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GAP ESTIMATES OF SCHRODINGER OPERATOR

ROGER CHEN

By a transformation of metric using the first eigenfunction,
we obtain lower bounds for all eigenvalues of Schrédinger op-
erator with the Neumann boundary condition. Global esti-
mates for first eigenfunction are needed and this is achieved
by the Moser iteration technique.

1. Introduction.

Let (M™, ds?) be an m-dimensional compact Riemannian manifold with met-
ric ds? and OM # () be the boundary of M. Let A be the Laplacian operator
associated to ds? on M then we define on M a Schrodinger operator by

A— Q(x),

where ¢(z) € C*(M). In this paper, we consider the following Neumann
eigenvalue problem:

(1) Au—qu=—nu in M
ZZ:O on OM.

It is well known that the sets of eigenvalues {n;} can be arranged in a
nondecreasing order of magnitude as follows:

MMy < SN S 00

When ¢ = 0 in (1), the lower estimate of 7; corresponds to the important
Poincaré inequality. Analogously, for nontrivial ¢, it is interesting to find a
lower bound for the gap of 1, — 11, or 1, — 11 in terms of the geometrical
quantities of M and the potential function ¢. Since the boundary M, in
general, is not a zero level set of the first eigenfunction, one needs some con-
vexity assumptions on M in order to obtain a positive lower estimate for the
first Neumann eigenvalue (cf. Cheeger’s example in [C]). These eigenvalue
problems have been studied by a long list of authors. We will simply refer
the reader to Buser [B], Cheeger [C], Chen [Cn1], Chen-Li [CnL], Cheng-Li
[CL], Payne-Weinberger [PW], Li [L1], [L2], Li-Yau [LY1], [LY2], Meyer
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[M], Singer-Wong-Yau-Yau [SWYY], Wang [W], and Zhong-Yang [ZY] for
further references. The purpose of this paper is to show that one can apply a
similar argument as used by Cheng-Li [CL] to prove following generalization
of a Wang’s result [W].

Theorem 1. Let M™, m > 3, be an m-dimensional compact manifold with
boundary OM and w(q) = supq — inf ¢ denote the oscillation of q over M.
Suppose that the Ricci curvature of M satisfies Ricy > —K, K > 0 and the
second fundamental form elements of OM with respect to outward pointing
unit normal v satisfies II > —H, H > 0. Suppose that OM also satisfies
the “interior rolling R-ball condition” with R chosen small (see [Cnl], [W]
for the choice of R). Then the gap Ty, of k-th Neumann eigenvalues ni, and
m of M satisfies
Fk Z aq ]{3%

for allk =2,3,... and some constant oy depending on m, K, H, R, d and
w(q)-

Remark. Note that only the C° norm, instead of the C? norm, of the po-
tential function ¢ is needed to obtain the estimates. It is different from that
when one employs gradient estimates and maximum principle type argument

(cf. [Cn2]).
Acknowledgments. We would like to thank Professors Alice Chang, Pe-
ter Li, Jiaping Wang and the referee for their helpful suggestions.

2. Preliminaries.

Let (M™,g), m > 3, be an m~-dimensional compact Riemannian manifold

with boundary OM. Let 3 be the outward pointing unit normal vector to
v

0
OM , and denote the second fundamental form of M with respect to Em by
v
II. We recall the following definition from [Cnl].
Definition 1. O0M is said to satisfy the “interior rolling R-ball” con-

dition if for each point p € M there is a geodesic ball Bq(g), centered at
q € M with radius £, such that p = B,(£) NOM and B, (%) c M.

It is proved independently in [Cnl] and [M], (also see [W]), that

Theorem 2. Let M be as in Theorem 1. Then the first nonzero Neumann
etgenvalue A1 of Laplacian operator has a lower bound given by

NSOy =t ( L=a® g B> (—By)
LEMP T A HR? \Um a2t 7)) PR
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a and R are positive constants less than 1,
d = diameter of M,

4(m — 1)d2C*
B =14 |14 Hm=DEC

1—a? ’
By = (14 H)B, + L2 = ?8:; %”;2;25)0‘2] LAty
C2m-DHQ+H)1+3H) H(1+H)
Bg = R + R2 .

For all f € C~(M) satisfying [,, f = 0, Wang [W] proves that the fol-
lowing Neumann type of Sobolev inequality

@) (S 17172) ™ < () fy 1957

holds on the manifold M as in Theorem 1 and the minimum constant C'(.5),
called the Neumann Sobolev constant of M, can be estimated as follows.

Theorem 3. Let M be as in Theorem 1. Then the Neumann Sobolev
constant C(S) of M satisfies

C(S) < C(m)A=,

where C(m) is a constant only depending on m and A = A(d, H, R, K,m) is
a positive constant which can be explicitly computed.

Corollary 1.  Let M be as in Theorem 1 and ap = C(m)Aw. For all
feC>(M),

OR M7 [; ([ 152)" — vy /MW]

holds on M.

- 1
Proof. Let f € C*(M) and a = —— / f. Using Minkowski’s inequality
V(M) Ju
and Holder’s inequality, we get that

([ 1

m—2

ﬁmg)mgg (/Mf—a]m>w+2 (/M]a
32(/Mf—a 7

We apply the Sobolev inequality (2) to the function f — a to get

m—2
2m m
m—2
2n

) " ravonE [ e
M
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m—=2

foer= & (fy-a)”
> [; (L) " —van# /M|f|2].

This proves the corollary. [l

Applying the above Sobolev inequality (3) and the estimate on the first
Neumann eigenvalue of Laplacian in the Moser iteration scheme, we get a
global Harnack inequality for the first Neumann eigenfunction of Schrédinger
operator.

Theorem 4. Let M be as in Theorem 1. Assume that u(x) is a first
Neumann eigenfunction on M satisfying
(A —qu=—mu
0
ul  _y
o lonm
then for any x, y € M, we have
uy(z) < Chua(y),

where C,(M) > 1 is a constant depending on m, V(M), C,, as, w(q), and
it can be explicitly computed.

Proof. By modifying arguments in [L4], it suffices to prove the following
two lemmas.

Lemma 1. Let M, u be as in the theorem. For any k > 0, there exists a
positive constant

1 > »(777,—2)]'

as = [(2kw(g)an) # + 2% V(M) T | <m> £ 2= 1

m — 2
such that

[ulloe < adr ulli,

where ay = max{as, (a2V (M)}, ||lul|ls denotes the L norm of u, ||ull, =

(/M |ulk>i and ¥ u|), = (V(lM) /M ’u‘k>k.

m
Proof. For any constant @ > 1 and p = p— the assumption of u implies
m
that

w(q)/ u2a2—/ TRRAN T
M M
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Integrating by parts and using the boundary condition, the right hand side
yields

- / u?* 'Au = (2a — 1) / w2 |[Vul?
M M

> a/ w2 | Vul?.
M

The Sobolev inequality (3) implies that

(12/ uza—2|vu|2
M
:/ |Vu|?
M
! 1(/ u2““> —V(M)-%/ u%].
2 M M

By setting a5 = 2asw(q)a + 2V(M)_%, we get

T~

(4) > —

Qo

(5) (/M u2““> "< as /M u?®,

which is equivalent to

1
(6) a3® [Jull2a 2 [ul2ap-
Let us choose a sequence of a; such that

_ b il

Gpg = =, a1

K a
92 27 s Wi 27

Applying (6) to a = a; and iterating the inequality, we conclude that
1

[ll2a... < ] (Q%W(q)oz2 + 2V(M)—%>Wj

Jj=0

[l

On the other hand, we have
IEIED‘H» u||2ai+1 = HUHOO

Therefore, letting ¢ — oo, we conclude that

lulloe < TT (k@) + 2V (M)~ ) [lulls.
j=0
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The product can be estimated by using the fact that

ﬁ B+ = Bit
=0

and the fact that Z ju~ is finite. Hence we have

Jj=0

1

ﬁ (k,ujw(Q)ag + 2V(M)—%)W

=0

<.

1

f{ [(kw(q)ag + 2V(M)_%),uﬂ} =

IN

1

kw(q)o + 2V(M)*%>m ut > n

IN
—

m m -1 m % E;‘;D j(7n7;2)j
(holgan)® + 28 vONT] ()

IA
Q
V)

I
Q

3.
We have proved that
oo < s V(M)F 4 ulls

for a > 1, or equivalently, for £ > 2. For those values k < 2, we begin with
the case k = 2. In that case, the inequality takes the form

lulloe < as V(M) ull2

5, (1%
(7) < ag fJull g lullic®-
Iterating the inequality yields

. g =57
(8) lullo < [l &5 T [as flull?] :
j=1

Letting ¢ — oo, the term
Julle? =1

9

and

T (w5057
IT llull; = [lulls-
j=1
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Hence, (8) implies that

%
lulloe < (a3V (M) 4 ulls.
This proves our lemma. [l

Lemma 2. Let M,u be as in the theorem. For k > 0 sufficiently small,
there exists constant ano depending on m, k, V(M), C,, asy and w(q) such
that

1
< ——infu
= orag, W

9) =} i]I\l/[f U.

Proof. The function u~! satisfies that

Au™t = —u?Au + 2u"?|Vul?
> —w(g)u .

1

By applying Lemma 1 to u~", we have

—1
. . 1
(1}1\14f u) = bbp U
(10) < agft um
Clearly, the lemma follows if we can estimate the product

t ™ e A wll

from above for some value of k > 0. To achieve this, let us consider the
function

v=p0+logu

—1
where § = W /M log u. The function v satisfies

A= B [Vl
u u
< wlg) — Vol

(11) |Vu|? < w(q) — Aw.
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Integrating and using the boundary condition of u, we deduce that
(12 |1V < wi@) v,
M

However, the estimate of the first Neumann eigenvalue and the choice of 3
implies that

Cp Jor V> < [or [V
Hence, we have

Applying the Schwarz inequality, we also have

(14) INE (‘”(SQ)) V().

P

Multiplying |v]** ?to (11) for a > 2, and integrating by parts yields

/ |v|2a72 ’VU|2
M

<w(@ [ P = [ e
M M
(15) <w(@ [ P+ Qa=2) [ v,
M M

Using (12) and the inequality
1
(20 — 2) / [0[2073 | Vo2 < 7/ 022 Vo2 + (8a — 12)2 [ Vo),
M 4 M M
(15) becomes
/ |,U|2a—2 |VU‘2
M
< 2u(q) / o[22 4+ 2(8a — 12)2a—3/ Vol?
M M
(16) < 20(q) (/ (o?=2 4 V(M) (8a — 12)%—3) .
M
By setting a = 2 and combining with (13), we have

/ v? |[Vol* <
M
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2w(q)* V(M)

Y
|
—

Hence combining with (16), we have

(17) Jar vt < s
9 V(M 32 V(M
for some constant a; = w(q) ( ) + w(q) ( )
Cg C,
equality, we also deduce that
(18) Ju PP < af V(M)

For general a > 2, note that
IV(Jo|")[* = a®fo[**~* V]

Combining this with (16), we conclude that

IV ([o|")* < 2a%w(q) ([ [0]**7*+ V(M)(8a
J, (L

Using the inequality
|U|2a72 S ‘U|2a 4 1’

we have

V(o) <w(q) (20° | [o** + V(M)(8a
J, (e,

Hence, applying Sobolev inequality (3),

233

+ 8w(q)V(M). On the other hand,

vl - e (], sgn<v>v2)2}
el )

. Using Schwarz in-

12)2a3) :

- 12)2a1) .

Ny
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we conclude that

</M |v|2au>23u < (4a2w(q) s +2V(M)*%)i (/M |u|2a>21“

Consider the sequence

i

aO:27a1:2/’L7'”7ai:21u7”"

Applying the inequality to a;, we have

i1 4ui1+1 2 ﬁ 1 i 4%;1’
(f )™ < (1u@an +2v#) ™ @uya ([ )
M M

1
i

+ (20(0) V(M) az) ™ (1647).
Iterating this by running ¢ = 0,--- 1 gives

[0l a1

l 1 N ﬁ
<TT (4w(g) @ +2V=5) ™ (2u)2 [Jv]ls + (20(q) V(M) ) ™ (1644)
1=0
1 l 1

+ lii (Qw(Q) V(M) ozg)m (164%) H (4w(q) - +2V_%>H (277

j=i+1

Using the equality Z,ufi = m, and the fact that Zi/uf" is finite, we
i=0 2 i=0
conclude that

(19)

1 0lagars

Som—2\i

. {16(8w(q)a2)$+2TV:‘1} (mnz2> 2, i <%vy4+§/f>

< as(f ol +4).

For each integer j > 4, let | be such that 4u' < j < 4u'*!. Using the
Holder inequality and the estimate (19), we get

J
][\v!j < (][Iv\4u‘+1>4“l“
M \JM

< ad(f vlli+3)"
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Combining this with (13), (14), (17) and (18), we have

][ekw _i’ij ][Iv\j
M — j! Ju

Jj=0

Sag—i-z

q
j=5 J:

However, using Stirling’s inequality j7 < j!e’/, we conclude that

][ el < g + i {ag (aé V(M)T +1) ker.
M

Jj=5

1 1 -1
Therefore, by choosing k < [as (e V(IM)™ +1) e} , the infinite series

converges and we obtain the estimate

(20) ][ eklv‘ S [63T0)
M

o0

1 -1 J
where a9 = ag + Z [048 (7 V(M)™ 4+ 1)k e} . Let us now observe that
=5
ekﬂ uk — ekv

< ek\v|

and
o~ kBy—k — phv

< ekl

imply that

a4 ully < (][l)



236 ROGER CHEN

This implies that

1

gt u= g

1
e

2
a4 alo

1
5 92 sup u.
ay Q19 M

infu >
M

>

>

3. Proof of Theorem 1.

In this section, we shall utilize Harnack inequality to prove our Theorem 1.
Let uy, be the k-th eigenfunction with eigenvalues 7y, for the Equation (1).
By setting I'y, = nx — 11, e = 3 and h = logu,, we get that

(21) Ark. + 2<Vh, Vrk> = —Pk’f'k in M
8rk
5 =0 on OM.

We consider a new metric ds? defined by
2 = 2

_ m—3
dsy =u{""* ds

2m_
with the volume element dv; = u{"~* dv. We shall need the following version
of the Sobolev and Poincaré inequalities on M.

Lemma 3. Let M be as in Theorem 1. For all f € C=(M) satisfying that
Sy fdv=0,

m—2

(™ ) ™ <o [ 932
u M

and

/ |f|2’U,1_m d’Ul S 0612/ |V1f|2 dUl
M M

GV (M)

p

hold on the manifold M for o, = ag(C,%V(M))% and o9 =

Proof. Using [,, uf dv =1 and the Harnack inequality, we can get

1

- < < CoA/V(M).
Co/VOM) = = (M)
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Combining these with the Theorem 2 and Lemma 1, we prove our lemma.

O

Now, we shall write the Equation (1) in terms of metric ds? to get

(22) uf"L‘2 Ayr=-Ir in M
0
gr =0 on OM,

where A; denotes the Laplacian operator with respect to the metric ds?. Let
W (z,y,t) denote the fundamental solution of the equation

(23) (u;ﬂ“Al _ gt) wiz,t) =0  in M
g (x,t)=0 on OM
5, (@ t) = n )

Following S.Y. Cheng and P. Li [CL], we shall need the following lemma.

Lemma 4. Let M be as in Theorem 1. There exists a constant a3 depend-
ing on the m, V(M), Cy, C, and as such that

[ vitdn zan ([ £an) " ([ 11 2dv1>

for any f € C°(M) which satisfies

7n+2

—4
fu""? dvy = 0.
M

Proof. For each f € C>(M), Sobolev inequality (3) implies that

(24) / VL2 dvy > (C2V(M 2a (/ = 2dv1>

= 1
— V(M) fQulm dv;.

Qo JMm

—2

Applying Lemma 3, we get

—2

(25) [ vt = an ([ 1517 d)

for some constant ay4 > 0 depends on Cj,, V(M), and ay. The lemma is
proved by using Holder’s inequality and Theorem 4. |
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Proof of Theorem 1.  We consider the function G(z,y,t) defined on M X
M x [0,00) by

G(z,y,t) = W(z,y,t) — 1.

Since W (x,y,t) has the eigenfunction expansion

o0

(26) Wz, y,t) = Z e~ Nitry(x)ri(y)
i=0
. 1
and also because I'y = 0 with ro(z) = ———,
Vi(M)
(27) G(x,y,t Ze Fry()ry(

It is easy to check that G satisfies the semi-group property
(28) Glaryt+5) = [ Glo,2,0) Glevy,s)ul dus()
M

for x,y € M, and t, s € [0, 00). Moreover

(29) Gla,y. t)u; ™ (y) dvs(y) = 0

M

because / 7“Z(y)u1";7’2 dvy (y) = / u;(y) ui(y)do(y) =0, for i > 1. Also
M M
(30) /|Ga?y, )]u{”2dvl /]Wa:y, \ul 2al1)1()—i—1:2

because W (z,y,t) > 0 and / VV(x,y,t)u{'jif2 dv; = 1.
M

To prove the theorem, we first estimate G(z,x,t) from above. By (28)
and (30)

G (x,z,2t) = 2/ G'(z,y,t) G(au',y,t)u{':‘42 dvy
M
= 2/ A Gz, y,t) G(z,y,t) du
M

= —2/ \V1G(z,y,1t)|* dv,
m+2

(31) < -2 wq (/ G*(z,y, )dm) "
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However the semi-group property (28) of G implies that

m+2

(32) —G'(z,2,t)(G(z,x, )"

> 27w ays.
Integrating both sides of (32) with respect to ¢, and using the fact that
G(z,z,t) = (W(z,z,t) — 1) = o0

as t — 0, we have

(33) % G % (z,2,t) > 2~ % aust.
Hence,

m % m
34 Gz, z,t) < 4 %,
(30 @t <4 (50-)

Integrating both sides with respect to = and using the expansion (27), we
have

m

Ze—ritgzl( m ) % Vi (M)
=1

20(13

m

(35) <40, 7T V(M) < m ) %

20[13

1 L;
Let t = T and observe that T <1 for i <k, (35) becomes
k k

—2m, 2 m El 1\~
s van s (50) (7))

m
2

=

IV

NE
ml
ek

<.
Il
_

-

\%
c.bl
EL

v
ET
® L
AN

This proves the theorem. [l
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