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FREE QUASI-FREE STATES

DIMITRI SHLYAKHTENKO

To a real Hilbert space and a one-parameter group of
orthogonal transformations we associate a C*-algebra which
admits a free quasi-free state. This construction is a free-
probability analog of the construction of quasi-free states on
the CAR and CCR algebras. We show that under certain
conditions, our C*-algebras are simple, and the free quasi-free
states are unique.

The corresponding von Neumann algebras obtained via the
GNS construction are free analogs of the Araki-Woods fac-
tors. Such von Neumann algebras can be decomposed into
free products of other von Neumann algebras. For non-trivial
one-parameter groups, these von Neumann algebras are type
III factors. In the case the one-parameter group is nontriv-
ial and almost-periodic, we show that Connes’ Sd invariant
completely classifies these algebras.

1. Introduction.

We consider in this paper free analogs of the quasi-free states on the CAR
and CCR algebras.

Quasi-free states are important in mathematics and physics, and a vast
body of literature exists (a partial list includes [2, 1, 3, 7, 17, 22], see also
the references in [7]). In particular, quasi-free states on the CAR algebra
give rise, via the GNS construction, to the Araki-Woods factors. These
factors are examples of hyperfinite type III factors.

The free probability theory of Voiculescu (see [29]) has parallels with
the theory of hyperfinite algebras. For example, Voiculescu’s Free Gaussian
Functor ([27]) is a free analog of the CAR functor (see [14]). The principal
idea of this paper, suggested to us by D.-V. Voiculescu, is to extend this
parallel further, by constructing free analogs of quasi-free states. To this
end, we in a functorial way associate to a real Hilbert space Hr with a one-
parameter group of orthogonal transformations Uy, a subalgebra I'(Hg, U;) of
the extension of the Cuntz algebra associated to the complexification of Hy.
The restriction of the vacuum expectation then becomes the free quasi-free
state ¢y.
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One application of free quasi-free states is to consider the free analogs of
Araki-Woods factors, i.e., the von Neumann algebras obtained in the GNS
representations associated to free quasi-free states. We show that such alge-
bras are always type III factors (unless the one-parameter group is trivial.)

Since free quasi-free states are constructed in a manner similar to the
construction of the trace on the algebras of the Free Gaussian Functor, it
becomes possible to model our algebras using “matricial models”. These are
generalizations of the random matrix techniques of [28, 29]. Using these
tools we prove that Connes’ Sd invariant ([9]) is a complete invariant for
the free analogs of Araki-Woods factors in the case of a nontrivial almost-
periodic one-parameter group.

Examples of type III factors involved in free probability theory were ob-
tained earlier by Radulescu ([21, 20]), Dykema ([12, 13]) and Barnett ([6]).
One of the results of this paper is that some of the factors considered in
the above papers are isomorphic to free analogs of Araki-Woods factors. In
particular, using our classification result, it becomes possible to find isomor-
phisms between such factors.

The rest of the paper is divided as follows. Section 2 is devoted to the
definition and basic properties of the algebra I'(Hg, U;) and of the free quasi-
free state . Section 3 considers Tomita theory for the GNS representation
associated to ¢y. In Section 4 we specialize to the case of two-dimensional
real Hilbert spaces (these are “building blocks” out of which algebras corre-
sponding to higher-dimensional Hilbert spaces with almost-periodic actions
can be constructed). We introduce “generalized circular elements”, and con-
sider their polar decomposition.

Section 5 is devoted to matricial models and some applications. Lastly,
in Section 6 we consider free analogs of Araki-Woods factors, and give their
classification in the case of nontrivial almost-periodic actions.

Some of the results of this paper were announced in [23].
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many helpful comments and discussions. I am also grateful to Profs. K. Dyke-
ma, M. Izumi, A. Kumjian, A. Nica and M. Rieffel for helpful discussions.
An early part of this work was completed while at the Fields Institute for
Research in Mathematical sciences, which the author thanks for the warm
and encouraging atmosphere.
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Given a separable real Hilbert space Hg, and a one-parameter group of
orthogonal transformations U;, consider the complex Hilbert space

7‘[@ = HR Rr C.

Denote by (-,-) the inner product of Hc¢ (this Hermitian inner product, as
all Hermitian inner products in this paper, is assumed to be C-linear in the
second variable.) Embed Hp into Hc as Hg ® 1. As a real Hilbert space
(with inner product Re(:,-)),

He = Hr © 1Hg.

The operator
* x4y =T — 1y

for z,y € Hr is a well-defined bounded anti-linear operator on H¢. For
y € Hg, x € Hc, L

(z,y) = (y,z) = (y,*x).
Also, € Hp if and only if xz = x.

The one-parameter group U, extends to a group of unitary transformations
on Hc by linearity. Let A be the closed (not necessarily bounded) operator
such that U; = A%; let H be the closed (not necessarily bounded) operator
such that U, = exp(iHt). Thus A = exp(H). Since U, is orthogonal for all
t, its infinitesimal generator, ¢H, is an unbounded operator from Hy to Hp.
Thus H maps the intersection of its domain with Hg (which is nonempty
because the domains of H and i H are the same) into iHg. Hence *H = — H x.
Since A = exp(H), it follows that *A = A~ x.

Define another inner product on H¢ by

2
(z,9)v = mx»y .

This is an inner product because A > 0, so 2/(1 + A™') is bounded and
positive. Notice that 2/(1 + A™') has an (unbounded) inverse; thus it has
empty kernel. Hence this new inner product is non-degenerate. Notice that
for x,y € Hg,

2 2
(1) (y, 2)u = <1+Aly’$> = <5U7*1+Aly>
“\"154aY) " \"15at?

2
~ (A7) = @ A7),
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Let ‘H be the complex Hilbert space obtained from H¢ by completing with
respect to (-,-)y. Since U, clearly preserves this inner product, it defines a
one-parameter group of unitary transformations on H; we denote this group
once again by U;. Notice that the norm induced on Hg by (-, )y is the same
as the original norm on Hg. Indeed, for x € Hp,

2
(T, 2)y = <1+A_1337«T>
1—-A1

but just as above,

(e} (o)« o ) -
—r,z)=(z,——2x)=—(z,——x ) =0.
1+A7 "1+A 1+ A

Thus we have constructed an isometric embedding of Hy into a complex
Hilbert space H, which satisfies four properties:

(a) The restriction of the real part of the inner product on # is the inner
product on Hg;

(b) Hg + iHg is dense in H, and Hg NiHg = {0};
(c) U, extends to a one-parameter group of unitaries on #;

(d) The restriction of the imaginary part of the inner product on H to Hg
is given by
. <.1 — At >
] = 17_’, . s
1+A-Y7 /o,

il—A—l
1+A?

for z € Hg, one observes that

*(‘1_A_1 ) ,1—A‘1(>I< )

t——x | = i—(xx

1+ A1 1+A1

and for ¢ € Hg, *x = x and Ax € Hr + iHgr. Moreover, for y € Hg + iHp,
y € Hg if and only if xy = y.

Observe that these properties define the embedding of Hg into H. We
record that for z,y in a certain dense subset of Hg, we have (by Equation

(1)

(2) (z,y)v = (y, A" z)y.

where U, = A®.
In (d), to check that

T € Hyp
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Remark 2.1. There is another way to construct the embedding Hr C H.
Let K = Hg, and set H = K ®g C; let U; be the extension (by linearity) of
U, to H, and let A be such that A? = U,. Define the embedding Hzr — H

by
1/4
Lh ® 1
VA2 ¥ A-1/2

This embedding is isometric for the inner product (-, -)3, on Hr and Re(, -) 4.
Indeed,

h —

R \/§A1/4 N \/§A1/4 n
€ \/A1/2+A—1/2 ’\/A1/2_|_A—1/2

2412
= Re <A1/2 A h, h>H

A1/2 + A—1/2
=<mm+AUﬁﬂ>=Mhy

Al/4

The image of Hr under this embedding is WIC ® 1. Notice that

A has an (unbounded) inverse. If follows that since the complex span of
K ®1 is dense in H, so is the complex span of the image of Hy. Similarly,
since K ® 1 Ni(K ® 1) = 0, the same property holds for the image of Hp.
Since A" = U,, the restriction of U, to the image of Hp is the original
one-parameter group on Hg. Lastly, it is easily seen that

I \/§A1/4 h \/§A1/4 _ <1_Alh >
"\Varrae o varrand) T\Tr A,

Thus this embedding satisfies properties (a)—(d) above.

Remark 2.2. In [19], Tomita theory was extended to the case of an
arbitrary embedding of a real Hilbert space Hr into a complex Hilbert space
H, satisfying (a) and (b) above. It is not hard to check that in our case
U_, satisfies the KMS condition with respect to Hg (see [19] for definition).
Thus U_; is the modular automorphism group for the embedding Hr C H.

Consider now the full Fock space

F(H) = CQo PHE

n>0

and for h € H, define left and right creation operators by

lh):E—h®E rh): E—ERQR
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where £ € H®™ for some m. Let
s(h) = Ref(h), d(h)=Rer(h).

Notice that U, defines a one-parameter group F(U,;) of unitary transforma-
tions on the full Fock space by

FU) @ @& = (Uik) @ @ (Uiy)-

We now define an analog of Voiculescu’s Free Gaussian functor (see [27]),
and define the free quasi-free states on the resulting algebras.

Definition 2.3. Given Hy and U, as above, define
(i) T(He,Up) = C*(s(He));
(ii) 7y to be the obvious representation on the Fock space;

(iii) the free quasi-free state ¢y on this algebra to be the vacuum ex-
pectation (Q2,Q)y.

In the case U, is trivial, H is the same as H¢, and I'(Hg, U;) coincides
with the algebra ®(#Hg) of the Free Gaussian functor of [27].

Conjugation by the one-parameter group F(U,;) of unitaries on the Fock
space sends s(h) to s(U;(h)) for h € Hg, and thus leaves I'(Hg, U;) invari-
ant. The resulting one-parameter group of automorphisms on I'(Hg, U;) is
denoted by «a.

Remark 2.4. In fact, any unitary transformation on H which leaves Hpg
invariant gives rise in a similar way to an automorphism of I'(Hg, U;). Thus
any element of O(Hg) N Sp(Hr, j) defines an automorphism of I'(Hg, Uy);
here O(Hg) denotes the group of orthogonal transformations on Hg, j is as
in property (d), and Sp(Hg, j) denotes all invertible linear transformations
on Hg that preserve j.

Remark 2.5. The map from Hg to I'(Hg,U;) given by h — s(h) is
R-linear. It has an inverse, which sends s(h) to s(h)Q. Thus Hr can be
identified with the real subspace of I'(Hg, U;) spanned by all s(h), h € Hg.
In a similar way, we can define a C-linear map § : Hg +iHr — I'(Hg, U;) by
setting §(h +ig) = s(h) +is(g), h,g € Hg, and identify Hg + iHr with an
appropriate subspace of I'(Hg, U;). Notice that both s and § are equivariant
with respect to U; acting on Hy and Hg + Hg and o, acting on I'(Hg, Uy).
It follows that if h € Hp is an entire vector for Uy, then s(h) is entire for ay.
Moreover, since § is C-linear, we have that

aun(s(h)) = 3(Ah)
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for r € C. Notice also that s and § intertwine the restriction of (-, )y to Hg
and Hg + Mg and the restriction of (z,y) — ¢y(z*y) to the appropriate
subspaces of I'(Hg, U;). Finally, since ||s(h)|| = ||h||, s is isometric for the
Hilbert space norm on Hg and the C*-norm on I'(Hg, U;).

Remark 2.6. We could also start with the inclusion Hr C H, define
U; to be the modular group of the inclusion ([19]) and write I'(Hg C H).
Alternatively, since the inclusion Hr C K is determined completely by j =
(Im(, -)xc) |3, We could start with an appropriate anti-symmetric form j on
Hg, and then construct H and Uy; then we could write I'(Hg, 7).

Notice that I'(Hg, U,) is generated by words in elements s(h) for h € Hg.
Each s(h) is distributed with respect to ¢y as a semicircular variable (see
[29]). Explicitly, the value of ¢y on a word in s(h;) is given by

n/2

(3) pu(s(h) -~ s(hn)) =27" > [ (7 ho)o

{181} AVn 28021 k=1
ENC(n), v;<B;

for n even and is zero otherwise. This formula can be also taken as a defini-
tion of . Here NC(k) stands for all non-crossing partitions of {1,...,k},
i.e., partitions for which whenever a < b < ¢ < d, and a, ¢ are in the same
class, b,d are in the same class, then all a, b, ¢, d are in the same class.

Speicher in [24] defined, for an arbitrary functional 1) on an algebra gen-
erated by elements x, xo, ..., certain multilinear functionals w,,, depending
on 1, which are called free cumulants of . The following formula defines
the free cumulants recursively; here a; € {z1,22,...}:

Ylar...ax) = > Wi, |(aa,)w)a5)(@ny) - - wia,i(aa,),  Vai,

(A1,...,As)ENC(K)

where we use the following notation: By (Ay,...,A,) € NC(k) we mean a
non-crossing partition with classes A;,..., A,. Also, if S is a finite subset
of N, by |S| we mean the number of elements of S, and as stands for the
|S|-tuple of those a; for which i € S. (For example, if S = {1,4,6}, then by
as we mean (a,ay,ag).)

In view of Formula (3), the free cumulants of ¢y are all zero, except
second-order, given by

wa(s(h), s(9)) = pu(s(h)s(g))-

This is analogous to the situation for the CAR and CCR cases; indeed,
quasi-free states on those algebras can be characterized by requiring that all
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correlation functions (which are certain combinatorial multi-linear function-
als defined in terms of values of states on words in generators) are all zero,
except second-order (see e.g. [7]). Thus free cumulants of Speicher play the
role of correlation functions in our case.

Remark 2.7. Suppose that A is some C*-algebra generated by elements
T1,%a,..., and @ is a faithful state on A, so that the cumulants w, of ¢
are all zero, except for n = 2. Take Hg to be the closure of the real span
of x1,%s,... with respect to the norm ||z||2 = ¢(z*z), and H to be the
closure of the complex span of x;,x,... with respect to the same norm.
Assume that Hr C H satisfies conditions (a) and (b) above. We see that
A = T'(Hg C H) (in the notation of Remark 2.6) in a way that maps ¢
to the free quasi-free state on I'(Hrg C H). The inner product on H is
then (z,y) = ¢(z*y). In particular suppose Kr C Hp is a real subspace,
let I be the complex span (in H) of Kg. Then by the above, we have
I'Kg CK) 2 C*(s(Kg)) CT(Hr C H).

Suppose Kr C Hg are real Hilbert spaces, and that P is the orthogonal
projection onto Kr. We assume that P intertwines the modular groups of
Hr C H and Krg C K. This is of course equivalent to requiring that the
inclusion map from K to Hp intertwine the modular groups, i.e., leave
Kr invariant. It follows that if we write Hg = Kg P, ICDJ{{HR, then the
modular group of Hr C H preserves this decomposition. It follows that the
Kr and ICDJ@”“{ are perpendicular in the inner product of H. Thus I'(Hr C
H) = T'(Kg C K) %, F(IC%HR C V), where V is the complex span of IC];HR
in H. Because of this free product decomposition, we see that there exists
a completely positive map ® : I'(Hr C H) — I'(Kg C K). Notice that this
map is state-preserving.

Suppose now Hg, Kr are two real Hilbert spaces, with one-parameter
groups of orthogonal transformations U; = exp(Ht) and V; = exp(Kt), and
suppose A : Hg — Kg is a contraction, such that A intertwines U, and V;,
ie., V;A = AU, (equivalently, KA = AH). Let Lr = Hr ® Kg, and set

)

s ((—AAy A
- A —(1-AA)2)

Then B is an orthogonal matrix, which commutes with W;. Therefore the

map
EHR96H3<(§)>
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is an isometry from Hpr to Lr, which intertwines U, and W,. Also, the

projection
00

from Ly onto Ky intertwines W; and V;. The composition of the map = and
Pis A.

Since = induces an injection from I'(Hg, U;) to I'(Lg, W;), and P induces
a completely positive map from I'(Lg, W;) onto I'(Kg,V;), we obtain the
following:

Theorem 2.8. T is a functor from the category of pairs of real Hilbert spaces
with distinguished one-parameter automorphism groups and contractions that
intertwine these groups, to the category of C*-algebras with distinguished
states and state-preserving completely positive maps.

This theorem is analogous to the properties of the Free Gaussian Functor

([27]) and the CAR functor ([14)).
Theorem 2.9. ¢y is a KMS state for a; at inverse temperature 1.

This theorem actually follows from the results of Section 3, but we give a
combinatorial proof nonetheless.

Proof. Recall that a state 1) satisfies the KMS condition (see e.g. [7]) for oy
at inverse temperature 3 if for all x,y which are entire for «;, one has

P(zy) = P(yais(x)).

By [7], there is a dense subset of vectors in Hy which are entire for Uy; since
a;8(g9) = s(Ui(g)), if g € Hg is entire for Uy, then also s(g) is entire for «.
Thus it is sufficient to check the KMS condition for words in s(h), where h
runs over a dense set of entire elements in Hg. It is clearly sufficient then to
show that

pu(s(ha) ... s(hn)) = pu(s(ha) ... s(hn)i(s(ha)))

for h; entire in Hg.
Remark that by Equation (3)

eu(s(g1) - 5(gn-1)c(s(gn)))
n/2

27" Z H(f%,fgk)U, n even

= {71381} {¥ny2:Bny2}) k=1
ENC(n), vi<Bi

0, n odd
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where f; = g; for all ¢ # n and f, = U.g,, g; € Hg, for all t. Since for

a non-crossing partition {{vi,51},..., {Yns2: Bn/2}} with v; < §;, it cannot
happen that ~;, = n, it follows that the value of the above expression (which
is clearly entire in t) at t = i is given by

ou(s(g1) - --8(gn-1)ai(s(gn)))
n/2

27" Z H(f%,fgkw, n even

= v Badse o Avny2:8n 2 k=1
ENC(n), v;<B;

0, n odd

where f, = gi for k #n and f, = U;g, = A g,, g1 € Hr.
Now we compare the expressions for

vu(s(hy)...s(hy))

and
eu(s(hs) ... s(hn)ai(s(hi)))

using the above formulae.
For n odd, both expressions are zero. For n even, given a non-crossing
partition

{{717 ﬁl}v SRR {FYn/Za ﬁn/2}}7

Ye < Bk, the term corresponding to this partition in the expression for

o (s(hy)...s(hy))

[1(hss o

k

We associate to this term the term in the sum for

pu(s(h2) ... s(hn)ai(s(h1)))

associated to the partition

{{717 ﬁi}v SRR {FY':’L/Q’ ﬁ;/Q}}v

where
’YI,c:’yk_la ﬂ;:/@k_l’

and the arithmetic is performed modulo n. The resulting term in the sum
for

pu(s(he). .. s(hn)ai(s(h)))
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is then equal to

H<fkafﬁk>Uv

k
where f,, = h.,, fs, = hg, for v; # 1, and for v; = 1, fg, = A" hy, f,, = hg,.
The equality of the two terms follows since

<h7g>U = <ga A_1h>U

(this was established in Equation (2)). |

Remark 2.10. The proof above can be easily adapted to prove the fol-
lowing statement: Suppose ¢ is a functional on an algebra A, and x4, ..., z,
are some generators of A. Suppose «; is a one-parameter group of automor-
phisms on A, such that a;(zy) is a linear combination of z,...,z,. Then ¢
is KMS for « if and only if each cumulant wy, of ¢ satisfies:

wr(ay, ... ax) = wil(ag, ..., a,, a;(ar)),

where a; € {z,...,2,}. Of course, when o is trivial, this reduces to the
well-known characterization of when a functional is tracial in terms of its
cumulants.

Suppose ’HI(Rk) is a family of real Hilbert spaces, with one-parameter groups
of orthogonal transformations U™ . Consider on D, ’H]g{k) the one-parameter
group @, Ut(k). Then it is easy to see that if ’Hﬁg) C H®, satisfy for each k
(a)—(d) above, then so does (@, 1) C (@, H*)). This, combined with the
fact that cumulants of the free product of two states are sums of cumulants
of those states (see [24, 15]) proves

Theorem 2.11. Let ’H]ge), Ut(k) be as above. Then

>}: (F<H]§§k)a t(k))vspU(’“)> = (F(@Hg),®Uék)),gp®k U(k)> .
k k

Remark 2.12. Notice that if Hp is a finite-dimensional vector space (or if
in general the eigenvectors of A densely span #, i.e., U; is almost periodic),
(Hg, U;) can be written as a direct sum of two-dimensional real Hilbert spaces
with nontrivial actions, and one-dimensional real Hilbert spaces with trivial
actions. Remark also that I'(R, id;) is a commutative C*-algebra, isomorphic
to C[—1,1]; the free quasi-free state defines the semicircular measure on it
(see [27]). Thus I'(Hg, U;) in this case is the free product of algebras of the
form I'(R? V;) with V; nontrivial, and/or I'(R, id;).
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3. The Fock space representation 7.

The vacuum vector €2 is clearly cyclic for the representation 7. Given the
inclusion Hr C H, consider the real subspace

Hp = iHg "0 ={geH:(g,h)y € R,Yh € Hg}.

This subspace is the “commutant” (in the sense of [19, 18]) of Hgr. The
results of this section, and Remark 2.2 allow one to view our construction as
a “functor” that translates Tomita theory for Hr C H into Tomita theory
of the representation of I'(Hg, U;)” on the Fock space.

Lemma 3.1. Let B = d(Hg)". Then B C T'(Hg,U:)".

Proof. In general, if £ 1 Q, then [d(h), s(g)]{ = 0, for all h, g. Thus we only
need to show that [d(h), s(g)]2 =0 for h € Hg, g € Hr. We have

d(h)s(9)= (h,g)u+g®@h
while

s(g)d(h)Q2 = (g, h)ut + g ® h.
But (g,h)y € R so (g, h)y = (h,g)v. Ul

Remark that Hp + iHp is dense in H, so 2 is clearly cyclic for B; it
follows that it is separating for I'(Hg,U;)”. Thus Tomita theory (see e.g.

[26]) applies. Recall that the operator S is defined on a dense set of vectors
of the form zQ, z € I'(Hg, U;)"” by

Sz — 2.

Clearly it is enough to specify the values of S on tensors of the form h; ®
-+ ® h, for h; € Hg.

Lemma 3.2. C(Consider £ = h; ® --- ® h,, where h; € Hgr. Then S =
hy,®--Qhy.

Proof. The proof proceeds by induction on the degree of the tensor £. If
& = h, h € Hg, then £ = s(h)Q2, and since s(h) is self-adjoint, S¢ = &.
Suppose the formula holds for all n < k. Then

h1®®hk = s(hl)...s(hk)Q—w,
where w is a sum of vectors of the form

hi® - ®@hp(hry1, hoio)uhris @ - @ hg(hgyr, hsi2)u - - -y
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where there is at least one term (hy,hjy1)y. Applying S to w, by anti-
linearity of S, amounts to switching the order of all h;, just as applying it
to s(hy)...s(hy)Q does. |

The adjoint of S is defined by the formula
(Sz,y)v = (Y, z)u.

Thus for h;, g; € Hg,
(S*hi @+ @ Ry G @+ ® 91)1r = O [ [ (955 250
j=1

which by Equation (2) and because A = A*, is the same as

n

H 1h1,g]U—<(A71)®nhn®"'®h179m®"'®91>U

Thus

(4) S (i ®- @ hy) = (A)®"h, @ -+ ® hy.
It follows that the modular operator A = §*S acts by

(5) A:h® @by (A H(h @+ @ hy).

Notice that A* = U_,, thus a_, is the modular group of ¢y; compare
Remark 2.2 and Theorem 2.9.

Lastly, let S = JA!/2 be the polar decomposition of S, where .J is an
anti-linear isometry, J? = 1. Thus A2 = JS, so

J(h1®...®hn):AI/Q(hn@)...@hl)

for h; € Hg. Thus the modular conjugation J is defined by anti-linearity
and

(6) Jhi®--@hy)=(A"Y)®"h, @ ® hy.

With the help of J, we can now identify the commutant of I'(Hg, U;).
Theorem 3.3. T'(Hg,U:)" = d(Hzp)".
Proof. By Lemma 3.1, it is sufficient to show that

JT (Hp, Uy)J C d(H})".
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Since conjugation by J is an anti-homomorphism, it is sufficient to show that
Js(h)J € d(Hg)"
for all h € Hr. We first claim that
Js(h) = d(A~Y?h)J.

For h; € Hp,

Js(h)h1 ® -+ @ hy, = J(h,h1)pha ® -+ Q@ hy, + JAQ h1 @ -+ & hy,
which since J is anti-linear, is equal to

(hy, Ry (A7) Dh @ @ hy + (A" ® ... @ hy @ h.

On the other hand,
d(A™?h)Jhy ® - ® h,,

is equal to
(AT2h, A2y (A7)0 DR, @ @y + (AT VR, @ @y ®h.
Thus all we need to show is that

(hi,h)y = (A72h, A2 hy)y.

But the right hand side is the same (since A = A*) as (h, A~'h;)y, which
by Equation (2) is equal to (hy, h)y.
To conclude the proof it is sufficient to show that for any A in a certain

dense subset of Hp,
A"Y2h e Hr.

To check this, all we need to show is that

<A71/2h,g>U eR

2A—1/2h

1+ A 19

2A1/2 2 L
T pVN=(—Z g A2
<g’1+Ah> <1+A—19’A h>
_ —1/2

<g,A h>U,

and so is real. O

for all g € Hg. But

<A71/2h7 g>U
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4. The two-dimensional case.

Consider Hr = R? with a nontrivial action U;. In a suitable orthonormal
basis ey, eo, U; acts as the matrix

coslog(A)t —sinlog(A)t
sinlog(A)t coslog(A)t |’

where 0 < A < 1. In this case the inner product (-,-)y is defined by the
requirements that the norms of e; are 1, and (e1,ex)y = —i(A —1)/(A+ 1).
Therefore the desired inclusion Hr C H can be obtained, for example, if one
picks an orthonormal basis g, h for C> = H and lets Hg be the real span of

L _(g+an)
61 = — (8
! \/1+a2g
and
e —#(i — iah)
2T firar? ’

where a = 1/v/A. Thus I'(Hg, U,) can be viewed as generated by s(e;) and
s(ea).
Let .
_ s(e1) +is(ey)
i
Then C*(y) = I'(Hg, U;); moreover,

a:(y) = exp(—ilog(M)t)y;

notice that y is entire for a. If we let ¢; = £(g), f2 = ¢(h), then y is up to a
constant multiple equal to
o+ V.

Definition 4.1. An element y is a *-probability space (A4, ), whose *-
distribution is equal to the *-distribution of the element £y + VA with
respect to the vacuum expectation, for some 0 < A < 1, will be called a
generalized circular element.

For trivial U, (formally A = 1), such a y is (up to a constant multiple)
the circular element of Voiculescu (see [28, 29]), which justifies the term
“generalized circular element”. In that case in the polar decomposition y =
ub, u is a Haar unitary (i.e., all moments of u are zero, except zeroth), and
b is quarter-circular; in particular, b has no atoms in its distribution; also,
the distribution of b? is free Poisson. Moreover, v and b are free. We aim
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to prove a similar result, for 0 < A < 1. The proof is very similar to one in
[28].

Lemma 4.2. Suppose (A, ) is a C*-probability space, 1 € B C A is a
subalgebra, v € A and u € A, such that u is a unitary and

(1) e(v) =) = p(u) = ¢(u’) =0,

(2) w is x-free from B U {v,v*},

(3) if b e B, then ¢(b) = 0 implies that ¢(vh) = p(vbv*) = p(bv*) = 0.
4) vv=1.

Then uwv and B are *-free.

Proof. Let ¢ = p(vv*). Notice that

(7) ¢ ((uv)*((uv)")") = dc”

Indeed, replacing in wv...uvv*u*...v*u* the term vv* by vv* — ¢ + ¢, we
have

(8)
o ((uv)*((uv))') = @ (W) u(ve” — cju” (wv)' ) + e ()"~ (uwv)' ™)

and o((uv)*tu(vv* — c)u*(uwv)'~') = 0, since it can be written as
u" iUy ... u™, where r;, = £1, and x; is either v, v* or vv* — ¢. In
any case, p(z;) = 0, z; € C*(v), and moreover p(u") = 0, so the freeness
condition applies. If in Equation (7) k # [, then applying Equation (8)
several times we eventually get p(uvuvuv...uv), or p((uv)*(uv)* ... (uv)*),
both of which are zero by freeness of u and v. If £ = [, then we eventually
get cFp(1) = ¢*. Thus Equation (7) holds.

Since wv is an isometry, (uv)*(uv) = v*u*uv = 1, C*(uv) is (densely)
linearly spanned by the irreducible nontrivial words in (uv), i.e., words of
the form

(wv)*((wv)*)', k,0>0, k+1>0,
and also 1. Thus, using Equation (7), the linear subspace of C*(uv) consist-
ing of elements the value of ¢ on which is zero, is (densely) linearly spanned
by elements of the form (uv)*((uv)*)" — dpc”, k,1 >0, k+1 # 0. It follows
that to check freeness of uv and B, we must show that for b, € B, ¢(by) =0
(except possibly by and/or b, are equal to 1),

(9) @(bowlbl'wg e ’Ll)nbn) =0
w

where

(10) w; = (o) ()"} — By,
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k;,1; >0, k; +1; > 0, for all j. We shall prove Equation (9) under a weaker
assumption, which is that w; is also allowed to be
(11) (uv)u(vv” — c)u”((uv)")",
Sj, tj 2 0.
Given such a W, for each ¢ such that w; is as in Equation (10) with both

k; and l; nonzero, but not as in Equation (11), i.e.,

w; = (uwv)(wv) . .. (wv) u(ve*)u* (vu*)(viu®)... (vu*) —6,,c

ki—1 uv’s li—1 (uv)*’s

replace this w; by
(12)

In other words, we replace vv* in the middle of the word w; by (vv* —c¢)+¢
and redistribute.

After such a replacement is done, W can be rewritten as a sum of terms,
in which some w; are replaced by A;’s and some by B;’s. Consider the term
where all replacements are replacements by A;’s. This term can be written
as

(13)
bouta;uay ... u"b,, T, ==x1, a; € {v,v", 00" — ¢, by, vy, bpv*, VbRV }.

In any case, a; € C*(B U {v}) and ¢(a;) = 0 by the hypothesis. Thus by
freeness of u and C*(B U {v}), ¢ is zero on such a term.
In the rest of the terms at least one w; is replaced by B;. Then, since

B; = c((uw0)"  ((w0))" ! = G142 )
we see that such a term is once again
bow/lblw/zbg e b'rn

so of the same form as W in Equation (9), but now with the total number of
symbols v and u strictly smaller than the total number of such symbols in .
Thus applying our replacement procedure to each of these terms repeatedly,
we finally get (W) = (3 W,), where each W; has the same form as W in
Equation (9), but for which the substrings w; are either as in Equation (10)
with k; or [; equal to zero, or w; is as in Equation (11) (so that no further
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replacements can be performed). But then each W; can be rewritten as in
Equation (13), so as before ¢(W;) = 0. Thus ¢(W) = 0. u

Lemma 4.3. For 0 <\ <1, y =, + VA", the distribution of y*y with
respect to @y has no atoms; moreover, y*y is invertible. If y = v(y*y)'/? is
the polar decomposition of y, then v*v =1, vv* #£ 1.

Proof. Notice that ¢ is the vacuum expectation. Let
R=y"y =14+ Myly + VLol + (b261)"),
and let @) be the projection
Q = 005 — L0, 0745,

Finally, let X C F(C?) be the subspace spanned by the vacuum vector Q
and all tensors of the form (£2¢;€2)®". Then for all £ € X, we have

R¢ = (R = AQ)¢,

since QX = 0. Moreover, X is invariant under fyf;, (¢2¢1)* and €305, so
under R; also, 2 € X. It follows that the distribution of R is the same as
the distribution of (R — AQ). But the latter is (up to a constant multiple)
(1+VA)(1+ VM), where £ = £,4,. But £ in itself is -distributed as, e.g.,
£1. So the distribution of y*y is the same as the distribution of

(1+V6) (14 Vag) .

We note that when 0 < A < 1, 1+ ﬁﬁl is invertible. It follows that the
distribution of y*y has support bounded away from zero. This coupled with
the earlier results showing that the vacuum expectation is a faithful state,
shows v*v = 1, and that y*y is invertible. Notice that the modular group acts
on v by scaling it by exp(—ilog(A)t). Thus by the KMS-condition applied
to 1 = ¢y (v*v) we have that oy (vv*) = A # 1. Thus vo* # 1.

It remains to compute the distribution of y*y, i.e., of

(1+VA0) (1+Var) = 4
(here { is a creation operator). Let ¢ denote the vacuum expectation. Then
p(A) = ¢ (14 V) B (14 V),

where

B=(1+VA) (14+VA) = (1+ 1) + (2VA) s,
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s denoting the semicircularly distributed variable (¢ 4 ¢*)/2. Observe that
p(A") = p(B");

this is because p({z) = p(xf*) = 0, for all z.

Notice that the distribution of B is supported away from zero for 0 <
A < 1. Let f-dx be the distribution of B, where f is a continuous function
supported away from zero, and dx is the Lebesgue measure on the real line;
let v be the distribution of A. Then for & > 0,

(AF) = /:ckdu = p(B") = /xk_lf(x) ~dr = /:ckf(;) -dz.

It follows that the distribution of A is @ - dx perhaps plus a point mass at
zero. But we have seen above that it is supported away from zero. So the
distribution of A is f(z)/z - dz, and in particular has no atoms. u

Remark 4.4. The distribution of y*y is

VAN = (t— (1 + N))?
2 At

and is supported on the interval ((1 — v/A)2, (1 4+ v/A)?). The free Poisson
distribution with R-transform A/(1 — z) is (see [29])

VAN —(t— (1 +N))?
27t

dt

dt + (1 — \)d,

and is supported on the interval ((1 — vA)2, (1 + vA)?). Tt follows that
all moments (except zeroth) of this free Poisson distribution are equal to A
times the corresponding moments of y*y. By the KMS condition, we find
that oy ((yy*)*) = Aev((y*y)*), k > 0. It follows that the distribution of yy*
is free Poisson. This is analogous to the statement that cc* is free Poisson,
if ¢ is a circular variable.

Lemma 4.5. Lety = £, + VA for 0 < X\ < 1, and let y = vb be its polar
decomposition, b = (y*y)'/2. Let u be a Haar unitary which is *-free from y.
Then uv and b are *-free with respect to the vacuum expectation.

Proof. Let ¢ stand for the vacuum expectation. We want to apply Lemma 4.2
to u, v and B = C*(b).

Condition (1) is immediate, since the modular group action preserves the
state, so p(v) = p(—v).

Condition (2) is fulfilled because u is #-free from y, and W*(y) contains
both v and b.
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Next, ¢(vd) = ¢(dv*) = 0 for all d € B, because the generator of B, b,
is fixed under the modular group action, and since ¢ is KMS, it is invariant
with respect to the modular automorphism group, so we get p(vd) = —¢p(vd),
etc. Also,

e(vdv*) = (dv*v)A

by the KMS-condition. But v*v = 1 by Lemma 4.3. So (3) and (4) fol-
low. U

Lemma 4.6. Let y = {; + /. Let u be a Haar unitary which is *-free
from y. Then the x-distribution of y is the same as the x-distribution of uy.

Proof. Since the joint distribution of free random variables only depends on
their individual distributions, we are free to choose u as we like, as long as u
and y are free. In particular, we may assume that u and £, £, are all x-free
with respect to some state ¢, and that the restriction of ¢ to C*(¢1,4,) is
the vacuum expectation 1. Now, uy is obtained from y by replacing ¢; by
uly and £y by fru*.

It thus suffices to show that (¢, %) have the same joint distribution as
(uly, lyu*). The value of ¥ on a word in ¢;,¢; and their adjoints is 1, if and
only if this word reduces to 1 using the relations

@EJ = (Sijl,

and is zero otherwise. Similarly, the value of ¢ on a word in wf;, fou* and
their adjoints is 1 if and only if this word reduces to 1 using the above
relations and the fact that w is a unitary, and is zero otherwise. Indeed, if
the word does not reduce, it means that it is of the form

uPoLiuf L,y .. .uk“lLru’“,

where k; # 0 for 0 < t < r, and each L; is a nontrivial irreducible word in
¢1,05 and their adjoints. Thus ¢ (L;) = 0, and the value of ¢ on the whole
word is zero by freeness.

So all we need to show now is that a word in #;,¢, and their adjoints
reduces to 1 if and only if the corresponding word with ¢; replaced by uf;
and ¢, replaced by f>u*, reduces to 1. If the former reduces to 1, then the
latter clearly reduces to 1. If the former reduces to 0, then it must contain
a string of the form

010,

(or £3¢,) which becomes
Gulau”
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(or wliuly) and it is easy to see that a word containing such a string cannot
be reducible. Finally, if the word in ¢;’s does not reduce to either 1 or
0, it is seen easily that it cannot be reduced to 1 after the replacement is
done. Ul

Remark 4.7. The proof of the above lemma, is the only place where our
proof differs in an essential way from [28], where a random matrix model
was used to prove a similar lemma. Our proof can be used to give a com-
pletely combinatorial proof of Voiculescu’s result on polar decomposition of
a circular element. We also would like to mention a combinatorial proof of
Voiculescu’s result given recently by Banica ([5]).

Theorem 4.8. Assume 0 < XA < 1, and let y = (s(e1) + is(e2))/2, with e;
as in the beginning of Section 4. Then in the polar decomposition y = vb, v
s a non-unitary isometry with v*v = 1, and b is invertible. Moreover, with
respect to the free quasi-free state oy, b has a distribution with no atoms,
ou (W (v*)) = Sk and furthermore v and b are *-free.

Proof. Since the distribution of uy and y are the same (Lemma 4.6) it follows
that the joint distribution of v and b is the same as the joint distribution
of uv and b (since uy = (uwv)b is the polar decomposition of uy). But uw
and b are free by Lemma 4.5. Thus v and b are x-free. The results on
distribution of b are contained in Lemma 4.3. Lastly, by the KMS-condition,
ou (W ()Y = Ny ((v*)*). If k = [, this is 1, since v*v = 1; if k # [, this
is either oy (vF!) or pu((v*)!=*), so zero, since ¢y is invariant under the
modular action, which scales v by nontrivial constants. [l

Corollary 4.9. For nontrivial U, and Hg two-dimensional, with the above
notation, I'(Hg, U;) = C*(y) = C*(v) x, C*(b), the reduced free product with
respect to the restriction of py to C*(v) and C*(b).

Proof. If U, is nontrivial, b is invertible, and so v € C*(y). |

Notice C*(b) is isomorphic to C[—1,1]. Thus W*(b) is a diffuse commuta-
tive von Neumann algebra, and can be viewed as generated by, for example,
a semicircular element.

The algebra C*(v) is isomorphic to the algebra 7 of Toeplitz operators:
by universality of the Toeplitz operators, there is a map from 7 into C*(v),
sending the generating isometry S of 7 to v; but this map is equivariant with
respect to the circle action on 7, scaling S by complex number of modulus 1,
and oy, so the map is an isomorphism. Notice then that W*(v) is isomorphic
to bounded operators on a Hilbert space, and thus is generated by matrix
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units {e;;}75_o. The restriction of ¢y to this algebra is given by
puei) = 0N (1= A).

Remark 4.10. Notice that for A # 1, C*(y) contains a nontrivial projec-
tion, namely vv*. But for any nontrivial Uy, the algebra I'(Hg, U;) contains a
unital subalgebra isomorphic to I'(Hg, U/), where Hj, is two-dimensional and
U/ is nontrivial. This is because Hg obviously contains a two-dimensional
real Hilbert space Hp with the property that the restriction of the inner
product of H to Hj is not real. Thus by the above, I'(Hg,U;) contains a
projection. Since the algebras of the Free Gaussian Functor of Voiculescu
do not contain nontrivial projections ([16]) it follows that I'(Hg, U;) is not
isomorphic to any of those algebras.

Suppose U, is almost-periodic, i.e., its eigenvectors densely span H, and
assume that dim Hr > 3. Recall that if 1 is a state on an algebra B, then
the centralizer of v is the subalgebra

BY ={x € B:¢(zy) = P(yz), Vye B}

Remark that if y is as in Theorem 4.8, then y*y is in the centralizer of the
free quasi-free state, because of the KMS condition.

We can write, using Corollary 4.9, I'(Hg, U;) = C, *, C, where the cen-
tralizer of the restriction of ¢y to C; contains a copy of C[—1, 1]. Moreover,
we may assume that the restriction of ¢y to this C[—1,1] is the Lebesgue
measure. Since C[—1, 1] contains continuous functions on the circle, we can
find in C; a unitary a, such that ¢ (a) = 0, and we can find in C, unitaries
b, ¢ such that ¢y (b) = pr(c) = gu(b*c) = 0. Notice that then the free prod-
uct state is invariant under the adjoint actions of a, b, ¢, since they are in the
centralizer. Avitzour proved (see Proposition 3.1 in [4]) that under such an
assumption, for all z € C} , Cy = I'(Hg, U;), ¢u ()1 is in the closure of the
convex hull of the set {uzu*}, where u runs through the group generated by
a,b, c above.

Theorem 4.11. Suppose dim Hg > 3 and U, is almost-periodic. Then
(i) T'(Hg,U:) is simple;
(ii) @y is the unique KMS-state for o at inverse temperature 1;

(iii) If U; is nontrivial, there are no states on I'(Hg, U;) which are KMS for
a at inverse temperature 3 # 1.

Proof. (1) Suppose J is a closed ideal in I'(Hg, U;), and 0 # x € J. Since ¢y
is faithful, py(z*z) # 0. But ¢y (z*z)1 is in the closure of the convex hull
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of {uzu*}, where u is in the group generated by a, b, ¢, which is a subset of
J.Solel.

are still in the centralizer of ¢. This follows from the KMS condition, and the
fact that a fixes a,b,c. Thus for any z, v is constant on the convex hull of
{uzu* : u in the group generated by a,b,c}. Since ¢y (z)1 is in the closure
of this convex hull, we see that ¢(x) = ¢y (z). If U; is nontrivial, since U,
is almost-periodic, it is easily seen that there is an element y € I'(Hg, U,),
for which ay(y) = exp(—itlog \)y, and ¢y (yy*) = Apu(y*y) # 0. It follows
that ¢ cannot be a KMS state at inverse temperature 3 # 1. [l

Remark that statement (3) of the above theorem shows that it is im-
possible, for U; almost-periodic and nontrivial, and dimHr > 2, to find
an isomorphism between I'(Hg,U;) and I'(Hg, V;), where V; = Uy, £ # 1,
which is “covariant” with respect to V; and U; (i.e., one that would transfer
t — U, into t — V,,,;). While Properties (1) and (2) are very similar to the
situation one has for quasi-free states on the CAR algebra, Property (3) is
quite different.

The above theorem, with the same proof, also holds in the case when
dim Hr = 2, and U, has period 27/log A, with 1 > X\ > 1/2. In this case, to
find a, b, ¢, one uses Corollary 4.9 to rewrite I'(Hg, U;) as the free product of
C[—1,1] (wherein one finds b, ¢) and the Toeplitz operators. It is easily seen
that when 1 > A > 1/2, there exists a unitary c in the centralizer of ¢y in
the Toeplitz operators with ¢y (c) = 0.

In general, by Remark 2.7, if dim Hg > 3, we can write Hy = UH];’“) and
thus T(Hp, U,) = UT(HY c H®), where 3 < dim M < oo, H® is the
complex span (in H) of Hg), and we are using the notation of Remark 2.6.
Since by the above theorem, each I'(H ¢ H®)) is simple, we have

Corollary 4.12. Suppose dim Hg > 3. Then I'(Hg, U,) is simple.

In fact, this argument shows that for each x € I'(Hg, U;), ¢y (z)1 is in the
closure of the convex hull of {uzu* : u € T'(Hg, U;) unitary}.

5. Matricial models.

In this section we develop several “matricial models,” which have applica-
tions as technical tools. The models are to a certain extend generalizations
of random matrix models (see [29, 28, 11]).

In what follows, let £, be the Cuntz algebra on an infinite number of
generators (see [10]), which can be viewed as generated by creation operators
¢(h) where h are in some Hilbert space. The vacuum expectation (2,-Q)
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defines a state ¢ on this algebra. It is known (e.g., [29]) that the operators
¢(h) and ¢(g) are x-free with respect to ¢ if h L g. We shall say that a
family F' of isometries {L;} is *-distributed (with respect to some state) as
a family of free creation operators, if the joint *-distribution of F' is the same
as the joint *-distribution of {¢(gx)} with respect to the vacuum state for
some orthonormal family {g;}. Notice that then L; are all x-free.

Let M = My be either N x N matrices, or bounded operators on a
separable Hilbert space (in which case we write N = oo). Notice that M is
generated by matrix units {e;; }fvj;lo Let w be a state on M, given by

w = Tr(diag(co, c1,-.)"),

where ¢; are some nonnegative constants, Y ¢; = 1. For example, if N is
finite, we can take ¢; = 1/N, so w is the normalized trace; another case of
interest will be when ¢; = A\*/k, where 0 < A < 1 and & is chosen so that
ey =1. Let C =&, ® M, and consider the state § =¥ @ w on C.

Theorem 5.1. With the above notation, given a set of unit vectors {hfj}
such that hf; L hfj for alli,j, 7' k, k" with (j,k) # (j', k'), consider in C the
operators
N-1
Ly =Y UhE) ®@eijv/e
i,5=0
(interpreted as a weak limit when N = oo). Then
(i) L*L; = 641, and {Li}x are jointly x-distributed with respect to 0 as
free creation operators, in particular are x-free;
(i) C*({Lg}x) is free from the algebra generated by the projections
{1®ei}iy"

Proof. (i) First, we check that L, is an isometry:
LiLy =3 (00h5)" ® e/ ) (E(h3) @ exay/cx) -
ijkl

For e;jer to be nonzero, we must have j = k; since hj;, L hj for i # 1, we
also must have ¢ = [. Thus the sum is equal to

Z le & €ii
ij

which is the identity, since > ,c¢; = 1. In exactly the same way we get
Lx(L,) = 0 for r # s. To check that {L}; are jointly *-distributed as a

T

family of free creation operators, in view of LXL, = §,s1, it is sufficient to
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check that 6 is zero on any nontrivial irreducible word w in Lj’s and Lj’s,
i.e., a word of the form

: j’NL,
where n,m > 0, n +m > 0. But viewed as a matrix, w has as entries sums

of terms like . 4 ‘ ‘
C(hey,) - .K(hla';bn)ﬁ(hﬁdl)* BB )

Each such term has zero expectation with respect to the state v; it follows
that (w) = 0, as desired.

(ii) Since C*({Ly}) is densely linearly spanned by words in L;’s and L}’s,
and 1; by (i), the linear subspace of this algebra of all elements that have
zero expectation with respect to 0 is densely linearly spanned by nontrivial
irreducible words of the form L, ...L; Lj ...Lj , n,m > 0, n+m > 0.
Similarly, the linear subspace of the algebra generated by the projections
1 ® e;; consisting of elements that have expectation zero with respect to 6 is
linearly spanned by elements of the form 1®e;; — c¢;1. Thus to check freeness
in (ii) it is sufficient to show that (W) = 0, where

W = walfl e wnfn,

w; is of the form L;, ... L; Lj ...L; , m,n >0, m+n#0,and f; is of the
form 1 ® e;; — ¢;, except possibly f, and/or f, are 1.

Now, if W does not contain a substring of the form L} f.L,, it is easily
seen that as a matrix it has entries that have expectation zero with respect

to 1, so 6(W) = 0. If W contains such a substring, W = 0. Indeed,
(14) L @enLe =Y (Uh5)" @ e/G5) (1@ ess) (Ulht) @ eny/er) -

ijkl
For a nonzero term, we must have j = s, s = k,s0 j = k. If r # ¢, then hj; L
h, for all i,1, by the hypothesis of the theorem, so all terms in the above sum
vanish. Thus ifr # ¢, L*(1®e,s —c¢s) Ly = Li(1®es) Ly — e, LEL, = 0. In the
case r = t, we get a nonzero term in Equation (14) if and only if ¢ = [, since
otherwise h}; and hj, are orthogonal. Thus the sum in the equation is equal
to Y, 1 ®ejcs = ¢s1. Thus L1 ®@ e — ¢5)Ly = LE(1 ®@ egs) Ly — e LEL, =
0. U

The next model assumes more freeness among entries of L, but shows that
then L is free from the off-diagonal matrix units e;;.

Theorem 5.2. Given an orthonormal set of vectors {hfj}, consider oper-
ators Ly, in C' given by

N-—1
L= Y U(hf) ®eijn/ci

i,j=0
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(interpreted as a weak limit when N = 0o). Then
(i) L:L; = 041, and {Ly}, are jointly x-distributed with respect to 6 as
free creation operators, in particular are x-free;
(il) C*({Lx}xr) is free from the algebra generated by the matriz units
{1®ey; ﬁ\fj_:lo.
Proof. (i) Follows from (i) of Theorem 5.1. (ii) Since elements 1 ® e;; — d;;¢;
span the linear subspace of the algebra generated by {1 ® e;;} consisting of

elements that have zero expectation with respect to €, just as in the proof
of (ii) of Theorem 5.1, it is sufficient to check that (W) = 0, where

W = fowifi.. . wpfn-

Here w; is of the form L;, ... L; Lj . - Li,p,qg=>0,p+q>0,and fi is of
the form 1 ® e;; — d;;¢;, except possibly fo and/or f, are 1. Once again, if
W does not contain a substring of the form L f,L;, then when viewed as
a matrix it has entries that have zero expectation with respect to v, and
so O(W) = 0. If W contains such a substring, it is zero. Indeed, if f, is of
the form 1 ® ey, — ¢k, L fsL; = 0 by the computation in the proof of (ii) of

Theorem 5.1. If f; = e,,, p # ¢, then
Lifo o= (0(h5)" @ ei/G5) (1@ epq) (E(hLy) ® exay/cx)

ijkl
For a nonzero term we must have j = p, ¢ = k, so j # k. But then b}, L ht,.
So the above expression is zero. ]

Remark 5.3. Theorem 5.2 implies results of Voiculescu and Dykema (e.g.,
Proposition 5.1.7 of [29]) but does not rely on random results models (like in
[11]), and is more general, allowing an arbitrary state on the matrix units.

As an application of the techniques we elaborated, we shall consider the
algebra I'(Hg, U;)" for Hr = R? and U, nontrivial with period 27/log(\).
By Remark 2.12; this is a “building block” out of which all I'(Hg, U;)” for
almost periodic U; are constructed. We shall denote such an algebra by T);
we’ll abuse notation and write ¢, for ¢. Notice that Ty (as well as free
products of countably many copies thereof) comes faithfully represented on
a separable Hilbert space, thus has a separable predual. In what follows, we
shall write (M, ¢) = (N, ), or say that these pairs are isomorphic, if there
exists an isomorphism of M with N, which is state-preserving.

Theorem 5.4. (T, ¢y) * (L>®°[—1,1],u) = (T, px), where p is the semi-
circular measure on L>[—1,1].

Proof. By Theorem 4.8, T is the free product of a diffuse commutative
von Neumann algebra (generated, e.g., by a semicircular element a), and an
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algebra generated by matrix units {f;;}75_, with the state whose value on
fij is 61])\](1 — )\)
For an orthonormal family {h;;}, take in Theorem 5.2

N:OO, Ck :(17)‘)>‘k7
and put
s=L+L", L=>Y l(hj)®ey/cs;
ij

thus s and the matrix units 1 ® e;; are free. Then T, can be viewed as
generated by s and the matrix units 1®e;;, and the state ¢, can be identified
with the restriction of the state 8 of Theorem 5.2 to this algebra.

Similarly, (T, ) * (L*[—1,1], 1) can be viewed as generated by matrix
units 1®e;; as well as elements L'+ (L')*, L+ (L")*, where L' = >> £(hi;) ®
eij/Ciy L' = 37 L(h};)®eqj4/ci, and {hj; }U{h};} form an orthonormal family;
the free product state can be identified with the restriction of 6.

It is obvious from these considerations, that if we set

C=(1®en)T\(1®ey),
D = (1 ® eo)((Th, ) * (L=[=1,1], 1)) (1 ® eno),

then
(Tx, x) = (C,0(1 ®eq - 1 ® eqo)) ® (B(H), Tr(diag(co, c1,...)"))
and

(TM(PA) * (LOO[_L 1]7:“’)
>~ (D,0(1®eq - 1®eq)) @ (B(H), Tr(diag(co, c1,--.)")).

Thus to prove the statement of the theorem, it is sufficient to prove that
(C,0(1®egr-1®egn)) = (D,0(1®eg-1& en))-
By Lemma 5.2.1 of [29], C' is generated by elements of the form
cij = (1®eoi) (L + L*)(1 @ ejo) = (L(hij)v/ci + £(hji)™ /i) @ e
Similarly, D is generated by elements
di; = (L®@eo) (L' + (L)) (1 ® ejo) = (£(Ri;)v/ci + £(Rj;)(/C5) @ eno

and

di; = (L®eoi) (L + (L")") (1 ® ej0) = (€(hi})v/ei + £(h3;)\/¢5) ® eoo.
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With respect to m
different ¢ < j (notice that ¢ = ¢;ji). Moreover, ¢;;, up to a constant
multiple, is distributed as £ + £* for i = j, and ¢ + v Ai=3¢’' for i < j, where
£, 0 are two free creation operators. By results of Section 4, we have that
c;j generates either Th;-i, i < j, or L>°[—1,1] if ¢ = j. Thus the cutdown
C, taken with the state 0(15600)0(1 ® ego - 1 ® eqp), is isomorphic in a state-
preserving way to

<;§Z(L"°[—1,I],M)> * (I:EZ(TA,SO,\O * (ku(T/\%QD,\?)) LEEE

Similarly, with respect to

0(1 ® ego - 1 ® eqp), the elements c¢;; are free for

mm ® ego - 1 ® eqo), the family {d}; : i <
Jru{dy, : k <} is free and generates the cutdown algebra D. Just as above,
we get that D, taken with the state Wleoo)ﬁ(l ® ego - 1 ® eqp), is isomorphic
in a state-preserving way to

X (L*>°[— X X (Thz, @2
<k€Z(L [ 171]aﬂ)> * (kGZ(TMSO,\)) * <k€Z(T,\ » PA )) *
Thus C and D are isomorphic in a state-preserving way. [l

Corollary 5.5. (T, px) * (L(F,),trace) = (T, ©x)-

6. Associated von Neumann algebras.

In this section we consider a general Hg with an action U;. First, we consider
the case when U, is almost periodic; in this case the eigenvalues for A densely
span H. By Remark 2.12, T} is a “building block” for these algebras: by
Theorems 2.11, 5.4, for nontrivial U;, the algebras are just (finite or infinite)
free products of T3’s.

Connes in [8] defined the T invariant of a factor M to be the subgroup of
R

T(M)={t € R:of is inner}

where ¢ is some faithful normal weight, and ¢¥ denotes the corresponding
modular group. (See [8, 25] for further discussion of the 7" invariant.)

The S invariant of a factor M was defined in [8] to be the intersection
over all faithful normal weights ¢ of the spectra of the modular operators
A¥. M is a type III factor if an only if 0 € S(M); in that case Connes’ III,
classification of M in terms of its S invariant is as follows:

{A":neZ}u{0}, if Mistypelll,, 0 <A<1
S(M) =<0, +00), if M is type III;
{0,1}, if M is type III,
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Recall that the centralizer of a faithful normal state ¢ on M is defined to
be
M? ={z e M : p(zy) = p(yx), Vye M}

If M is a factor, then S(M) is equal to the spectrum of the modular operator
corresponding to (.

Barnett in [6] proved that if M, N are two von Neumann algebras with
states ¢ and 1, and if M¥ contains a discrete finite group of at least 3
orthogonal unitaries, while N¥ contains a discrete finite group of at least 2
orthogonal unitaries, then M x N is a full type III factor with A # 0, (see
[9] for definition of full factors), the centralizer of the free product state in
M « N is a factor, and moreover the 7" invariant T'(M % N) is given by

{teR:0) =id, of =id}

where ¢ denotes the modular group of #. Since (Th,px) = (Th, @) *
(L>°[-1,1], ), (p is the semicircular measure) the centralizer of ¢, in T)
contains a diffuse commutative von Neumann algebra, and so a subgroup of
four orthogonal unitaries; moreover for U, almost-periodic, I'(Hg, U;)" is a
free product of T\’s and a diffuse commutative von Neumann algebra. Using
this, the fact that for a factor of type III, with separable predual, A # 0,

{0}, ifa=1
T(M) = 2
(M) LZ, fo<Aa<l
log ()
and that the modular action for the free quasi-free state on T, has, by
definition, period 27/log()), we obtain, using the notation R} for the mul-
tiplicative group of positive real numbers:

Theorem 6.1. Suppose U, is almost-periodic, and let G be the closed
subgroup of R generated by the spectrum of A (U, = A™). Then

type I1;, if G =R,
T(Hg,Up)" is S type Iy, if G =X, 0< A< 1.
type I, if G = {1}

Moreover, I'(Hg, Uy)" is full.

Of course, the type II; case corresponds to trivial U;, and I'(Hg,id;)” =
L(Fgim#,) by results of [27].

Notice that S(I'(Hg, U;)") is the spectrum of the modular operator since
the centralizer of the free quasi-free state is a factor.
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The above theorem can also be obtained using the results of Dykema
([13]); those results also imply that the centralizer of the free quasi-free state
on I'(Hg, U;)” for nontrivial almost-periodic U, is isomorphic to L(F,), and
the discrete core (see [13] for details) is isomorphic to L(F.,) ® B(H).

Remark 6.2. In the proof of Theorem 6.1 we have only used the fact that
(T, @) is stable under taking free products with a diffuse commutative
von Neumann algebra. Thus a similar theorem holds for any von Neumann
algebra A with a non-tracial faithful normal state ¢, for which (A4,¢) =
(A, ) * (L>*[—1,1], 1) (@ is the semicircular measure): A is then necessarily
a full type III factor, not of type IIly, and its 7" invariant is given by {t €
R : 0f =id}. Such a property may be called free absorption.

In what follows it will be notationally convenient to write (T, ¢,) for
(Ty/x, 1/x) when A > 1, and (T4, ¢,) for (L(FF,),tr).

Proposition 6.3. For A # 1,

(T, 00) * (T, ) = (T, 02) * <].7*

keZ(TMN”SO”)\k)) .

Proof. Using Theorem 4.8, we can rewrite (T, ¢ )*(T},, ¢,) as a free product

of:

(a) An algebra generated by matrix units f;; with a state whose value
on fi; is (1 — A)MN4;; (these come from the polar part of the polar
decomposition of the generalized circular element generating T, see
Section 4);

(b) A diffuse commutative von Neumann algebra, generated by a semicir-
cular element (this comes from the positive part of the polar decom-
position);

(c) T,, which can be viewed as generated by an appropriate generalized
circular element.

Thus if in Theorem 5.2 we take

N =00, ¢ =(1—-XA\F,

and some orthonormal family {h;;} U {h7;} U {h};}, we can view (Tx,ps) *
(T, ¢.) as the algebra generated by
(a) Matrix units 1 ® e;;

(b) Ly +Lj
(c) Ls+/nLj
where

L =Y _U(hY) ®e/ci.
0
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In this picture, the free product state on (T, @) * (T}, ¢,.) is identified with
the state 0 of Theorem 5.2.
Consider now the algebra

(1 ®eoo) (Ths ) * (T u)) (1 ® €0o)

with the state given by the restriction of the free product state. By Lemma
5.2.1 of [29], this cutdown is generated by elements of the form

e =1®eo(L1+ L)1 ® ey
and
dii = 1® eon(L2 + /1L3)1 @ e,

which are easily seen to be

cwr = (L(hg) /e + £(hiy) " Ver) © eno

and

dit = (£(hi)) /e + L(hj),) " \/ep) © ego.

Since h?, are orthonormal, we see that the family
{eij 1i <jyuU{dy}
70 (1®

in (1®ego)((Th, 2) * (Ty, @) (1®eqo), is #-free (with respect to g2
eoo - 1 ®egp)). Moreover, by results of Section 4, ¢;; generates L>[—1, 1] (the
restriction of WISOO)G to which is a semicircular measure) for ¢ = j and
T\i-i otherwise (the restriction of m

generates T),y;—:. It follows that
(15) (1® e00)((Ths 92) * (Ths ) (1 @ €00)
> < * (T)\i7SOAi)> * ( * (T)\i#7gp)\i#)>

4,JEL i,jEL

6 to this is ¢y;—:). Similarly, d;;

in a state-preserving way.
Consider now the right hand side of the statement of our proposition,

(Th; o) * ( K (TM’“‘7‘PH>\’“)> :

J,kEZ

Just as above, for a certain orthonormal family of vectors {g;;} U {gfjl’z} U

{gfjl’?’}, we can view this algebra as being generated by

(a) matrix units e;; ® 1
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(b) the semicircular element L, + L}

(c) generalized circular elements LS + \/uA* L
where

L, = Zg(gilj) ® €ij\/Ci
ij
and
LI =3 "U(gi") ® eiji/ei, s=1,2.
ij

Once again, the free product state is identified with 6. Considering the
cutdown of

G, kET

(Tx, ¢x) *( >k (Tuxk»SONAk))

by 1 ® egg, we get an algebra generated by the entries of the matrices in (b)
and (c), i.e., elements of the form

ri = ((gi)v/ei + £(95:)"v/€5) @ €oo

and

= (agzwwa + z(gz?’?’)*\/cw) ® coo.

We see that the family
{ryy i < jPu{ty

is *-free and that moreover, r; generates L>[—1,1], r;; generates T),-: for
j # i, and tfjl generates T;—i++»,. Thus the cutdown algebra, considered with

the state Wleoo)ﬂ(l ® ego - 1 @ eqp) is isomorphic, in a state-preserving way,

( * (T)\k,gp)\k)) * ( * (T)\ji+ku7gp)\ji+k’u)> .

k,leZ 4,5,k lE€EZL

It is trivial to see that this is isomorphic (in a state-preserving way) to the
algebra of Equation (15). The statement of the theorem follows, since it
is obvious from our constructions that the algebras on the right and left
sides in the theorem are isomorphic to their cutdowns by 1® egy (taken with
restriction of 6), tensor (B(H ), Tr(diag(co,c1,...)")). u

Theorem 6.4. Suppose U; is almost-periodic and nontrivial, and let H be
the (not necessarily closed) subgroup of R, generated by the point spectrum
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of A. Then (I'(Hgr,U;)", pu) depends up to state-preserving isomorphisms
only on H.

Proof. Write I'(Hg, U;)" as the free product

>]l€<(TA;N Sokk)u

Ar # 1. Then H is the (not necessarily closed) subgroup of R generated by
the A\’s. By Theorem 5.4,

(Th, x) = (T, ) * (T, ¢1)-

Applying Proposition 6.3 to (T, ) * (11, ¢1) with 1 # A, we find that

(T, ) = (Th, 2) * (* (T,\h@,\k)) .

J,kEZ

Thus

(T, x) = (Tx, ) * (T, pr)-

By Proposition 6.3, for A\, u # 1,
(T)\v 30)\) * (T;M (10;1«) = (T)\a SO)\) * <z j#ZZ(TMl“ @AH&))
& (T, pa) * <1 ;Ez(T/\im Paip) * (T, ‘Pu)>
which by the above is isomorphic to
Z_;EZ(TMW‘ , QOMHJ).

Now rewrite (T, ¢, ), using the above isomorphisms, as

:EOZ, ) (T>\i1 ) (p)\il) *oeeo ok (TMT ) (10)\”) = >l<0 . *k . GH* ) (TVv SOV)’
>011,..., i r>0141,..., ip v i1heenrin
where H;, ,; is the subgroup generated by A;,,..., ;. By the above equa-

tions, since

H={J U Hi.i»

T2,y

we get finally that
>kl<(T)\k7<10)\k) >~ X (TV’SOV)a

veEH

which clearly only depends on H. |
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Corollary 6.5. For a given 0 < A < 1, all type 111, factors of the form
I'(Hg,U,)" are isomorphic.

For M a type III; factor, Connes defined in [9] the Sd invariant of M as
the intersection over all faithful normal almost periodic weights (i.e., weights
for which eigenvectors of the associated modular operators densely span
the representation space) of the point spectra of the corresponding modular
operators.

Notice that for U, almost-periodic but not periodic (so I'(Hg, U;)” is type
III, ), the state ¢y is almost periodic, as then the eigenvectors of the modular
operator A densely span F(H). The point spectrum of A is precisely the
subgroup H in Theorem 6.4; thus the Sd invariant is nontrivial and is not all
of R, . Moreover, since the centralizer of the free quasi-free state is a factor,
and I'(Hg,U,;)" is full, by Lemma 4.8 of [9], the Sd invariant is the point
spectrum of A. It follows that the group H of Theorem 6.4 is an invariant
of the factor I'(Hg, U;)”. In the case that I'(Hg, U;)"” is type III,, 0 < A < 1,
the group H is the S invariant. Thus in any case

Theorem 6.6. For U, U/ almost-periodic and nontrivial, T'(Hg, U;)" is
isomorphic to T'(Hg,U])” if and only if the point spectra of the modular
operators corresponding to oy and py: coincide.

If U, is almost-periodic and nontrivial, then I'(Hg, U;)” * T'(Hg, U;)" =
['(Hg,U;)” (in fact, in a way that maps the state oy * oy to vp).
In [21], Radulescu showed that if ¢, for 0 < A < 1 is a state on Mayo,

defined on matrix units {f;;}] ;_, by

a(fig) = 0N /(1 + N,
and L>[—1,1] is endowed with the semicircular measure y, then
D = (M2><27¢)\) * (Lm[_lv 1]?“)

is a type III, factor with core isomorphic to L(F.,) ® B(H) (see [8, 26, 25]
for definitions).

Theorem 6.7.  The factor (D,v x u) of Radulescu is isomorphic to
(T)\,QO)\)-

Proof. Setting in Theorem 5.2

N:2, C; =
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we can view D as generated by matrix units {1®e;;}} ;_, and a semicircular
element

L/ + (LI)*,
where we set

L'=7 hij) @ ei5/c5,
i

and {hi;}; ;_o is an orthonormal family. Under such an identification, the
state ¥, * p is identified with the restriction of the state 8 of Theorem 5.2.
The cutdown by 1 ® eq is generated by elements

(£(hoo) + £(hoo)”™) ® €00, (£(h11) + £(h11)") ® eqo

and

(U(ho1) + VM(h1)*) @ ego.

It follows that the cutdown algebra, considered with the state o 5500)0(1 ®

€00 - 1 ® eqg), is isomorphic to
(16) (Tka 90)\) * (LOO[_L 1]7:“’) * (LOO[_17 1]7“) = (T)uQD)\)

where all isomorphisms are state-preserving (the last isomorphism is by The-

orem 5.4). Notice that since D is type III, this implies that D and T are

isomorphic, though perhaps in a way that does not preserve states.
Similarly, (T, ¢») can be viewed as generated by matrix units

{1® fij}i5-0:
as well as the semicircular element
L+ L7,
where

L=Y"0gy) ® finJc ¢ =(1-NN;
ij

here {g;;} form an orthonormal family. The state ¢, can be identified
with the restriction of the state 6’ given by the tensor product of the state
Tr(diag(cg, ¢}, .. .)) and the vacuum expectation.

Consider

Poo = Zl ® faizi, P11 =1—Dpoo
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and

Po1 = Z 1® faizit1, Pro = Poy-

7

Then {p;;};;_, is a system of matrix units; moreover, the restriction of ¢’
to C*({pi;}) is the same as the restriction of 6 to C*({1 ® e;;}). Consider
elements

L.= Zg(hzi) ® f2i,2j\/CT2i Leo = Ze(h?'i) ® f2i72j+1\/72i
ij

ij

L, = Zf(hmﬂ) ® foit1,2j1/Chiv1 Loo = Zg(hmurl) ® fait1,2j411/Coit1-
1] 7

Then
L+r=L.+L,_ +L,.+L,,+L.,,+L. +Lo,+1L,.
The cutdown pooThpoo is generated by the matrix units {1 ® faiz;} as well as

Poo(L + L*)poo, po1(L+ L*)pro, po1(L + L*)poo-

These are respectively equal to
Lee + L:ea pOl(Loo + L:o)ploa pOl(Loe + L:o)-

Let

/ 1
Ll = \/1—1—7)\Lee, LQ - 1 + XpOlLoopl()
1
Ly = \/EPMLOE, Ly = V14 ALcopro.

Then by Theorem 5.2, L;’s are x-free from each other and from the matrix
units {1 ® fa;0;} with respect to the state me'(pm “Poo)- Moreover, each
L; is distributed (with respect to that state) as a creation operator. Notice
that pgoThpoo is generated by

{1® fain;}, L1+ L, Lo+ L3, Lg\/j\"_LZ.

Thus this cutdown, taken with the state m@’ (Poo * Poo), is isomorphic in

a state-preserving way to the free product of

(a) (L®[=1,1}, 1) (generated by Ly + L;);

(b) (Th2,px2) (generated by Lo+ L3 and the matrix units {1® fai2;}), and
(c) (T, ¢») (generated by Lsv/A+ LY).
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By Theorem 6.4, this is isomorphic in a state-preserving way to T}, and thus
to the algebra in Equation (16). The statement of the theorem now follows,
since T} is isomorphic to its cutdown by pgo (taken with the restriction of §”),
tensor (Maxa, 1)), and similarly D is isomorphic to its cutdown by 1 ® eq,
tensored with (Mo, 1y ). O

Corollary 6.8. T, is a type III factor with core isomorphic to L(F) ®
B(H).

This is of course because the III, factor of Radulescu has this core.
By [12], if one takes a state 1, on N x N matrices, given by

Tr(dia’g(007 Ciy - ))a
where ¢;/c;41 = X € (0,1), then
D = (Myxn,¥x) * L=[-1,1]

is a type III factor (here L>°[—1, 1] is taken with the semicircular measure).
Proceeding as in the proof of Theorem 6.7, we see that D can be modeled
by matrix units 1 ®e;;, and a semicircular element L 4 L*. Cutting down by
1 ® ey gives us an algebra generated by the entries of L + L*, i.e., elements
of the form

U(hij)v/ei + 07 (hji) /5.
But such an element generates T, ,.; moreover, for different (,j) (with

i < j), such elements are free. By an argument just as in the proofs of
Theorem 6.7, and Theorem 6.6, we find that

Proposition 6.9. Let Dy be My, L°°[—1,1], where the state on My N
is 1y, and the state on L>°[—1, 1] is the semicircular measure. Then Dy = T)
in a state-preserving way. In particular, for different N, the algebras Dy
are isomorphic.

In a similar way one can express in terms of algebras of Theorem 6.6 alge-
bras of the form My, y *, L>°[—1, 1], where the state on the matrices is arbi-
trary (so for a suitable choice of matrix units is given by Tr(diag(co,...)-)),
and the state on L>°[—1, 1] is the semicircular measure. Using Theorem 6.6,
one can determine precisely when such algebras are isomorphic, in terms of
the constants c;.

This is of interest in relation to the work of Dykema ([13]). For example,
if one could show that reduced free products of Myyy and Mg,k (with
nontracial states) are stable under taking free products with diffuse commu-
tative von Neumann algebras, it would be possible to use Theorem 6.6 to
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give a classification of such algebras; indeed, My« n %, Mgk %, L®[—1,1] is
isomorphic, by the above theorems, to I'(Hg, U;)” for some finite-dimensional
Hg. It seems an interesting question in general to ask whether all “free type”
type III factors should be stable under taking free products with diffuse com-
mutative von Neumann algeras (where the free product is with respect to
some class of states on the type III factor).

Theorem 6.10. If the action U, is has no eigenvectors on H, I'(Hg, U;)”
s a type 111, factor.

Proof. The action F(U;) on the full Fock space will have no eigenvectors
either, so the centralizer of ¢y in I'(Hg, U;)” is trivial. Thus I'(Hg, U;)” is a
factor. Since in particular the centralizer is a factor, the S invariant is the
spectrum of A, so all of [0, +00). So I'(Hg, U;)" is a type 111, factor. u

Since the centralizer of ¢y in this algebra is trivial there cannot exist
a state-preserving isomorphism of (I'(Hg, U;)", ¢v) with (I'(Hg, Up)”, vu) *
(L>[—1,1], ), where p is a semicircular measure, since the centralizer of the
free product state in the algebra on the right hand side contains L>°[—1,1].
It is not known whether I'(Hg, U;)” has free absorption for some different
state.

For a general (Hg, U;), we can rewrite this pair as a direct sum of (H, U/),
with U, almost-periodic, and (Hg, U/’), with U]’ ergodic. Thus

I'(Hp, Up)" = T(Hg, U)" # T'(Hg, U,")".

By [12, 6], we get the following corollary (notice that when U, is nontrivial,
at least one of terms in the free product above is type III; moreover, all of
the algebras involved are diffuse, i.e., contain no minimal projections):

Corollary 6.11. If U, is nontrivial, I'(Hg, U;)" is a type 111 factor.
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