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STANDARD INVARIANTS FOR CROSSED PRODUCTS
INCLUSIONS OF FACTORS

Fumio Hial

When N C M is an inclusion of factors with finite index
and a group G acts on N C M, we compare the standard
invariants of N C M and the crossed product inclusion N xG C
M x G. The cases when G is a discrete group and when G is
a locally compact abelian group are separately considered.
Applying to a common crossed product decomposition, we
obtain comparison results between the type II and type III
standard invariants of an inclusion of type III factors.

0. Introduction.

Since Jones [21] initiated the index theory of type II; subfactors, a great
progress has been made particularly on classification of hyperfinite type II;
subfactors (see [35, 37-39] and also [20, 23] for example). For any inclusion
N C M of type II; factors with finite index, we have the Jones tower N C
M C M, C M, C --- and the sequence of higher relative commutants { M’ N
M, C N'NM,},>o constituting the canonical commuting squares [39]. The
(dual) principal graph I'y 5 and the standard vector § are derived from {M'N
M, }n>0. The sequence {M' N M, C N'NM,},>o together with (I'x as, §) is
called the standard invariant (or the paragroup) of N C M and denoted by
Gn.m- An axiomatic approach to paragroups was studied by Ocneanu [35].
Popa [37-39] proved that Gy i is a complete invariant for the isomorphism
classof N C M if N C M is a strongly amenable inclusion of hyperfinite type
IT, factors. Several characterizations of the strong amenability of Gy » were
established in [39]. (See Propositions 1.5 and 1.6 below.) Furthermore, it is
known [16] that the subexponential growth of (I'y s, §) implies the strong
amenability of Gy p.

In the course of classifying hyperfinite type II; subfactors with small in-
dices, it has been observed that symmetries on principal graphs (or para-
group symmetries) play a vital role typically in orbifold constructions (see
[4, 8, 10, 20, 23]). A paragroup symmetry is an action of a (finite) group
G on the principal graph and Ocneanu’s connection made from an inclu-
sion N C M. When this symmetry can extend to the subfactor level, the
crossed product inclusion N x G C M x GG arises and its standard invariant
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is the quotient of Gy py by G-symmetry; for example, the graphs Dy, and
DV are obtained from Z,-symmetries on Ay,_3 and Aéi}_m respectively (see
[23, 20]). Thus, the crossed product construction is sometimes useful to get
subfactors with new principal graphs from old ones. From this viewpoint,
it would be important to compare the standard invariants of N C M and
N X G C M x G in various aspects.

On the other hand, the notion of index was generalized to an arbitrary
inclusion of factors (more precisely to a conditional expectation onto a sub-
factor) in several ways such as the Kosaki index [24], the best constant
of Pimsner-Popa inequality [36], etc. Sector theory developed by Longo
[32, 33] and Izumi [17] is quite useful particularly in the type III index
theory. Similarly to the type II; case, the standard invariant Gy s for an
inclusion N C M of type III factors can be defined by taking the Jones tower
iterated by the minimal conditional expectation [12, 13, 32]. When N C M
admits a common decomposition, i.e. (N C M) 2 (N x4 R C M x4 R) or
(N %9 Z C M xyZ), N C M being a type I, inclusion with 6 a trace-
scaling action, we can consider the type II standard invariant Gy ;; besides
the original type III invariant Gy . In [18] (also [19]), the difference be-
tween the type II and type III principal graphs was characterized in terms
of modular automorphisms by using the sector technique. This phenomenon
is another typical example of graph change under taking crossed products.
The coincidence of type II and type III graphs is necessary for a type III
inclusion N C M to split as (N C M) = (B® L C A® L) with a type II;
inclusion B C A. But it is also sufficient in some cases (see e.g. [29, 22]). A
big progress in this direction is found in Popa’s recent work [42].

The notion of strong outerness (or proper outerness) for automorphisms
on an inclusion N C M was introduced by Choda and Kosaki [6] (also
[25, 26]) and independently by Popa [40]. This notion has turned out to
play a fundamental role when we study group actions on N C M. Roughly
speaking, an automorphism on N C M is strongly outer if and only if it
does not appear in the descendant sectors (or bimodules) of N C M. (See
Proposition 1.11 below.)

Also, it should be mentioned that there are many close connections be-
tween subfactor theory and entropy theory; for instance, the relation be-
tween the index [M: N| and the relative entropy H(M|N) [36] (also [13]),
the dynamical entropy of the canonical shift [3, 5], the characterization of
the strong amenability of Gy s in terms of the relative entropy [16, 39], etc.

The aim of this paper is to present a rather systematic treatment for the
comparison between the standard invariants of N ¢ M and (N ¢ M) =
(N X0 G C M x4 G). Here, N C M is an arbitrary inclusion of factors
with finite index and « is an action of a group G on N C M. Section 1 is a
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collection of definitions and preliminary results for later use. In Section 2,
assume that G is a general discrete group and « is a strongly outer action
of G on N C M. Then « extends to the Jones tower M; C My, C ---
subject to fixing the Jones projections and the Jones tower of N C M
is {Mn = M, %X, G}. The extended « gives rise to actions on the higher
relative commutants M’ N M, so that (M’ N M,)* = M’ N M,. That is,
the standard invariant Gy ;7 is the quotient of Gy s by a-symmetry. This
shows that the finite depth, the amenability, and the strong amenability of
Gy xr imply those of Gy i, respectively. Moreover, when G is a finite group,
the growth and the (strong) amenability of Gy y; and Gy, are equivalent.
Consequently, we show Winslgw’s results [51] in a different way.

In Section 3, let G be a locally compact abelian group and « a continuous
action of G on N C M. Assume that N C M are factors. Then the dual
action & extends to the Jones tower {Mn = M, x, G} of N c M, so that
(M' N M,)* = (M' N M,)*. We can consider the growth of a|y, yna, (the
Loi part of ) taking the eigenvalues of a|yrnys, into account. It is shown
that the growth of G y; is controlled by those of Gy » and alu, mrau, - For
instance, if G is R (or T,Z) and a is strongly outer for any g € G \ {e},
then Gy y; has subexponential growth if and only if so do both Gy s and
alu, Mo, - In particular, we prove that aly, pnnr, has polynomial growth
at most if N C M has finite depth. Finally in Section 4, let N C M be an
inclusion of type III; or type III, factors. In case of type III,, N C M is
assumed to have a common discrete decomposition. Applying the results of
Section 3 to the dual action 8 on N C M, we obtain several assertions on
the comparison between the type II and type III invariants of N C M. Also,
some stability properties for a type III inclusion to have the same type II
and type III invariants are given.

1. Preliminaries.

Throughout this paper, let N C M be an inclusion of factors with finite
index. We assume only that NV C M are o-finite and not finite-dimensional.
Let Eq: M — N be the minimal conditional expectation with Ind Ey =
[M: NJo (= A™'), the minimal index [12, 13, 32]. Let

(1.1) - CNoCNiCNo=NCM=MyCM  CMyC---

be the Jones tower of tunnel and basic constructions with the Jones projec-
tions e, (€ M} _, N M,) and the conditional expectations E,,: M,, — M, 1,
n > 1, [21, 24]. In the rest of this section, we collect definitions and prelim-
inaries for later use.
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1.1. Standard invariants. The faithful normalized trace (i.e. the so-called
Markov trace) ¢ is defined on the tower of higher relative commutants M’ N
M, by

(12) (b’M’ﬂMn :Elo"'oEn’M’ﬂMn7 n > 17

where the traciality of ¢ is due to [28]. In this paper, the trace considered
on {J,, M'NM, is always induced by the minimal conditional expectation, so
that in case of a type II; inclusion we will assume that N C M is extremal
[39, 1.2.5], that is, the above ¢ comes from the trace on |J, M,. Let R
denote the finite von Neumann algebra generated by |J,, M'NM,, via the GNS
representation with respect to ¢. Also define the von Neumann subalgebras
R, of Rby R, = U,, M] N M,,. Even when N C M is not of type II;, we define
the core or the standard part of N C M as (N** C M**) = (U, N/, NN C
U, N, N M) [39, 1.4.1], which is antiisomorphic to R; C R.

The standard matriz or principal graph I'y y = [ari)kex e of N C M is
defined so that [a|kex, . 1cr, 1S the inclusion matrix of M’ N M,, C M'N
My, .1 and [akl]ieKtheLn is that of M’ N My,,1 C M' N My, o, where
Ko={ky=«}cK,Cc---cK=U,K,and Ly C L, C---C L=, Ln.
Let (chk)rer, and (¢ux)kek, be the dimension vector and the trace vector
(i.e. the ¢-values of minimal projections) of M'NMy,. Since ¢y, 11,5 = Agn i for
all k € K,, and n > 0, the standard eigenvector § = (sy,)rex is defined so that
sk, = 1 and (gn)rex, = (A\"Sk)rek,, n > 0, which satisfies I'y y Iy 5,5 =
A715. See [37, 39] for details on the standard invariants of N C M. Following
[39] we denote the standard invariants (I'y a,5) of N C M by Gy -

The next proposition shown in [16] is useful to reduce problems on the
standard invariants of general inclusions of factors to the type II; case.

Proposition 1.2. For any inclusion N C M of factors with finite in-
dex, there exists an extremal inclusion B C A of type 11, factors such that
[A: Bl =[M: Nlo and Gp.a = Gn -

1.3. Growth conditions. We can consider growth conditions of various
type for the standard invariants of N C M. The strongest growth con-
dition is the finite depth of N C M, i.e. #K < oo where #K denotes
the cardinal number of K. The principal graph I'y y of N C M is said
to have polynomial growth if lim,,_,. %(#Kn)l/m = 0 for some m € N,
and to have suberponential growth if lim,,_, ., %log(#Kn) = 0. Similarly, the
standard eigenvector § of N C M is said to have polynomial growth or
subexponential growth if lim,,_, . %(maxkeKn sx)Y/™ = 0 for some m € N or
lim,, o0 % log(maxyck, sk) = 0, respectively. It is said that Gy s has poly-
nomial growth or subexponential growth if both I'y 5, and 5 have the same
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growth, which is equivalent to lim,,_, ., %(Zke K, 5:)Y/™ = 0 for some m € N
or lim,,_, « %log(ZkeKn si) = 0, respectively.

It was shown in [15] that intermediate inclusions @ C P of factors with
N C @ C P C M, and descendant inclusions Np C pM, p with projections
p € N' N M, satisty the same growth conditions as N C M does.

1.4. Amenability and strong amenability. Popa [39, 5.3.1] established
a number of characterizations of the strong amenability for the standard
invariant Gy »s. Among other things, we state:

Proposition 1.5. The following conditions are equivalent:
(i) dim N** N M* = dim N’ N M;
(ii) |Tnml>=|M: Nlo and Ty s is ergodic, i.e. M (or R) is a factor;
(iii) H(M®*|N®*) = log[M: Ny, or equivalently H(R|R;) = log[M: N,
where H(R|Ry) is the relative entropy [36] of R relative to Ry with
respect to ¢.

Here, it should be noted that although N C M was assumed in [39, 5.3.1]
to be an extremal inclusion of type II; factors, the above conditions are equiv-
alent for general inclusions as well thanks to Proposition 1.2. Concerning
the relative entropy H(R|R;), we have by [36, Proposition 3.4]

H(R|R,) = lim H(M' N M,|M; 0 M,).

It is said that Gy s is amenable if the equality | Ty as]|> = |[M: N|o holds
and is strongly amenable if the conditions of Proposition 1.5 hold. Note
[39, 1.3.5] that

(1.3) ITw,ael* = lim (dim M’ N M)M™,

Now let B be a finite-dimensional algebra given a faithful normalized trace
¢, and f1,..., f, be the minimal central projections of B. Let us define a
quantity J(B) of entropy like by

(1.4) J(B) =Y ¢(f;)log(dim Bf;) = > b;3;logh?,
j=1 j=1
where (by,... ,b,) and (Bi,...,Bn) are the dimension vector and the trace

vector (with respect to ¢) of B. For instance, we have

J(M' O M) = > ¢(far)logel = > carX'splogcs,,

keK, keK,
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where (fr)rex, is the set of minimal central projections of M’ N Ms,. On
the other hand, let H(M’' N M,) denote the (von Neumann) entropy of
®|rnna, - Then it is known that lim, . 2H (M’ N M,) exists and is equal to
the Connes-Stgrmer dynamical entropy of the canonical shift on (R, ¢). (See
[3, 5] for definition and properties of the canonical shift.)

The next proposition was proved in [16, Theorem 4.5], which gives a con-
venient combinatorial characterization of the strong amenability for Gy .

Proposition 1.6. The limit lim,,_, %J(M’ N M,) exists and

1 1 1
lim ~H(M'(M,)+ lim ~J(M'1M,) = S H(R|R,).

n—oo N, n—o0 n,

Moreover, Gy ts strongly amenable if and only if

2
lim =J(M' 0 M,) =log[M: N.

n—oo n,

Furthermore, it was shown in [16] that if Gy 5; has subexponential growth,
then it is strongly amenable.

Lemma 1.7. Let C C B be finite-dimensional algebras given a trace ¢ on
B, and define J(C) as (1.4) with respect to ¢|c. Then J(C) < J(B).

Proof. Let (ci,...,¢) and (y1,...,7) be the dimension vector and the
trace vector of C' together with (by,...,b,) and (01,...,08,) of B. Let

B

l m
bjzzciaij (1<j<m), %Zzaz‘gﬂj (1<i<l).
i=1 j=1
Hence the assertion follows from

l l
J(C) =2 Z CiYi 10g C; S 2 Z ciaijﬁj ].Og <Z ckak])
i=1 7 k=1

=2 b;B;logh; = J(B).

j=1
U

Proposition 1.8. Let N C M and N C M be two inclusions of factors
with [M: N]y = [M: N < 0o such that M'N\M,, > M'N\M,, and |57, =
‘;‘M'mMn for alln >0, where N C My C My C --- is the Jones tower and ¢
is defined on |, M'NM, as (1.2). If Gy y is amenable or strongly amenable,
then so is Gy i, respectively. 7

Proof. The assertion concerning amenability is trivial by (1.3). The other
follows from Proposition 1.6 and Lemma 1.7. 1
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1.9. Strongly outer automorphisms. Let Aut(M, N) denote the set of
all automorphisms « of M such that a(N) = N. For any a € Aut(M,N),
since a0 Fy = Ey o« due to the uniqueness of minimal conditional expecta-
tion, we can (uniquely) extend « to the Jones tower M; C M, C --- subject
to a(e,) = e,, n > 1, which are denoted by the same «. The extended «
defines automorphisms of the higher relative commutants M’ N M,,, n > 0.
Note that a|y, ymnar, is the opposite counterpart of the standard part or the
Loi part o of « defined on |J,, N}, N M [29, 40].

Definition 1.10. An automorphism « € Aut(M, N) is said to be strongly
outer [6] or properly outer [40] if the following equivalent conditions hold
(see [50, Lemma 3.1] for the proof of equivalence):

(i) for every n > 0 and every x € M,, if zy = a(y)z for all y € M then

z = 0;

(ii) for every n > 0 and every z € M,, if xzy = a(y)z for all y € N then
z =0;

(iii) for every n > 0 and every = € M, if xy = a(y)z for all y € N,, then
xz = 0.

Assume that M is an infinite factor. Let End(M) denote the endo-
morphisms of M and Sect(M) = End(M)/Int(M), the sectors. For any
p € End(M), the class of p in Sect(M) is denoted by [p] and the conjugate
sector [p] is defined by p = p~! oy, where v is the Longo canonical endo-
morphism [31] for p(M) C M. The sector theory [33, 17] is quite important
in theory of subfactors; for instance, a Jones tunnel of N = p(M) C M
(with finite index) is given as M D p(M) D pp(M) D ppp(M) D ---, and
the standard invariants of N C M are described by the irreducible decom-
positions of the sectors [(pp)"] and [(pp)"p]. For instance, the irreducible
decomposition of [(pp)"] is written as [(pp)"] = Brex, Cn.x[pr], Where [pk],
k € K, are the sectors corresponding to the even vertices of the principal
graph. The standard eigenvector §'is the vector of statistical dimensions, i.e.
sk = d(pr) (= [M: pe(M)]y’*). For p,n € End(M), we write n < p if each
irreducible component of [7] is contained up to multiplicity in the irreducible
decomposition of [p].

The following result [26, Proposition 4] (also [6, Theorem 2]) character-
izes strongly outer automorphisms in terms of sectors.

Proposition 1.11. Assume that N C M is an inclusion of infinite factors
and N = p(M) with p € End(M). Then for every a € Aut(M,N) andn > 0,
there exists a nonzero x € M, such that yx = za(y) for ally € M if and only
if a < (pp)", i.e. « appears as a sector in the irreducible decompositions of
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(pp)™. Hence a is strongly outer if and only if it does not appear in | |,(pp)".

The above theorem shows, for example, the following (see [6], [25],
[40, 1.6]):
1°  The non-strongly outer automorphisms in Aut(M, N) form a group.
2° If N C M has finite depth and a € Aut(M,N) is aperiodic in
Aut(M)/Int(M), then « is automatically strongly outer.

3° If sy > 1forall k € K\ {ko}, then any a € Aut(M,N) \ Int(M) is
strongly outer.

2. Actions of discrete groups.

In this section, let G be a discrete group and a: G — Aut(M, N) an action
of G on N C M. Then « uniquely extends to actions on the Jones tower
M, C M, C --- subject to the conditions ag(e,) = e,, g € G, which define
actions on the higher relative commutants M’ N M,,, n > 0. Assume that «
is strongly outer, that is, o, is strongly outer for any g € G \ {e}. We set

(NCM)z(NxaGCMNQG).

Since the strong outerness of o implies that a: G — Aut(M) and a|yv: G —
Aut(N) are outer in the usual sense, it follows that both M and N are
factors (see [47, 22.3]). Noting [47, 19.13] that

N = (N @B(A(G)**A, M = (M @B(*(G)))"*A,

we can canonically extend the minimal conditional expectation Ey: M — N
to Eg: M — N by Ey = Ey ® idg(e2(e)) | 575 equivalently

21) B (Y 2(9)M9) = Y. Eo(z(@)Ae), D wl9)Mg) € M,

where A(g) = 1 ® A\, and A, (resp. p,) is the left (resp. right) regular
representation of G on £(G). For brevity we let M C M without the symbol
7, of embedding.

It is known [40, 1.5] (also implicitly in the proof of [6, Proposition 7])
that an action « of a discrete group G on N C M is strongly outer if and

only if the following equivalent conditions hold:

(2.3) M N (M, x,G)=MnNM,, n>0.

(2.2) N/ Nn(M x,G)=N,NM, n >0,

(The setting of N C M being of type II; in [40] is irrelevant to these char-
acterizations.)
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Assume in the following lemmas that « is a strongly outer action of a
discrete group G on N C M. Since Ind Eo Ind Ey < oo (see the proof of
[14, Theorem 2.8]), the inclusion N C M has finite index. Indeed, we have:

Lemma 2.1. The conditional expectation Ey: M — N is minimal. Hence
[MZ N]Q = [M N]O

Proof. Let £(M, N) denote the set of all faithful normal conditional expec-
tations from M onto N. Any E € £(M,N) extends to E € £(M,N) as E,
does to Ey, so that E|g.y = E|g.~g where N0 M c N’ N M by Popa’s
characterization (2.2). This means that any F € £(M,N) is obtained as
the extension of some E € (M, N), because [7, Théoreme 5.3] says that
F i F|g/5r is a bijection from & (M, N) onto the set of all faithful normal
states on N'NM. Since Ind E = Ind FE, it follows that Eo is minimal. 1

In view of Lemma 2.1, we easily see that the Jones tower for NNMis
NCM:MOCMlel NQGCM2:M2 NQGC"‘,

where the Jones projections are the same as e, in (1.1) and the iterated
conditional expectations En: Mn — Mn_l are the canonical extensions of
E,, n > 0, given as (2.1). Let é be the trace on U, M’ N M, induced by
{E,} as (1.2).

The following (1) was given in [6], and (2) is immediate from (1) and
E, = E.|u..

Lemma 2.2. . 3

(1) (M'NM,)*=MnM,, n>0.

() Plwrni, = Olwram,, n>0.

Proposition 2.3. Let a be a strongly outer action of a discrete group G
on N C M. T/}en:

(1) If N C M has finite depth, then so does N C M.

(2) If Gg x is amenable, then so is Gy ur-

(3) If Gx .y is strongly amenable, then so is G -

Proof. (1) (The argument below is found in [40].) If N C M has finite
depth, then for some n the central support of e, in M’ N M, = (M'n M,)~
is 1 (see [9, 4.6.3]), so that the support of e, in M’ N M, is also 1. Hence
N C M has finite depth.

(2) and (3) follow from Lemmas 2.1, 2.2, and Proposition 1.8. u

The above (3) was shown in [51] by a different method. Furthermore, we
give another proof using the relative entropy in the following;:
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Remark 2.4. Since a|U M, Preserves ¢, it can extend to a ¢-preserving
action of G on R (denoted by the same «). Note that for any i > 0

M N M, - M' N M,
U U
(M!NM,)* < (MNM,)~

R, C R
is a commuting square with respect to ¢. This implies that U U is a

R} C R®
commuting square with respect to ¢ and hence H(R*|R}) < H(R|R;) by
[3, Lemma 13]. When « is strongly outer, since the extension of « to M; is
also strongly outer, Lemma 2.2 shows that R{* is the von Neumann algebra
generated by U, ]\Zfl’ N M, with respect to ¢. Thus Proposition 1.5 proves
Proposition 2.3(3) again.

In the rest of this section, let us prove the converse implications of Propo-
sition 2.3 when G is a finite group. For this sake, it is important to look at
the inclusion matrix (i.e. Bratteli diagram) of (M’ N M, )* C M'NM,,. First
let us consider an action a of G on a finite-dimensional algebra B, where
G is an arbitrary group. Let fi,..., f,, be the minimal central projections
of B. Since « gives rise to permutations on {fi,..., fi}, we decompose
{1,...,m} into Ji,...,J, under the relation j ~ j" when ay,(f;) = f; for
some g € G. Set f, = > jeq, Jifor 1 <k <r. Then fx are central projections
in B* and

r

(B® cB):@(Bafk chk).

k=1
So it suffices to assume that « is transitive on {f1,..., fi,}. Then we have:
Lemma 2.5. With the above notations and transitivity assumption, let

[aij]1<i<i, 1<j<m De the inclusion matriz of B* C B and define a subgroup G,
of Gby Gy ={g9 € G: oy(f1) = f1}. Then a;; does not depend on1 < j <m
and [a;j]1<i<; s the inclusion matriz of (Bf)*%r C Bf; for any j.

Proof. For each 1 < j < m, let G; = {g € G: a,(f;) = f;} and choose
g; € G such that oy, (f1) = f;. Then it is easy to check that G; = nglgfl
and

B = {Gmaagj(x): x € (Bfy)* } .

This means that B* = (Bf;)*¢1 and the inclusion B* C B is written as
DL, ay,: (Bfi)*r — @)L, Bf;. Since ay, transforms (Bfy)*1 C Bf; to
(Bf;)*¢i C Bf;, we get the result. I
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Thus, the next lemma is enough for our purpose.

Lemma 2.6. Let G be a finite group. Then there exists W € N (depending
only on G) such that if o is an action of G on B = My(C) and [a;]1<i<i
is the inclusion matriz of B* C B where | = dim Z(B®*), then I < W and
a; <W foralll <i<I.

Proof. Let U be a projective unitary representation of G on C¢ implementing
a, ie. ay =AdU,, g € G, so that B* = (Ug)'. For each 1 < i <[ choose a
minimal projection p; in the ith summand of B®. Then a; = dim p;C? and
U® = U], ,ca is an irreducible projective unitary representation of G. Now
let (H, Z) be a primitive central extension of G [48, §2.9]. So we write H =
Lycq Zt, with a transversal {t,} of Z in H. Then for 1 <4 <1 there exists
an irreducible unitary representation V) of H on p;C? such that VS(;Q) =
A(s, g)U? where A(s,g) € C for all s € Z and g € G (see [48, p. 263]).
Since V® and V) are not equivalent when i # i/, we have the conclusion
from usual theory on unitary representations of finite groups. |

Summarizing the above arguments, we obtain the following key lemma.

Lemma 2.7. Let o be an action of a finite group G on N C M. Then there
exists W € N (depending only on G) such that for every n > 0 the inclusion
matriz [a;;] of (M' N M,)* C M'N M, satisfies the following:

(1) #{j:a;; #0} < W for all i,

(2) #{izay #0} <W for all j,

(3) a;; <W foralli,j.

Theorem 2.8. Let a be a strongly outer action of a finite group G on
N C M. Define the standard invariants Uy y; and (5;),c g with K = U, K,
for N ¢ M as well as Iy and (sg)kex for N C M. With W given in
Lemma 2.7, the following hold for every n >0 :
(1) WU (#K,) < #K, < W(#K.,).
(2) maxpek, sp < max, gz § < W?maxyek, Sk
(3) dimM' N M, < dimM'NM, < W*dim M’ N M,. Hence |y | =

1T~ -
(4) J(M'NM,) < J(M'NM,) < J(M'NM,)+logW*. Hence lim +.J(M'N

n—oo
M,) = lim 1J(M' N M,).
n—oo

Proof. (1) is trivial from Lemmas 2.2(1) and 2.7.

(2) The first inequality is obvious from Lemma 2.2. For each n > 0, let
(b1,... ,by) and (B,. .., Bm) be the dimension vector and the trace vector
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of M'" N M, and (cy,...,¢) and (y1,...,7) be those of (M’ N M,)?, re-

Il L

M’ N M,. Then Lemma 2.7 implies that

R — (9. 2 .
Vi 2%@ < W? max ;.
=
Since the trace vectors of M’ N My, and M’ N M,, = (M' N M,,)* are
(A"sk)kek, and (A"3;),c . respectively, the above means that max, ;3 <
W2 maXgek, Sk-
(3) With the notations in the proof of (2), we get

dim(M’ N M,,)* < dim M' N M, = b’

1=1
m l 2 m l
-5 (Sen) <2 (24 (£9)
j=1 \i=1 j=1 \a;;#0 i=1
m l
SWEY X =Wy #{j: ai; # 0}
J=1 as;#0 i=1

< W*dim(M' N M,)*.

(4) The first inequality follows from Lemmas 1.7 and 2.2. For the second,
we get

J(M' N M,)— J(M' N DM,)*)

b,
=2 ; ciai; 0 log ;Z < 2log (; aijb]ﬂj)

< 2log (Wi#{ii aij 7 O}bgﬂj) < logW*.

j=1

Proposition 1.6 and Theorem 2.8 give:

Corollary 2.9. Let G and o be as in Theorem 2.8. Then:

(1) The growth of Gg y is the same as Gy n. Hence N C M has finite
depth or subexponential growth if and only if so does N C M, respec-
tively.

(2)  Gx.xr is amenable if and only if so is Gy nr-
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(3)  Ggx is strongly amenable if and only if so is Gy u-
The above (3) was shown in [51], while our proof is completely different
from [51].
Remark 2.10. It was proved in [16, Theorem 4.1] that lim *H(Z(M' N
n—oo
M,,)) exists and

1 1 2
“H(R|Ry) + lim ~H(Z(M'NM,)) = lim ~H(M' N M,).

2 n—oo N n—o00
In view of Lemma 2.2 and Remark 2.4, this formula applied to N C M reads

as

1 1 2
SH(RRS) + lim ~H(Z((M'0M,)*) = lim = H((M' 0 M,)"),

n—oo N,

Under the assumption of Theorem 2.8, it is not difficult to show by Lemma 2.7
that

lim SH(Z(M' N M,)) = lim ~H(Z((M' 0 M,)"),

n—oo n, n—o0o n,
1 1

lim —H(M' N M,) = lim —H((M' N M,)*).
n—o0o n, n—oo n,

The last equality means that the dynamical entropies of the canonical shifts
for N C M and for N C M are identical. Combining the above estimates
yields H(R*|RY) = H(R|R>), which implies Corollary 2.9(3) again.

Indeed, the assertion for finite depth in Corollary 2.9(1) holds true without
the strong outerness assumption. To show this, we mention the following
QCP
lemma due to Wierzbicki [49]. We say that a square U U of general
NCcM
factors with [P: N]y < oo is a commuting square if the commuting square
condition is satisfied for the minimal conditional expectations: For instance,
Eqg(M) C N for the minimal conditional expectation Eqg: P — @ (see
[9, 4.2.1] for other equivalent conditions). Furthermore, such a commuting
square is said to be nondegenerate [39, 1.1.5] if span M@ = P, which is
equivalent to the co-commuting square condition in [44].

QCP
Lemma 2.11. Let U U is a nondegenerate commuting square of factors
NcM
with [P: Ny < oo as above. If both N C M and M C P have finite depth,
then so does N C P.

Proof. This was proved in [49] for type II; factors, so that we only indi-
cate the reduction to the type II; case. This can be done by taking tensor



250 FUMIO HIAI

products with a type III; factor and then by taking crossed products by
the modular automorphism group (see the proof [16] of Proposition 1.2 for
details). Note that the nondegeneracy condition is preserved under these
procedures. |

Proposition 2.12. Let G be a finite group. Let o be an action of G on
N C M, which is outer on both N and M. Then N C M has finite depth if
and only if so does N C M.

Proof. Since spanMN = span M ANG) = M, the commuting square
NcM

U U is nondegenerate. Since N C N and M C M have depth 2, the
NCcM

above lemma shows that the finite depth of N C M (resp. Nc M) Jimplies
that of N C M. The latter condition implies the finite depth of N c M
(resp. N C M) by [2] (also [15, Theorem 2.2]). O

3. Actions of locally compact abelian groups.

In this section, we assume that G is a locally compact abelian group. Let
a: G — Aut(M, N) be a continuous action of G on N C M, which extends
to continuous actions to M; C M, C --- as in Section 2. Here, the continuity
of the extensions of « is immediate from M, = spanM,_.e, M, _, n > 1.
Define

(3.1) NcM=M,CM,CM,C

by M, = M, x,G,n > 0. Then for everyn >0, E,: M, — M, canomcally
extends to E,: M, — M, _, by E, = E, ®1dB(L2(G |5, - Let a: G —
Aut(M ) be the dual action of a. Since &;(N) = N, i.e. & € Aut(M, N) for
all t € G, the Takesaki duality says [47, 19.5] that

(32) (N xaGCMxsG)=(NeB(LYG) C MaB(LX(G))).

We consider the following assumptions:
(A) Both N C M are factors (see [47, 21.6] concerning the factorness of
crossed products).

(B) ay is strongly outer for any g € G\ {e}.

(C) &, is strongly outer for any t € G\ {é}.

As was noted in Section 2, if G is discrete, then assumption (A) automat-
ically follows from (B). Throughout this section, (A) will be assumed. Then
we have:
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Lemma 3.1. o

(1) Eo: M — N is minimal and hence [M: N]o = [M: N]p.

(2) (3.1) is the Jones tower for N C M iterated from E,, where the Jones
projections are the same as e, in (1.1).

~

(3) The extensions of & to M, C M, C --- subject to ai(en) =en, t € G,
are the dual actions of aly, , n > 1.

Proof. (1) was shown in [14, Theorem 2.8] by using the Takesaki duality
(3.2). Then (2) and (3) are readily checked. u

Lemma 3.2. 3 y
(1) (M’ﬂM)“—(M’ﬁM)d n >0,

(2)  Slawrnm, ¢|(M/mM yar > 0.
Proof. We have (1) because:
(M' N M,)* = M' N M, NXG) =M N M,
— M'N (Mn)a - (M’ mMn)a
thanks to M,, = (M,,)®, while (2) is obvious as Lemma 2.2(2). O

Note that if sup,, dim Z((M'NM,)*) < oo, then both N ¢ M and N ¢ M
have finite depth by Lemma 3.2(1) (see the proof of Proposition 2.3(1)).
Although it will not be needed in this paper, it is worth noting that {(M/ N
M;)*}o<i<j is a A-sublattice of {M/ N M,}o<;<; in the sense of [43] and thus
by [43, Theorem 3.1] there exists an extremal inclusion N° C M? of type
II; factors such that (M; N M;)* = MY N M?, 0 < i < j. Here, Theorems
1.5 and 1.6 show that Guyo ppo is strongly amenable if and only if

Tim H (M’ 1 0,)%|(M;] 1 M,)°) = log[M: N,
or equivalently lim,, o 2J((M' N M,)*) = [M: Nlo.

Lemma 3.2 says that it should be necessary to look at the inclusions (M'N
M,)* Cc M' N M, and (M’ N ]\Zn)‘i C M’ N M, if we want to compare OGN
and G y;. It is crucial for this sake to analyze the behavior of a]U MIOM,
and &\U sanr, - On the other hand, Kosaki [26] studied the “eigenvalue
problem” for the dual action 9]U sz, for an inclusion N C M of type
IIT factors to obtain some structure results for type III inclusions. From
these considerations, we are led to deal with the eigenvalues of a|ynps, and

&y, -
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Namely, we define

(3.3)

Big (alarou,) = {t € Gt a,(@) = (9,)z, g € G,
for some nonzero x € M'N Mn},
Big (&l rar,) = {9 € G+ (@) = (g, )z, t € G,

for some nonzero = € M’ N ]\an}

Then we can consider growth conditions of a|U o, as those of
# Eig(a|aprnm, ), n > 0. For instance, we say that oz|'U oo, has subez-
ponential growth if !

1
lim — log # Elg(a|M/mMn) = 0,
n—oo n,
and it has polynomial growth if there exists m € N such that

When we replace (N C M, o) by (N® P C M ®P, a®1) with an infinite
factor P, the Jones tower for N ® P C M ® P is {M,, ® P} and that for
(N®P) Xag1 G C(M®P) X1 G) = (N®P Cc M® P) is {M, ® P}.
The dual action of a ® 1 is @ ® 1. It is a simple fact that condition (B) is
equivalent to that for a« ® 1 and (C) is equivalent to that for & ® 1. Thus, to
compare Gy y and G 57, it may be assumed without loss of generality that
both N € M and N C M are infinite factors. Furthermore, we may assume
by [34, Lemma 2.3] that N = p(M) for some p € End(M) and N = (M)
for some 1 € End(M). In this setting, Proposition 1.11 shows that (B) and
(C) are respectively equivalent to the following:

(B") «, does not appear in | |,(pp)" for any g € G \ {e},

(C) @& does not appear in | |, (7)™ for any t € G\ {é}.

Proposition 3.3.

(1) Assume that N C M are infinite and N = n(M) for somen € End(M).
Then for every n > 0

Eig(Oé|M/mMn) - {t € GI dt < (ﬁﬁ)n},

and the equality holds if o satisfies (B).
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(2) Assume that N C M are infinite and N = p(M) for some p € End(M).
Then for every n > 0

Eig(&|yrnir,) C {9 € G: ag < (pP)"},
and the equality holds if & satisfies (C).

Proof. (1) The proof below is on the same lines as in [26], while we give it
for completeness. It suffices by Proposition 1.11 to show that for any fixed
teqG

(3.4) {xe M'NM,: ay(z) = (g,t)z, g € G}
C {meMn:yw::vdt(y), yG]\Zf},

and the equality holds if (B) is satisfied. Let H denote the right-hand side
of (3.4). If = belongs to the left-hand side of (3.4), then since M = M%, we
get yx = zy = xéy(y), y € M. Also we get

AMg)r = ay(z)A(g) = (9, t)zA(9) = zéu(A(9)), g€ G.

Hence x € ‘H and so (3.4) is shown.

Next assume (B). Note that H is a finite-dimensional G-invariant subspace
of M,, because it is the space of intertwiners between two sectors of finite
index. Since x;x; € M' N Mn when z,,z5 € H, we can define an inner
product on H by (z1,2,) = ¢(x123). Then & acts on H as a unitary group
of G. Hence by the spectral decomposition, there exist a basis {z; }i, of H
and {g;}7-, C G such that &,(z;) = (g;,s);, s € G. Set z; = z;A(g; ") in
Mn. Then z; € M, follows from

as(2;) = (g, 8)x;4s (A(g;1)> = zj, s €@G.
We get for every y € M
yziA(9;) = 2jA(9;)0u(y) = 2A(9;)(y) = zjg, (Y)A(g5),

so that yz; = 2;q,,(y). Since 2z; # 0, (B) gives g; = e and so z; € M = M,,.
This shows that H C M’ N M,,. Moreover, if x € H then

ag(z)A(g) = Mg)z = zdu(N(g)) = (g, t)zA(g)

and hence a4(x) = (g,t)z, g € G. Therefore the equality holds in (3.4).
(2) Via the Takesaki duality (3.2) with & = o ® Ad\*, applying the
above (1) to (N C M, &) instead of (N C M, «), we have

Eig (&ynm,) C {9 € G: ay @ AdX; < (pp)" ® 1}
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with the equality in case of (C). Since a, ® Ad A} < (pp)" ® 1 if and only if
a, < (pp)™, we get the result. [l

Lemmas 3.2(1) and Proposition 3.3 give:

Corollary 3.4. } )
(1) If & satisfies (C), then (M' N M,)* = M' N M, for alln > 0.
(2) If « satisfies (B), then (M' N M,)* = M’ 0 M, for all n > 0.

Consequently, we obtain the assertions (1)-(3) of Proposition 2.3 under
(B) and the reverse assertions under (C).

In the rest of the section, we assume that G is of the form R? x T¢ x G,
where d,d are nonnegative integers and Gy is a finitely generated abelian
group. In other words, G is written as G = G X -+ X G where each G,
is R or T or a cyclic group. Let us show that the growth of Gy y; can be
controlled by those of Gy and a\U aoar, - Lhe following is a key lemma.

Lemma 3.5. Let G be as above, B be a finite-dimensional algebra given a
be the inclusion matriz of B® C B, and (0i,...,0,) and (%:: ,’y;) be
the trace vectors of B and B®, respectively, where m = dim Z(B) and | =
dim Z(B®). Let Eig(a) be the set of eigenvalues of o (see (3.3)) and put
W = #Eig(«). Then the following hold with N given above:

(1) X ai; < WY for all i,

(2) >, a;; < W for all j,

(3) max;y; < WV max; ;.

Furthermore, if G is R or T or a cyclic group, then

(4) W < ?max;y;/ min; j3;.

Proof. First suppose G = R.. Since « fixes the central projections of B by
continuity, we may assume that B = M,(C) (i.e. m = 1) and hence there
exists a selfadjoint element H in M,(C) such that a, = AdeV—19" g € R.
Take the spectral decomposition H = 22:1 t;p;. Then B* = @2:1 p; Bp; and
Eig(a) = {t;—ty: 1 <14, i/ <l}. Sowehavea;; = 1foralli, Y a3 =1<W,
and W < [2. Since v; = 1/d = (3, the desired assertions hold in this case.
The case G = T is similarly shown.

Second suppose G = (g), a cyclic group. Set & = a,. By the argument
preceding Lemma 2.5, we may assume that « is transitive on the minimal
central projections fi, ... , fn, of B; more precisely o (f1) = fj+1,1 < j <m,
and a™(f;) = f1. By the proof of Lemma 2.5 we have

J

B* = {m_ al(x):x € (Bfl)o‘m} = (Bfl)"‘m
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and a™|ps, = Ad U with a unitary U in Bf;. Take the spectral decompo-
sition U = Y._, \ips, so that Eig(a™|ss,) = {MA;': 1 <4, i’ < I}. Since
a;; = 1 for all 4,7, we have > ;a;; = m and > ,a;; = . But m < W is

seen because o acts on @), Cf; = C™ as a cyclic permutation matrix. If
a™(x) = Az for 0 # = € Bf;, then

m—1 m—1
o' (Z )\j/maj(:r)> = \/m Z ATImad (1),
=0

=0

showing A\'/™ € Eig(a). This implies that | < #Eig(a™|p;) < W. Also
vi/B; = m for all i, j. Moreover, if a(z) = px for 0 # z € B, then a(xf;) =
pxfip for 1 < j <m and a(xf,) = pzfi, implying o™ (z f;) = p"x f; with
zf1 # 0. This shows that W < # Eig(a™|zy,)m < [?m. Hence the desired
assertions hold in case of a cyclic group.

Finally suppose G = G; X --- X Gy and so G = Gl X e X GN, where
each G, is R or T or a cyclic group. Let By = B and for 1 < n < N, B,
be the fixed point algebra of ag,«...xg,. Then B* = By C --- C B; C B.
Let (™ = [ai?)] be the inclusion matrix of B, C B,_; for 1 < n < N. Since
B, = (Bn_1)%¢", the above cases show that }_; al(-?) < #Eig(ag,|s,_,) and

iaﬁ?) < #Eig(ag,|p,_,) for all n,i,j. We further get # Eig(ag, |5, ,) <
W for all n, because the eigenspaces of ag,|p,_, is invariant for any a¢ ,,
n' # n. Since [a;;] = TVTW-D...TM  these estimates yields (1) and (2).
Also (3) is easily checked. The last assertion is already shown in the above
cases of N = 1. O

Theorem 3.6. Let G be of the form R x T4 x Gy with nonnegative integers

d,d and a finitely generated abelian group Gy.

(1) Assume that a|U wman, has subexponential growth. Then ||T'n || <
IT 53]l and lim,, o 2J(M' N M,) < lim, o LJ(M' N M,). Hence, if
Gn,m s amenable or strongly amenable, then so is Gy v, respectively.
The converse holds true as well if a satisfies (B).

(2) Assume that o satisfies (B). If both Gy v and a|U Menn, have polyno-

mial growth or subexponential growth, then so does G v, respectively.
Moreover, the converse holds true if G is R or T or a cyclic group.

Proof. (1) Put W,, = #Eig(a|mnn,), n > 0. Then for each n > 0, (1)
and (2) of Lemma 3.5 imply (1)-(3) of Lemma 2.7 for the inclusion matrix
of (M'NM,)* C M' N M,, where W is replaced by W¥. Hence the proof of
Theorem 2.8(3) gives

dim M’ N M,, < W2N dim(M' N M,,)* < W dim M’ 0 M,
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by Lemma 3.2(1). Also the proof of Theorem 2.8(4) gives
J(M' 0 M,) < J ((M'0M,)*) +log WY < J (M' 1\ M,,) + log W,

thanks to Lemma 1.7. Since lim,_., W'/* = 1 by assumption, we have
ITnmll < Tyl and lim, o LJ(M' N M,) < lim, o 2J(M' N M,),
showing the first part. The converse assertion under (B) is immediate from
Corollary 3.4(2).

(2) By (1)-(3) of Lemma 3.5 and Corollary 3.4(2), we have (1) and (2)
of Theorem 2.8 with W in place of W; namely

(3.5) W N(#K,) < #K, < WN(#K,),
(3.6) max s, < max &, < W2 max s;.
keK, keK, keK,

These imply the first assertion. Conversely, assume that G is R or T or a
cyclic group and that Gy ;; has subexponential growth (resp. polynomial
growth). Then Lemma 3.5(4) yields

L \2
Won < ( max sk/ min sk n) max §j
keK,,

thanks to mingcx s, = 1. This implies that a\U arnn, has subexponential

growth (resp. polynomial growth). Hence so does Gn v too by (3.5) and
(3.6). O

In what follows, we assume that N C M has finite depth. Then it is
known [9, 4.6.3] that there exists ny € N such that

(3.7) M' N M,y =span((M' N M,)e,.1(M' N M,)), n>ng.

Set A = M'"NM,, and p, = €,,1n, n > 1, for brevity. Our aim below is
to prove that a| i, automatically polynomial growth in this case. We

need the followmg lemmas.

Lemma 3.7. With the assumption and the notations above,
(1) [Ap]=0,n=>2,

(2) p1Ap: C piA,

(3) pap1Aps = P2 A,

(4)  Pupn-1 P1APy = PpPn—2- P14, 0 > 3.

Proof. (1) is trivial from e, € M) , N M, and (2) follows from

enpt14€n,11 = €nor1En,(A) C enor1A.
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) because

6no+n(€no+nfl e 6no+1A)€no+n

= enoJrnEnoJrnfl(enoJrnfl T eno+1A)

= enoJrnEno#»nfl(en0+n71)eng+n72 e eno+1A

€no+nCnog+n—2""" eng—i—lA-

Lemma 3.8. For everyn > 1,

(3.8) M' N M,y +n = span(Ap Apsp1 A« Apppn_1 -+ D1 A).

Proof. By induction on n. The case n =1 is (3.7). Suppose that (3.8) holds
for n — 1. Then by (3.7) and repeated use of Lemma 3.7, we compute as

follows:

M' N M,y

= Span((AplApgplA e Appy - 'plA)pn(AplAp2p1A’ - App_1 - ‘p1A))

= span(Ap; A - --

= span(Ap; A -

= span(Ap; A -

= span(Ap; A -
= span(Ap; A -

= span(Ap; A - -

Apn_1---D3 (pgplAp1Ap2)p1Ap3p2p1A A
Pn—z - P1Apy - - p1A)

“Apn_1--p3pa(A)p1ApspaprA--- A

Pn—2 " P1AD, - ‘P1A)

“Apn_1 - pa(P3paD1AP3)Dap1 Aps - 1A A

DPn—2 D1Ap, - - - p1A)

cApn_1- - p3(p1A)pep1Apy - prA- - Apy, - - piA)
cApn—o- pa(p1Ap1A)pr_1 - Ds(Pa -+ D1APL) D3PI A

p5"’p1A"’Apn—2"’plApn"'plA)

“Apn—z - P1APp-1 - - Pa(P2p1A)D3p2p1 Aps - - pL A

Apy_o - p1Ap, - 'P1A)

= span(Ap; A -

“Apn_s - p3(Pep1APap1 A)pr_1 - p1Aps - p1 A

App_o- - D1Ap, -1 A)

= span(Ap; A -

'Apn72‘ "plApnfl .. p6(p5p1Ap5)p4 plA

App_s- - D1Ap, - - p1A).

Continuing the above process, we arrive at

M' 'O\ M,y
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= span(Ap1A- - Apn o P1APn-1(Pn—2*  P1APn2)Pn-3 - P14

Pn - P1A)
= span(Ap1A - Apn o+ P1APn-1Pn—2(Pn—a P1A)Pn3 - p1A
Pn - P1A)

= span(Api1A- - App—2pn-3(Pn-a* P1APn-2)Pn—s5 P A
Pn1D1Ap, - p1A)

= span(Ap1 A Apn_3Pn—aPn—5(Pn—6" " P1APn—6)Pn—7" P1A
Pnz- D1APn_1- D1Ap, -1 A).

Repeat the final step in the above for n even or odd separately. Then (3.8)
for n is obtained. Ul

Theorem 3.9. If N C M has finite depth, then a!U v, has polynomial
growth. "

Proof. Let A and p, be as above. Since « acts as a unitary group on the
Hilbert space A equipped with the inner product induced by ¢, we can choose
{t;}j~, in G and an orthonormal basis {z;}7-, of A such that a,(z;) =
(g,t;)x; for all g € G and 1 < j < m. Since a,(p,) = pn, we get

g (T joP1T5, P2P1T s * ** T P "+ P1T5,)

= (9 tjolyy * 15, ) TjoP1T ), PaPLT s+ Ty P+ PLT,
for any jo,...,Jn € {1,...,m}. Lemma 3.8 means that
M' N M,y in
= span{x;,p1Z;, P21, - T, 1P P1%j, 0 Jos--- 5 0n € {1,...,m}},

which implies that

n

Elg <a|M’ﬁMn0+n> C {Htjk:j()?" . ,jn S {1, . ,m}}

k=0
= Ht?j:nl,... N > 0, an:n—l—l .
j=0 j=1

Therefore

# Big (w1 )

j=1

g#{(nl,...,nm):nl,...,anO, an‘:”+1}
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<(n+2)" < (ng+n+1)",
completing the proof. ]
By Theorems 3.6 and 3.9 we obtain:

Corollary 3.10. Let G be as in Theorem 3.6. Assume that N C M
has finite depth. Then Gg iy is strongly amenable. Furthermore, Gy i has
polynomial growth whenever o satisfies (B).

The results stated in Theorem 3.6 and Corollary 3.10 can be reversed,
where (N C M,«) and (N C M, &) are interchanged with (C) instead of

(B).
4. Type II and type III invariants.

In this section, we apply the results of Section 3 to compare the type II and
type III standard invariants for inclusions of type III factors. Let us consider
either of the following two cases:

Case 1. Let N C M be an inclusion of type III; factors with finite index
and set ¢ = o¥°Fo, the modular automorphism group, where v is a faithful
normal state on N and Ey: M — N is the minimal conditional expectation.
Since o|y = 0¥, the inclusion N C M of type I1, factors is defined by

(N M) =(Nx,RCMx,R),
Then the Takesaki duality says that
(NcM)=(NxRCMxR),

where 0 is the dual action of o.

Case 2. Let N C M be an inclusion of type III factors (0 < A < 1) with
finite index. Assume that N C M admits a common discrete decomposition:

(NCM)=(NxZCMx,2).

Here N C M is an inclusion of type Il factors and  is the dual automor-
phism of the modular action o with the period T'= —27/log A. Hence

(N C M) = (N %, (R/TZ) C M x, (R/TZ)).

Note [29, 30] that an irreducible inclusion N C M of type III, automatically
has a common discrete decomposition, but not in general.
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In the above cases, the canonical extension Ey: M — N of the minimal
conditional expectation Fj is the conditional expectation with respect to the
canonical trace tr on M (tr|g is the canonical trace on N). Thus we can
write

(N c M) = (B®B(H) C A9 B(H))

with an extremal inclusion B C A of type II; factors. The Jones tower {M,,}
for N C M is identified with {M, x4 R} (or {M, x4 Z}), where {M,} is the
Jones tower for N C M.

Since 6 is trace-scaling, i.e. trof = e *tr, s € R (or trof = Atr), it is
seen [40, 1.6] that 6;, ¢ # 0, are strongly outer (or € is a strongly outer
action of Z) on N C M. It was observed in [28, 29] (see also Corollary 3.4)
that

(M'mMn)o - M'NM, n>0.

When N = p(M) for some p € End(M), Proposition 3.3 shows that the
growth of 9[U sinaz, 1S determined by that of #{t € [0,T): o, < (pp)"},
n >0, where 7' = oo in Case 1 and T = —2m/log A in Case 2.

In this way, we are in the situation supposed in Section 3. We write
Om = Gy m and Gy = QNM, and refer to them as the type III and the type
IT standard invariants of N C M, respectively. Before stating the theorem,
we recall some known results concerning the difference of type II and type
IIT standard invariants.

1° Let N C M be as in Case 1 or Case 2 above and assume that N =
p(M) with p € End(M). The type II and type III principal graphs
of N C M are different if and only if a modular automorphism o,
(t ¢ T(M)) appears in | |, (pp)". Thus Gi; = G if N C M is a type 11T
inclusion with finite depth. These were proved in [18] (and seen from
Proposition 3.3). Moreover, Izumi [19] announced a corresponding
result in the type IIl, case in terms of “modular endomorphisms”.

2° If N C M is a type III; inclusion whose type II principal graph (or
dual principal graph) include no circle, then Gy = Gipr (see the proof
of [28, Corollary 7]). Thus, concerning N C M of type III; with
[M: Ny < 4, the difference of type II and type III graphs occurs only
when N C M is a locally trivial inclusion having the type II graph
AWM and the type III graph A, . (see [30, 45]).

3° Let N C M be of type III, with a common discrete decomposition.
In case of index less than 4, a graph change occurs only when the
type II graph is D, and the type III graph is Ay, 3 (see [28]). In
case of index 4, there are a variety of graph changes as was listed in
[30, Theorem 4.4].
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The coincidence of Gi; and Gy is obviously necessary for a type III
inclusion to split as a type II; inclusion tensored with a common type
III factor. According to [29, 22], if N C M is an AFD type III,
inclusion of finite depth with a common discrete decomposition and
G = G, then there exists an AFD type II; inclusion B C A such
that (N € M) = (B® Ry, C A® R)), R\ being the AFD type III,
factor. The splitting theorem in the final form was recently presented
by Popa [42] under the strong amenability condition including the type
III; case.

Note [36] that if N C M is of type II; such that 4 < [M: N] < 3+2+/2
and N'N M # C1, then N C M is locally trivial and [M: N], = 4.
According to [11], there is a small possibility for (dual) principal graphs
of irreducible type II; inclusion N C M with 4 < [M: N] < 3++/3. In
fact, the graphs of such inclusions are restricted to A, or a few series of
finite graphs. Furthermore, in the finite depth case, the graphs for each
possible index value are just a pair of principal and dual principal ones.
These results show by Proposition 1.2 that if N C M is an inclusion
of arbitrary factors with 4 < [M: N], < 3 + /3, then N C M is
irreducible and its graph receives the same restriction as in [11]. Let
N C M be as in Case 1 or Case 2. It is clear that when the type II or
type III graph of N C M is A, a graph change is impossible. Also, it
is impossible that the type II and type III graphs of N C M are a dual
pair of different ones, as is obvious from dim N'NM,,_; = dim M'NM,,.
So we see that Gi; = Gy whenever 4 < [M: Ny < 3+ /3.

Now we state the next theorem, which is immediate from the results of
Section 3.

Theorem 4.1. Let N C M be an inclusion of type I11 factors in Case 1 or
Case 2. Then:

(1)

If Giir of N C M is of finite depth, amenable, or strongly amenable,
then so is G, respectively.

If 9|Un si'nir, has subexponential growth, then Gy of N C M is amen-
able or strongly amenable if and only if so is Gy, respectively.

G of N C M has polynomial growth or subexponential growth if and
only if so do both Gy1 and 0|Un sr'nar,» respectively.

If the type 11 inclusion N C M has finite depth, then Gy of N C M
has polynomial growth (hence it is strongly amenable).

The following example shows that the above (4) is best possible.

Ezxample 4.2. Consider locally trivial inclusions determined by modular au-
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tomorphisms. Let P be a type III; factor and o the modular automorphism
group with respect to a faithful normal state ¢, on P. Choose 1y = 0,
r1,...,"m € R and define

N = {Zan(:c) Qe € P} CM=P®M,,,(C),
=0

where {e;; }o<i j<m is the matrix units of M,,,;(C). Then [M: N]o = (m+1)?
and the minimal conditional expectation Ey: M — N is given by

m m 1 m
Eo (Z Tij & eij) = ZO'” (’rn—{—]_jzoo-rjl(wjj)) X €.

i,j=0 i=0

Set (X7t 0. (2) ® €:) = po(z), x € P, and ¢ = 9 o Ey. Since ¢ = ¢o @ T
with the normalized trace 7 on M,,,,(C) and so 6¥ = o ® id, it is easy to
see that the type II inclusion (N € M) = (N x,+ R C M x,. R) is given
as follows:

§o {fom(f) Sen: i e 15} C il = P M, (C)
1=0

where P = P x,R and G, is the canonical extension of o, i.e. 6,.(z) = o,(x),

x € P, and 6,.(A(t)) = A(t), t € R. Since &, € Int(P), it follows that
(N c M) o~ (P@ ClcP® MmH(C))

and hence N C M has depth 1. On the other hand, the standard invariants
of locally trivial inclusions were computed in [1], [39, 5.1.5], and [45, 46]. In
our setting, N C M has infinite depth. Indeed, choose isometries vy, ... , v,
in P with }I" jv;uf =1 and define p € End(P) by p(z) = 1", vio,, (z)v}.

Then we can readily see that (N C M) = (p(P) C P) and [p] = [id] ® [0,,] D
-+ @ [o,, |. Hence the irreducible components of [(pp)"] are

{[OT‘}: T = Z TI@](T'L_T‘]), n” :0’1,2,... 5 Z n’LJ _n} .
ij=1

ij=1

In particular, if rq,... ,7,, are linearly independent over the rationals, then
0[U si'niz, has the polynomial growth of exactly order n™. Also, let P be a
type III, factor (0 < A < 1) with ¢ a A-trace. Then N C M is an example
of Case 2, and we have the same conclusion when ry,... ,7,, —27/log A are
linearly independent over the rationals.
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We end with stability properties for a type III inclusion to have the same
Gu and G-

Proposition 4.3. Let N C M be an inclusion of AFD type 111, factors

with finite index. Assume that N C M has the same type 11 and type 111

principal graphs. Then:

(1) Any intermediate inclusion Q C P of factors with N C Q C P C M,
has the same type 11 and type 111 graphs.

(2)  Any descendant inclusion Np C pM,p with a projection p € N' N M,
has the same type 11 and type 111 graphs.

Proof. By assumption of AFD, all factors in question are isomorphic, so that

we are free to use the sector technique. For p € End(M), we say that p (or

p(M) C M) satisfies (#) if G = G for p(M) C M, that is, any modular

automorphism o, (¢t # 0) does not appear in | |,(pp)"”. In the following, let

p,n € End(M) with d(p),d(n) < co. First let us show:

(a) If p satisfies (#), then so does p.

(b) If p satisfies (#) and if n < (pp)™ or n < (pp)"p for some n > 0, then
7 satisfies (#).

(c) If pn satisfies (#), then so does p.

Since (M C M;) = (p(M) C M) where M, is the basic construction for
N = p(M) C M (see [33, p. 296]), it suffices for (a) to show that the strong
outerness of o, on N C M is equivalent to that of o, on M C M;. But this is
immediate from the equivalence of conditions in Definition 1.10. If n < (pp)”
or n < (pp)"p, then the irreducible components of | |, (n7)* are contained in
LI, (pp)*. Hence (b) holds. Since pp < (pn)(pn), (c) follows.

(1) Let N = p(M) C M with p € End(M) and assume that p satisfies
(#). Since

(M C Ma,) = ((pp)"(M) C M), (M C M) = ((5)"B(M) C M),

it follows from (a) and (b) that M C M, satisfies (#) for all n > 0. Since
(N1 C N) = (p(M) C M), N C M, also satisfies (#) for all n > 0. Hence it
is enough to show that if N C P C M then P C M and N C P satisfy (#).
Write P = p(M) and N = p;(M) with p, p; € End(M), and set n = p~'p;.
Then 7 € End(M) and pn = p; satisfies (#) by assumption. Hence (c)
implies that p (i.e. P C M) satisfies (#). Moreover, it is easy to see that
N C M satisfies (#) if and only if so does M’ C N’. So the above case can
be applied to M’ C P’ C N’, so that N C P satisfies (#).

(2) The case n = 1 is enough by (1). For any projection p € N C M,
there exists 7 € End(M) such that n < p and (Np C pMp) = (n(M) C M).
Hence (b) shows the result. u
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The above proposition holds true also when N C M is an inclusion of AFD
type III, factors with a common discrete decomposition. But we assume for
(1) that @ C P is of type III, and has a common discrete decomposition
too. When N C M actually splits into the form B® L C A ® L with a
type II; inclusion B C A, it is rather trivial that Q C P and Np C pM,p in
Proposition 4.3 split by the same L.

For an inclusion N C M of type III factors such that Z(M x, R) =
Z(N x, R) and N = p(M) for some p € End(M), Kosaki [27] recently
introduced the relative T-set T (M, N) by

T(M,N) = {t eR:oy < U(pp)"} .

When N C M is as in Case 1 or Case 2, the above 1° mean that Gi; = Gy
if and only if T(M, N) = T(M). Furthermore, the proof of Proposition 4.3
shows that T'(P,Q) C T(M,N) = T'(M,,, M;) for any i < n and T (pM,p, Np)
T(M, N).

Let N' ¢ M*' and N? C M? be type III inclusions in Case 1 or Case 2.
Then the tensor product inclusion N*'®@ N? € M*®@M? is in Case 1 or Case 2
as well. For example, if N° C M is of type I, (0 < \; < 1, i = 1,2),
then N'®@ N? C M*® M? is in Case 1 or Case 2 accordingly as log \;/ log A\,
irrational or not. Assume that N* = p,(M?) for some p; € End(M?), i =1, 2.
Then the following was shown in [27] by using the sector technique:

T(M'® M? N'® N*) =T(M', N')NT(M?,N?).
In particular, this implies the following;:

Proposition 4.4. With the above assumption, if both N' C M*' and N? C
M? have the same type II and type 111 graphs, then so does N* @ N? C
M'® M?.

Remark 4.5. The notion of the central freeness for subfactors was intro-
duced in [41, 42], and it was shown in [42, Chapters 3, 4] that a type III
inclusion N C M is centrally free if and only if G;; = Gy for N C M. So
Propositions 4.3 and 4.4 are considered as stability properties of the central
freeness. Indeed, similar results concerning the central freeness were given
in [41, 42].
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