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REGULARITY OF CONVOLUTION OPERATORS

H.D. Fegan

In this paper we prove that any operator which is given by
convolution with a suitable distribution on a compact semisim-
ple Lie group is of type (1

2 ,
1
2 ). Our main result is:

Theorem 1.1. If K is an operator defined by convolution, so Kf =
k ∗ f, then, for suitable distributions k, the operator K has the type
( 1

2 ,
1
2 ).

1. Introduction.

This question first arose for us in [2] where we gave an example in answer
to a question raised by Gilkey [3]. Key to this example was a convolution
operator. In the special case of interest in [2] this operator could be identified
with a Szegö projector and so recognized as being of type ( 1

2
, 1

2
). In this

work we are addressing the more general question. It is clear from [8] that
a convolution operator has type (ρ, 1 − ρ) providing k satisfies a suitable
growth condition involving ρ, in our case ρ = 1

2
. While this is plausible there

is no readily available proof of such an a priori growth estimate.
It is not surprising that it is difficult to obtain these growth estimates.

We are essentially characterizing the regularity of an operator in terms of its
Fourier coefficients. Even for functions on Euclidean space this is well known
to be difficult. For example if f = Σckeikx then Σ|ck|2 < ∞ is sufficient to
establish f ∈ Lp only for p = 2. For this and other examples of the difficulty
of detecting regularity from Fourier coefficients see [5].

What does it mean for an operator to have type ( 1
2
, 1

2
)? Given a classical

elliptical pseudo differential operator one important question is that of in-
verting the operators. However, the inverse need not be a classical pseudo
differential operator. In [4] Hormander introduced a class of operators, those
of type (1

2
, 1

2
), which included the inverses of the classical operators. On Rn

these operators are given by a symbol q;

Qf(x) = (2π)−n
∫
eix·ξq(x, ξ)f̂(ξ) dξ,(1.1)
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where f̂ is the Fourier transform of f. This operator is of type (ρ, δ) if q
satisfies the growth conditions∣∣∣Dβ

xD
α
ξ q(x, ξ)

∣∣∣ < Cα,β
(
1 + |ξ|2)(m−ρ|α|+δ|β|)/2 ,(1.2)

for all multi-indices α and β. The classical pseudo differential operators are
those of type (1, 0). By using local coordinates these classes of operators can
be defined on compact manifolds.

In Section 2 we describe precisely what is mean by a suitable distribution.
Briefly on a compact semisimple Lie group G the set of irreducible repre-
sentations, πλ : G → AutEλ, is indexed by the highest weights λ. If {vλi }
is a basis for Eλ then the matrix coefficients are uijλ (x) = 〈πλ(x)vλi , v

λ
j 〉. A

distribution can then be expressed as a sum of matrix coefficients

k(x) =
∑
λ,i,j

aijλ u
ij
λ .(1.3)

We define our classes of distributions, Dh, by requiring that aijλ have poly-
nomial growth: ∣∣∣aijλ ∣∣∣ < C|λ|r as |λ| → ∞.(1.4)

In (1.4) r is related to h, r = h− `−m, with ` = rankC; see also Equation
(2.10). Convolution is defined by

f ∗ g(x) =
∫
G

f(xy−1)g(y) dy(1.5)

for f and g smooth functions. By using the series of matrix coefficients (1.3)
this convolution can be extended to k ∗ f for k ∈ Dh and f ∈ C∞.

In Section 3 we prove the result for the group SU(2). This special case is
essential since the proof of the main result is by reducing the general case
to that of SU(2). The main result is proved in Section 4.

In Section 5 we give two examples. The first is that of the Laplacian oper-
ator. As well as being interesting in its own right it is necessary technically
for the proof in Section 4. The other example is of the operator L from
[2]. This shows that we cannot strengthen the conclusion in general. While
some operators, the Laplacian for example, are both convolution operators
and classical differential operators, this operator, L, is only of type (1

2
, 1

2
)

and cannot be of type (ρ, 1− ρ) for ρ > 1
2
, see [2] for more details of this.
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2. Convolution operators and smoothness.

Let G be a compact connected semisimple Lie group. Fix a maximal torus
T in G and choose a set of positive roots P. Let ρ be half the sum of the
positive roots. Define the dimension polynomial by

d(λ) =
∏
α>0

〈λ, α〉/
∏
α>0

〈ρ, α〉,(2.1)

where 〈 , 〉 is the negative of the Killing form and both products are taken
over the positive roots. If πλ : G→ AutEλ is the irreducible representation
with highest weight λ then

dimEλ = d(λ+ ρ).(2.2)

Pick a basis {vi} for Eλ then a basis for the matrix coefficients of πλ are the
functions

uijλ (g) = 〈πλ(g)vi, vj〉.(2.3)

For two functions, f and g, on G we define the inner product, 〈 , 〉, and
convolution, ∗, by

〈f, g〉 =
∫
G

f(x)g(x) dx,(2.4)

and

f ∗ g(x) =
∫
G

f(xy−1)g(y) dy.(2.5)

In these we use the Haar measure which is normalized so that G has volume
1, i.e. ∫

G

1 dx = 1.(2.6)

We further pick the basis {vi} of Eλ to be orthogonal with respect to an
invariant inner product on Eλ; and this is scaled so that the inner product
and convolution are:

〈
uijλ , u

k`
µ

〉
=

{
d(λ+ ρ)−1 if i = k, j = `, λ = µ

0 otherwise,
(2.7)

uijλ ∗ uk`µ =

{
d(λ+ ρ)−1uijλ if i = k, j = `, λ = µ

0 otherwise.
(2.8)
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The Fourier coefficients of a function f on G are defined by

f̂ ijλ =
〈
f, uijλ

〉
.(2.9)

Thus if f =
∑
λ,i,j a

ij
λ u

ij
λ then aijλ = d(λ+ρ)f̂ ijλ . If f ∈ L2 such a series always

exists and converges in mean. This need not be true for f ∈ Lp with p 6= 2,
see [6]. However, if f is suitably differentiable then even stronger results
hold, see [7] for the following result.

Proposition 2.1. If f ∈ Ch(G) with h even and h > 1
4

dimG and if
f =

∑
aijλ u

ij
λ then |aijλ | = O(‖λ‖r) with r ≤ −h−m, where m is the number of

positive roots. Conversely if |aijλ | = O(‖λ‖r) then f ∈ Ch(G) for h ≤ −r−m
providing h even and h > 1

4
dimG. Further the series

∑
aijλ u

ij
λ converges

absolutely and uniformly.

Remark. The result in [7] is stated in terms of the Fourier coefficients f̂ ijλ .
Our statement follows since aijλ = d(λ+ ρ)f̂ ijλ and d(λ+ ρ) = O(‖λ‖m).

We define a space of distributions Dh :

Dh =
{
f : f =

∑
aijλ u

ij
λ with aijλ = O

(|λ|h−`−m)} ,(2.10)

where ` = rankG andm is the number of positive roots. Then by Proposition
2.1 and the results of [7] we have that Dh is dual to Ch(G) providing h is even
and h > 1

4
dimG. The operators we are concerned with are OPDh which are

defined by K ∈ OPDh if

Kf = k ∗ f for k ∈ Dh.(2.11)

Clearly, from (2.8) and Proposition 2.1 if f ∈ C∞(G) then Kf ∈ C∞(G).

3. The case of SU(2).

The group SU(2) ∼= S3 ⊂ C2. Let (z, w) be coordinates for C2 then

SU(2) =

{(
z w
−w z

)
: zz + ww = 1

}
,(3.1)

where denotes complex conjugation. There is a natural action of SU(2)
on C2 : (

z w
−w z

) (
x
y

)
=

(
zx+ wy
−wx+ zy

)
.(3.2)
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This extends to an action on Sk(C2), the symmetric k-fold tensor product
of C2, which can be identified as the space of homogeneous polynomials of
degree k in two variables. These actions are in fact irreducible representa-
tions of SU(2) and all irreducible representations are given in this way. To
be consistent with the notation of Section 2, index the representations by
λ = 1

2
k. Then the matrix coefficients of the irreducible representations are

given by polynomials.

Proposition 3.1. The matrix coefficient uijλ is polynomial homogeneous of
degree 2λ in the four variables z, z, w and w.

Let M be a thickening of SU(2) :

M =
{

(z, w) ∈ C2 :
1
2
< zz + ww < 2

}
.(3.3)

Let ν be the 3 dimensional sub bundle of T (M) which is orthogonal to the
radial direction in M when we regard M ⊂ R4. On R4 − {0} use polar
coordinates (r, σ) with r > 0 and σ ∈ S3. Now set s = r2 then the Euclidean
dilation t · (r, σ) = (tr, σ) becomes a Heisenberg dilation t · (s, σ) = (t2s, σ).
Set ũijλ = uijλ /r

4λ. Then, since uijλ is given by a homogeneous polynomial, we
have ũijλ is homogeneous under the Heisenberg dilation:

ũijλ (t · (s, σ)) = t−2λũijλ (s, σ).(3.4)

If k =
∑
aijλ u

ij
λ ∈ Dh then define the operator K̃ by

K̃f(r, s) =
∫ ∞

0

∫
SU(2)

k̃(rs−1, xy−1)f(s, y) dyds.(3.5)

Then if f has support in SU(2) we have

K̃f(1, x) = Kf(x),(3.6)

for x ∈ SU(2).
An operator Q of type (1

2
, 1

2
), that is Q ∈ OPS 1

2 ,
1
2
(M), is one that has a

symbol q(x, ξ) which satisfies the following growth limit:∣∣∣Dα
xD

β
ξ q(x, ξ)

∣∣∣ < C(1 + |ξ|)n+ 1
2 |α|− 1

2 |β|.(3.7)

Here α and β are multi-indices, the inequality holds for x in a compact subset
K of M and C is a constant depending on K, α and β but independent of
x and ξ.
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Proposition 3.2. K̃ ∈ OPS 1
2 ,

1
2
(M).

Proof. Since K̃ is convolution with k̃ =
∑
aijλ ũ

ij
λ and ũijλ is homogeneous

of degree −2λ under the Heisenberg dilation we have K̃ is a ν-operator of
degree n, for some n, as defined in [1]. Further, in [1], it is shown that such
operators are of type ( 1

2
, 1

2
), which completes the proof.

Theorem 3.3. The operator K is of type (1
2
, 1

2
).

Proof. From Equation (3.6) we have that K is the restriction of the operator
K̃ to functions having in SU(2). By Proposition 3.2 K̃ is of type ( 1

2
, 1

2
) and

so has a symbol satisfying inequality (3.7). Thus by restriction K has a
symbol satisfying (3.7) and so is of type ( 1

2
, 1

2
).

4. Reduction of the general case to SU(2).

On the compact semisimple Lie group G let Kf = k ∗ f where k ∈ Dh and
let ∆ be the Laplace. First we show how we may take k to be a differentiable
function.

Lemma 4.1. K = ∆νK1 + A, where ν = 1
2
h + 1

2
dimG + ε with ε = 0 or

1
2

so that ν is an integer, K1f = k1 ∗ f where k1 ∈ Ch1 with h1 = dimG+ `
an even integer and Af = ao ∗ f, convolution by the constant term of k.

Proof. Define k1 be the series

k1 =
∑
λ,i,j

c(λ)−νaijλ u
ij
λ ,(4.1)

where the term λ = 0 is omitted and c(λ) = 〈λ, λ+2ρ〉. Since the eigenvalues
of the Laplace are:

∆uijλ = c(λ)uijλ(4.2)

the formula of the proposition holds. Now

c(λ)−νaijλ = O
(|λ|h−2ν−`−m) ,(4.3)

since k ∈ Dh gives aijλ = O(|λ|h−`−m). Then by applying Proposition 2.1 we
get the k1 ∈ Ch1 and the lemma is proved.

Under the adjoint action the Lie algebra of G splits as the sum

G = t⊕
α
Vα,(4.4)
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where t is the Lie algebra of the maximal tours, the sum is over the positive
root α and each Vα is a 2 dimensional subspace of G. Fix a positive root α
and let hα ∈ t be the root vector corresponding to α. Then hαR⊕ Vα is a 3
dimensional subalgebra of G isomorphic to SU(2). By integration we get a
homomorphism

iα : SU(2)→ G,(4.5)

which has a discrete kernel and whose derivative is the isomorphism from
SU(2) onto hαR⊕Vα. Taking the product of these over all the positive roots
gives a map

i : SU(2)× · · · × SU(2)→ G.(4.6)

Lemma 4.2. The map i =
∏
α iα of (4.6) is a surjective homomorphism.

Proof. Clearly i is a homomorphism and the image
∏

of i is a Lie subgroup
of G. Since the derivative of i is surjective the image of i contains an open
neighborhood of the identity in G. Since such a neighborhood generates G,
i must be surjective.

Theorem 4.3. Let K be a convolution operator on G then K is of type
( 1

2
, 1

2
).

Proof. Let Kf = k ∗ f. Then by Lemma 4.1 we may suppose that k is a
differentiable function. If k is a distribution we work with the differentiable
function k1 as defined in Lemma 4.1. We lift K to

∏
α SU(2) by defining

k̃ = k ◦ i(4.7)

and setting K̃f = k̃ ∗ f with the convolution on the group
∏
α SU(2). Let

k̃α = k̃|SU(2) where we have chosen the copy of SU(2) corresponding to the
positive root α. Thus we have

k̃ =
∏
α

k̃α.(4.8)

Let K̃α be the operator corresponding to convolution of k̃α on the copy
of SU(2) corresponding to α. Then we have

K̃ =
∏
α

K̃α.(4.9)

By Theorem 3.3 each operator K̃α is of type (1
2
, 1

2
). Thus K̃ is of type (1

2
, 1

2
)

and hence so is K which completes the proof of the theorem.
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5. Two Examples and the order of an operator.

Let ∆ be the Laplacian on G. Then it is well known that the eigenfunctions
of ∆ are uijλ and the corresponding eigenvalues are given by

∆uijλ = c(λ)uijλ , c(λ) = 〈λ, λ+ 2ρ〉.(5.1)

Here ρ is half the sum of the positive roots. Now we can form the distribution

Ω(x) =
∑
λ,i,j

d(λ+ ρ)c(λ)uijλ(5.2)

and from (2.8) and (5.1) we obtain immediately the following result.

Lemma 5.1. The Laplacian is a convolution operator: ∆f = Ω∗f. Further
Ω ∈ Dh with h = dimG+ 2.

If ν is a positive integer ∆νuijλ = c(λ)νuijλ for all λ. However, if ν is
a negative this only holds for λ 6= 0. In either case we have the formula
∆νf = Ω ∗ f providing the sum in (5.2) is taken over nonzero λ, and Ων =∑
λ,i,j d(λ+ ρ)c(λ)νuijλ with λ 6= 0.
The second example is the operator L from [2]. This is defined in the

following way. The matrix coefficients are given by

uijλ (x) = 〈πλ(x)vivj〉,(5.3)

where {vi} is an orthogonal basis for the representation space Eλ. Pick this
basis so that v1 is the highest weight vector for πλ. Then if f =

∑
λ,i,j a

ij
λ u

ij
λ

we define L by

Lf =
∑
λ,j

a1jλu1iλ,(5.4)

that is L is a projection onto the subspace spanned by matrix coefficients
with highest weight vectors. As with the Laplacian the following is immedi-
ate. Define the distribution ` by

`(x) =
∑
λ,j

d(λ+ ρ)u1j
λ .(5.5)

Lemma 5.2. The operator L is a convolution operator Lf = ` ∗ f. Further
` ∈ Dh with h = dimG.

Remark. This distribution ` differs from that in [2] since we have used a
different normalization for the volume G and the matrix coefficients.
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It is straightforward to calculate the order of a convolution operator.

Theorem 5.3. Let K be the operator given by convolution with k ∈ Dh :
Kf = k ∗ f. Then K has order h− dimG.

Proof. First we suppose that h − dimG is even. Then let f ∈ Cr where r
is even and both r > 1

4
dimG and r > 3

4
dimG + h. Let k =

∑
aijλ u

ij
λ and

f =
∑
bijλ u

ij
λ . Then by Proposition 2.1 and (2.10)

aijλ = O
(|λ|h−`−m)

bijλ = O
(|λ|−r−m) .(5.6)

Now

k ∗ f =
∑

d(λ+ ρ)−1aijλ b
ij
λ u

ij
λ .(5.7)

Since

d(λ+ ρ)−1aijλ b
ij
λ = O

(|λ|h−r−dimG−m)(5.8)

and h− dimG is even, then by Proposition 2.1 we have

k ∗ f ∈ Cr−h+dimG.(5.9)

This shows that the order of K is h− dimG in the case that this is even.
In the case h − dimG is odd apply the above argument to K2. Thus K2

has order 2(h− dimG) which is even. Hence K has order h− dimG in the
odd case.
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Note: The reference to Proposition 2.1 in the proof of Theorem 5.3 ap-
peared as “Proposition 2.2” in the printed version.


