P). We then define the map T by

which is well-defined by Lemma 3.3 2).
With these preparations, we obtain a parametrization of the moduli space

of full isometric pluriharmonic immersions as follows.

Theorem 3.5. Let M be a connected and simply connected Kάhler man-
ifold. Suppose M has the shape Φ : M —> C£+ p . Then the map T :
Mf (M;R# + P ) -> V(Φ',N,P) is bijective.

Proof. It follows from Lemma 3.3 (2) that T is injective.
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To show that T is surjective, we claim that for each P G V(Φ] N, P) there
exists an (N + P) x (n +p)-matrix S satisfying (SI), (S2) and (S3). First,
by Lemma 3.1, there exist U G U(n,p) and Ai5/Xj G R such that

P = - l , . . , - 1 , - A 2 n _ 7 v + 1 , . . . , - λ n ; l , . . . , I , μ 2 p -p+i,

2n-N

Choose complex numbers α̂ , 6̂ , Cj and c?j such that (3.3) holds for these
and μj. Then we define an (TV + P) x (n +p)-matrix 5 by

5 : =

- l 2 n -2n-N

0>2n-N+l

C2p-P+1

C7.

It can be verified without difficulty that S satisfies (SI), (S2) and (S3), which
together with Lemma 3.3 (1) implies that T is surjective. D

Before closing this section, we now consider the moduli space without
assuming the fullness of immersions. Let Λ4 (M; Rj^+P) denote the set
of O(iV, P)-congruence classes of isometric pluriharmonic immersions of a
Kahler manifold M into Rj^+ P. Then we have

M (M;

In particular, we have

Mf(M;
0</<min(7V,P),

0<t<N-l,
0<s<P-l

0<s<P

It should be remarked that M (M; R^ + P ) is not finite-dimensional in gen-
eral, which contrasts with the fact that the moduli space is finite-dimensional
in the positive definite case. In fact, it is not true that «M^(M;i2"(£,£,s)) is
of finite dimension when Z > 1.
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4. Examples.

In this section we illustrate some examples of pluriharmonic immersions.

Example 4.1. Holomorphic immersions. As mentioned above, all holomor-
phic immersions are pluriharmonic. For instance,

gives rise to a (pluri) harmonic immersion of a non simply connected and
non complete Kahler manifold defined by ({z G C : \z + 2| > 1}, 2(\z + 2|2 —
l)\dz\2) intoR|.

Example 4.2. Product immersions. Given two pluriharmonic immersions
/i : M1 -> R ^ + P l and /2 : M2 -> Rj^ + P 2 , we can define product immersion

Λ x h : M, x M2 -+

which is also pluriharmonic.

Now, let / = \/2ReΦ be an isometric pluriharmonic immersion of a
simply connected Kahler manifold M into KN+P (= Rj^+ P), where Φ : M ->
CN+P is an isometric holomorphic immersion such that

For Φ = * (Φ 1 , . . . , Φ^, Φ N + 1 , . . . , ΦN+P) we consider a new immersion

Φ := ' (Λ/=TΦ\ ... , V^ΪΦ^; Φ ^ 1 , . . . , ΦN+P) : M

where M is a Kahler manifold defined by

€ M : Φ ( ,^)cj ί+p(z) > θ} , g:= Φ*{Ί-)

Then the map / defined by / := \/2Re Φ : M -> R # + p gives rise to a
pluriharmonic immersion, since

ιdΦ dΦ

To sum up, in order to obtain (locally defined) pluriharmonic immersions
into R^ + P , we only have to construct holomorphic immersions into CN+P

satisfying the condition (4.1).
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Example 4.3. Cone immersions. As an example, we shall construct pluri-
harmonic immersions of subsets of C 2 into R^.

As remarked above, it suffices to define holomorphic immersions into C 1 + 4

satisfying the condition (4.1). Let C and D be simply connected domains of
C. Suppose that φ : C -> C is a holomorphic function and φ : D -» C 1 + 4 is
a holomorphic immersion such that

(4.2) t Θφ
oz

where z is a coordinate of D. Then the holomorphic immersion Φ(w,z) :=
φ(w)φ(z) : C x D —>• C 1 + 4 satisfies (4.1), from which we obtain a plurihar-
monic immersion of a subset of C x D into RJJ.

We can construct φ as follows. For any holomorphic function h on D we
set

), 2Λ(C))dC

Then

:= *(1 - tg(z)g(z), V^ ), 2 5

2 ( z ) ,

gives rise to a holomorphic immersion satisfying the condition (4.2).
If we choose φ(w) :— w and h(z) := z, the corresponding pluriharmonic

immersion is

Φ(w,z)

- \/2Re
^ ϊ (1 - I

2z2

It should be pointed out that we may use a class of complex ruled immer-
sions obtained by Dajczer-Gromoll [5] as the above Φ, which provides us
with a larger class containing cone immersions.
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