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ASYMPTOTICS FOR SINGULAR VECTORS IN VERMA
MODULES OVER THE VIRASORO ALGEBRA

A. ASTASHKEVICH AND D. FUCHS

For the singular vector in the reducible Verma module
over the Virasoro algebra the terms of extremal degrees in
the parameter are explicitly found in this article.

1. Introduction and statement of the main result.

The Virasoro algebra Vir is the infinitedimensional complex Lie algebra with
the basis {e;(i € Z), z} and the commutator operator

le;, z] =0,
]

—Z.
12

[eiye] =(J — i)eir; + -4
(Sometimes the generators of the Virasoro algebra are denoted by L;; to
translate our results into these notations one should put e; = —L_;.)

The Lie algebra Vir is graded, Vir = @z Vir, (dege; = i,degz = 0),
and has the Cartan decomposition Vir = N_® H & N, with N_ = ®yq Viry
is spanned by e; with ¢ > 0, N, = @yo Virg is spanned by e; with ¢ < 0, and
H = Vir, is spanned by eq and 2. Clearly N_, H, N, are Lie subalgebras of
Vir, and N_, N, are nilpotent (in the sense that the intersection ﬂkNj([k) of
subspaces of Ny spanned by k—fold is zero) commutators while H is Abelian.

For h, ¢ € C the Verma module M (h, c¢) over Vir is defined by the formula

M(h,c) = Indxii@H Xh.c

where X}, . denotes the one—dimensional (N, & H)-module with eg = h,z =
¢,e; =0 for i < 0 and Ind is the inducing operator. As an U(N_)-module
M(h, c) is a free module with one generator, which we denote by v. Hence as
a linear space M (h, c) is spanned (for any h, ¢) by the vectors e;, . ..e; v, iy >

- >4, > 1. The module M(h,c) is graded, M(h,c) = ®r>oMy(h,c), by
deg(e;, ...e;,v) =iy + -+ +1,; in particular, My(h, c) = Cv, dim My (h,c) =
p(k) where p is the partition function. Evidently, zw = cw for any w €
M(h,c), and if degw = d then eqw = (h + d)w.

A non—zero element w of an arbitrary Vir—module N is called a singular
vector of the type (h,c) if eqw = hw, zw = cw and e;w = 0 for ¢ < 0. For
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example, v € M(h,c) is a singular vector of the type (h,c). It is easy to
see that any non—zero submodule N of M (h,c) contains a singular vector.
Moreover, for some k > 0 there exists a singular vector (of the type (h+k,c))
in NN M(h,c), and N C &;>xM;(h,c); ift N # M(h,c), then k # 0, and
vice versa. Thus the module M (h,c) is reducible if and only if it contains a
singular vector not in Cuv.

The two major problems in the Virasoro representation theory are: (i)
For which h, ¢ is the module M (h,c) reducible? (ii) What are the singular
vectors in a reducible M (h,c)?

The solution of the first problem is provided by the following well known
Kac theorem.

For k,l € Z denote by ®(k,l) the curve in the plane C?(h,c) given by the
parametric equations

2 2
h= hea(t) = 1 4k ‘4 1 2kl n 1 4l 1,
c=c(t)=6t+13+6t"

-1
(t € C—0). It is the straight line h = 67(1 — k%) if £k =1 and an
irreducible second order curve otherwise. Obviously ®(k,l) = ®(l, k) (with
the parameter change t — ¢~'); otherwise all the curves ®(k,[) are different.

Theorem 1.1 (see [K], [FF1]). The module M(h,c) is reducible if and
only if (h,c) belongs to the union of the curves ®(k,l) with k,I > 0. If
(h,c) € ®(k,1), k,l > 0 and (h,c) ¢ ®(K',I') for K',I" > 0, k'l' < Kl then
M(h,c) has a singular vector in My (h,c) and has no singular vectors in
M (h,c) with s < kl.

In particular, for k,1 > 0 and generic ¢ the module M (hy,;(t), ¢(t)) contains
a singular vector of the degree kl. Actually it is true for all ¢; moreover, the
vector has the form Sy ;(¢)v where

Ska(t) = e}’ + Z P,:llz (t)ei, ...€,

iy tip=kl
kl>ip > >i,>1

Pl (t) e Clt,t7'] .

(This fact may be regarded as well known; a proof of it is contained, for
example in [F].)

It is known also (see [FF3|) that any singular vector in M (h,c) is pro-
portional either to Sy ,(t)v with (h,c) € ®(k,1) or to Sk i (t)Sk,(t)v with
(h,c) € ®(k,l) and (h + kl,c) € ®(K',l’). This shows that the problem of
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the explicit description of singular vectors is reduced to the problem of the
explicit description of Sy ;(t).

It is easy to see that Sy ;(t) = S;x(t7"); it is also not difficult to calculate
Sy (t) for small values of k,l. In particular,

S11(t) =

So1(t) = €3 + tey,

Ss1(t) = €3 + dtese; + (4% + 2t)es,

Sia(t) = e1 + 10teqse? + 9t?el + (24> + 10t)ese; + (36t + 241> + 6t)ey,
Sao(t) = e + 2ueze] + (u® — 4) e2+ (2u+6)ese; + (3u+6)ey, u =1+t "

Some partial results on Sy ;(t) were obtained by Feigin and the second author
in [FF2]. One of them is formulated below (see Proposition 2.1).

An explicit formula for Sy ;(t) was obtained in the case | = 1 by Benoit
and Saint—Aubin [BS] and in general case by Bauer, di Francesco, Itzykson
and Zuber [BFIZ]. But these formulas do not seem to be explicit enough
to give any expression for the polynomials Py (t).

The main result of this article is the following:

Theorem 1.2.

Spa(t) = (k — D)Pel t®=Dl 4oy (1 — 1)1k (=DF,

114 »

where denotes the terms of intermediate degrees in t.

In particular, the highest and the lowest degrees of S ;(t) in ¢ are equal,
respectively, to (k — 1)l and —(I — 1)k; this fact is essential for [FF3] and
was used there more or less without proof. (An elucidation of some details
of some proofs in [FF3] an a generalization of some results of that work is
contained in [A].)

2. Proof of Theorem 1.2.

2.1. Preliminary calculation. Let F, , be the Vir-module spanned over
C by f;, j € Z with the action of Vir

2f; =0, eif; = (G +p— (i +1)A)fig;.

The following is proved in [FF2].
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Proposition 2.1. In F, ,
Sk,z(t)fo = Pk,l(t; A M)fkh

where

Poa(t A ) = [ Repuo(t; A p),

0<u<k
0<v<l

Rituw(t; A\ p) = V2
+v[Ruk—1—u)+k—-1t+kl—(k—1—-2u)(l—1-2v)—1

+ 2v(l —1—0v)+1—1)t7"]
—A(E—1-2u)’t+2(k—1—-2u)(l—1—-20) + (I —1—2v)*""]
N (ut +v)((u+1)t+ (v +1))((k — u)tt;— (=) ((k—1—u)t+ (I—1—0))

where, in turn, v = g — 2.

It is not hard to extract from the last formula the terms of the extreme
degrees in t.

Proposition 2.2. In F, ,
N 0 | SRR

(1 — 1) 1)kH —(+ DX+ )| fu,

where “..” denotes the terms of intermediate degrees in t. In other words,
Sea(t) fo = [(k R B L A Lc R 1)!2’%—”—1)%?} fo.
Proof. Direct calculation. O

Proposition 2.2 gives a good motivation for Theorem 1.2. We will also use
it in the proof of Theorem 1.2 (though one can avoid it).

2.2. Main lemma: An estimate for the degree of P.; " (t). For a
polynomial P € C[t,t!] we denote by d,(P) and d_(P) the highest degree
and the lowest degree of P in t; in other words,

d. (Z aiti) = sup{ila; # 0}, d_ (Z aiti> = inf{i|a; # 0}.
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Proposition 2.2 shows that

(1) max_ d, (P () > (- Dk,

i1t ip=hl

min e (P 0) < (-1

For a positive integer j put
, . j—1
=j—1—|——]|.
e(j) =J { . }
Lemma 2.3. d, (P,ijl""’”(t)) < Zgo(is).
s=1

The proof is contained in 2.3-2.6.

2.3. Properties of the function ¢. For an integer s denote by p(s) such
integer that 1 < p(B8) < k, s = p(s) mod k. We will need the following
properties of .
(1) For any s,t

e(s+1t) = ¢(s) + o(t) = (s +t—1);

more precisely,

1 if p(s)+p(t) <k,
p(s+1) —pls) —p(t) = .
0 if p(s) + p(t) >k,
0 if p(s)+p(t) <k+1,
p(s) +o(t) —p(s +t—1) =
1 if p(s)+p(t) > k+1.
(2) For any u and si,...,S,
p(s1+ -+ su+1) > @(s1) + - p(su);
the equality holds if and only if u =1 and s; =0 mod k.
The properties (1), (2) are checked immediately.
2.4. Induction. Following [F| we arrange the sets (iy,... ,i,) with i, +- -+
i = kl in the inverse lexicographical order: For (iy,... ,%,), (i},... i) with
iy > >1il,, 4 >+ >4, we say that (i},...,4.,) < (i1,... ,4,) if for some
u
O S S Y S SR (S S
Thus,
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We prove Lemma 2.3 by induction. Obviously, d, (Pkll N =d,(1)=0=
)

> (1); suppose that the inequality holds for all P,zll " owith (i), ... ,dh) <
(i1,... ,i,) and prove it for Py
We suppose that ¢ > --- > 4, > 1, 4441 = --- = 4, = 1; that is our

: : r—u
monomial is e;, ...e; 7"

2.5. Case 1: i, # 1 mod k. Since Sk ,;(t)v is a singular vector then
6_(iu_1)Sk7l(t)U =0.

We find the coefficient at e;, ---e;, e} """ in the left side of the last equal-
ity and equate this coefficient to 0. This coefficient is a linear combi-

nation of the form 3 a; i le 4 " (t) where ay i, is a polynomial in ¢
with d, < 1, d_ > —1. ThlS linear combination involves Py (t) with
a non—zero constant coefficient (namely 27, — 1) and some P,z:ll"'i;" (t)’s with
(¢),...,i.) < (i1,...,1.). For all these Pl1 g
tion hypothesis, d, ( Pl "t )) < > (i,). Hence we must check that for

each of our ijl“'”'( )’s either 35 (i,) < 3 ¢(is) and di(ay..s,) = 0, or
2p(iy) < Xelis) (for always d(ay..,) < 1).

There are three possibilities for e;, ...e;, ,e/"* 'v to appear in
€ (i,—1)€i - - - €ir, V. The first is that e_(;,_1) interacts (forms the commu-
tator) Wlth some e; with i, > 1, — 1. Then we get € + o i —(iy—1) - - - €t U

with some non—zero constant coefficient; the subscripts i},... i — (i, —

b

" (t)’s we have, by the induc-

1),...,4, may go in a wrong order, in which case we need to transpose
some of them which may result in some of the numbers summing up and
more constant factor arising. Thus in this case the set é,... ,i., becomes
Uyenv sty_1y0p+9u—1,9p11,... ,1, after a permutation and summing up some
successive numbers. In virtue of 2.3.1 one has

is@( < > o(is) + @liv + iy — )<Zi:so(l

s'=1 EE TR

and we have seen that a; i, = const, hence d. (ai;,... i ) =0.

The second possibility is that €_(i,—1) interacts with some ezf ’s with ¢,
i, — 1 and eventually becomes e;. In this case the set |, ... i, has the form
T1yeee ybu_1, k1y... ,k, 1,... 1 with ky 4+ -+ - + k; = i, and again @il =
const. We apply 2.3.1 again and get

©) > (i) = X plin) + Y o) < (i)

s#u t=1
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The third possibility is that e_(;, _1) again interacts with some e; ’s with
i’y <1, — 1 and eventually becomes eg. In this case the set ,... ,f’r, again
has the form 4q,... ,%,_1,k1,... ,k,1...,1 but with k& +---+k; =14, — 1
(now it is possible that some of k;’s are equal to 1, but it makes actually no
difference). The important difference between this case and the previous one
is that Qif,... i, generally is not a constant any more: it is a linear function
of h and c. Hence d+(ai/1w’i;/) < 1 (and normally = 1). In virtue of 2.3.2
(and the fact that ¢(1) = 0) one has again (2), but the equality in (2) holds
only if | =1 and k; = 0 mod k. This imply 7, = k; +1 =1 mod k which
contradicts to the assumption of Case 1. Hence

> (i) < 3 plin)

s'=1

2.6. Case 2: i, =1 mod k. Let 7, = mk + 1. In this case instead of the
equality e_(;,—1)Sk,(t)v = 0 we consider the equality

eTkSkvl(t)v =0.

Again the left hand side involves P,if["“ with a non-zero constant coefficient

and involves some other P,z:ll"'l;"s with (¢%,...,4.) < (i1,...,%.). The proof
proceeds precisely as above with the exception of the case (if,...,i.,) =
(415 yiu_1,%4, — 1,1,...,1). Since i, — 1 = 0 mod k the equality (2) be-
comes an equality. But now d+(ai«1 _____ i«/) = 0. Indeed, ag . i, 18 the product
of several constants and the polynomiral q(t) from ’

[e—k, exlefv = q(t)ejv
(s =r —u+1). Since egefv = (eeg + sej)v, we have

3

12

z> ejv = <2k(h(t) +s)+ k- kc(t)) ejv

le_k,er]efv = <2keo + 15

1—k  1—kl 1-1*_, Bk )
<2k< Lttt >+2ks+ 5 (6 + 1346t ))el,

and the coefficient in terms with ¢ is equal to

1-k* K-k

2k -6=0.
4 + 12

Hence d; (q(t)) = 0.
Lemma 2.3 is proved. |

Remark. The last calculation shows also that if j # k and [e
q(t)esv then di(q(t)) = 1.

esleiv =
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2.7. One more calculation.

Lemma 2.4. .
max_ ;go(zs) = (k—-1);

i1ty
this maximum is attained precisely when all i, are divisible by k.

Proof. Let i, = msk —1,, 0 <, < k. We have kl = > i, = k> m, — > 1,
hence Y m, > [ and the equality holds only if all [, = 0. Furthermore,

s — 1
@(is):msklsl[zsk }:msklsms

and hence

doli) =Y (mk—1) =Y my= is—> my=kl—y mg<kl—1,

and the equality holds only if all [, = 0, that is all i, are divisible by k.
Lemma 2.4 is proved. L

2.8. End of the proof of Theorem 1.2. Lemma 2.4 shows that
d, (P,zll’ (t)) < (k — 1)I, which shows, together with formula (1), that

T 4 (P 0) = (-1
and the equality holds if and only if (iy,...,%,) = (mik,...,m.k) with
my,...,m, being integers. We prove that actually it holds only if r = [ and
my; = --- = my = 1. Assume that, on the contrary, d, (P,:"llkmk(t)) =

(k — 1)l for some other set my,... ,m,; assume that for some j > 1
di (PrE (1) < (k= 1)1

if 1 < m, < j for some m, and
dy (PrE R (8)) = (k= 1)1

for some my,... ,m, with m; > --- > m, = j, mys1 = --- =m, = 1. Then
we use the remark at the end of 2.6 and see that the left hand side of the
equality

e_ijkJ(t)v =0

. pk=1)1+1

contains the term e, . .. €my_1kCrmuyik - - - Em kU with a non—zero

coefficient, which is impossible.
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Thus the only term of degree (k — 1)l in S, (t) is Aelt* D! where A is a

coefficient. Proposition 2.2 shows now that A = (k — 1)

121

Theorem 1.2 is proved. L1
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