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NON-SPLITTING INCLUSIONS OF FACTORS OF TYPE I11I,

HIDEKI KOSAKI AND TAKASHI SANO

By generalizing constructions in Kosaki (1994) and Kosaki
and Longo, we will construct an AFD type III; factor with un-
countably many non-conjugate subfactors such that (i) each
subfactor has the same flow of weights as the ambient factor,
and (ii) the principal and the dual principal graphs are of a
specific form. We will deal with two cases: (a) the graphs are
described by the Dynkin diagram Ay, 3, and (b) the graphs
are the ones given by a pair of a group and its subgroup (see
Kosaki and Yamagami) which are simultaneous semi-direct
products. Subfactors are distinguished by looking at the dual
action on the type II graphs. It is also possible to distinguish
subfactors by investigating automorphisms appearing in the
irreducible decomposition of the relevant sector (or bimod-
ule).

1. Introduction.

Classification of subfactors in the Powers factor of type III, (0 < A < 1) with
small indices is known to be closely related to that for the AFD II;-factor
R, and analysis on (trace-scaling) automorphisms for related inclusions of
I1.-factors (see [32, 46] for the classification when Index < 4). For the
latter, the Loi invariant ([32, 33]) plays an important role (see [46], and
also [3, 21, 23, 29, 57| for related results). Since subfactors in R, are quite
rigid objects and there is only small amount of freedom left for the Loi
invariant, the Powers factor does not generally admit so many subfactors
(with small indices).

On the other hand, an (AFD) type III, factor admits many subfactors
(with the same flow of weights ([4]) as the ambient factor) due to the fact
that the flow space is huge. In fact, in [28], the existence of an AFD type
ITI, factor with uncountably many non-conjugate subfactors (with the same
flow of weights) with the principal graph As (= 63/6,) was shown. The
purpose of the present article is to generalize this result into two directions
as was mentioned in the abstract.

In §3, by generalizing constructions in [28, 30], we will construct an AFD
type Illy factor with the same properties, but with the principal graph
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Aypm—s (m = 2,3,---) instead. A (unique) pair of AFD II;-factors with
the principal graph D,,, and the symmetry switching the last two vertices
in the graph ([22]) will play important roles. Our construction also uses a
two-to-one ergodic extension (T, X) of (T, X). Our inclusion M D N (of
AFD type 111, factors with the graph Ay, 3) has the same flow of weights,
and it is given by (7, X) (together with a ceiling functon). As in [28] the
extention (7, X) used during our construction can be recovered from the in-
clusion data of M O N (as a part of the type II principal graph together with
the dual action). Therefore, by starting from (7', X') with uncountably many
non-conjugate two-to-one ergodic extensions (see [47, p. 262], for example),
we will obtain an AFD type III, factor with the required property.

In §4, we will show that the subfactors in §3 can be also distinguished
based on the sector technique (for example [14, 34, 36]). A unique (non-
trivial) automorphism among descendent sectors ([14]) in question is shown
to be a period 2 extended modular automorphism ([4]). The corresponding
(+1-valued) cocycle contains information on the extention (7, X). This
result requires the characterization of non-strongly outer automorphisms in
[3, 29] and a certain duality between the (Connes-Takesaki) module ([4])
and the modular invariant in the sense of [24, 55]. The latter duality result
will be proved in Appendix A.

In §5, A5(= 63/6,) will be generalized to a general group-subgroup pair
G D H. We need an action (for an inclusion of II;-factors) with non-trivial
Loi invariant so that it is natural to start from a pair of simultaneous semi-
direct products G = Gox,K O H = Hyx,K. The pair of AFD II;-factors
arising from Gy 2O Hy admits the obvious K-action. Not only the graphs of
the inclusion (see [1, 31]) but also the Loi invariant of this K-action can be
described in terms of various irreducible representations. The description of
the Loi invariant will be given in Appendix B. Based on this K-action and
a #K-to-one ergodic extension (whose cocycle takes values in K), we will
construct a pair M O N of AFD type 111, factors whose type II towers are
described by Gy O Hy. The dual action on these towers are determined by
the K-valued cocycle and the Loi invariant of the K-action. Therefore, by
making use of basic properties in [30] of the minimal conditional expectation
([12, 13, 35, 37]), one can compute the (type III) towers of M DO N in
principle.

However, in §6, we will directly show that M O N in §5 is of the form
P x, G O P x, H by making use of certain coactions and their crossed
products (see [38] for example).

In §7, we will deal with the special case &, = A,x,Z, O &, =
A,,_1%,Zy (the symmetric and alternating groups). Here, everything is very
explicitly calculated from the branching rule for Young diagrams. Conse-
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quently we will once again obtain an AFD type IIl; factor with uncountably
many non-conjugate subfactors with the graphs determined by &, 2 &,,_;.

Our basic reference for the modular theory is [52] while standard facts on
the index theory can be found in the original article [19] and [7, 26, 35, 41],
[42]. Some facts necessary here from recent articles are summarized in §2
for the convenience of the reader and partly to fix our notations.

The authors are grateful to the referee for many useful comments which
have made the article more readable.

2. Preliminaries.

Let M O N be a factor-subfactor pair (of type III in most cases) with a
conditional expectation E. Throughout the article we assume that Ind F <
oo ([26, 35]) and E is a minimal conditional expectation ([12, 13, 35]).
From the Jones tower N C M C M; C M, C --- we get the increasing
sequences { My N N'}y, {M, N M'}, of finite dimensional algebras and hence
two graphs as in the II; case (7, 19]). We will call them the (type III)
principal and dual principal graphs.

2.1. Let 6 (¢ Aut(M,N)) be an automorphism leaving N globally in-
variant. By the uniqueness of a minimal expectation we have Fof = 0o F,
and 6 is canonically extended to an automorphism of the basic extension M,
(in such a way that the relevant Jones projections are fixed). The effect of
the (extended) 6 on the towers {My N N'}, {M; N M’} is called the Loi
invariant ([32, 33]) and plays an important role in study on automorphisms
for M D N ([3, 21, 23, 29, 46, 57]).

2.2.  Let v be a faithful state in N, and we set

M =M x 00 RDN=N x,R.

They are von Neumann algebras of type I1,,, and the above construction does
not depend upon the choice of a state (thanks to Connes’ Radon-Nikodym
theorem). The crossed product of M; (the basic extension) relative to the
modular automorphism group attached to o Eo Fy (where Ey: My — M is
the dual expectation, [26]) can be identified with the basic extension M, of
M D N by the characterization of the basic extension (Proposition 1.2, [42],
or see §2 of [30] for details). Furthermore, the Jones projection for M O N
and that for M D N are the same. Iterating this procedure, we know that
the Jones tower N C M C M; C M, C --- (called the type II tower) can be
obtained as the crossed product of the tower N C M C M; C My C -+ by
the relevant modular automorphism group. The dual action {6, };cr acts on
the type II tower, and as was shown in Corollary 6, [30] we have

(1) My NN ={M,NN'}y.
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2.3. Let us further assume that the von Neumann algebras M D N of
type 11 have the identical center (= L*>(2,dr)). This means that M O N
is of the form M = D B = N in the sense of [27]. Let

/ N dv(w / M, dv(w /:B(Mk)wdu(w)

be the central decomposition. It is straight-forward to see that the k-th
basic extension of M D N, is (My)., (Once again [42] can be used.) From
{(My)o NN}, {(My,),, N M}, we also get graphs (which do not depend
upon w since the centrally ergodic dual action is around). These graphs are
referred to as the type II principal and type II dual principal praphs (of
M D N) respectively.

2.4.  Let a be an action of a (discrete for example) group G for M O N
and assume that it is canonically extended to an action of the basic extension
M, as in 2.1. The action « is called strongly outer ([3, 29], or properly outer
[46]) when, for each g # e and j, we have: If x € M; satisfies yx = xay,(y)
for y € N, then = 0.

(i) Such an action is completely classified by its Loi invariant ([46], when
M D N is strongly amenable and G is amenable) in the type II; case.

Let End(M) be the unital normal *-endomorphisms of M, and we set
Sect(M) = End(M)/Int(M), the sectors, as in [36] (and the properly in-
finiteness of M is assumed). For o € End(M), the conjugate sector is de-
fined by [0] = [6] (6 = o~' o, where 7 is the canonical endomorphism
attached to M DO o(M), [34]), and this notion is essential in the sector
theory ([14, 15, 16, 36, 37]). (For simplicity the class [o] will be denoted
by o in what follows.) The statistical dimension do means the square root
of the minimal index of M D o(M). When M No(M) = Cl1, o is called
irreducible. Otherwise, (but do < co) the irreducible decomposition can be
performed (see [36]).

(i) When N = p(M) (p € End(M)), the strong outerness is characterized
as follows ([3, 29]): « is strongly outer if and only if none of a,(g # e)
appears in the sectors (pp)” (n =0,1,---) as an irreducible component.

2.5. An N-M bimodule (or correspondence) Y = y)y means a Hilbert
space equipped with commuting normal representations of N and the op-
posite algebra of M ([43, 51]). Sectors are closely related to bimodules
([36]), and in fact one has to deal with bimodules in the II; case. Here,
contragredient bimodules () (= »())n) is the conjugate Hilbert space of
YV;m-£€-n=n*-&-m*) should be considered instead of conjugate sectors,
and the ordinary composition of sectors (as endomorphisms) is replaced by
the notion of the relative tensor product ([51]). Let us briefly recall Oc-
neanu’s description on graphs ([39, 40], see also [58]). Let X’ be the (basic)
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N-M bimodule xL?*(M),, and consider the following sequences (that are
obtained by the induction-restriction procedure (see [39, 40])):

N (N)n, X, X @y X, X O X @y X, -+

mL?(M)ar, X, X @y X, X @y X Qpr X, -+

The principal and dual principal graphs describe the irreducible decompo-
sition of the above sequences. The sectors (pp)* (k = 0,1,---) actually
correspond to the M-M bimodules appearing (alternatively) in the second
sequence, and hence the irreducible sectors in | |, (pp)* correspond to the
irreducible M-M bimodules (or the “even vertices” in the dual principal
graph) in [39, 40]. Let ) be an N-M bimodule. Since the (left) N-action
of Y is sitting in the commutant of the right M-action, ) gives us an in-
clusion of factors whose minimal index is called the dimension of ). Fi-
nally we point out that an automorphism gives rise to an M-M bimodule
with dimension one, or equivalently, a sector with statistical dimension one
(and vice versa). Namely, o € Aut(M) defines the M-M bimodule H, by
Ho = L*(M); my - € - my = a(my)JJymiJy€. Notice that an inner pertur-
bation of a does not change the unitary equivalence class of H,.

3. Inclusions with the graph A,,,_s.

In this section, by generalizing the methods in [28, 30], we will construct
an AFD type III; factor with many subfactors with the principal graph
Ay (m=2,3,--+).

Let A O B be a (unique) inclusion of AFD type II; factors with the
principal graph D,,, (see [39, 40, 44, 45]). Let m be a period 2 automorphism
in Aut(A, B) with non-trivial Loi invariant (see 2.1), that is, (the extended)
7 switches the last two vertices of the graph D,,, ([22]). (See Figure 1
below.)

Let Myxg,Z be a discrete decomposition of an AFD type III, factor.
Hence, M, is an AFD Il von Neumann algebra with a trace tr,,, and
trag, © 0o = try, (e~/+) with a positive element f in the center Z(M,). Let
Z(My) = L>*(X,p) and we assume that 6y|z(a,) is induced by a (non-
singular ergodic) transformation 7' on X. (Therefore, f is a measurable
function on (X, ) and the flow of weights of Myxg,Z is obtained from the
ceiling function f together with the base transformation (7, X).)
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2 G

Figure 1.

Let o o
M, :/ My(w)dp(w), trag, :/ trodu(w)
b X

be the central decomposition together with the disintegration of the trace
trar,. Assume that the automorphism 6, corresponds to a field {fy(w)}uex
of isomorphisms (fp(w) : My(w) — My(Tw)). The assumption tryy, o 6y =
tra, (e=7+) means

dp(Tw) :
(2) trre (Bo(w) ) ————2 = e F@tr (1)

dp(w)
by the standard argument. o

Let us choose and fix a two-to-one ergodic extension (7', X) of (T, X):

X =X xZ, (with the obvious product measure),

T (w, i) = (T"w, i+ Pun)s

where ¢ : (w,n) € X X Z — ¢, , € Zy is a cocycle (see [59], especially
Corollary 3.8).

By using the above cocycle ¢ together with (A D B, 7), we now construct
an automorphism on

(&3]
A®Mo=/X A ® My(w)dp(w).

Define the automorphism 6 by
0(z)(w) = (777711 @ 6o (T™'w)) (2(T"'w))



NON-SPLITTING INCLUSIONS 101

for x € A® M,. We obviously have 6 € Aut(A ® My, B® M,). Let trs be
the unique II; trace on A. Because of tr, om = tru, one easily gets

(tra@tr)of = (try @tr)(e ')
by using (2). We now set
M = (A® My)»yZ 2 N = (B @ My)xZ.

Let E be the unique normal conditional expectation from A onto B. The
tensor product Ep ® Idy,: A ® My — B ® M, commutes with 6 because of
mo Ep = Egom. Thus, Ep ® Idy,, lifts to a normal conditional expectation
E: M — N and

Ind E=1Ind (Ep ®1dy,) (see 2.1 of [30])
= [A: B] = 4cos*(r/(4m — 2)).

Notice that

Z(A® My) = Z2(My) = L>(X),
01z asn0) = Oolz(an,)-

Therefore, the flow of weights of M is the same as that of Myxy,Z . The
same is obviously true for V.

In what follows we will assume that f = agl, g > 0, that is, the flow of
weights of Myxg,Z has the constant ceiling function ay. As in 2.2, we set

M = Mx,u:R DN =Nx,.R.

It is well-known ([48], see also the proof of Lemma 5) that

Z(M) = L*(X x [0,a0)),
M = /® M, ,dp(w)dt,

X X [0,0L())

M, = (A® My)(w) = A® My(w).

Of course the similar properties are valid for N, and in particular M D N
have the identical center (= L>(X x [0, ag))). The dual action {6, },cg for M
(and also for N) is described by 6 in the well-known fashion. (In the “vertical
direction” 6; looks like a translation, and the “base automorphism” is 6.)
Let
BCACA CACAC -

be the Jones tower with the Jones projections e = eg € Ay,e; € A;yy.
The automorphism 7 is uniquely extended to that of A; (still denoted by
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m) subject to the condition 7(e;) = e;,j > 0. Thanks to the compatibility
between the basic construction and taking a crossed product (by a Z-action)
as in 2.2, we know:

(i) The k-th extension of M O N is

Mk = (Ak &® Mo)NQZ.

where 6 is defined as before (by using the extended 7).

(ii) The k-th extension M, of M D N is the crossed product of M, relative
to the modular automorphism group (the dual action is described as
above) and:

Z(M,,) = L¥(X x [0,00)) with (M)e: = Ar @ My(w).

Thus, in our case the type II tower N - M C M; C --- gives rise to the
following field (over X X [0, ayp)):

(Mp)oi N (N),, = (A @ Mo(w)) N (B® My(w)) = AyN B’
M,NN'=(A,NB)® L2(X x [0,a)).

In particular, the type II principal graph is D,,,.

By using the Jones projections e;(= my(e; ® idyy, ), where my denotes the
standard imbedding of A;; ® M, into the crossed product --- recall (i))
€ M;1, we have

(1—egVer Ve Ve, 4)((Azm_z ® M) N (B® M,)') = L>*(X x{0,1}),

(1—egVer V- Vegms)(Mym_s NN') = L=(X x [0, ) x {0,1}).

In fact, As,,,_3NB’ is the direct sum of several matrix algebras and two copies
of C (corresponding to the last two vertices of D,,,), and the projection
1—egVerV---Veg,_4 Kkills all the matrix algebras. Recall the description
of 6, in terms of the “base automorphism” 6 (containing @r-1,1) before.
Whenever the extension 1" switches the two sheets (i.e., or-10o1 = 1 # 0),
mPr-1w1 gwitches the last two vertices of Dy, and hence 6 (considered on
(I—egVer Ve Ve a)((Azm3®@ My) N (B ® M,y)') = L>*(X x {0,1}))
switches the two sheets. This means that, on the above abelian algebra
L>(X x [0,9) x {0,1}), the dual action {6;} looks like:
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X x {1} x [0, &)

)

‘ ¥
A\l
‘: | X x {0} x [0, )
I
T

Figure 2.

Theorem 1. The inclusion M O N of AFD type 11l factors constructed
in this section satisfies: (1) M and N have the same flow of weights (the flow
built under the constant ceiling function oq together with the base transfor-
mation (X, T)), (ii) the principal graph of M O N is Ayy—3, (iii) the type
IT principal graph of M 2 N is Dsy,,, and (iv) a given two-to-one ergodic
extension (X, T) can be recovered from (1 —egV ey V-V €gpm_s)(Mop_3 N
N') {0 ew).

Proof. Figure 2 represents the flow built under the constant ceiling function
o with the base transformation (7', X) so we have (iv). It remains to show
(ii). To this end, it suffices to show that (1—egVe; - - -Vegy,_4)(Ma,, _3NN') is
one dimensional. However, it is included in {(1—eqVey - - -V egm_s)(Mapm_30N
N')}4 because of 6,(e;) = e; (see the proof of Corollary 7, [30]) and (1). This
space of fixed points is one dimensional because of the ergodicity of (T, X)
(recall (iv), i.e., Figure 2). u

The last statement (iv) means that the given two-to-one ergodic extension
can be captured by inclusion data of M O N. Asin [28], by using an ergodic
transformation with uncountably many two-to-one ergodic extensions, we
conclude:

Corollary 2. There exists an AFD type 1y factor M with uncountably
many non-conjugate subfactors N such that (i) M and N have the same flow
of weights, and (ii) the principal graph of M O N is Aypm_3.
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4. Extended modular automorphisms appearing in sectors.

In this section we will show that the two-to-one ergodic extension (that
appeared in the type II tower) in §3 can be also captured by the sector
tecnique (2.4 and 2.5).

We begin by expressing the inclusion M D N (in §3) in a slightly different
way. The original construction used the triple (A O B, 7). One can replace
this by

A® My(C) 2 B ® My(C), 7w ® Ad (‘ié) .

In fact, the action is strongly outer (seen easily from 2.4.(ii), actually Corol-
lary 8, [29]) and the tensoring does not change the Loi invariant (2.4.(i)).
Therefore,

M = (A® My(C) ® My)xgZ D N = (B ® My(C) ® My) %7,

where M, is as in §3 and 6 is defined as before by using

<w © Ad (? (1)>>% € Aut(A ® My(C)).

Let D(C M5(C)) be the abelian algebra of diagonal matrices. Since 6 leaves
A®D® My (and B® D ® M) invariant, we can set

P=(A®D® My)xpZ O Q =(B®D® My)xysZ.
Notice that

Z(A® D ® M,) =Z(B® D ® M)
= Z(D) ® Z(My)
= L®(X x Zy).

Since Ad (9}) exchanges the two sheets, P and @ have the same flow of
weights, and this is given by the constant ceiling function «q together with
the base transformation (X, 7). The inclusion P O Q (defined as before)
of II, von Neumann algebras gives rise to the constant field (D,,,) over
X x [0, o) of principal graphs, and the dual action {6,} is described by the
“base automorphism” #. Therefore, we easily conclude:

Lemma 3. The principal graph of P O Q is Da,,.
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Notice that we have:

M 2 N
U U.
P 2 Q

Set
01

U—IdA®<10> ® Idyy, -

This is a self-adjoint unitary in B ® M,(C) ® M, (C A ® M,(C) ® M,)
and normalizes A ® My(C) ® M, and B ® M,(C) ® M,. We also observe
O(U) = U. Therefore, mp(U) € N (C M) normalizes P and (). Hence, the
automorphism

a=Ad mp(U)

satisfies @ € Aut(P, Q) and a? = 1. Since Ad U acts non-trivially on Z(A®
D ® My) = Z(B® D ® M), o € Aut(P) and o, € Aut(Q) are outer. The
indices of M O P and N DO @ being obviously 2, we conclude that

M:PNQZQQN:QXIQZQ.

Since M O N are AFD type Ill, factors with the same flow of weights,
they are isomorphic by the Krieger theorem. Hence, there exists a (unital
normal *-) endomorphism p of M satisfying N = p(M).

Lemma 4. The dual automorphism & (of period 2) € Aut(M, N) appears
in L, (pp)".

Proof. We assume that & does not appear, i.e., & is strongly outer for the
inclusion M D N (2.4.(ii)). We look at the tower of M X4 Zo O N X4 Zs.
Let N C M C M; C M,--- be the Jones tower as usual. Then the k-th
extension of M Xg Ziy O N X4 4o is My, X4 Zy, and it is easy to see

(Mk A4 ZQ) N (N A& Zg)/ = (Mk N N/)&

by the strong outerness (see [3]). The principal graph of M O N is Ay, 3
(Theorem 1, (ii)), and & acts trivially on the tower {My N N’} (which is
generated by the Jones projections). Hence

(Mk Aa Zg) N (N Aa Zg)/ = Mk le,

and we conclude that the principal graph of M x4 Zg DO N X4 Zg is Aypm_3.
On the other hand, the Takesaki duality implies

MN&ZQQNN&ZQ%P:_)Q.
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Hence, Lemma 3 shows that the principal graph of M x4 Zs DO N x4 Zy is
D,,,, a contradiction. O

Since M D p(M) = N has the principal graph Ay, 3, a unique (non-
trivial) automorphism (i.e., a sector with statistical dimension 1) appears in
the irreducible decomposition of (pp)*™~2. (See 3.2 of [14] for details.) Since
& is an outer automorphism (i.e., & # id as a sector), thanks to Lemma 4
this must be the above unique automorphism appearing in (pp)*™ 2.

We have already seen that the flow of weights is given by the constant
ceiling function oy together with the base transformation (X, T).

Lemma 5. The period 2 automorphism o has a non-trivial module, and

(mod a)(w,i,t) = (w,i+ 1,1).

Proof. Let 1 be the dual weight of trs ® tras,c) ® trag, on M. Then ¢’ = 9|,
is the dual weight of trp ® tras,(c) ® tray,, and we set P = Px, R (C M =
M x,+R). Since 9’ o @ = 1/, the canonical extension & € Aut(P) ([8, 9]) is
charaterized by &(m,—,v(p)) = 7o (a(p)), p € P, and &(A(t)) = A(t). Notice
that of (me(U)) = me(U). Thus, 7,(my(U)) satisfies

AO)76 (ma(U)A(H)" = 76 (70 (V)
o (mo(U)) = mo(U) ® Idpa(wy.

The first equality guarantees that & = Ad 7,(me(U)). The algebra M is
isomorphic to

{(A® M,(C) ® My) @ A(R)"} x5 Z

> {A® My(C)® My® L®(R)} x: Z

7

(via the Fourier transform), where 5 is defined by

<§(m)) (W, 1) = <<w 2 Ad (‘1) é)) e QO(T‘lw)> (T 0, t — ),

z(w,t) € AQMy(C)®My(w) (see [48] for details). Under these isomorphisms,
7o (me(U)) is mapped to

01
5 (IdA® (1 0) ® Idy, ®IdL2(R)> .

Since the automorphism induced by this unitary exchanges the two sheets of
Z(AQDRMy®L>*(R)) = L>*(X xZyxR), the result is now obvious. Ul
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Recall that the flow of weights of P is a two-to-one extension of that of M,
and hence it is given by a cocycle (X x [0,ap) X R — &3 2 Z5). Lemma 5
and Lemma A.2 (also the paragraph after the lemma) in Appendix A imply:

Theorem 6. A unique (non-trivial) automorphism appearing in the ir-
reducible decomposition of (pp)*™~2 is a period 2 extended modular auto-
morphism of M. Futhermore, the cocycle (€ Zy(R,U(Z(M)))) defining this
automorphism is exactly the one arising from the two-to-one extention struc-
ture of the flow of weights of P.

It is actually possible to prove this result directly from Theorem 1. How-
ever, our approach here seems to reveal more structure of the inclusion
M DO N constructed in §3. When M, is a factor, our construction gives
rise to a unique non-splitting inclusion of AFD type III, factors with 0 <
A=e" <1 ([32, 46]). Also the automorphism in the above theorem is a
period 2 modular automorphism (see [16], especially Remark 3.8).

5. Inclusions constructed from group-subgroup pairs.

Group-subgroup pairs give us an abundance of inclusions of AFD II; factors.
Furthermore, it is easy to construct automorphisms for these inclusions with
non-trivial Loi invariant, and one can explicitly calculate the Loi invariant
by looking at irreducible representations of the finite groups in question.
Based on these inclusions of II;-factors, we will construct many non-splitting
inclusions of AFD type III; factors.

Let Gy be a finite group with a subgroup Hy such that {h € Hy : ghg™* €
H, for each g € Go} = {e} (see Proposition 3.1, [31]). Let x be an action of
a finite group K on G leaving H, globally invariant. We thus have the pair
of the simultaneous semi-direct products

G:GoleK 2 H:H()NMK.

Let Ry be the AFD II;-factor and o : G — Aut(Ry) be a (unique) outer
action ([18]). We thus get the inclusion of AFD II;-factors

RyxoGo 2 Ryx,Hy.

These factors are included in Ryx,G, and Ad A\, (k € K) normalizes
Rox,Gy and Ryx,Hy. Hence we can set

/Bk = Ad )\k‘RONaGO S Allt(R()NaG(),ROx]aHo), ke K.
The action 3 (of K) obviously satisfies

(3) Br(mo(x)) = 7o (ar(z)), z € Ry,
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(4) Br(Ago) = Akgok—1 = Auy(go)s Jo € Go-

We can construct inclusions of AFD type 11l factors by making use of the
triple (Ry X Go, Ro X« Hy, 3) and by modifying the construction presented
in §3. However, it will be more convenient (for later purposes) to replace
the above triple by the following (equivalent --- by the duality) triple:

(A:Ro %o Go 315 K 315 K, B= Ry %o Hy %5 K x5 K, Trzé).

Here, 3 is the dual coaction of 3 and f is the dual action of /3 (see [38]
for details). In this section the reader might as well regard (A, B, ) as
(RoxaGo, RyxaHo, ).

As in §3, let Myxy,Z be a discrete decomposition of an AFD type III, fac-
tor whose flow of weights is given by the constant ceiling function
ag (tra, oy = e try,) and the base transformation (and we will keep
the same notation as in §3). Let ¢ : (w,n) € X XZ — ¢, ,, € K be a cocycle
(i.e., Puwnim = PTrwmPuwn, the right side being the product in K') such that
the following extension (T, X) of (T, X) is ergodic (this is a normal extension
in the sense of Zimmer, [59]):

X=XxK gwith the obvious product measure),
T"(w, k) = (T"w, k‘(p;}n).

Define the automorphism 6 € Aut(A ® M) by
0" () (@) = (Tp. .. © 06(T ")) (2(T"w))
(for z(w) € A® My(w)). We have 0 € Aut(A® My, B® M), and we can set
M = (A®M0)>49Z ODN= (B@MQ)N@Z .

As in §3, a normal conditional expectation from M onto N is constructed,
and its index is #Go/# H,. We can also easily see that M and N have the
same flow of weights and that it is given by the constant ceiling function ay
and the base transformation (7, X). The type II principal and dual principal
graphs are seen from

Mk N N/ = (Ak N Bl) & LOO(X X [07 Oé()))
Mk n M/ = (Ak n A/) (29 LOO<X X [0, CM())),
and the graphs are described based on the Mackey machine ([1, 31], see

also the third paragraph in Appendix B) applied to G 2 Hy. The dual
action {6,} can be computed in the same way as in §3 by using the “base
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automorphism” # (defined by making use of the K-valued cocycle ¢ and
Br (k € K)). Hence, the dual action on the above towers is completely
described once we know the action of 8, on {4, N B'},{A. N A’} (ie.,
the Loi invariant). The description of the Loi invariant will be obtained in
Appendix B (Lemma B.1).

6. Crossed product representation.

We would like to compute the principal and the dual principal graphs for the
inclusion M D N constructed in the previous section. Since M, NN’ M,NM’
can be computed as the fixed point algebras under the dual action (recall
(1)), it suffices to know the Loi invariant of 5 (as was explained at the last
part of §5). However, in this section, we will directly show that M O N is
of the form P x., G O P x., H (so that the graphs can be computed by the
algorithm in [31] applied to G D H).
Let us recall that

~

A=RyxaGoxg KXz K2 B=Ryx,HyxgK x5 K,m=p.

In what follows, the left regular representation of K appearing in the
definition of Ry x, Gy 3 K will be denoted by Aj. The coaction is the
homomorphism

B: Zﬂ'ﬁ(l’k))\;c S R() NQGO ><|5K

keK

— Z W@((Ek))\;c ®)\;€ S (RO Hq GO X g K) ®)\/(K)H

keK

and
RO A a G() >4,3K NﬁK: <B(R0 A GO A3 K),l@loo(K)>”,

where each f € [*°(K) is identified with the multiplication operator m; on
12(K) (see [38] for details). The bidual action 7 = £ is

T (ﬁ(a:)) = B(x), =€ RyxaGo xg K,
m(l@my) =1 @my, f € I*(K).
We now consider the two-step inclusions
Ry xo Go xg K x5 K 2O Ry X HyXg K x5 K O Ry Xz K.
Notice that the smallest algebra is actually

(5)
(B(ms(ma(R0))) = m5(ma(R) © 1,10 12(K)) = ma(ma(Ry)) @ 17(K).
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By using A\, € Ry @ Gy (9 € Go) and X}, € Ry X, Gy x5 K (k € K), we set
Age = Blma(A)X).
Since (3 and 7 are homomorphisms, (4) shows that
gk' ceG= GoNuK — Agk € RoxaGoxﬂKNBK

is a unitary representation (and Ay € Ry NaHoxﬁKNBK when g = h and
hk € H = Hyx,K). We also note:

() AgB(ms(ma(@)) Ay,

= B(ms(
= B(ms
= Bms(
B(Wﬁ(ag
= B(ms

(i) Agr = m(Ag) N, @A, implies Ay (1@my)AY, = 1@myp-1., f € I%(K).

Therefore, the unitary Ay, normalizes the subalgebra Rox ;K. We now set
Age = mo(Agr ® 1ag,) € (Ro¥aGoxgK x5K) @ My)xgZ = M.

Let £ denote the shift in M corresponding to the generator of Z. We then

have E[\gk{* = /~\gk since 0 was defined by using 7 = B and 3 acts trivially
to Agy = B(m3(Ay)A},). Hence, we have:
(iii) AgkﬁA e =1
From (i), (ii), (iii) we conclude that the unitary A, normalizes the subalge-
bra
= ((RoxzK) ® My)xpZ (C N C M).

Lemma 7. The subalgebra P is a factor of type 111y whose flow of weights is
given by the constant ceiling function agy and the base transformation (T X)

Proof. The center of Ryx 3K is [*°(K) (by (5)) and hence Z((Rox 3K )® M)
is 1°(K) @ Z(My) = L®(X). For m; ® F € [*(K) ® L>*(X), we compute
(O(my ® F))(w) = (my,_,, , @ 0(T w))((m; @ F)(T™'w))
= (T, JF (T w)my)
= F(T 'w)my.

br—1,1)

and the base transformation is (T, X). O
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Theorem 8. The map v: gk € G = Gox, K — vy = Ad Ayi|p € Aut(P)
s an outer action, and we have

M=Px,G2ON=Px,H.

Proof. To show the outerness of Ad Ag|p (gk # e) by Kallman’s criterion
([20]), let us assume that x = -, x,0" € P = ((Rox 3 K)® M) x4 Z satisfies
yr = x/igky/i;k for each y € P. When y € M, we have yxr = zy from the
definition of Ay, and yz, = z,6"(y) for each n. Thus, z, = 0 (n # 0) by
the central freeness of " and x = x, belongs to (Ry x; K)® Z(M,). Hence,
x is considered as an Rp-valued function on K x X (recall (5)). When
y € Ry (€ Ry x5 K), (i) implies yz(k',w) = z(k',w)ay(y) for each k' € K
and a.e. w € X. Since « is an outer action of G, we conclude z(k’,w) = 0 (for
each k' and a.e. w) and x = 0 as desired.

The index between M and P is obviously #Gy x #K = #G, and hence
we conclude M = Px.,G. Repeating the same argument for H = Hyx, K,
we also get N = P, H. [l

We have already known how 7, = Ad Ag,|p acts on Z(RoxzK) =1>(K)
((5) and (ii) before Lemma 7). When g # e and k = e, 7, on RyxzK =
Ry ®1°(K) ((5)) looks like oy @ Id ((i) before Lemma 7) and «, is of course
outer. Hence, an analogous argument to the proof of Lemma 5 implies the
following;:

Proposition 9. The invariants (in the sense of [24, 55]) of the G-action
v on P is given by (1) (mod yg)(w,h,t) = (w,kh,t) for (w,h,t) € X x
[0,00) = X x K % [0,0) (see Lemma 7), (ii) Ker (mod v) = Gy, and
(ifi) N(y) = 1.

Notice that the flow (the dual action) and mod 7, commute since they
correspond to the right and left multiplications in the group K.

Remark. The invariant N(-) being trivial, all of M, N and P admit
a common Cartan subalgebra ([51]). Hence, in particular, the inclusion
M D N can be described by making use of an ergodic (discrete measured)
relation-subrelation pair (see for example [54]). Such inclusions were studied
in [6, 10, 11, 53].



112 HIDEKI KOSAKI AND TAKASHI SANO

7. The symmetric and alternating groups.

In this section, we will restrict ourselves to the special case (n > 3):

G = Gn D) H = Gn—l
@) @] .
GO = 91” D) HO - an—l

Here, &,,_; (and similarly for the alternating groups) is considered as a
subgroup in &,, consisting of all permutations fixing n. Notice &,, = 2,3, Z,
and 6,1 = A,_1x,Zy with Zy = {e,(1,2)} and pa9(9) = (1,2)g9(1,2).
Everything (in §5,6) will be explicitly calculated by using Young diagrams.

Let M O N be the factor-subfactor pair constructed before. (Thanks to
Theorem 8, the principal and the dual principal graphs can be computed
from &,,/6,,_1, see Example 3.3, [31].) The type II graphs are given from
A, /A,—1. Generally, the dual action on them can be computed from the
cocycle determining the extension structure and the Loi invariant of the K-
action 3 (see the last part of §5). In our case, since K = Z, and (T, X)
is a two-to-one ergodic extension, the description becomes particularly easy.
(When T switces the two sheets, i.e., the cocycle takes the value 1 # 0 ,
on (Ay N B’') ® L*(X) the move determined by the Loi invariant appears.)
Hence, what we have to clarify is the induction-restriction procedure for
A, /A,—1 and the Loi invariant of the Z,-action on the graphs (Appendix
B).

It is well-known that the irreducible representations én are parameter-
ized by Young diagrams of weight n. The following facts are standard ([17]):
(i) The irreducible representation corresponding to a non-selfconjugate Young
diagram and its conjugate provide us the same (up to unitary equivalence)
irreducible representation of A, (when restricted to the subgroup 2,,). Fur-
thermore, for such an irreducible representation m of 2,,, we have 7((1,2) -
(1,2)) = .

(ii) The representation corresponding to a selfconjugate Young diagram
splits into two mutually inequivalent irreducible representations (of the same
dimensions) when restricted to the subgroup 2,. Furthermore, ji;2) =
Ad (1,2) on 2, exchanges these two representations.

(iii) By looking at a half of non-selfconjugate Young diagrams and selfcon-
jugate Young diagrams (each of them provides us two representations as in
(ii)), one obtains a complete set of the irreducible representations of 2,,. The
induction-restriction procedure for 2, /2(,,_; is naturally inherited from that
for 6,,/6,,_1.

When n = 3, 23 = Z3 and A, = {e}. Therefore, we will assume
n > 4 in what follows. The homogeneous space 2, /2, _; is identified with
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{1,2,- ,n}:
/s = | {0 1:0 €A, with o(n) =i}.

As the left action of 2,,_; moves the first n — 1 points (and fixes the last
point), we have the two orbits Oy, O;: g0 = e,91 = (1,2)(n — 1,n) --- for
the notations here and below, see Appendix B. Hence, Hy = 2,,_; and
H =2, 3(={c €A, :0n) =n, o(n—1) = n—1}). Notice that
k= (1,2) € K = Z, satisfies kg;k~' = g,. Thus, n(i,k) =i (i.e., k does not
shuffle the orbits), and h(i, k) = e. Consequently, the Loi invariant of g, for
the irreducible B — B bimodules (éln,l Uﬁ[n,z) is just

ren ) (red9).
When n = 5, by collecting a “half” of Young diagrams and splitting each
self-conjugate diagram into two pieces ((ii), (iii)), we obtain the following

graphs of A = Ry X, Us O B = Ry %, AU, (Appendix B and p. 473, [31]):
The principal graph

Figure 3.

The dual principal graph

Figure 4.
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Here, arrows indicate the Loi invariant, and they appear in such a way that
each arrow connects the two irreducible representations described in (ii).
Computations for other n’s are left to the reader. When n = 4, the two
graphs coincide and we get:

Y

AN

Figure 5.

Since the Loi invariant is always non-trivial (due to the presence of selfcon-
jugate Young diagrams), the original two-to-one extension is obtained from
the inclusion data of M O N. Hence, once again by using an ergodic trans-
formation with uncountably many two-to-one ergodic extensions we have the
following generalization of Corollary 7, [28]:

Theorem 10. There exists an AFD type 111y factor M with uncountably
many non-conjugate subfactors N such that (i) M and N have the same
flow of weights, (ii) the principal and the dual principal graphs for M O N
are the ones determined by &,,/6,,_1, and (iii) the type II principal and the
dual principal graphs for M O N are the ones determined by U, /A, 1.

As was shown in [31], the irreducible sectors in | |, (pp)* (i.e., M — M
bimodules) are parameterized by G when M D N(= p(M)) arises from
G D H (see also 2.5 and Appendix B), and the statistical dimension is
actually the degree of the corresponding irreducible representation (p. 669,
31]).

Remark.  Figure 5 (the Coxeter-Dynkin diagram Eél)) appears in [2]
(among many others). Its dual graph in the sense of [2] is the one for &,/&;
(i.e., the Coxeter-Dynkin diagram E§1)) and possesses the obvious symme-
try. In terms of bimodules (2.5) arising from the pair C = Ry %, &4 2 D =
Ry %, 63, the last vertex in Eél) comes from the signature representation
€€ 64 and represents a non-trivial one dimensional C-C' bimodule H = H,,.
(i.e., automorphism ). The above mentioned symmetry expresses the ef-
fect of taking the relative tensor product with H (or equivalently, taking the
composition with the automorphism «. in the sector picture). By Proposi-
tion 4, Corollary 6 in [29] and the trick in Lemma 3.3, [15], after an inner
perturbation (see the last part of 2.5) we may and do assume o, € Aut(C, D)
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and a? = Id. The construction in p. 663, [31] actually shows that we can
choose

Q. : Z PgAg € C — Z sgn(g) pyA, € C,

g€EGS, ge€B6y

and the fixed point algebras C,_, D, are A, B respectively. In the orbifold
construction ([5]), a Zz-symmetry typically appears instead.

Finally we point out a phenomenon similar to Theorem 6 for M O N
in the above theorem. Let a. be the automorphism determined by the one
dimensional M-M bimodule corresponding to the signature representation
(e &,). Once again o is described as above (but with the crossed product
in Theorem 8) and a direct calculation shows

Mas = ((RoxamnN@ZQ) X MQ)NQZ.

Since Z(Roxa%nNBZQ) = [*°(Z3), the flow of weights of M, (or equiva-
lently, that of M x,_Z,) is given by the constant ceiling function oy and the
base transformation (7, X) by the identical arguments as in the proof of
Lemma 7. The flow of weights of M x,_Z, being a two-to-one extension of

that of M, a. must be an extended modular automorphism (see [25, 50]).

Appendix A. Duality between the module and modular invariant.

The module and the modular invariant (among others) appear as invariants
for the classification of actions on AFD type III factors ([24, 55]). They are
believed to be the “dual invariant” to the each other. In this appendix, we
will show that this is indeed the case for a Z,-action. Computations here are
implicit in [25, 50], and the authors feel that duality results in more general
setting deserve investigation.

Let M = NxyR be the continuous decomposition of a type III factor M
(o8, =etr, t € R). For a given cocycle € = {¢, }1er € Z,H(R,U(Z(N))),
the extended modular automorphism o, = ¥ (¢» = 7, the dual weight)
€ Aut(M) is defined by

oe(me(n)) = me(n), n € N,
oe(A(t)) =ma(ci)A(t), tER

(see [4] for details). Let M = M x,R be the crossed product relative to the
modular automorphism group {o, = 0% }.cr so that M is generated by the
following three kinds of operators:

To(me(n)), mo(A(t)), N(s); ne N, teR, s€R.
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The dual action of {6,},er is {0s}ser (because of 1) = 7) so that M is
isomorphic to N ® B(L*(R)) thanks to the Takesaki duality. Under this
isomorphism the above three generators become

(7o (70(12))€) (1) = 0 (n)E(7),
(T (A()E)(r) = &(r — 1),
(N (s)€)(r) = e77E(r).

(€€ L*(N)® L*(R) 2 L*(R; L*(N)), r € R.) We set

(Ve)(r) = e, &(r).
Obviously Vp is a unitary in N ® B(L*(R))(= (N’ @ C1)").

Lemma A.l. The canonical extension &, € Aut(M = N @ B(L*(R))) in
the sense of [8, 9] is Ad V.

Proof. Because of ¥ o o, = 1, the canonical extension &, is characterized by

the properties &¢ (7, (ms(n))) = 7, (me(n)), Fe(ms(A(t))) = 7o (ma(ci)) o (A(E)),
and ¢ (N (s)) = N(s). The first and third equalities follow from the obvious
commutativity of Vp with 7, (ms(n)) and X (s). On the other hand, since

(Vema (AME)Ve §)(r) = ¢, (Ve&)(r — t)
e r&(r—1t)
=0_.(c)é(r —1)
= (o (mo(ce)) 7o (A(2))E) (7),

we have the second equation. l

In what follows, we will assume that o, has period 2 so that ¢ = 1 and
V = Vp is a self-adjoint unitary. We have

~ . X Y ) 5
Mxs, 2y = {(VYV* VXV*) : X, Y e N® B(L (R))}

Notice M Xge Lo = (M X, Zsy), the crossed product of M x,, Zs relative to
the modular automorphism group {oy}. Here, x is the weight on M X, Zo
naturally attached to ¢» = # on M. The dual automorphism & (of period
2) is easily seen to be Ge, and it is given by

10
(1)
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The dual action {0;} of {o}} is known to be 6; ® Id,c). It is straight-
forward to check

- [ x vy )
Z(MX]&@Z2)_{<YV* X ) X7YEZ(N®B(L (R)))}a
which is isomorphic to Z(N) & Z(N) via

(XVY

-1 -1 .
YV*X)HQ (X+Y)e27 (X —Y).

Notice

05 (-5 6 4) = (v 5

) X VY\ [ 6(X) &(VY)
(6 @ Idary(c)) <yv* X ) N <6t(YV*) 5:(X) )

_ 6.(X)  VV'a,(VY)
“\avvHvYE (X))

They correspond to the following elements (in Z(N) @ Z(NN)) respectively:

27N (X -Y)®e 27 (X +Y),
2716/ X) + V6, (VY)) @ 271 (64(X) — V*6,(VY)).

Therefore, on Z(N) @ Z(N) we have

F(XaY)=Ya®X
26X +Y) — V6, (V)6,(X — Y)).

We now assume that (Z(N),0,), the flow of weights of M, is given by an
ergodic flow (X, F}):

Z(N) = L¥(X) and  (6:(f))(w) = f(Fw).

The calculations so far show Z(Mxs,Zy = (Mx,,Zs)) = L=(X x {0,1})
and 6, = 5(3\2(](”_ Z») (the module of &) is induced by the following map:
Ge 2

(r,i) € X x{0,1} — (x,i+ 1)

(i.e., exchanging the two sheets). In the present set-up, each ¢, is a function
on X with the values +1 and satisfies the cocycle equation

Crps(W) = cr(w)(6r(cs)) (W) = er(w)es(Fi(w))-
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We set
Yot = ct(w) € {£1}.
Therefore, the above equation means

Puw,t+s = @Ft(w),ssow,tv

that is,

v:(w,t) e X xR — ¢, € {£1}
is a {£1}-valued F;-cocycle on X. Therefore, by identifying the multiplica-
tive group {£1} with the symmetric group &, in the obvious way, the fol-
lowing {F,},cr defines a flow on X x {0,1}:

Ft(w’ Z) = (Ft(w)’ Sow,t(i))‘

Under the Takesaki duality, 6, (the bidual of 6;) corresponds to ;@ Ad(A(t)*).
In paticular, for X € Z(N)(C N ® B(L?*(R))), we have

We also compute
(V76.(V)E)(r) = -0, (c”, . )&(r)
= c,&(r).
Thus, V*6,(V)(€ Z(N) = L*>*(X)) corresponds to the function
weX —(w) =g, € {£1}.

Now it is clear that the dual action 6; on Z(Mxy,Zs) = L(X x {0,1}) is
induced by {F,},cr. Hence we have shown:

Lemma A.2. Let (X, F;) be a flow of weights of M. Then the flow of
weights of MX,.Zy is a two-to-one extension of (X, F;). The Gqy-valued
Fi-cocycle ¢ on X defining the extension is given by

Puw,t = Ct(w) S {il} > G,.
Furthermore, the module of the dual automorphism 6. (of period 2) is

(mod 6¢)(w,i) = (w,i+ 1).

Notice that the bidual &, has the same invariants (in the sense of [24, 55])
as 0.. Therefore, when one starts from a period 2 automorphism 3 on
M with a non-trivial module, the dual automorphism B turns out to an
extended modular automorphism. Since mod # commutes with the flow, the
assumption mod 3 # 1 means that the flow of weights of M can be expressed
as a two-to-one extension and that mod [ exchanges the two sheets. The
cocycle defining the extended modular automorphism (3 is the one describing
the two-to-one extension.
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Appendix B. The Loi invariant of the K-action (.

Let A = RyxoGog 2 B = Rox,Hy and 3: K — Aut(A, B) be as in §5.
In this appendix, we will compute the Loi invariant of 3, that is, the effect
of the (extended) automorphism gy, k € K, on the towers {A4; N B'}; and
{A; NA'};.

Recall that the Jones tower B C A C A; C A, C --- is given by

A (Ro ® 1) % ,Gl,

Ay = (Ro® B(I?))x4Go,

As = (Ry® B(I*) ®1™)x,Go,
Ay = (Ro® B(I*) ® B(I*)) x4 G,

)

where [* = [*(Gy/Hy), 1> = 1*(Gy/Hy), and [* < B(I?), are the natural
imbeddings. (The characterization result in [42] can be used.) Here, the
(extended) action o, means

g @Ad pg®---@Ad py

with (p,&)(¢'Hy) = &(97'g'Hy), € € 1. Thus, the towers of the relative
commutants are given by

AN B = (1)

A, NB" = (B(l ))

AsNB = (B(12)®l°°)H°

AyNB' = (B(ZQ) B(@*))™,
and

Ay NA = (B(2)%,

AsN A = (B(1*) @ 1°°)%

ANA = (B(P)® ()) ;

AN A = (B(1?) ® B(1?) ® 1%)%

Notice that four kinds of fixed point algebras have appeared. The algebras
(B(I*)®---®B(1?))% and (B(I1*)®- - -®@ B(I?))"° simply represent the spaces
of intertwiners of the product representation p® - - - ® p and its restriction to
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H, respectively. The natural action of Gy on the homogeneous space G,/ H)
being transitive, (B(I?) ® - - - ® B(I?) @ {°)®" is identified with (B(I*)®---®
B(I?))"° in the obvious way. To describe the remaining fixed point algebra
(B(I*) ® --- ®@ B(I?) ® )"0 we need to look at the double coset space
Hy\Gy/Hy. Let Oy = {Hy}, O, ,O,, be the orbits of the natural action
of Hy on Go/Hy. Choose and fix g;H € O, for each ¢ € {0,1,--- ,;m} (with
go =€), and set

Hi :_gif.[ogi_lﬁ_[?[o7 1,:0’]_’ M.

It is elementary to see

6) (B)®---@B*)1™)" =Y ¥BP) - o B(@%)™,
i=0

where Yy Tor, ® g, (Tgm, € B(?) ® --- @ B(I?) and 0,1, = €4y gm,, &
diagonal rank 1 projection) is identified with 3 z, z,. Therefore, (i) the
irreducible A-A bimodules (arising from A D B, [39, 40]) are parametrized
by Go, (ii) the irreducible A-B (and B-A) bimodules are parametrized by
H,, (iii) the irreducible B-B bimodules are parametrized by |_|11T-ifZ More
careful analysis on involved identifications actually shows that the induction-
restriction procedure for these bimodules is exactly the one for correspond-
ing representations, i.e., the Mackey procedure (see [1, 31] for details, and
[53, 56]).

To compute the Loi invariant of G,k € K, we begin by determining its
extension (fixing the Jones projections) to A;. We set

(Pk€)(gHo) = E(k'gkHo); k€ K, €€l
Note that this is well-defined because of k' Hyk = H, and that
(7) Py © Pl = pi 0 prrgr (k€ K, g € Go).
Define the extension (still denoted by () by using
Ad p,®---®Ad p),

on B(I?)®---®@B(I?) or B(I*)®---®@B(I1*)®1>(C A;). This is exactly what
we wanted since the above product action leaves each of the following Jones
projections (of A D B) invariant:

eo = Om, (&2 1g, ®0n,),

e = E :egHo-,gHo & €gHogHo»
gHo
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e2=1® > €gug o

gHo, g'Ho

Choose and fix a minimal projection p in (B(I?) ® --- ® B(I?))%. Let
m, € Gy be the corresponding irreducible representation:

H, = p(I’®---®1%), the representation space of ,,

Wp(g) =pg @@ pg‘H,,p-
Consider m, with p’ = Bi(p) = (Ad p|, ® --- ® Ad p}.)(p). Because of (7)
the surjective isometry pj @ -~ ® pily, : Hy, — H, , intertwines 7, (k=" gk)
and 7, (g). Thus 7, and 7,(k~" - k) are unitarily equivalent, and the Loi

invariant of (3, against the irreducible A-A bimodules (i.e., the “even levels”

in {A4; N A'};) is described by
T e Gy mk™' k) e Gy
Similarly the one for the irreducible A-B and B-A bimodules is described

by R X
m € Hy— m(k™" - k) € H.

The description of the Loi invariant for B-B bimodules requires more careful
computations. For each i € {0,1,--- ,m} and k € K, kg;k~'H, belongs to
one of the orbits. We set

kgikilHO € On(i,k) (n(z, k) € {07 17 e 7m})7

kgik™ = h(i,k)gnirh(i, k) (h(i, k), h(i,k) € Hy).
For example, h(i, k) is not uniquely determined, but its ambiguity falls into
Hi\( -

Let . = 3y, Tgm, ® g, € (B(I?)®---@ B(I*) ®1>°)"°. For each h € Hy
we compute

(Ad pp @--- @ Ad py)(x) =D (Ad pp @---® Ad pp)(Zgm,) © Sngn,-

gHo
Thus, the Hy-invariance means
(8) LhgHo = (Ad Pr® - Ad ph)('rgHo)-

On the other hand, because (Ad p})(dym,) = Okgr-1#,, We have

Be(x) = (Ad p @ @ Ad p)(xgn,) ® Orgr—11,-

gHo



122 HIDEKI KOSAKI AND TAKASHI SANO

When g = g;, we have kg;k~'Hy = h(i,k)gn(iyk)fz(i,k:)Ho = h(%, k)Gng,xHo
and the “coefficient” of dp(i kg, . Ho 18

(Ad p, @ @Ad pp)(@g,m,)-

Thanks to (8), the coefficient of ¢, is

n(i k) Ho
(Ad pripy—1 @+ @Ad pur-1)(Ad p @ @ Ad pp)(Tg,m,)-

Consequently, via the isomorphism (6), 8, on 7 (B(I?)® ---® B(I?))": is

described by the following:

(i) B((B@*) @ @ B(1?)") = (B(*) @ @ B(1?))ne»,

(i) Be(r) = (Ad pupy-1 @@ Ad ppw-—1)(Ad pp @@ Ad p)(x)
for x € (B(L?) ® --- @ B(I*))":.

In fact, by (7) we get

pg(ph(i,k)—lp;c) = ph(i,k)—lph(i,k)gh(i,k)—lp;c = (ph(i,k)—lp;c)pk—1h(i,k)—1gh(i,k)—1ky

and k= h(i, k) H, xyh(i, k) "'k = H;. For a minimal projection p € (B(I*) ®
- @B(I*) (n, € Hy) and p' = Bi(p) (7 € Huiny), Tp is unitarily equiv-
alent to m,(k~th(i, k) - h(i, k)" k) € fIn(Lk) as before, and the Loi invariant
of 3 is given by

7€ Hy v (k™ h(i k) - h(i, k)7 k) € Hon-

Recall that an ambiguity for choosing h(i, k) came from H,(; ). There-
fg)re, the above right side uniquely determines a unitary equivalence class (in
Hoi 1))

Summing up the arguments so far, we have obtained the following de-
scription of the Loi invariant:

Lemma B.1. The Loi invariant of By, k € K, is described by (i) m €
Go — w(k™' - k) € Gy for Gy (the irreducible A-A bimodules), (i) © €
Hy — m(k™* - k) € Hy for Hy (the irreducible A-B or B-A bimodules), and
(it) 7 € H; ~— m(k~"h(i, k) - h(i,k)"'k) € Huqp) for LI, Hi (the irreducible
B-B bimodules).
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