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SUBMANIFOLDS WITH PARALLEL
MEAN CURVATURE VECTOR

IN PINCHED RIEMANNIAN MANIFOLDS

F. Fontenele

In this paper, we prove a generalized integral inequality
for submanifolds with parallel mean curvature vector in an
arbitrary Riemannian manifold, and from which we obtain
a pinching theorem for compact oriented submanifolds with
parallel mean curvature vector in a complete simply con-
nected pinched Riemannian manifold, which generalizes the
results obtained by Alencar-do Carmo and Hong-Wei Xu.

1. Introduction.

Let Mn be an n-dimensional oriented closed minimal submanifold in an
(n + p)-dimensional Riemannian manifold Nn+p. Denote by a(x) and b(x)
the infimum and the supremum, respectively, of the sectional curvatures of
N at a point x. In [11], Hong-Wei Xu obtained the following inequality
(1.1)∫
M

{nbS −
(

1 +
1

2
sgn(p− 1)

)
S2 −D(n, p)(b− a)S − E(n, p)(b− a)2} ≤ 0,

where S is the square norm of the second fundamental form of the immersion,
sgn( · ) is the standard sign function and

D(n, p) = n+
2

3
(p− 1)(n− 1)

1
2 ,

E(n, p) =
1

72
pn(n− 1)(26n− 25).

(1.2)

Using (1.1), Xu proved in [11] the following result:

Theorem 1.3. Let Mn be an n-dimensional oriented closed minimal sub-
manifold in a complete simply connected manifold Nn+p with δ(n, p) ≤ KN ≤
1, where

(1.4) δ(n, p) = 1− n− n
3

sgn(p− 1)

D(n, p) + 2E
1
2 (n, p)

.
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If

(1.5) E
1
2 (1− c) ≤ S ≤ n− n

3
sgn(p− 1)−

(
D + E

1
2

)
(1− c),

where c is the infimum of the sectional curvatures of Nn+p, then Nn+p =
Sn+p

1 and either Mn is the unit sphere Sn1 , one of the Clifford minimal hy-

persurfaces Sk
(√

k
n

)
× Sn−k

(√
n−k
n

)
, k = 1, 2, . . . , n − 1, in Sn+1

1 , or the

Veronese surface in S4
1 .

We want to extend the above result to constant mean curvature. When
dealing with submanifolds of constant mean curvature, it is convenient to
replace the second fundamental form by a tensor φ : TpM × TpM → TpM

⊥

defined as follows: choose an orthonormal frame {en+1, . . . , en+p} of TpM
⊥,

and for each n+ 1 ≤ α ≤ n+ p, define maps φα : TpM → TpM by

(1.6) φα(X) = 〈h, eα〉X −Aα(X),

where h is the mean curvature vector. The tensor φ is given by

(1.7) φ(X,Y ) =
n+p∑

α=n+1

〈φα(X), Y 〉 eα .

The norm |φ| of φ is defined by

(1.8) |φ|2 =
n+p∑

α=n+1

tr φ2
α .

It is easy to see that both φ and |φ| do not depend on the choice of {eα} and
that

(1.9) |φ|2 = |A|2 − nH2,

where H = |h|. Furthermore, |φ| ≡ 0 if and only if the immersion is totally
umbilic.

According to Alencar-do Carmo [2], many theorems on minimal subman-
ifolds have a natural extension to constant mean curvature if one replaces
|A|2 by |φ|2. This turns out to be the case in the present situation.

For each 0 < r < 1, let Sn−1(r) ↪→ Rn and S1(
√

1− r2) ↪→ R2 be the
cannonical immersions. Following [1], we call an H(r)-torus in Sn+1

1 the
product immersion Sn−1(r)× S1(

√
1− r2)→ Rn ×R2.

In [1], H. Alencar and M. do Carmo obtained the following integral in-
equality for constant mean curvature immersions f : Mn → Sn+1

1 of a com-
pact n-dimensional manifold Mn into the unit sphere Sn+1

1 :

(1.10) 0 ≥
∫
M

|∇φ|2 +

∫
M

|φ|2
{
− |φ|2 − n(n− 2)√

n(n− 1)
H|φ|+ n(H2 + 1)

}
.
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For each H ≥ 0, denote by BH the square of the positive root of PH(x) = 0,
where

(1.11) PH(x) = x2 +
n(n− 2)√
n(n− 1)

Hx− n(H2 + 1).

Then, from (1.10), they obtained the following theorem:

Theorem 1.12. Let Mn be a compact and oriented manifold and let
f : Mn → Sn+1

1 have constant mean curvature H. If |φ|2 ≤ BH on M ,
then:
(i) Either |φ|2 ≡ 0 (and Mn is totally umbilic) or |φ|2 ≡ BH .

(ii) |φ|2 ≡ BH if and only if:

(a) H = 0 and Mn is a Clifford torus in Sn+1
1 ;

(b) H 6= 0, n ≥ 3, and Mn is an H(r)-torus with r2 < n−1
n

;
(c) H 6= 0, n = 2, and Mn is an H(r)-torus with r2 6= 1

2
.

For submanifolds with parallel mean curvature vector in spheres, Walcy
Santos extended the above theorem for higher codimensions [10]. Note that
in the codimension one case, the mean curvature vector h is parallel if and
only if H = |h| is constant.

For submanifolds with parallel mean curvature vector in arbitrary Rie-
mannian manifolds, we obtain here the following integral inequality, which
generalizes the inequalities obtained by other authors ([1, 10, 11], etc.):

Theorem 1.13. Let Mn be a compact and orientable manifold and let
f : Mn → Nn+p be an immersion with parallel mean curvature vector h in
an (n + p)-dimensional Riemannian manifold Nn+p. Denote by a(x) and
b(x) the infimum and the supremum, respectively, of the sectional curvatures
of N at a point x. Then

0 ≥
∫
M

{
− E(b− a)2 − 2

3
n(n− 1)

1
2 (p− 1)(b− a)H2

(1.14)

+ (na+ nH2 − 2

3
(n− 1)

1
2 (p− 1)(b− a))|φ|2

− n(n− 2)√
n(n− 1)

|φh| |φ|2 − θp,h|φ|4
}
,

where H = |h| and

(1.15) θp,h =

{
1 + 1

2
sgn(p− 1), if p = 1 or h = 0,

1 + 1
2

sgn(p− 2), otherwise.
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When H = 0, inequality (1.14) becomes the inequality (1.1) obtained by
Hong-Wei Xu [11], and in the case p = 1 and Nn+1 = Sn+1

1 , we reobtain (up
to the term

∫
M |∇φ|2) inequality (1.10) obtained by Alencar-do Carmo [1].

Furthermore, if p ≥ 2, Nn+p = Sn+p
1 and H 6= 0, inequality (1.14) becomes

(1.16) 0 ≥
∫
M

|φ|2
{
n(1+H2)− n(n− 2)√

n(n− 1)
|φh|−

(
1 +

1

2
sgn(p− 2)

)
|φ|2

}
,

which is stronger than the inequality obtained by Santos ([10], inequality
(2.14)).

From (1.14) and the obvious inequality

(1.17)
n(n− 2)√
n(n− 1)

|φh| |φ|2 ≤ n(n− 2)√
n(n− 1)

H|φ|3,

we obtain

0 ≥
∫
M

{
− E(b− a)2 − 2

3
n(n− 1)

1
2 (p− 1)(b− a)H2

(1.18)

+ (na+ nH2 − 2

3
(n− 1)

1
2 (p− 1)(b− a))|φ|2

− n(n− 2)√
n(n− 1)

H|φ|3 − θp,h|φ|4
}
.

In order to generalize Theorems (1.3) and (1.12), we need some notation.
We set

(1.19) F (n, p,H) =

[
(1 + θp,h)E

1
2 +D

]
E

1
2 ,

(1.20) G(n, p,H) = n(1 +H2)E
1
2 − 2

3
n(n− 1)

1
2 (p− 1)H2,

(1.21) λ(n, p,H) =
− n(n−2)√

n(n−1)
HE

3
4 +

√
n(n−2)2

n−1
H2E

3
2 + 4FG

2F
,

and for p ≥ 1 and any real numbers H ≥ 0, c ≤ 1, we define a polynomial
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PH,c,p by

PH,c,p(x) =− E(1− c)2 − 2

3
n(n− 1)

1
2 (p− 1)(1− c)H2

(1.22)

+ (nc+ nH2 − 2

3
(n− 1)

1
2 (p− 1)(1− c))x2

− n(n− 2)√
n(n− 1)

Hx3 − θp,hx4.

By observing the sign of the coefficients of the above polynomial, it follows
from the Descartes’ rule of sign (see [9], page 60, Corollary 35) that the
equation PH,c,p(x) = 0 has at most two positive real roots, that we denote,
if they exist, by x1(c) ≤ x2(c).

In what follows, we denote by Snc̃ →u −→Sn+p
c the umbilical immersion of

Snc̃ in Sn+p
c .

Using (1.18), we can finally establish our main result:

Theorem 1.23. Let Mn be a compact and oriented manifold and let f : Mn →
Nn+p be an immersion in a complete and simply connected manifold Nn+p.
Suppose the mean curvature vector h is parallel in the normal connection
and that G(n, p,H) > 0, where H = |h|. If

(1.24) 1− λ2(n, p,H) ≤ KN ≤ 1

and

(1.25) x1(c) ≤ |φ| ≤ x2(c),

then Nn+p = Sn+p
1 and either |φ|2 ≡ 0 (and the immersion is totally umbilic)

or |φ|2 ≡ BH,p, where BH,p is the square of the positive root of PH,1,p(x) = 0.
Furthermore, |φ|2 ≡ BH,p if and only if:

(a) p = 1, H = 0 and Mn is a Clifford torus Sm
(√

m
n

)
×Sn−m

(√
n−m
n

)
⊂

Sn+1
1 ;

(b) p = 1, H > 0 and Mn is an H(r)-torus Sn−1(r) × S1(r1) ⊂ Sn+1
1 ,

where r2 + r2
1 = 1. If n ≥ 3 we have r2 < n−1

n
, and if n = 2 we have

r2 6= 1
2
;

(c) p = 2, n = 2 and Mn is a Clifford torus

S1

(√
1

2(1 +H2)

)
× S1

(√
1

2(1 +H2)

)
⊂ S3

1+H2 →
u
−→S4

1 ;
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(d) p = 2, n = 2, H > 0 and for each Ho, 0 < Ho < H, Mn is an
H1(r)-torus S1(r)× S1(r1) ⊂ S3

1+H2
o
→
u
−→S4

1 , where H2
o +H2

1 = H2,

r2 + r2
1 = (1 +H2

o )−1 and r2 6= 1
2
(1 +H2

o )−1;

(e) p = 3, n = 2 and M is the Veronese surface M 2 ⊂ S4
1+H2 →

u
−→S5

1 .

Remark 1.26. In [10], W. Santos classified the compact orientable sub-
manifolds of Sn+p

1 with parallel mean curvature vector and for which

(1.27) |φ|2 ≤ θp,h
{
n(1 +H2)− n(n− 2)√

n(n− 1)
|φh|

}
,

where

θp,h =

{
1/(2− 1/p), if p = 1 and h = 0,

1/(2− 1/(p− 1)), otherwise.

She obtained more examples than those of Theorem (1.23). The reason is
that, when Nn+p = Sn+p

1 , condition (1.25) becomes |φ|2 ≤ BH,p, which is
easily seen to be stronger (for p ≤ 3) than (1.27) (see (4.14) below). The
case of equality in Theorem (1.23) was inspired in the proof of the theorem
of Santos [10].

Remark 1.28. Condition G(n, p,H) > 0 in Theorem (1.23) is technical
and is probably needless. It should be noticed that G(n, p,H) > 0 if p ≤
max{3, n} or if H = 0 (for all examples appearing in Theorem (1.23), we
have p ≤ 3).

Remark 1.29. When p = 1 and Nn+1 = Sn+1
1 , condition (1.24) is imme-

diately satisfied and (1.25) becomes the hypothesis of Theorem (1.12). In
the case H = 0, it is easy to see that 1 − λ2(n, p, 0) ≤ δ(n, p) and so the
condition (1.24) is weaker than the hypothesis δ(n, p) ≤ KN ≤ 1 in Theorem
(1.3). Furthermore, for each c ≥ δ(n, p), it is possible to prove that

x1 ≤ E 1
2 (1− c) ≤ n− n

3
sgn(p− 1)− (D + E

1
2 )(1− c) ≤ x2,

and thus (1.25) is weaker than (1.5). Therefore, if p = 1 Theorem (1.23)
extends Theorem (1.12), and if H = 0 Theorem (1.23) is stronger than
Theorem (1.3).

Remark 1.30. Note that for both Theorems (1.3) and (1.23) to make
sense, it is necessary to assure the existence of two positive real roots of
PH,c,p(x) = 0. In the case H = 0, PH,c,p is a quadratic polynomial in S,
and we have only to force its discriminant to be nonnegative. If H 6= 0,
however, PH,c,p is a quartic polynomial in |φ| and we overcome this difficulty
in a different way (see the proof of Theorem (1.23)).
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Condition (1.25) in Theorem (1.23) can be replaced by ξ1(c) ≤ |φ|2 ≤
ξ2(c), where ξ1(c) and ξ2(c) satisfy

x2
1 ≤ ξ1(c) ≤ ξ2(c) ≤ x2

2,

ξ1(1) = 0, ξ2(1) = BH,p.

For example, if p = 1 and, if instead of (1.24), we require

(1.31) 1− BH

n+ 2E1/2
≤ KN ≤ 1,

we can take ξ1(c) = E1/2(1− c) and ξ2(c) = BH − (n+ E1/2)(1− c).
More precisely, we have the following result:

Theorem 1.32. Let f : Mn → Nn+1 be a constant mean curvature immer-
sion of a compact oriented manifold Mn into a complete simply connected
manifold Nn+1 satisfying (1.31). If

(1.33) E
1
2 (1− c) ≤ |φ|2 ≤ BH − (n+ E

1
2 )(1− c),

then Nn+1 = Sn+1
1 and either |φ|2 ≡ 0 (and Mn is totally umbilic) or |φ|2 ≡

BH . We have |φ|2 ≡ BH if and only if (a) or (b) in Theorem (1.23) occurs.

The work is organized as follows: in section 2 we obtain a formula for the
Laplacian of the second fundamental form of an immersion Mn ↪→ Nn+p in
a general framework: no assumption on the codimension, or on the mean
curvature vector or on the ambient space is made. In section 3 we consider
the case of parallel mean curvature vector, and after some estimates, we
prove Theorem (1.13). In section 4 we prove Theorems (1.23) and (1.32).

Acknowledgements. This work is the author’s doctoral thesis at Instituto
de Matemática Pura e Aplicada. The author wants to thank Manfredo
Perdigão do Carmo for his orientation and Walcy Santos and Sergio Luiz
Silva for helpful conversations and suggestions.

2. The Laplacian of the Second Fundamental Form.

In this section we shall compute the Laplacian of the second fundamental
form of an immersion f : Mn → Nn+p by using moving frames. Notations
will be as in [4]. We shall make use of the following convention on the ranges
of indices:

1 ≤ A,B,C, . . . ,≤ n+ p; 1 ≤ i, j, k, . . . ,≤ n;

n+ 1 ≤ α, β, γ, . . . ,≤ n+ p.
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Choose a local field of orthonormal frames e1, . . . , en+p in N such that, re-
stricted to M , the vectors e1, . . . , en are tangent to M . Let {wA} and {wAB}
be the fields of dual frames and the connection 1-forms of N , respectively.
Restricting the forms to M , we have

(2.1) wαi =
∑
j

hαijwj, hαij = hαji,

where the hαij are the coefficients of the second fundamental form of the
immersion. The equations of Gauss and Ricci are:

Ri
jk` = Ki

jk` +
∑
α

(hαikh
α
j` − hαi`hαjk),(2.2)

Rα
βk` = Kα

βk` +
∑
i

(hαikh
β
i` − hαi`hβik),(2.3)

where Rαβk`, R
i
jk` and KA

BCD are the normal curvature tensor, the curvature
tensor of M and the curvature tensor of N , respectively. We define the
covariant derivatives of hαij by∑

k

hαijkwk = dhαij +
∑
s

hαsjwis +
∑
s

hαiswjs +
∑
β

hβijwαβ,∑
`

hαijk`w` = dhαijk +
∑
s

hαsjkwis +
∑
s

hαiskwjs +
∑
s

hαijsws +
∑
β

hβijkwαβ.

We have

(2.4) hαijk − hαikj = −Kα
ijk,

(2.5) hαijk` − hαij`k =
∑
s

hαsjR
s
ik` +

∑
s

hαisR
s
jk` +

∑
β

hβijR
α
βk`.

We define the Laplacian of the second fundamental form by ∆hαij =∑
k

hαijkk. Using (2.4) and (2.5) we obtain

∆hαij =
∑
k

(hαkkij −Kα
kikj −Kα

ijkk) +
∑
k,m

hαkmR
m
ijk

+
∑
k,m

hαmiR
m
kjk −

∑
k,β

hβkiR
α
βjk.

Substituting (2.2) and (2.3) into the above formula, we have

∆hαij =
∑
k

(hαkkij −Kα
kikj −Kα

ijkk) +
∑
k,m

(hαkmK
m
ijk + hαmiK

m
kjk)

+
∑
k,β

hβkiK
α
βkj +

∑
m,k,β

(hαmih
β
mjh

β
kk + 2hαkmh

β
mjh

β
ik

− hαkmhβkmhβij − hαmihβkmhβkj − hαmjhβkihβkm),
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and then

1

2
∆|A|2 =

∑
i,j,k,α

(hαijk)
2 +

∑
i,j,α

hαij∆h
α
ij

(2.6)

=
∑
i,j,k,α

(hαijk)
2 +

∑
i,j,k,α

(hαijh
α
kkij − hαijKα

kikj − hαijKα
ijkk)

+
∑

i,j,k,m,α

(hαijh
α
mjK

m
kik + hαijh

α
mkK

m
ijk) +

∑
i,j,k,α,β

hαijh
β
kiK

α
βkj

−
∑

i,j,k,`,α,β

hαijh
α
k`h

β
ijh

β
k` +

∑
i,j,k,`,α,β

hαijh
α
i`h

β
j`h

β
kk

−
∑

i,j,k,`,α,β

(hαikh
β
jk − hαjkhβik)(hαi`hβj` − hαj`hβi`).

Remark 2.7. In the case H ≡ 0, the terms∑
i,j,k,α

hαijh
α
kkij and

∑
i,j,k,`,α,β

hαijh
α
i`h

β
j`h

β
kk

in formula (2.6) vanish, and (2.6) reduces to the corresponding formula en-
countered in [11].

3. Estimates and the Proof of Theorem (1.13).

From now on, we assume that the immersion has parallel mean curvature
vector in the normal connection. In this case, we have the following lemma:

Lemma 3.1. For an immersion Mn ↪→ Nn+p with parallel mean curvature
vector h, we have

∇φ = −∇σ,
where σ : TpM × TpM → TpM

⊥ denotes the second fundamental form and
∇φ and ∇σ denote the gradient of the tensors φ and σ, respectively.

Proof. From (1.7), it is immediate to verify that

φ(X,Y ) = 〈X,Y 〉h− σ(X,Y ),

for any X,Y ∈ TM . Now fix a point p ∈M and choose a local orthonormal
frame {e1, . . . , en} such that ∇eiej(p) = 0 for all i, j. Since h is parallel, we
then have in p that

(∇φ)(ei, ej, ek) = (∇ekφ)(ei, ej) = ∇ekφ(ei, ej) = ∇ek(〈ei, ej〉h− σ(ei, ej))

= −∇ekσ(ei, ej) = −(∇ekσ)(ei, ej) = −∇σ(ei, ej, ek),
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for all i, j, k, and the lemma is proved.

From the above lemma we obtain that ∇2φ = −∇2σ, and so φαijk` =
−hαijk`. Since tr φα = 0, we conclude that∑

i,j,k,α

hαijh
α
kkij = −

∑
i,j,k,α

(〈h, eα〉 δij − φαij)φαkkij = 0.

Using this fact, formula (2.6) becomes

1

2
∆|A|2 =

∑
i,j,k,α

(hαijk)
2 −

∑
i,j,k,α

(hαijK
α
kikj + hαijK

α
ijkk)

(3.2)

+
∑

i,j,k,m,α

(hαijh
α
mjK

m
kik + hαijh

α
mkK

m
ijk) +

∑
i,j,k,α,β

hαijh
β
kiK

α
βkj

−
∑

i,j,k,`,α,β

hαijh
α
k`h

β
ijh

β
k` +

∑
i,j,k,`,α,β

hαijh
α
i`h

β
j`h

β
kk

−
∑

i,j,k,`,α,β

(hαikh
β
jk − hαjkhβik)(hαi`hβj` − hαj`hβi`).

Remark 3.3. When the ambient manifold has constant curvature, the
second and the fourth terms in (3.2) vanish, and we obtain the formula
given in Erbacher ([6], formula (12)).

To obtain estimates for the terms appearing in the right hand side of (3.2),
we will use the following propositions. Except for the equality case in part
(i), Proposition (3.4) below is proved in [7, pages 92-94].

Proposition 3.4 ([7], see also [11]). If N is a Riemannian manifold and
a ≤ KN ≤ b at a point x ∈ N , then, at this point,
• (i) |KABAC | ≤ 1

2
(b− a), for B 6= C;

• (ii) |KABCD| ≤ 2
3
(b− a), for A,B,C,D distinct two by two.

Equality in (i) implies that KAC = KBC.

Proposition 3.5 [10]. Let xi, yi i = 1, . . . , n, be real numbers such that∑
i

xi = 0 =
∑
i

yi. Then

− n− 2√
n(n− 1)

A2B ≤
∑
i

x2
i yi ≤

n− 2√
n(n− 1)

A2B,

where A2 =
∑
i

x2
i and B2 =

∑
i

y2
i .
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Proposition 3.6 (see [4, 8, 11]). Let An+1, An+2, . . . , An+p be symmetric
(n× n)-matrices. Denote Sαβ = tr(AtαAβ) and N(A) = tr(AtA). Then,

∑
α,β

N(AαAβ −AβAα) +
∑
α,β

S2
αβ ≤

(
1 +

1

2
sgn(p− 1)

)(∑
α

tr A2
α

)2

.

For future use, we shall prove Proposition (3.4)(i).

Proof of Proposition (3.4)(i). Let A, B, C be mutually distinct. A simple
computation shows that

K(eA, ξeB + ηeC) =
ξ2KAB − 2ξηKABAC + η2KAC

ξ2 + η2
,

for any real numbers ξ, η. Since a ≤ K(eA, ξeB + ηeC) ≤ b, we obtain

(KAB − a)ξ2 − 2ξηKABAC + (KAC − a)η2 ≥ 0,

(b−KAB)ξ2 + 2ξηKABAC + (b−KAC)η2 ≥ 0,

for all ξ, η ∈ R, which implies that

|KABAC | ≤
√

(KAB − a)(KAC − a),(3.7)

|KABAC | ≤
√

(b−KAB)(b−KAC).(3.8)

Since

(3.9)
√

(KAB − a)(KAC − a) ≤ KAB +KAC − 2a

2

and

(3.10)
√

(b−KAB)(b−KAC) ≤ 2b−KAB −KAC

2
,

we conclude from (3.7) and (3.8) that

(3.11) |KABAC | ≤ b− a
2

.

Equality in (3.11) implies that all the above inequalities become equalities.
In particular equality holds in (3.9), which shows that KAB = KAC .

To estimate the right hand side of (3.2), we will study each term sepa-
rately. The integral inequality of the following lemma is a generalization of a
corresponding inequality in Xu’s paper [11], which is a key step in the proof
of Theorem (1.3).
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Lemma 3.12 (see [11]).∫
M

{ ∑
i,j,k,α

((hαijk)
2 − hαijKα

kikj − hαijKα
ijkk)

}
≥ −

∫
M

E(n, p)(b− a)2,

where E(n, p) is given by (1.2).

Proof. It is straightforward to verify that
∑

i,j,k,α

((hαijk)
2−hαijKα

kikj−hαijKα
ijkk)

is a globally defined function, and hence, the integral of the left hand side
of the inequality makes sense.
Next, we claim that

(3.13) −
∑
i,j,k,α

(hαikK
α
jijk + hαijK

α
ijkk) =

∑
i,j,k,α

(hαikkK
α
jij + hαijkK

α
ijk)− div V,

where V is the globally defined vector field

V =
∑
i,j,k,α

(hαikK
α
jik + hαijK

α
ijk)ek

and div V means the divergence of V . For this, fix a point p ∈M and choose
a local orthonormal frame {e1, . . . , en} in M such that ∇eiej(p) = 0 for all
i, j. In p we have

−
∑
i,j,k,α

(hαikK
α
jijk + hαijK

α
ijkk) = −

∑
i,j,k,α

ek(h
α
ikK

α
jij + hαijK

α
ijk) +

+
∑
i,j,k,α

(hαikkK
α
jij + hαijkK

α
ijk) =

∑
i,j,k,α

(hαikkK
α
jij + hαijkK

α
ijk)− div V,

where ek( · ) denotes directional derivative, and since p is arbitrary, the claim
is proved.

Using (2.4), Proposition (3.4), Lemma (3.1) and the fact that tr φα = 0
for all α, we have ∑

i,j,k,α

hαikkK
α
jij =

∑
i,j,k,α

(hαkki −Kα
kik)K

α
jij(3.14)

= −
∑
i,j,k,α

(φαkki +Kα
kik)K

α
jij

= −
∑
i,α

∑
j

Kα
jij

2

≥ −1

4
pn(n− 1)2(b− a)2.
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On the other hand, using (2.4) and Proposition (3.4), we obtain

∑
i,j,k,α

(hαijk)
2 +

∑
i,j,k,α

hαijkK
α
ijk ≥ −

1

4

∑
i,j,k,α

(Kα
ijk)

2

(3.15)

≥ −1

4

∑
α

∑
i,j,k distinct

(Kα
ijk)

2 − 1

2

∑
α

∑
i6=j

(Kα
iji)

2

≥ −1

9
pn(n− 1)(n− 2)(b− a)2 − 1

8
pn(n− 1)(b− a)2.

The conclusion now follows from (3.13), (3.14) and (3.15), by using Green’s
divergence theorem.

Lemma 3.16 (see [11]).

∑
i,j,k,m,α

(hαijh
α
mjK

m
kik + hαijh

α
mkK

m
ijk) +

∑
i,j,k,α,β

hαijh
β
kiK

α
βkj

≥ na|φ|2 − 2

3
(n− 1)

1
2 (p− 1)(b− a)|A|2.

Proof. Fix a vector eα and let {ei} be a frame diagonalizing the matrix (hαij)
with eigenvalues λαi , i = 1, . . . , n. This frame also diagonalizes (φαij), with
eigenvalues µαi = 〈h, eα〉 − λαi . By Proposition (3.4), we have

∑
i,j,k,β

hαijh
β
kiK

α
βkj =

∑
i,k,β

hβkiλ
α
i K

α
βki

(3.17)

≥ −
∑

i6=k,β 6=α

2

3
(b− a)|hβkiλαi |

≥ −
∑

i6=k,β 6=α

1

3
(b− a)

(
(n− 1)

1
2 (hβki)

2 + (n− 1)−
1
2 (λαi )2

)
≥ −1

3
(n− 1)

1
2 (b− a)

∑
β 6=α

tr A2
β

− 1

3
(n− 1)

1
2 (p− 1)(b− a) tr A2

α.
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On the other hand, using the fact that tr φα = 0, we have

∑
i,j,k,m

(hαijh
α
mjK

m
kik + hαijh

α
mkK

m
ijk) =

∑
i,k

(λαi )2Ki
kik +

∑
i,k

λαkλ
α
i K

k
iik

(3.18)

=
1

2

∑
i,k

(λαi − λαk )2Ki
kik

=
1

2

∑
i,k

(µαi − µαk )2Ki
kik

≥ 1

2
a
∑
i,k

(µαi − µαk )2

= na tr φ2
α.

The lemma now follows from (3.17) and (3.18).

Lemma 3.19.

−
∑

i,j,k,`,α,β

hαijh
α
k`h

β
ijh

β
k` = −

∑
α,β

(tr φαφβ)2 − n2H4 − 2n tr φ2
h.

Proof. If H = 0, we have φα = −Aα for all α, and thus

−
∑

i,j,k,`,α,β

hαijh
α
k`h

β
ijh

β
k` = −

∑
α,β

(tr Aα Aβ)2 = −
∑
α,β

(tr φαφβ)2,

which proves the lemma in this case. If H 6= 0, choose a local orthonormal
frame {en+1, . . . , en+p} such that en+1 = h/|h|. With this choice we have

(3.20)

{
φn+1 = HId−An+1,

φα = −Aα, α > n+ 1

and

(3.21)

{
tr An+1 = nH,

tr Aα = 0, α > n+ 1.

Furthermore, since en+1 is a parallel direction, we have [An+1, Aβ] = 0, and
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thus [φn+1, φβ] = 0 for all β. Using (3.20) and (3.21), we have

−
∑

i,j,k,`,α,β

hαijh
α
k`h

β
ijh

β
k` = −

∑
α,β

(tr AαAβ)2

= −
∑

α,β>n+1

(tr φαφβ)2 − 2
∑

α>n+1

(tr(HId− φn+1)φα)2 − (tr(HId− φn+1)2)2

= −
∑

α,β>n+1

(tr φαφβ)2 − 2
∑

α>n+1

(H tr φα − tr φn+1φα)2

− (tr(H2Id− 2Hφn+1 + φ2
n+1))2

= −
∑

α,β>n+1

(tr φαφβ)2 − 2
∑

α>n+1

(tr φn+1φα)2 − (nH2 + tr φ2
n+1)2

= −
∑
α,β

(tr φαφβ)2 − n2H4 − 2nH2 tr φ2
n+1

= −
∑
α,β

(tr φαφβ)2 − n2H4 − 2n tr φ2
h,

and the lemma is proved.

Lemma 3.22.∑
i,j,k,`,α,β

hαijh
α
i`h

β
j`h

β
kk ≥ −

n(n− 2)√
n(n− 1)

|φh| |φ|2 + 2n|φh|2 + nH2|φ|2 + n2H4.

Proof. Since the inequality is obvious if H = 0, we can assume H 6= 0. As
in the previous lemma, choose a local orthonormal frame {en+1, . . . , en+p}
so that en+1 = h/|h|. Then (3.20) and (3.21) hold, and we have

∑
i,j,k,`,α,β

hαijh
α
i`h

β
j`h

β
kk =

∑
α,β

(tr Aα)(tr AαA
2
β)

(3.23)

= nH
∑
α

tr An+1A
2
α

= nH
∑

α>n+1

tr(HId− φn+1)φ2
α + nH tr(HId− φn+1)3

= nH2
∑

α>n+1

tr φ2
α − nH

∑
α>n+1

tr φn+1φ
2
α

+ nH tr(H3Id− 3H2φn+1 + 3Hφ2
n+1 − φ3

n+1)

= nH2
∑

α>n+1

tr φ2
α − nH

∑
α

tr φn+1φ
2
α + n2H4 + 3nH2 tr φ2

n+1

= nH2|φ|2 − nH
∑
α

tr φn+1φ
2
α + n2H4 + 2nH2 tr φ2

n+1.
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Fix α and choose an orthonormal frame {e1, . . . , en} such that φn+1
ij =

µn+1
i δij and φαij = µαi δij. This is possible since φα and φn+1 commute.

Using Proposition (3.5) and the fact that tr φα = 0 for each α, we have

tr φn+1φ
2
α =

∑
i

(µαi )2µn+1
i

≤ n− 2√
n(n− 1)

(∑
i

(µαi )2

)(∑
i

(µn+1
i )2

)1/2

=
n− 2√
n(n− 1)

|φα|2|φn+1|

and so

(3.24)
∑
α

tr φn+1φ
2
α ≤

n− 2√
n(n− 1)

|φn+1| |φ|2.

The lemma now follows from (3.23) and (3.24) if we observe that |φh| =
H|φn+1| and H2 tr φ2

n+1 = tr φ2
h = |φh|2.

We can finally prove Theorem (1.13).

Proof of Theorem (1.13). Integrating (3.2) and using Stokes’s theorem, we
obtain from Lemmas (3.12), (3.16), (3.19) and (3.22) that

(3.25)

0 ≥
∫
M

{
−E(b−a)2 +na|φ|2− 2

3
(n−1)

1
2 (p−1)(b−a)|A|2− n(n− 2)√

n(n− 1)
|φh| |φ|2

+ nH2|φ|2 +
∑
α,β

tr[Aα, Aβ]2 −
∑
α,β

(tr φαφβ)2

}
,

since ∑
α,β

tr[Aα, Aβ]2 = −
∑

i,j,k,`,α,β

(hαikh
β
jk − hαjkhβik)(hαi`hβj` − hαj`hβi`).

If H = 0, we have φα = −Aα for all α, and from Proposition (3.6) we obtain∑
α,β

tr[Aα, Aβ]2 −
∑
α,β

(tr φαφβ)2 = −
∑
α,β

N(φαφβ − φβφα)−
∑
α,β

(tr φαφβ)2

≥ −
(

1 +
1

2
sgn(p− 1)

)(∑
α

tr φ2
α

)2

= −
(

1 +
1

2
sgn(p− 1)

)
|φ|4.
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If p = 1, we clearly have∑
α,β

tr[Aα, Aβ]2 −
∑
α,β

(tr φαφβ)2 = −|φ|4.

Suppose now that H 6= 0 and p ≥ 2. Choose {en+1, . . . , en+p} such that
en+1 = h/|h|. So [An+1, Aβ] = 0 for all β, (3.20) holds and we obtain

(3.26)
∑
α,β

tr[Aα, Aβ]2 −
∑
α,β

(tr φαφβ)2 = −
∑

α,β>n+1

N(φαφβ − φβφα)

−
∑

α,β>n+1

(tr φαφβ)2 − 2
∑

α>n+1

(tr φn+1φα)2 − |φn+1|4.

Applying Proposition (3.6) for the matrices φn+2, . . . , φn+p we have

−
∑

α,β>n+1

N(φαφβ − φβφα)−
∑

α,β>n+1

(tr φαφβ)2

(3.27)

≥−
(

1 +
1

2
sgn(p− 2)

)( ∑
α>n+1

tr φ2
α

)2

=−
(

1 +
1

2
sgn(p− 2)

)
(|φ|2 − |φn+1|2)2.

On the other hand, by the Cauchy-Schwarz inequality we obtain

(tr φn+1φα)2 ≥ (tr φ2
n+1)(tr φ2

α) = |φn+1|2|φα|2,
and thus

(3.28) −2
∑

α>n+1

(tr φn+1φα)2 ≥ −2|φn+1|2[|φ|2 − |φn+1|2]

By (3.26), (3.27) and (3.28), we have∑
α,β

tr[Aα, Aβ]2 −
∑
α,β

(tr φαφβ)2 ≥ −
(

1 +
1

2
sgn(p− 2)

)
(|φ|2 − |φn+1|2)2

− 2|φn+1|2(|φ|2 − |φn+1|2)− |φn+1|4

= −
(

1 +
1

2
sgn(p− 2)

)
|φ|4

+
1

2
sgn(p− 2)|φn+1|2(2|φ|2 − |φn+1|2).

Since

(3.29)
1

2
sgn(p− 2)|φn+1|2[2|φ|2 − |φn+1|2] ≥ 0,
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we conclude that∑
α,β

tr[Aα, Aβ]2 −
∑
α,β

(tr φαφβ)2 ≥ −
(

1 +
1

2
sgn(p− 2)

)
|φ|4.

Therefore, in any case we have

(3.30)
∑
α,β

tr[Aα, Aβ]2 −
∑
α,β

(tr φαφβ)2 ≥ −θp,h|φ|4,

where θp,h is given by (1.15). The conclusion of the theorem now follows
from (1.9), (3.25) and (3.30).

4. Proof of Theorems (1.23) and (1.32).

In order to prove Theorem (1.23), we will need the following results:

Theorem 4.1 [10]. Let Mn be a compact submanifold in Sn+p
1 with parallel

mean curvature vector h and R⊥ = 0. If φ satisfies

(4.2) |φ|2 ≤ n(1 +H2)− n(n− 2)√
n(n− 1)

|φh|,

then
(i) |φ| is constant and either |φ|2 ≡ 0 (and Mn is totally umbilic) or the

equality in (4.2) holds.

(ii) Equality holds in (4.2) if and only if:

(a) Mn is a Clifford torus Sm(r1) × Sn−m(r2) ⊂ Sn+1
1+H2 →

u
−→Sn+p

1 ,

where r1 =
(

m
n(1+H2)

)1/2

and r2 =
(

n−m
n(1+H2)

)1/2

.

(b) For every Ho, 0 ≤ Ho < H, Mn is an H1(r)-torus Sn−1(r) ×
S1(r1) ⊂ Sn+1

1+H2
o
→
u
−→Sn+p

1 , where H2
o + H2

1 = H2, r2 + r2
1 =

(1 +H2
o )−1. If n ≥ 3, we have r2 < n−1

n
(1 +H2

o )−1, and if n = 2,
we have r2 6= 1

2
(1 +H2

o )−1.

A well-known theorem of Chern-do Carmo-Kobayashi [4] states that if
Mn is an oriented closed minimal submanifold in the unit sphere Sn+p

1 such
that |A|2 ≤ n/(2 − 1/p), then either M is the unit sphere Sn1 , one of the
Clifford minimal hypersurfaces in Sn+1

1 , or the Veronese surface in S4
1 . For

p ≥ 2, A.M. Li and J.M. Li [8] obtained the Chern-do Carmo-Kobayashi’s
Theorem under the weaker assumption that |A|2 ≤ 2n/3. More precisely,
they proved the following theorem:

Theorem 4.3 [8]. Let Mn be an n-dimensional compact minimal subman-
ifold in Sn+p

1 , p ≥ 2. If |A|2 ≤ 2n
3

everywhere on M , then M is either a
totally geodesic submanifold or a Veronese surface in S4

1 .
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An immersion f : Mn → Nn+p is pseudo-umbilic if the mean curvature
vector h 6= 0 is an umbilical direction. The following theorem was proved by
S.P. Chen ([3], see also [10]).

Theorem 4.4 [3]. Let Mn be a compact pseudo-umbilical submanifold in
Sn+p

1 , p ≥ 2, and suppose the mean curvature vector h is parallel in the
normal connection. If

(4.5) |φ|2 ≤ p− 1

2p− 3
n(1 +H2),

then
(i) Either |φ|2 ≡ 0 (and Mn is totally umbilic) or the equality holds in

(4.5).

(ii) Equality holds in (4.5) if and only if:

– (a) p = 2 and Mn is a Clifford torus Sm(r1) × Sn−m(r2) ⊂
Sn+1

1+H2 →
u
−→Sn+2

1 , where r1 =
(

m
n(1+H2)

)1/2

and r2 =
(

n−m
n(1+H2)

)1/2

.

– (b) n = 2, p = 3 and M is the Veronese surface M2 ⊂ S4
1+H2 →

u

−→S5
1 .

Remark 4.6. The proof of Theorem (4.4) gived by Santos [10] uses the
theorem of Chern-do Carmo-Kobayashi [4]. If instead of this theorem one
uses Theorem (4.3), the same proof shows that hypothesis (4.5) in Theorem
(4.4) can be replaced by

(4.7) |φ|2 ≤ n(1 +H2)

1 + 1
2

sgn(p− 2)
.

We can now prove Theorem (1.23):

Proof of Theorem (1.23). Since c ≤ KN ≤ 1, we have c ≤ a(x) ≤ b(x) ≤ 1,
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for every x ∈M , and from (1.18) we obtain

0 ≥
∫
M

{
− E(b− a)2 − 2

3
n(n− 1)

1
2 (p− 1)(b− a)H2

(4.8)

+ (na+ nH2 − 2

3
(n− 1)

1
2 (p− 1)(b− a))|φ|2

− n(n− 2)√
n(n− 1)

H|φ|3 − θp,h|φ|4
}

≥
∫
M

{
− E(1− c)2 − 2

3
n(n− 1)

1
2 (p− 1)(1− c)H2

+ (nc+ nH2 − 2

3
(n− 1)

1
2 (p− 1)(1− c))|φ|2

− n(n− 2)√
n(n− 1)

H|φ|3 − θp,h|φ|4
}

=

∫
M

PH,c,p(|φ|),

where PH,c,p(x) is the polynomial given by (1.22).
Now we want to show that the polynomial PH,c,p(x) of fourth degree in x

has exactly two positive real roots. By observing the sign of the coefficients
of PH,c,p(x), we conclude from the Descartes’ rule of sign (see [9], page
60, Corollary 35) that PH,c,p(x) = 0 has at most two positive real roots
x1(c) ≤ x2(c). Since PH,c,p(0) ≤ 0 and PH,c,p(x)→ −∞ as x→∞, it suffices
to show that PH,c,p(xo) ≥ 0 for some xo > 0. We claim that

PH,c,p
(
E

1
4 (1− c) 1

2

)
≥ 0.

A simple computation shows that

PH,c,p
(
E

1
4 (1− c) 1

2

)
= (1− c)

{
− F (n, p,H)(1− c)

− n(n− 2)√
n(n− 1)

HE
3
4 (1− c) 1

2 +G(n, p,H)

}
(4.9)

= (1− c)J(1− c),

where F (n, p,H) and G(n, p,H) are given by (1.19) and (1.20), respectively,
and

J(1− c) = −F (n, p,H)(1− c)− n(n− 2)√
n(n− 1)

HE
3
4 (1− c) 1

2 +G(n, p,H).

The hypothesis (1.24) implies that
√

1− c ≤ λ(n, p,H) (note that λ(n, p,H) >
0 since G(n, p,H) > 0), and it is easy to see that J(1 − c) ≥ 0. The claim
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now follows from (4.9). We have, therefore, exactly two positive real roots
x1(c) ≤ x2(c). Furthermore, we have PH,c,p(x) ≥ 0 for every x ∈ [x1, x2].

Using condition (1.25), it then follows from (4.8) that

0 ≥
∫
M

PH,c,p(|φ|) ≥ 0,

and, therefore, PH,c,p(|φ|) ≡ 0. So, all the above inequalities become equali-
ties. From the second equality in (4.8), we obtain

(4.10)


b(x) = 1,

, x ∈M
a(x) = c.

On the other hand, the fourth equality in (3.14) and the fourth equality in
(3.18) give, respectively,

(4.11) |Kα
jij| =

1

2
(b− a), for all α and i 6= j

(4.12) Kk
`k` = a, for some pair (k, `), k 6= `.

Using (4.11), (4.12) and the equality case in Proposition (3.4)(i), we have

Kα` = Kk` = a, for all α,

and from (3.7) we obtain |Kα
`k`| = 0, for all α. It then follows from (4.10)

and (4.11) that c = 1. Since Nn+p is complete and simply connected, we
have Nn+p = Sn+p

1 .
Condition (1.25) now becomes

(4.13) |φ|2 ≤ BH,p.
where

(4.14)
√
BH,p =

− n(n−2)√
n(n−1)

H +
√

n(n−2)2

n−1
H2 + 4n(1 +H2)θp,h

2θp,h
,

and from (4.8) we conclude that either |φ|2 ≡ 0 (and Mn is totally umbilic)
or |φ|2 ≡ BH,p.

We now characterize all Mn for which |φ|2 ≡ BH,p. If p = 1, we have

(4.15) |φ| =
− n(n−2)√

n(n−1)
H +

√
n(n−2)2

n−1
H2 + 4n(1 +H2)

2
=
√
BH ,



68 F. FONTENELE

and the conclusion follows from Theorem (1.12). If H = 0 and p ≥ 2, we
have |A|2 = |φ|2 = 2n/3, and the conclusion follows from Theorem (4.3). If
p ≥ 2 and H 6= 0, we observe that equality in (1.17) implies that n = 2 or
|φn+1| = |φ|, while equality in (3.29) gives that p = 2 or |φn+1| = 0.

We now investigate all possibilities. If p = 2 and n = 2, we have R⊥ = 0
(since h is a parallel direction) and

|φ|2 = 2(1 +H2),

and the conclusion follows from Theorem (4.1). If p = 2 and |φn+1| = |φ|,
we have |An+2| = |φn+2| = 0, which means that N1 ⊂ span{en+1}, where

N1 = span{α(X,Y );X,Y ∈ TM}
is the first normal space. Since en+1 is a parallel direction, it follows from
a Theorem of Dajczer [5] that the codimension can be reduced to p = 1.
Furthermore, equation (4.15) is satisfied and then the conclusion follows
from Theorem (1.12). Finally, if |φn+1| = 0 and n = 2, the immersion is
pseudo-umbilic, and |φ|2 ≡ BH,p becomes

|φ|2 =
2(1 +H2)

1 + 1
2

sgn(p− 2)
,

and the conclusion follows from Theorem (4.4) (see Remark (4.6)). The
proof of the Theorem is now complete.

Proof of Theorem (1.32). From hypothesis (1.31) we obtain

(4.16) c ≥ 1− BH

n+ 2E1/2
,

which implies that

(4.17) E
1
2 (1− c) ≤ BH − (n+ E

1
2 )(1− c).

On the other hand, a simple computation gives

1− λ2(n, 1, H) ≤ 1− BH

n+ 2E1/2

and our assumption (1.31) implies that

(4.18) 1− λ2(n, 1, H) ≤ KN ≤ 1.

If we show that

(4.19) PH,c,1
(
E

1
4 (1− c) 1

2

)
≥ 0
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and

(4.20) PH,c,1

(√
BH − (n+ E1/2)(1− c)

)
≥ 0,

we conclude that PH,c,1(x) = 0 has exactly two positive real roots x1 ≤ x2,
and that

(4.21) x1 ≤ E 1
4 (1− c) 1

2 ≤
√
BH − (n+ E1/2)(1− c) ≤ x2,

and the conclusion of the theorem then follows from (1.33), (4.18), (4.21)
and Theorem (1.23).

To complete the proof, it remains to prove (4.19) and (4.20). Inequality
(4.19) follows from (4.18) and the proof of Theorem (1.23). To prove (4.20),
we set β = n+ E1/2 and we have

PH,c,1

(√
BH − β(1− c)

)
= (BH − β(1− c))

{
− (BH − β(1− c))

− n(n− 2)√
n(n− 1)

H
√
BH − β(1− c) + n(H2 + 1)

}
− n(BH − β(1− c)) + nc(BH − β(1− c))− E(1− c)2

≥ (BH − β(1− c))
{
−BH − n(n− 2)√

n(n− 1)
HB

1/2
H + n(H2 + 1)

}
+ (BH − β(1− c))β(1− c)− n(BH − β(1− c)) + nc(BH − β(1− c))

− E(1− c)2.

Since
√
BH is the positive root of the polynomial PH(x) defined by (1.11),

it follows from (4.17) that

PH,c,1

(√
BH − β(1− c)

)
≥ (BH − β(1− c))[β(1− c)− n+ nc]− E(1− c)2

= (BH − β(1− c))E1/2(1− c)− E(1− c)2

≥ 0.

The proof of the theorem is now complete.
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