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OPTIMAL REGULARITY OF HARMONIC MAPS FROM A
RIEMANNIAN MANIFOLD INTO A STATIC LORENTZIAN
MANIFOLD

TAKESHI ISOBE

In this paper, we give an optimal regularity result for some
class of weakly harmonic maps from a Riemannian manifold
M into a static Lorentzian manifold. Our main result is the
following: For such class of weakly harmonic map w, there
exists closed set ¥ C M such that w is C* in M \ ¥ and the
Hausdorff dimension of ¥ is less than or equal to dim M — 3.

1. Introduction.

In this paper, we study regularity of harmonic maps from a Riemannian
manifold into a static Lorentzian manifold.
By definition, NV is a static Lorentzian manifold if and only if the following
hold (see [10]):
(i) N is the form N = Ny x R, where Nj is a Riemannian manifold with
a metric go.

(i) The metric g of N is given by

g ((f) , (f)) = o(&,€)) — Ala)rr’

!/
for <§> ’ <€,> € Tiwy N =T, Ny x R, where 3 : Ny — R* is a smooth

T T
positive function.

In such a case, we write N = N, x3 R.

In this paper we consider the case where Ny is compact. We may assume,
by Nash-Moser theorem, N, is a submanifold of R* for some k > 1. By the
compactness of N, there exist constants Bumin, Bmax > 0 such that G, <
B(z) < PBmax for all z € Nj.

Let M be a Riemannian manifold with non-empty boundary 0M. For a
map w = (u,t) : M — Ny x5 R, we define the energy £(w) of w by:

E(w) = E(u,t) = /M Vul?dV — /M B(w)| VP4V,
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where dV is a volume measure on M.

By definition, w = (u,t) € H'(M; Ny) x H'(M;R) is a (weakly) harmonic
map if the following holds:

Since N, is compact, there exists a tubular neighborhood O of N, in R*
such that the nearest point projection Il : O — Ny is a smooth fibration.

For any ¢ € C5°(M;RF) and ¢ € C5°(M;R), there holds:

4 E(Mo (u+ep),t+€C) = 0.

e=0

This means that w = (u, t) is a stationary point with respect to the variation
of the target manifold.

The weakly harmonic map w = (u, t) satisfies the following equations in
the distributional sense (see [8]):

Au+ A(u)(Vu,Vu) + 3VBw)|VEP =0 in M

(1.1) :
div(B(u)Vt) =0 in M

Here, A is the 2nd fundamental form of the embedding N, — Rk.
We consider Equation (1.1) with the prescribed boundary condition on
OM:

(1.2) w= (u,t) =(p,1) on IOM,

where (¢,1) : OM — N x5 R is a given smooth map.

When the target manifold is a Riemannian, there are many regularity
theories. For example, Schoen-Uhlenbeck [13] studied the regularity of min-
imizing harmonic mappings. In [5], [6] and [7], Hélein studied the regularity
of weakly harmonic mappings when the dimension of the base manifold is
2. In [1], Bethuel studied the regularity of stationary harmonic mappings.
In general, weakly harmonic maps are very singular. In [11], Riviere con-
structed weakly harmonic mapping from B™ to S™ (m > 3, n > 2) whose
singular set is B™. So there is no regularity theory for general weakly har-
monic maps.

On the other hand, if the target manifold is a Lorentzian manifold, in [4],
Greco constructed a smooth harmonic map when target is static Lorentzian
and domain manifold is two dimensional. In [8], the author proved that
any weakly harmonic map from 2-dimensional Riemannian manifold into
static Lorentzian manifold is smooth and regularity results for some classes
of harmonic maps when target is a static Lorentzian and the dimension of
domain manifold is greater than 2.
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More precisely, in [8], we considered the following class of solutions when
dim M > 3:

For a given u € H}(M;Ny) (HL(M;No) is the space of all H'(M; No)-
maps with boundary value ¢ on 9M.), there exists a unique solution ¢ = ¢(u)
for the 2nd equation of (1.1) with ¢ = ¢ on OM.

Define the functional F : H}(M; No) — R by

Flu) :/M|vu\2dv—/Mﬁ(u)\w(u)|2dv.

It is shown in [8] that F is bounded from below in H}(M;Ny) and F at-
tains the inf,cpy(a,ny) F(u) for some u € H (M;Ny) and (u,t(u)) solves
the Equations (1.1) and (1.2) in a weak sense. In this paper, we call such
solutions as minimal type.

The main result of [8] is the following:

Theorem 1.1 ([8]). Let (u,t) € H'(M;Ny) x H'(M;R) be a minimal
type solution. Then there exists a closed set ¥ C M such that (u,t) is C™
in M\ 2. Moreover H™ *(X) = 0, where H™ 2 is the (m — 2)-dimensional
Hausdorff measure and m = dim M .

Minimal type solutions correspond to minimizing harmonic maps when
target manifold is a Riemannian. (Note that there are no energy minimizing
harmonic mappings when target manifold is a Lorentzian since
inf Eu,tyem (180 < (v (U 1) = —00.)

In fact, when 3 = const., (u, t) is a minimal type harmonic map if and only
ifue H ;(M ; No) is a Dirichlet energy minimizing map and ¢ is a harmonic
function.

Also in such a case, by the regularity result of Schoen-Uhlenbeck [13],
Theorem 1.1 may be improved.

However, there is a strong difference between F-minimizing problem and
Dirichlet energy minimization problem as in the Riemannian case. That
is, the functional F is not a local functional. For example, F-minimizer in
H(M; Ny) does not have a local minimizing property. This non-localness
comes from the fact that ¢(u) is implicitly defined in M by u and ¢ as a
solution of the equation div(f(u)Vit(u)) = 0 with t(u) = ¢ on M. So we
can not directly localize the problem. Since regularity problem is mainly
local in the domain, this causes problems. This is the troublesome point in
our problem.

However, in general case, as the above special case suggests, it is rea-
sonable to conjecture that the size of the singular set 3 in Theorem 1.1 is
dimY» <m — 3.
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In this paper we prove such conjecture is true. Our main result is the
following:

Theorem A. Let N = Ny x3 R be a static Lorentzian manifold. Let
(u,t) € HL(M;Ny) x H(M;R) be a minimal type harmonic map. Then
there exists a closed set ¥ C M such that (u,t) is C™ in M \ ¥. Moreover
the Hausdorff dimension of X is less than or equal to m — 3 when m > 3.
When m = 3, ¥ is a discrete set and when m = 2, ¥ is empty.

Remark 1.2. (a) The above singular set estimate is optimal. In fact,
up = x/|z| : B> — 5% is a Dirichlet energy minimizing map (see [2]) and
w = (ug, ty), where ty = const. defines a minimal type harmonic map which
is singular at 0 € B®. Here B* = {z € R? : || < 1}. The examples of
higher dimensional cases are constructed in the same way.

(b) Since t(u) satisfies the elliptic equation div(8(u)Vt(u)) = 0 with 0 <
Brin < B(u(x)) < Puax < +00, t(u) is always Holder continuous in M by De
Giorgi-Nash theorem [9].

(¢) If dim M = 2, in [8], we proved that any weakly harmonic map in
H'(M; Ny) x H'(M;R) is smooth in M.

The crucial step in the proof of Theorem A is a derivation of the mono-
tonicity inequality. Here new difficulties arise due to the fact that the func-
tional F is not a local functional as stated above. Thus it turns out that we
need to analyze the behavior of solutions of some elliptic equations under
the deformations of the domain manifold. These are carried out in §2.

Next step consists of compactness result for the families of scaled maps.
As stated above, there is non sense to consider “local minimizing” maps
in order to study regularity properties of (global) minimizing maps (since
global F-minimizer is not in general local F-minimizer), so we need to con-
sider compactness properties of scaled maps of global minimizers (which has,
in general, no minimizing properties) in order to study local properties of
(global) minimizing maps.

Finally, using Federer’s dimension reduction argument [3], [12], [13], we
obtain Theorem A. These are carried out in §3.

Acknowledgment. The author wishes to thank referee for his valuable
comments and suggestions on a first version of this paper.

2. Monotonicity inequality.

In this section, we derive the monotonicity inequality for F-minimizing map
u in qu)(M; Ny). For simplicity, we consider the case M = (Q is flat, that is,
M is the open bounded set €2 in R™. The general case is more involved, but
essentially the same method is applicable with slight modifications.
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Our main result is the following:

Proposition 2.1. Let u € HL(Q; Ny) be a F-minimizing map. For a € Q
and 0 < Ry < Ry < 1/2dist(a, 0), there exist constants ¢, « > 0 (depending
only on (3 and m) such that the following holds:

Rf_m/ \Vul|*dz + 2/ |z —a|>™™ |
Brg, (a) Ri<|z—a|<Rs or

< Rgfm/ Vul?dz + ¢(R + RY).
Br,(a)

Here B,(a) = {z € R™: |z — a] < p}.

Proof. Fix ¢ € C§°(2). For |e| small, we set ¢.(z) = = + ep(z). For small
lel, de : 2 — Q defines a diffeomorphism.

Let u € H}(M; Ny) be a F-minimizer. We set u = uo ¢, ". For small |e],
u. € H(Q; No).

We study the dependence of F(u,) in e.

By some calculation, we obtain:

(2.1)
/ |Vu|*dz
Q

ou' ou! 3¢
_ 2 _ id 2
/]Vu\ dx + € /Wu\ div ¢ dx 21<§]<m/ 92: 0z, O, dz| + O(€).

1<I<k

Next we study [, B(uc)|Vi(ue)? dz.

Here some difficulties arise due to the non-localness of t(u) with respect
to u. That is, ¢(u.) is defined implicitly in © by u. and ¢ as a solution of the
equations

div(B(ue)VE(u)) =0 in €Q,
t(u) =¢ on 0.
So the equality t(u.) o ¢. = t(u) does not hold in general. Thus we need the

analysis of the behavior of ¢(u.) o ¢. with respect to e.
We compute, by the change of variable = ¢.(y),

(2.2)
| @)Vt @) do
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= [ B) IVt (@) (1 + edivddy + O() [ [Vt(u,)(0.()) Pdy.

We set t, := t(u.) o ..

Since
Vit(ue)(¢e(y)) = T (de(y)) Vic(y),
t . . N
where Vit(u.) = (82(;‘:), - ,%Sﬁ?) , Vi(y) = (%i, e 7%> and J(¢.) =

jacobian of ¢., and

T () = (&j - ?f; + O<€2)) |

we obtain
(2.3)
- ot, of, 0, R
[Vt (ue) (9 ()P = [Vic(y)]* — 2¢ * +O(e)Ry(Vic, ¢).
1<§’<m 3y2 ayj 8% 1

Here R, (Vi ¢) is a quadratic form in V..
Combining (2.2) and (2.3), we obtain:

/Qﬁ(ue)|Vt(u6)\2 d

B e oi. 0%, 0,
_ /Q B(u) {‘we 2 e By By
+ O(€®)Ry(Vt., §)

}(l—l-edivqﬁ) dy

1<ij<m

’ dive —28(u) >

1<i,j<m

j— n 2 ‘
= [ BV dy+e(/ﬂﬁ(u)lwe 9y, 0y, 0y, "

(2.4)
+ O(¢*)Rs (Vie, ) -

of. vi. 00, )

Here R,(Vt.,$) and Rs(Vt.,¢) are quadratic functionals in V..
Since t(u.) is a critical point of the functional t — [, B(u.)|Vt|* dz, by
(2.4), t. satisfies the following for any ® € C5°(€%; R):

/ﬁ(u)vﬂ-wp dy + € (/ B(u)Vi. - VO div ¢ dy
Q Q

SETR> 9D i, 09, - [ 50 ¥ oi. 00 09, dy)
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(2.5)
+O(*)R, (V<1>, Vi., qs) .
Here Ry(V®, Vi, ¢) is a linear form in V& and V..

By density, (2.5) holds for any ® € H}(;R). We take & = £, — t(u) €
H}(Q;R). Then we have

/Qvfe-v@—t(u)) dy—l—e(/ﬂﬁ(u)VfE-V(ﬂ—t(u))divqb dy

0 . 856 0¢;
- [ 8w Zm gy e = 1) G5 dy
87?6 0 - 0o;
_/Qﬂ(U) 19%%7” Dy, 9y, (te — t(U))ayj dy)

(2.6)
+O()RL(V (i — t(u)), Vi, ¢) = 0.

On the other hand, since div(3(u)Vt(u)) = 0, we have:

2.7) /Q B(u)ViE(u) - V(i. — t(u)) dy = 0.

Subtracting (2.7) form (2.6), we obtain:

28) [ 1Vt = Vil dy < Gl + Vi oo IV, — Ft0) 120,

where ¢; > 0 is a constant which may depend on ¢ but does not depend on
€.

We claim that ¢, is bounded in H'.

To prove this, first observe that by (2.4) there exists ¢, > 0 independent
of € with |e| small such that

/ Vi dy < cg/ IVt (ud)|? dy.
Q Q
Let h be the harmonic extension of ¢ to €2, i.e.,
Ah=0 in €,
h=1 on 0.

Then by the minimizing property of t(u.), we obtain

/ Bu)[VE(u)[? dy < / B(u)| VA dy < B / Vh? dy.
Q Q Q
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Therefore we have

[ vt dy <
Q

/ |Vh|? dy = independent of e.
in JQ

This completes the proof of the claim.
Combining this claim with (2.8), we get

(2.9) / Vi, — Vt(u)|? dy < esé?,
0

where c3 is a constant independent of e.
We set . = t(u) + a.. Then

(2.10) al,, =0

and

(2.11) / Va2 dy = O(&).
Q

By (2.4), we obtain
/Qﬁ(ue)]Vt(ue)F dz

-~ / B(w)| V() + Ve |? dy + e(/ B(w)| V() + Va2 div ¢ dy
Q Q

2o 3 (55 (52 5) 5 4) o

= [ BV dy+2 [ B@)tw- Vo, dy+ [ Bw)Taf dy
+ e(/Q B(uw)|Vt(u)|* div ¢ dy + 2/Qﬁ(u)Vt(u) -Va,div ¢ dy
+/ﬁ(u)|Voz€]2div¢> dy

a¢z 80[6 315 a¢7,
_9 / / J
1<;<m{ ﬁ ayz 8y] 8y] IB 8@/1 8y] 8y] Y
(2.12)
u) O O da. 0o, 0o; }) )
+/ +/ u d + O(€).
ayz ayz 83/1 y Q ﬁ( )ayl 8yj ayj Y ( )

Here, [, B(u)Vt(u) - Vae dy = 0 by div(8(u)Vt(u)) = 0 and (2.10).
Thus, by (2.11) and (2.12) we obtain

/Qﬂ(ue)|Vt(u6)|2 dz
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— [ B)vew) dy+e( | Bt dive dy

(2.13) —2/ B(u a;) é(y@ ng dy) +0(e?).

Combining (2.1) and (2.13) we get

]—"(ug):/ IVul? dx—/ﬁ(u)\w(u)y? dx—i—e(/Q]Vu\zdivqb dx

ou' du! O, 9 1.
_21§m / O G e / B(w)|Vt(w)|? div ¢ do
(u) 09, 2
+21<Z /ﬂ 8x 83: ox; d) O(€)
<i,j<m
ou' Oul D¢,
2 - j
—i—e(/ |Vu|*div¢ de — 2 <Z /81‘18% oz, dx
—/5(u)\Vt(u)]2divqﬁ dz
Q
(2.14)
Ot (u) 09, 2
+21<Z /ﬂ 8x ox; Oz, da )+O(€ )
<i,5<m J

Since u. € HJ(Q; No), by the minimality of v we have F(u) < F(u.) for
small |e].
Therefore by (2.14) we obtain

oul oul O¢;
/|Vu\ div ¢ dx — 2 Z /83: . 8;5
1<i i J J

i<m
1<i<k

/ﬂ )Vt dive de+2 3 /5 ax a;)gﬁ]d —0

1<i,5<m

for all ¢ € C5°(S1; R™).

Here we take, in particular, ¢(z) = ¢(r/p)(xz — a), where ( € C=(R) is
such that {(r) =1 for r < 1/2, {(r) =0 for r > 1, (' <0 and p > 0 satisfies
B,(a) cC .

Then by some computations, we obtain

—p/yvu|2 { ( )} da + (m )/Q|Vu]2¢<;> dz
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ou
0

oo {o(0))arso [ o (1)

~(m~2) [ Bw)|Viu) s (p) de
Ot(u)

(2.15) 2
s o] 2 & {o(2)) -0

Letting ¢ approach to the characteristic function of (—oo, 1], we obtain

d
— p—/ |Vul? dz + (m — 2)/ |Vul? dx
dp Bp(a)

By(a)

d ou|? d )
+2pd—p /Bp(a) o dm+p% /Bp(a)ﬁ(u)|Vt(u)| dx
(2.16)
) d otw) >
—(m—2) /Bp@ B(u)|Vit(u)? dx — 2,0dp/Qﬂ(u) u| s =o.

(2.16) is equivalent to the following:

Lrr [ v de- g [ ) Vi) e
dp B,(a) By(a)

a 2
=2p""" / O dr—2p / B(u)
0B, (a) 9B, (a)

Integrating (2.17) from R; to R, we obtain

(2.17)

2

Ot(u) .

or

or

Rg_m/ |Vul|® dz — Rf_m/ |Vul? dx
BR2 (a) BR1 (a)

~E [ BV de+ R [ BV da
Br,(a) B

R, (a)
2
=2 |z —al*™™ Ou dx
Ri<|o—al<Ro or
(2.18)
ot(u)|?
-2 u)|lz —al>™™ ’ dz.
Ri<|z—a|<Rs Blu)l | or

Since t(u) is a solution of the equation div(f(u)Vt(u)) = 0in Q and 0 <
Bain < (1) < Pmax < +00, by De Giorgi-Nash theorem and p. 59, Lemma



OPTIMAL REGULARITY OF HARMONIC MAPS 81

4.3 in [9], there exist constants @ > 0 and ¢ > 0 depending only on Bpax,
Bmin and m such that the following hold for 0 < r < dist(a, 0Q2):

(2.19) p2em / Vi(w)[? do < e,
B, (a)
(2.20) / 2 — a> " |Vi(u)? dz < e
lgr(a)

Combining (2.18), (2.19) and (2.20), there exists constants v > 0 and ¢ > 0
depending only on 3 and m such that

2

0
Rf_m/ |Vul|? daz—f—Q/ |z —al>™™ idad IR
Bg, (a) Ri<|z—a|<R: or
< 33*7"/ Vul? do + (RS + RS).
BR2 (a)
This completes the proof of Proposition 2.1. L1

3. Proof of Theorem A.

In this section, we prove our main theorem A. We recall the following two
facts from [8].

Lemma 3.1 ([8, Lemma 3.4]). Let u € H (M;N,) be a F-minimizer. Let
B,(a) be a ball such that B,.(a) CC Q and let v € H*(B,(a); Ny) with v =u
on OB,(a). Then there exists n € H(M; Ny) (depending on u, v, a and r)
such that the following holds:

/ IVl dx—/ B(u)|Vit(w)® da
B, (a)

r(a)

s/ Vol? dx+ﬁmax/
B, (a) B, (

r

Vi) da.
a)

The following small energy regularity theorem is proved in [8]:

Lemma 3.2 ([8, Lemma 3.10]). There exist Ry >, € >0, v >0 and ¢ >0
such that if a F-minimizing map u €  HJ(M;Ny) satisfies
R [ [VUl? do < € for some R < min { Ry, 5 dist(a,0Q)}, then u is
~v-Hdélder continuous in Br(a) and the following holds for any x,y € Br(a):

u(z) = uly)] < el —y[".

We begin the following:
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Proposition 3.3. Letu € H;(M; Ny) be a F-minimizing map. For a given
B > 0, there ezists g >, ¢ >0, 0 > 0 and py > 0 such that if p < py, B,(b) C
CQ(be, P[54 |Vul* de < B and p" [ ) lu— (u),s]?* dz < €
((W)ps = 1/|B, ()| [,y u dx), then u is 6-Holder continuous in B5(b) and
lu(z) — u(y)| < clz —y|° holds for any z,y € B,/2(b).

Proof. By Fubini’s theorem there exists o € [3/4p, p] such that

(3.1)
8
[ qum @l ds <2 [ qus (@) do < Seop™!
0B, (b) P JB,(b)
(3.2) / Vul? ds < §/ IVl de < 8Bp™.
9B, (b) P JB,b)

By (3.1) and (3.2) we have

ot (/ lu — (u),]? ds) </ |Vul? ds)
OB, (b) OB, (b)

24
(3.3) < 64Begp®" ot < 75360.

Here we take ¢y > 0 such that 254/3Bey < (5,26'1, where € > 0 is a constant
to be determined later and ¢ > 0, ¢ > 0 are constants appearing in the
following extension lemma due to Schoen -Uhlenbeck (Lemma 4.3 in [13]):

Lemma 3.4 ([13, Lemma 4.3]). There exist &' > 0 and ¢ > 0 such that if
e€(0,1) and uw € H* (0B, (b); Ny) satisfies

olm (/ |V ul? ds) (/ lu — &7 ds) < §2
9B, (b) 8B, (b)

for some & € R*, then there exists u € H'(B,(b); Ny) such that 4 = u on
0B, (b) and the following holds:

/ |Va|* de < ¢ <ea/ |V u|? ds + e‘qa_l/ lu — &2 ds) .
Bo(b) 0B, (b) 9B, (b)

By this lemma, there exists & € H'(B,(b); Ny) such that @ = u on B, (b)
and, by (3.1), (3.2),

/ |Vii]? do < c(8eop™ 3B + 8¢ %o tepp™ )
B (b)



OPTIMAL REGULARITY OF HARMONIC MAPS 83

32
(3.4) <c (SBE + 3€0€_q> P

On the other hand, by Lemma 3.1, there exists n € H;(Q; Ny) (depending
on o, b, u) such that

(3.5)
/ Vuf? de < / Va2 de + Buna (/ V()2 + V()] d:c) .
B (b) B (b) Bo (b)

Combining (3.4) with (3.5) we obtain
2 32 — m—2
/ |IVu|* de < c(8Be+ —ecpe 1| p
B, (b) 3
(3.6) + Binax </ VE()|* + [VE(n)[? dl‘) :
B, (b)

By De Giorgi-Nash theorem, there exist ¢ > 0, @ > 0 (asin (2.19)) depending
only on (3 such that

(3.7) 02*’”/ |Vt(u)]? dor < co®, 02*’”/ (Vt(n)|? do < co®.
Bo(b) B (b)
Combining (3.6) and (3.7) we obtain
2 32 —q (e m—2
(3.8) - |Vul® de < ¢ 8Be + 3 €€ +p5 ) P

First we take € > such that ¢ - 8Be < €/3. Then choose ¢, > 0 such that
c-32/3epe™1 < €/3 (we may assume 254/3Be, < & %¢? also holds). Finally
choose py > 0 such that ¢ p§ < €/3. Then for p < poy, we have, by (3.8),

pz_m/ |Vul? dz < &
B (b)

Thus by Lemma 3.2, v is Holder continuous in B,/5(b) and |u(z) — u(y)| <
c|lz — y|° holds for some ¢ > 0 and 6 > 0. Ul

For a € 2 and A > 0, define the scaled map u, , := u(Azx + a).

Our next subject is to study the behavior of u, , for F-minimizer v as A |
0. For later purpose (see the proof of Corollary 3.6), we consider somewhat
more general case.
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Let a € Q and R < 1/2dist(a,002). Let u be a F-minimizing map in
H;(M; Ny). For 0 < \; <1, a; € Bg(a) with A; | 0 and a; — a, we consider
the sequence {uy, 4, }-

Lemma 3.5. Let u, \; and a; be as above. Then there exists a subsequence

of {uy, .a; } (which we also write {uy, ,}) such that for any r > 0 the following

hold:

()  ux, .0 — Uso (for some uy, € HE . (R™; Ny)) locally uniformly in B,.(0)\
Y, where X, C B,(0) is a closed subset with H™ 2(X.) = 0. More-
over Uq, is continuous in B,.(0) \ Xw.

(b)  un,.4; — Uso Strongly in H*(B,(0)).

(¢) In particular if a; = a, then 2= = 0.

Proof. (a) We fix 7 > 0. For ¢ large we have B,,,(a;) C . We may assume
without loss of generality that this hold for all i.
By Proposition 2.1, there exists ¢ > 0 independent of ¢ such that

/ |Vuy, o> dz = )\?_m/ |Vu|? dr < c.
B-(0)

By, (ai)

Therefore there exists a subsequence of {uy, o, } (we also denote it as {uy, 4, })
such that
Un,.a, — Use weakly in  H'(B,(0)),

Uy, a0, — Use strongly in  L*(B,(0)).
For b € B,.(0) and p < dist(b, 9B,(0)) small we assume

(3.10) p—m/ oo — () p? dt < co,
B, (b)

where ¢y > 0 is as in Proposition 3.3 for B = c.
Since uy, o, — Us in L?(B,(0)), for i large enough we have

(3.11) p—m/ [un,.ar — (ttoc)pl? dee < co.
B, (b)

By the change of variable, we obtain from (3.11)

(3.12) ()\ip)_m/ i — (o)l d < 0.
B)\Lp(a7,+>\1b)

On the other hand, for ¢ large enough,

p27m / |vu>\i,ai
B,(b)

> dr = ()\ip)zfm/ |Vul? dz < c.

B, p(ai+A;b)
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By Proposition 3.3, u is §-Hélder continuous in By, ,/2(a; + A;b) and |u(z) —
u(y)| < clz — y|° for z,y € By,,2(a; + A;b). By rescaling, uy, 4, is -Holder
continuous in B,/»(b) and |uy, 4, (z) — ur, 0, < eX|z —y|® < ¢z — y|° for
x,y € B,s(b). Thus {uy, .} is equi-continuous and equi-bounded in B, (b)
and by Arzela-Ascoli’s theorem, for some subsequence (we also denote it
{uy, q, }) such that

Ux,.a, — U uniformly in By (b).

By Poincaré inequality, if p*>~™ [ B,(b) |V |? dz is small enough, then (3.10)
holds. So by the standard covering argument, there exists closed subset X
with H™ 2(3,,) = 0 such that

Uz, .0, — Uoo locally uniformly in  B,.(0) \ .

Since r > 0 is arbitrary, by diagonal sequence argument, we obtain (a).

(b) We fix r > 0 as in (a). We prove uy, ., — o, strongly in H*(B,(0)).

Let X be as in part (a). Since H™ %(X, N B,(0)) = 0, for any € > 0,
there exists balls {B,, (z;)} such that >, 77" 7* < ¢, ¥, N B,.(0) C U, B, (,),
x; € B,(0).

By Proposition 2.1, there exists ¢ > 0 independent of k£ and ¢ such that

rf‘m/ Vs, o |® do = ()\km)2_m/ |Vul? dz < c.
By, (x:) B, r; (ap+Agzs)
Therefore we have

(3.13) Z/ |V, o |* do < CZTZ.”_Q < ce
i/ Bry (i) i

for all large k.
On the other hand, by the first equation of (1.1), we obtain

Au}‘k;ak + A(u/\k,ak)(vu)\k,ak ) vu)\lmak)
1
+ §Vﬂ(u>\k,ak)]Vt(u),\k,ak|2 =0 in B,.(0).

Here t(u), .0, () = t(u)(Aez + ay).
Thus we have
A(uAmak - u/\j,aj)
= _A(u)\k,ak)(vu/\k,am Vu/\k,ak) + A(uAj,aj)(vu)\j,aj ) vu)\j,aj)
(3.14)

1 1
- EVIB<U’)\kvak)IVt(u>>\k»ak ‘2 + iv/B(u)\j7aj)IVt<u)Ajvaj ’2'
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Take ¢ € C3°(B,(0) \U, By, (x;)) arbitrary. Multiplying ¢(ux, 4, —Ur,.q,) by
(3.14) and integrating over B,.(0), we obtain

/ ©|Vur, ap — Vi, o] dx
B-(0)

SC/
By (

r

+c/
By(

0) ’(ID‘ (‘VUAk7ak’2 + ’vuAj,ajlz) ’u)\k,ak - ukj,aj‘ dx

"

) |30‘ (|Vt(u)/\k)ak|2 + |Vt(u)/\j7aj |2) ’uAlek - uAj:aj‘ dx
0
(3.15)
+ c/ IVo|[Vuy, ap — Vs, o, |[Ux,,ar — Un;q,| do.
BT(O)

Here, by Proposition 2.1 and De Giorgi-Nash theorem, there exists ¢ > 0
independent of k£ such that

(3.16) / |V, ol do = /\i_m/ |Vul? doe < ¢
Br(o) BT}\}C (ak)
(3.17)
/ Vt(w)r, 0| da = Az-m/ Vt(w))? d < c.
B,.(0) Bray, (ak)

Combining (3.13), (3.15), (3.16) and (3.17), and since ¢ € C§°(B,.(0) \
U; By, (z;)) is arbitrary, we obtain, for some subsequence of {uy, ., } (we also
denote it by {uy, 4, })

Uy, a0, — Use strongly in H'(B,(0)).

Since r > 0 is arbitrary, by diagonal sequence argument, we obtain the result.
(c) By Proposition 2.1, we have, for j < i

/\f*m/ Vul? de + 2 & — o
By, (a)

Ai<lz—al<X;

(3.18)
< )\f‘m/ Vul? do + c(A® + A2).
B, (a)

By Proposition 2.1, there exists limit lim,. o r*~™ I5.(0) |Vu|? de = L. Letting
i — 00 in (3.18), we obtain

(3.19)
2
dr < A§*m/ [Vul? da + A2

0
L+2 |x—a|2m‘a:f o
A, (a

|[z—a|<A;
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By rescaling, we obtain

(3.20)
8uAj,a

L+2 |z|>~™ B

lz|<1

2
dr < )\?7’”/ [Vul® da + XS

B, (a)

Since uy, . — Uoo strongly in H (R™; Np), taking a limit j — oo in (3.20),

we obtain
/ ’x‘2—m
|z|<1

Therefore &5—;" =0. |

2

% dz = 0.

or

Corollary 3.6.
(i) The conclusions of Lemma 3.5 hold for maps in

TM={v: there exist \; | 0, a;— a such that uy, ., — v in Hp (R™)}.

Here a € Q and u is a F-minimizing map in H;(Q; Ny).

(i) Define TM!' (I > 0) inductively as follows: TM® =TM, TM' = {v:
there exist u € TM'™', X\; | 0 and a; — a € R™ such that uy, ., — v
in HL . (R™)} for 1 > 1. Then the conclusions of Lemma 3.5 hold for

loc

maps in TM' for 1> 0.

Proof. (i) First we show the monotonicity property for the maps in 7M. Let
veETM,beR™and 0 < R; < Ry. Then there exist sequences {\;},\; | 0
and {a;},a; — a such that uy, ., — v in H}_(R™). By Proposition 2.1, we
have

()\iRl)Qim/ |Vu|? dz
By, rq (aitAib)
a 2
+ 1z — a; — AbP™ | 28| da
N R1<|z—a;—A;b|<XiRa or
<R [ Vul? dz + e(\By)* + (Ra)).
B, Ry (ait+A;ib)
From this, we obtain:
81,6)\. a 2
Rf_m/ |Vuy, o,|* dz + 2 |o — b>~™ | —22% | dx
Br, (b) Ryi<|e—b|<Ro or

2dx + c(MR)™ + (N Ra)).

< Rgim / ’vu)\mﬂzz
Br, (b)
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Letting ¢ — oo, we obtain the following monotonicity inequality:

2

ov dr

R?"”/ Vof* dz + 2/ o — B> |
Br, (b) Ri<|z—b|<R, or

< Rgfm/ (Vo|? d.
Br, (b)

Next observe that for v € TM, A > 0 and b € B;(0) we have vy, € TM
since (wx, ;)2 = Uxn;anibra;- (NoOte that even in the case a; = a, \ib+ a; =
Aib + a # a. For this reason, we have considered the case a; — a and not
the case a; = a.)

We first prove the assertion (a) for the map v € 7M. Fix r > 0. Let
v € TM as above, {\;}, X, | 0 and a;, — a’. Consider the rescaled maps
1),\;7(1; .

By the monotonicity inequality for the maps in 7 M proved above, there
exists subsequence of {vy: . } (we also denote it by {vx: o }) such that vy . —
Voo weakly in H'(B,(0)) and vy, o, — v strongly in L*(B,(0)).

Let ¢ € B,(0) and p < dist(¢, dB,(0)); small be such that p=™ s, () V00—
(Voo)pc|?dz < €. Then, as in the proof of Lemma 3.5 (a), there exists g
such that for i > iy, we have

/fm/B o [0xa; = (Vs0)pcl? < €0
,

(R™), there exists k(i) such that for k > k(7)

. . 1
Since uy, o, — v in Hj

[ s = e < o
By ()
Since (ka,ak)/\;,a; = Un, 2 Mpal+ay WE get

wxip) ™ [ 1= (oo do < e

BAkA;p(Aka;+ak+>‘k)‘;C)

for such 7 and k.

Then by the same argument in the proof of Lemma 3.5 (a), u is Holder
continuous in By, xr,/2(Ae@; + ar + ApAj(), and there exists constant ¢ > 0
such that [(ux,.a,)xa (%) = (Un,a)xa ()] < clz —y|° for 2,y € B,pa().
From this, {(ux, a,) ! }e>k(i) is equi-continuous and, by Arzela-Ascoli, there
exists a subsequence (we also denote it by the same sequence) such that
(Ux,a1)2.ar — v; uniformly in B, /5(C) for some v; as k — oo. But uy, 4, — v
in Hy,.(R™), so we have v; = vy .. By the uniform convergence, vy o also

satisfies |[vx o/ (7) — Vxrar (Y)] < cllacl— y|? for z,y € B,/5(¢) and i > i5. Again
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by Arzela-Ascoli, we have vy . — Vs uniformly in B, /2(¢). From this and
the same argument in the proof of Lemma 3.5 (a) shows that the conclusion
of Lemma 3.5 (a) also holds for maps in 7M.

Next we verify Lemma 3.5 (b) for maps in 7M. For this, first observe
that the map v € 7M is a harmonic map into Ny, that is, it satisfies the
equation Av + A(v)(Vv,Vv) = 0. To see this, we only note that the left
hand side of (3.17) goes to zero as k — oo by De Giorgi-Nash theorem.
Then, by the result (a), the same argument in the proof of Lemma 3.5 (b)
shows that the conclusion (b) of Lemma 3.5 also holds for maps in 7M.

The proof of Lemma 3.5 (c¢) for maps in 7.M follows the same argument in
the proof of Lemma 3.5 (c), since we already have monotonicity inequality,
(a) and (b).

(ii) The proof of assertion (ii) follows from the same argument in (i) using
the induction on [. U

Remark 3.7. (a) As was stated in the introduction, F-minimizing map
in HJ(M;Np) does not have local minimizing property. So there is no
sense to consider local minimizing maps to study regularity properties of
F-minimizing maps and, of course, scaled maps u, , for F-minimizing map
u does not have any local minimizing property. Therefore in the above
proposition and corollary, we only considered the compactness properties of
scaled maps (not local minimizing maps as in many other problems). This
is the troublesome point in our problem.

(b) The limiting map v € 7 M, which we call tangent map at a in the
case a; = a, is indeed a harmonic map into Ny. This follows from the same
reason as in Corollary 3.6 (i), proof of part (b).

We are now ready to prove our main theorem Theorem A. As in many
other regularity problems, we prove it by Federer’s dimension reduction
method [3], [12], [13].

Completion of the proof of Theorem A. We define the measure ¢° for
s € R as follows:

©°(F) = inf {er B C U Bm(:pi)} .
i i=1
We prove the following
Lemma 3.8. Let u be F-minimizing map or w € TM!, 1 > 0. Let \; | 0

and a € B1(0). Assume uy, , — us weakly in H'(By; Ny). Let 3; and X,
be singular sets of uy, , and us, respectively. Then we have

©* (Yoo N B1y2(0)) > limsup *(X; N By/2(0)).

11— 00
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Proof. Let € > 0 be given. Let {B,,(z;)} be a sequence of balls such that
Yo N B1y2(0) C U2, By, (2:) and

er < (B N Byy2(0)) + e
i=1

By Lemma 3.5 and Corollary 3.6, for large i, u,, , is continuous on By 2(0) \
U2, B, (x;). Therefore we have

oo

%N Biyx(0) € | Br (2s).

So
=1
Since € > 0 is arbitrary, we obtain the result. [l

We continue the proof of Theorem A. Let ¥ be a singular set of u. By
Theorem 1.1, we know H™ 2(X) = 0.

Let 0 < s < m — 2 be a real number such that ¢*(X) > 0. If there is no
such s, then we complete the proof, since in this case ¥ = (.

By the density theorem about the measure ¢®, see [12], we have
limsupy o A™°0*(X N By2(x)) > 0 for p®-a.e. & € X. So there exist ag € X
and \; | 0 such that

lim A\ (3 N By, /2(a0)) > 0.

We consider the rescaled maps wy, q,-
By Lemma 3.5, there exists a subsequence (we also denote it by {uy, 4, })
such that
Uy, a0 — Up strongly in  Hp (R™; Ny)

for some uy € H! (R; Np) with 2% = 0.

We set ¥j° = the singular set of wuy,q,. Then ¢*(X{° N By,2(0)) =
A7 *@* (X N By, 2(ap)) and lim; o ¢*(X{° N By2(0)) > 0.

By Lemma 3.8, we have ¢*(X N By/2(0)) > 0, where ¥, is the singular

set of ug. Since % =0, Xy is a cone, i.e., AX = X for all A > 0.

There are two possibilities:
(i) s=0
(ii) s> 0.

If the case (i) occurs, we complete the proof. So we consider the case (ii).
We take a new coordinate so that the radial coordinate r is x;-direction.
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There exists a; € Xy N IB;(0) such that

limsup A™°p*(Xo N By(ay)) > 0.
AL0

Then by the same argument as before (using Corollary 3.6), there exists a
sequence {\;}, \; | 0 such that

lim A7°¢* (S0 N By, (a1)) > 0

and for some subsequence of {ugy, ., } (we also write it as {u,, 4, }) we have
Uor;.a; — Uy strongly in HL_(R™; Ny), where u; € TM! and g% = 0. (Here
r1 is the radial with respect to the new coordinate.)

Let X, be a singular set of u;. Then by Lemma 3.8, ¢*(3; N B1(0)) > 0.
Since g“‘; = 0, we also have g“l =0.

If s —1 <0, we stop. Otherwise (this is the case s > 1), since ¢*(3; N

B;(0) \ R x {0}) = ©*(3; N B1(0)) > 0, there exists ay € Xy N IBT1(0),
where B""*(0) is the unit ball in R™~! = {(0,z3,... ,7,,)}, such that

limsup A™°¢*(X; N Ba(az)) >0
AL0

and there exists uy € 7 M? such that g—gf = g—gz = %2 — () (for some suitable
choice of coordinate).

We continue this procedure n-times. Then we have u; € H (R™; Ny) N
TM (1 <1< n) with g—Zi =94 — 0 for i =1,... 1 (for suitable choice of
coordinate). We can repeat the argument until we have s —n < 0.

In order to obtain constructed wu,, it is necessary s — n + 1 > 0. Since
s<m—2,weobtainm—1>n,ie,n<m-—2.

If n = m—2, then 3,, = singular set of u,, D R™ 2 = {(z*,... ,2™2,0,0)}.
This is a contradiction since H™ %(%,) = 0. Therefore we have n < m — 3
and s < n < m — 3. Since s is an any number satisfying s < dim ¥, we
obtain dim¥ < m — 3.

Finally, we consider the case m = 3. We assume that there exists a
limit point xzy € B,(xy) CC Q of X, that is, there exist distinct points
x; € XN B,.(xg) such that z; — xg as i — oco. Put \; = |z; — x| and consider
the sequence {uy, ,,}. We remark that singular set of uy, ., N 9B;1(0) # 0.
By Lemma 3.5, we may assume uy, ,, — U strongly in Hi (R™; Ny) for
some Uy € T M. We may also assume that x; — zo/|z; — xo| — ¢ € 0B1(0).
Since z; is a singularity of u, by Lemma 3.2, we have

1
/ |Vul® dz > €
AT Bx,;r(zi)
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and, by rescaling

1
f/ Vs, z)® do > €>0
B.(

r z;—x( )
lz;—@0l

for all small r > 0.
Letting ¢ — 0o, we obtain

1
7/ |Vug|? doe > €
T JB.(¢)

for all small r > 0.

Therefore ¢ is a singularity of u.,. Since X, (= singular set of u.,) is
a cone, we have H*(X,) > 0. This is a contradiction since H'(X) = 0.
Therefore ¥ is a discrete set in the case m = 3. [l
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