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A UNIQUENESS THEOREM
FOR THE MINIMAL SURFACE EQUATION
ON AN UNBOUNDED DOMAIN IN R?

CHIN-CHUAN LEE

In this paper, we give a variation on Nitsche’s result on
solutions to the minimal surface equation in sectors.

In 1965, Nitsche [1] announced the following result:

Theorem 1. Let ) be a sector domain of opening angle smaller than w. If
u=u(z,y) € C*(Q)NC°Q) is a solution of

divTu=0 inQ
u=20 on 0N

then u =0 in Q. Here Tu = Vu

\ 1+ Vul? ’

In this paper, we give a variation of Theorem 1 as follows:

Theorem 2. Let Q) be a sector domain of opening angle smaller than 7. If
u=u(z,y) € C*(Q) N CYQ\{vertex}) is a solution of

divTu=0 inQ
Tu-v=0  on 0Q\{vertex}

where v is the exterior unit normal on OQ\{vertex} then u = constant
in €.

Proof. First, we notice that, although we make no assumptions at the vertex,
in fact, we can show that u € C*(Q2) N C'(Q) as follows: Denote by m and
M the lower and upper bounds for u on a fixed arc separating the vertex
from infinity. Then, by Theorem 5.1 of [2] the two planes v = m and v = M
lie respectively below and above u in the entire domain between the vertex
and the arc, and thus u is bounded above and below at the vertex. It then
follows directly from Simon’s theorem [5], that u is C* to the vertex. Thus
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u € C*(Q)NCHQ). Since every solution u € C?(Q) N C*H(Q) of divTu = 0
satisfies

where p = %, q= %, w = /1 + p? + ¢2, there exist functions F'(x,y) and
G(z,y) such that

OF _14+p® 9F _ pq
(1> or — w ’8y_w
oG _ pq 0G _1+¢
or — w’ oy — w
If we set
§=z+ F(z,y)
o -
n=y+G(z,y)

then £, n are isothermal coordinates. (c.f. [3, p. 31])

We will show that the image of Q under the transformations &, 7 is again
a sector domain of opening angle smaller than 7. (Q is the closure of Q).
Define a mapping ¢ : Q@ — R? by ¢(x,y) = (£,71), where £, 1 are defined by
(2). Without loss of generality, we may assume € is symmetric with respect
to the y-axis. If (a,b) is the unit tangent vector of the right side of 99 (that
is, a®> + b = 1; a,b > 0) and s is the arc-length function of 9, then

0. & b
O = (6 - (a,b) = o+ SRR

0
TZ = <77x777y> -{a,b)

b ba? on the right side of 9.
_ pga +w + 0g +b

Since Tu - v = 0 on 912, we have <%, %> - (b, —a) = 0 on the right side of
0f), which implies pb = ga on the right side of 0€2. Substituting this into

Z—g, %, we obtain

% =a(l+ w)

J on the right side of 9.

TL=b(1+w)
Since 1 +w > 1, ¢ maps the right side of 9Q linearly into R%. For the left
side of 02, we have the similar result. Thus ¥ maps € into a sector domain
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€ in R? and 1 is a one-one, onto map from 0N to 9. Next, we show
that v is a one-one, onto map from Q to . Let Py(zo,yo), Pi(z1,y1) be
two points in Q, with ¥(xo,yo) = (0,m0) and ¥(z1,91) = (&1,m). Consider
P(x¢,y:) = (xo + t(z1 — o), Yo + t(y1 — ¥0)), 0 < ¢t < 1. Since Q is convex,
P(zy,y,) € Q.
By (1), there exists a function E(z,y) such that
OF oFE

—— =F d — =G.
9 an ay G

Following the method of Lemma 5.1 in [3], we define a function A : [0, 1] —
R by

h(t) = E(x, yr)-

Then
R (t) = (z1 — x0)P + (y1 — %0)q
R (t) = (21 — 20)*T + 2(x1 — o) (Y1 — Y0)3 + (y1 — o)l
where
5= 28 (2w
b= O Ty Yt
oF
q= Fy(wtayt)
0’FE
T = W(xbyt)
_ 0’FE ( )
s = Txay Tty Yt
- 0°FE
l= Tyg('xt?yt)'

So, h”(t) is a quadratic form in (x; — xo) and (y; — o), and since the matrix
(i Z) is positive definite, we have h”(¢t) > 0. This implies h'(¢) is an
increasing function, thus »’(0) < h’(1), that is,

(21— 20)(P1 — Do) + (Y1 — Y0)(@1 — Qo) > 0

where

p1=p(r1,y1) Do = P(Zo,Yo)

@ = q(r1,y1) Q@ = q(T0,Y0)-
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From (2), we have

(21 — o) (&1 — &) + (Y1 — Yo) (1 — m0) > (21 — 20)* + (Y1 — %0)*

By the Cauchy-Schwarz inequality, we have
(3) (&1 —&)* 4 (m —mo)® > (x1 — x0)* + (y1 — ¥0)*.

ThUS, if (x07y0) 75 (mbyl)? then (507770) ?é (51’771)7 S0 1/) is a one-one map
from ) to V.

To show % is an onto map, let ¥(Q2) = K C . Because m %0, is

locally one-one. Thus every neighborhood of (£y,179) € K belongs to K, that
is, K is relatively open to ©'. On the other hand, if (£y,7y) € €' is the limit
of sequence of points (&;,7;) € K, we will show (§y,n0) € K. But & = z; +
F(z,y), n: = y; + G(z,y), and bounded (because lim; (&, 7:) = (£0,70))-
By (3), we see that (z;,y;) is also bounded. So, there exists a convergent
subsequence (x,,, Yn,) of (x;,y;) such that lim,, .. (,,,Yn,) = (%0, yo). Now,
since 1) is continuous on 2, we obtain

11— 00 1—> 00
=z + F(z0,%0)
and 7o = lim 7, = lim (yn, + G (n;; Yn,))
= yo + G(20,%0)-

Because 1 is a one-one, onto map from 92 to 9€Y, and 1 is continuous
on Q and (&y,m) € €, it follows that (x¢,7,) € Q. Since ¥(2) = K and
& = xo + F(zo,90), mo = Yo + G(zo,y0), we have (,n0) € K. Thus K
is relatively closed to €. Therefore, ¥(Q2) = K # ¢ is relatively open and
closed to €2'. On the other hand, ¢(Q2) = K is connected in ', which implies
P(Q) = K =, so v is an onto map from Q to V.

We have shown that the image of {2 under the transformations &, 7 is
again a sector domain €2’ of opening angle smaller than .

Because div Tu = 0, there exists a function v(z,y) such that

v _4q
or w
Therefore, |Vv| < 1, which implies v(z,y) < vz2+ y%. Now, by (3), we
have v(&,n) < V&2 + n?, that is, v = O(r), where r = /&2 + n2.

Also

ov —p
d —=—
an dy w

A(m)v = 0 in Q/,

v|,, = constant
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where A, is the Laplacian with respect to (&,7).
Thus, using the Phragmén-Lindel6f theorem for harmonic function on a
sector domain ( c.f. [4, p. 94]), we have

v(&,n) = constant  in

this implies @(§,n) = constant in €', so u(z,y) = constant in Q. O
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