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CARLESON MEASURE CHARACTERIZATIONS OF BMOA
ON PSEUDOCONVEX DOMAINS

Hyeonbae Kang and Hyungwoon Koo

We give various versions of Carleson measure characteri-
zation of BMOA on pseudo-convex domains of finite type in
C2 as well as on strongly pseudo-convex domains in Cn.

1. Introduction.

The purpose of this paper is to prove the following complex version of a well
known theorem of Fefferman and Stein [FS].

Theorem 1.1. Let Ω = { z ∈ C2 : r(z) > 0 } be a bounded pseudo-convex
domain of finite type in C2 where r is a smooth real valued function such
that |Or| = 1 on ∂Ω. Then, for a holomorphic function f in Ω, the following
are equivalent:
(1) f ∈ BMOA.
(2) dµ(z) = r(z)−1(|r(z)ONf(z)|2+|τ(π(z), r(z))OTf(z)|2)dm(z) is a Car-

leson measure, where dm is the Lebesgue measure.
(3) dµ(z) = r(z)−1|τ(π(z), r(z))OTf(z)|2dm(z) is a Carleson measure.
(4) dµ(z) = r(z)−1|r(z)ONf(z)|2dm(z) is a Carleson measure.

Here, BMOA and the Carleson measure are defined in terms of Nagel-
Stein-Wainger ball [NSW2] and τ(ζ, δ) is essentially the radius in complex
tangential direction of the ball B(ζ, δ). (For precise definitions, see Section
2.) We also have a similar theorem for strongly pseudo-convex domains in
Cn.

On the unit ball in Cn, the equivalence of (1) and (2) was proved by
Coifman, Rochberg, and Weiss using the Bergman metric [CRW]. The
equivalence of (1) and (3) was proved by Choa and Choe using the Paley-
Littlewood identity [CC]. Recently, M. Jevtic proved the equivalence of (1)
and (4) [J]. Notice that on the unit ball in Cn, τ(ζ, δ) ≈ δ1/2 for any ζ
and hence (r|ONf |2 + τ 2r−1|OTf |2)dm ≈ r|Õf |dm where Õ is the gradient
with respect to the Bergman metric. The Bergman metric on the unit ball
is explicit. Moreover, the unit ball is homogeneous. These properties of the
unit ball are essential ingredients in above mentioned works. However, these
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properties are absent on pseudo-convex domains. Quite recently, Krantz and
Li showed that f ∈ BMOA if and only if r|Of |2dm is a Carleson measure
and established the duality of H1 and BMOA on strongly pseudo-convex
domains and weakly pseudo-convex domains of finite type in C2 [KL].

The result of this paper refines the result in [KL] in tangential and normal
directions in a precise way. The quantities |rONf |2 and |τOTf |2 in Theorem
1.1 arise naturally since the maximum size polydisc contained in Ω has the
radius proportional to r in the normal direction and τ in the tangential
direction.

To prove Theorem 1.1, we will use the result of Krantz-Li and some ideas
in the proof of Fefferman-Stein theorem as appeared in [S], such as area inte-
grals. Other ingredient for the proof in this paper is the derivative estimates
of holomorphic functions on pseudo-convex domains obtained by Grellier
[G].

This paper is organized as follows: In Section 2 we review some properties
of nonisotropic balls defined in [NSW1, NSW2]. In Section 3 we derive
some estimates of derivatives of holomorphic functions. In Section 4 we
prove Theorem 1.1.

We use the notation .: A . B means that A ≤ CB for some constant C
which does not depend on quantities to be estimated.

We wish to thank the anonymous referee for valuable suggestions.

2. Nonisotropic Balls and Polydiscs.

This section consists mostly of the facts from the well developed theory on
the geometry of pseudo-convex domains of finite type [BDN, C, NSW1],
[NSW2]. We need to review them for proper exposition of the result and
proof in this paper.

Let Ω = { z ∈ C2 : r(z) > 0 } be a smoothly bounded pseudo-convex
domain in C2 where r is a smooth real valued function with |Or| = 1 on
∂Ω. Given a point p ∈ ∂Ω, we may assume that ∂r

∂x1
(p) = 1 and ∂r

∂y1
(p) =

∂r
∂x2

(p) = ∂r
∂y2

(p) = 0 where zj = xj + yj, j = 1, 2. Near p, define vector fields
T and L by

(2.1) T =
∂r

∂x1

∂

∂y1

− ∂r

∂y1

∂

∂x1

and L =
∂r

∂z1

∂

∂z2

− ∂r

∂z2

∂

∂z1

.

Then <L, =L, and T form a basis of the tangent space Tζ(∂Ω) for ζ ∈ ∂Ω
near p.

For each ζ ∈ ∂Ω near p, define λi1,...,ij (ζ) by

(2.2) [Lij , [...[Li2 , Li1 ]...]](ζ) = λi1,...,ij (ζ)T (ζ) mod〈L, L̄〉
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where [ , ] denotes the Lie bracket and Lik ∈ {L, L̄}. Let

Λj(p)2 =
j∑

k=2

|λi1,...,ik(p)|2.

We say p is of type k if Λk(p) 6= 0 and Λj(p) = 0 for j = 2, ..., k−1. Suppose
that every point on ∂Ω is of finite type and let m be the maximum type of
∂Ω. Let

Λ(p, δ) =
m∑
j=2

Λj(p)δj(2.3)

and define τ(p, δ) by

Λ(p, τ(p, δ)) = δ.(2.4)

One can easily see that

δ1/2 . τ(p, δ) . δ1/m.

Following [NSW2], we now define a family of balls on ∂Ω which makes
∂Ω a space of homogeneous type in the sense of [CW]. For ζ ∈ ∂Ω near p
and small δ ≥ 0, say 0 ≤ δ ≤ δ0, let

(2.5) B(ζ, δ) = expζ
{
αT + βL+ β̄L̄ : |α| < δ, |β| < τ(ζ, δ)

}
where expζ refers to the usual exponential map. Note that these balls are
essentially twisted ellipsoids of radius τ(ζ, δ) in the complex tangential di-
rections, and radius δ in the direction T . Let d(ζ, ξ) be the pseudo-distance
associated with this family of balls, namely, d(ζ, ξ) = inf{ δ : ξ ∈ B(ζ, δ) }.

On the other hand, at every p ∈ ∂Ω there is a local coordinate system
such that with this coordinate system the defining function r becomes

(2.6) r(z1, z2) = x1 − hp(y1, z2)

with hp(0, 0) = 0, Ohp(0, 0) = 0, and ∂khp
∂zk2

(0, 0) = ∂khp
∂z̄k2

(0, 0) = 0 for 0 ≤ k ≤
m. Moreover, for all δ with 0 < δ < δ0 (by shrinking δ0 if necessary),

(2.7) Λ(p, C1δ) ≤
∑

i+j≤m

∣∣∣∣∣ ∂i+jhp∂zi2∂z̄
j
2

(0, 0)

∣∣∣∣∣ δi+j ≤ Λ(p, C2δ)

where C1 and C2 are independent of p and δ. (See [BDN] or [C].) Then,
one can easily see that, with the local coordinates,

(2.8) L = (1 + gp(z2))
(
∂r

∂z1

∂

∂z2

− ∂r

∂z2

∂

∂z1

)
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where gp(z2) is a function smooth in p and z2 and small uniformly in p and
z2.

Lemma 2.1. There exists C > 0 such that in terms of the local coordinates
near p ∈ ∂Ω,

(2.9)
∣∣∣∣z2

∂r

∂z2

(z)
∣∣∣∣ ≤ Λ(p, C|z2|).

Proof. By (2.6), we have

z2

∂r

∂z2

(z) = −
∑
i,j≥1
i+j≤m

∂i+jhp

∂zi2∂z̄
j
2

(0)zi2z̄2
j +O

(|z1|2 + |z1||z2|+ |z2|m+1
)
.

Thus Lemma 2.1 follows from (2.7).

We now define a polydisc centered at z ∈ Ω near p ∈ ∂Ω. Using the local
coordinates near p, define

(2.10) Pε(z) = { ξ = z+ ζ +βL(π(z)) ∈ C2 : |ζ| < εr(z), |β| < ετ(p, r(z)) }

where π(z) is the normal projection of z to ∂Ω. Then Pε(z) is of size εr(z)
in the complex normal direction and ετ(p, r(z)) in the complex tangential
direction. (See [NSW1].)

On Ω there are approach regions naturally associated with the nonisotropic
distance: For ζ ∈ ∂Ω and δ > 0, define the admissible approach region by

Aα(ζ) = {w ∈ Ω : d(ζ, π(w)) < αr(w), r(w) < δ0 }.

The following lemma is well-known. (A complete proof can be found in [K].)

Lemma 2.2 [NSW1]. For each α > 0 and small ε > 0, there exists β such
that for all p ∈ ∂Ω and for all z ∈ Aα(p)

Pε(z) ⊂ Aβ(p).

We now recall the definitions of BMOA and the Carleson measure on Ω.
Define a “tent” over a ball B(ζ, δ) ⊂ ∂Ω by

(2.11) B#(ζ, δ) = { z ∈ Ω : π(z) ∈ B(ζ, δ), r(z) < δ }.

Notice that that B(ζ, δ) is defined for all ζ ∈ ∂Ω if δ ≤ δ0 and π(z) is
well-defined if r(z) ≤ δ0 by shrinking δ0 if necessary. Let σ be the surface
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area measure on ∂Ω. A positive finite Borel measure µ is called a Carleson
measure on Ω if there is C > 0 such that for all ζ ∈ ∂Ω and 0 < δ ≤ δ0,

(2.12) µ
(
B#(ζ, δ)

) ≤ Cσ(B(ζ, δ)).

A function f ∈ H2(Ω) is called a function of bounded mean oscillation
(BMOA) if

(2.13) ‖f‖2∗ := sup
ζ∈∂Ω,0<δ≤δ0

1
σ(B(ζ, δ))

∫
B(ζ,δ)

|f(ξ)− fB(ζ,δ)|2dσ(ξ) <∞

where fB(ζ,δ) = σ(B(ζ, δ))−1
∫
B(ζ,δ) f(ξ)dσ(ξ). (We use the same letter f for

the boundary value of f .)
Notice that for the definition of BMOA, we used the L2 integral instead

of L1 integral as in the usual definition of BMO. This does not make any
difference because of the John-Nirenberg inequality.

Before finishing this section, let us fix some notations for this paper. For
z ∈ Ω with r(z) ≤ δ0, let

τ(z) = τ(π(z), r(z)).

Let OT and ON be the usual tangential and normal part of the Euclidean
gradient. To keep notations short, let

DTf(z) = τ(z)OTf(z) and |Df(z)| = |r(z)ONf(z)|+ |DTf(z)|.

3. Derivative Estimates.

Grellier proved the following:

Lemma 3.1 [G, Theorem A and B]. Let z ∈ Ω be a point near ∂Ω. Then,
for any f holomorphic in Ω and a positive integer k,

|Df(z)| . 1
|Pε(z)|

∫
Pε(z)

|f(w)|dm(w),(3.1)

|τkOkTf(z)| . 1
|Pε(z)|

∫
Pε(z)

|f(w)|dm(w).(3.2)

Moreover, there exists a constant C > 0 such that for any t > 0 there exist
C(t) and δ0 such that for all z with |r(z)| < δ0, we have
(3.3)

|Df(z)| ≤ C

|Pε(z)|
∫
Pε(z)

C(t)|DTf |+ t
∑

1≤i+j≤(m−1)

|τ irjOiTOjf |
 dm.
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As consequences, we have the following:

Lemma 3.2. Let k be a positive integer. Then for all t > 0 there exists δ0

such that if |r(z)| < δ0,

|τkOkTf(z)| . 1
|Pε(z)|

∫
Pε(z)

|Df(w)|dm(w),(3.4)

|Df(z)| . 1
|Pε(z)|

∫
Pε(z)

(|DTf(w)|+ t|r(w)Of(w)|) dm(w).(3.5)

Proof. If we use the local coordinate, then by (2.8), Lk is a linear combination
of differential operators of the form

Dα,β =

 k∏
j=1

∂αj+βjr

∂z
αj
1 ∂z

βj
2

 ∂α+β

∂zα1 ∂z
β
2

where αj+βj, α+β ≥ 1 and α+
∑
αj, β+

∑
βj ≤ k. By the Taylor expansion

of r and (2.7) we have

∂αj+βjr

∂z
αj
1 ∂z

βj
2

(z) = O
(
r1−αjτ−βj

)
.

Thus

Dα,β = O
(
rk−

∑
αjτ−

∑
βj
) ∂α+β

∂zα1 ∂z
β
2

= O
(
rατβ−k

) ∂α+β

∂zα1 ∂z
β
2

.

Notice that r(w) ≈ r(z) and τ(p, r(w)) ≈ τ(p, r(z)) if w ∈ Pε(z). Therefore,
using the Cauchy estimates for the derivatives of f , we have∣∣τkDα,βf(z)

∣∣ . 1
|Pε(z)|

∫
Pε(z)

(∣∣∣∣r(w)
∂f

∂z1

(w)
∣∣∣∣+ ∣∣∣∣τ(p, r(w))

∂f

∂z2

(w)
∣∣∣∣) dm(w).

By (2.8) and Lemma 2.1, for w ∈ Pε(z)

Lf(w) = O(1)
∂f

∂z2

(w) +O

(
Λ(p, |w2|)
|w2|

)
∂f

∂z1

(w).

Since Λ(p,|w2|)
|w2| is an increasing function of |w2| and |w2| . τ(p, |w|) for w ∈

Pε(z), it follows that∣∣∣∣τ(p, r(w))
∂f

∂z2

(w)
∣∣∣∣ . |τ(p, r(w))Lf(w)|+

∣∣∣∣r(w)
∂f

∂z1

(w)
∣∣∣∣ .

Thus we have (3.4).
Notice that by (3.1), (3.2), and (3.4) we have for i+ j ≥ 1,

|τ irjOiTOjf(z)| . 1
|Pε(z)|

∫
Pε(z)

|Df(w)|dm(w).

Thus by (3.3) we have (3.5). This completes the proof.
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4. Proof of Theorem 1.1.

In this section, we prove the main theorem of this paper, Theorem 1.1. Since
(2)⇒ (3) is trivial, we will prove (1)⇒ (2), (3)⇒ (4), and (4)⇒ (1).

(1) ⇒ (2). Suppose f ∈ BMOA. It is known that r|Of |2dm is a Carleson
measure (see [KL]). Thus it suffices to show that τ2

r
|OTf |2dm is a Carleson

measure. Fix a ball B = B(ζ0, δ) ⊂ ∂Ω and set ζδ = ζ − δνζ where νζ is the
unit outward normal vector at ζ ∈ ∂Ω. Using Hardy’s inequality we have∫

B#

τ 2

r
|OTf |2dm =

∫
B

∫ δ

0

τ 2

r
|OTf |2drdσ

≤
∫
B

∫ δ

0

τ 2

r

(∫ δ

r

|OOTf |dt+ |OTf(ζδ)|
)2

drdσ

.
∫
B

∫ δ

0

rτ 2|OOTf |2drdσ +
∫
B

τ(ζ, δ)2|OTf(ζδ)|2dσ(ζ)

.
∫
B#

rτ 2|OOTf |2dm+
∫
B

τ(ζ, δ)2|OTf(ζδ)|2dσ(ζ).

By Lemma 3.1 we have∫
B#

rτ 2|OOTf |2dm .
∫
B#

rτ 2(|OTOf |+ |Of |)2dm

.
∫

(2B)#
r|Of |2dm

≤ Cσ(B)

since r|Of |2 is a Carleson measure.
Note that for z ∈ Ω

∂f

∂zj
(z) =

∫
Ω

K(z, ζ)
∂

∂ζj
(f − fB)(ζ)dm(ζ)

=
∫

Ω

∂

∂ζj
[K(z, ζ)(f(ζ)− fB)] dm(ζ)

where K(·, ·) is the Bergman kernel on Ω. Thus by divergence theorem we
have

∂f

∂zj
(z) =

∫
∂Ω

K(z, ζ)[f(ζ)− fB]
∂r

∂ζj
(ζ)dm(ζ).

We now use the local coordinate system near ζ0 as decribed in Section 2.
Since | ∂r

∂z1
| ≤ C,

|OTf(ζδ)| ≤
∣∣∣∣ ∂r∂z1

(ζδ)
∂f

∂z2

(ζδ)
∣∣∣∣+ ∣∣∣∣ ∂r∂z2

(ζδ)
∂f

∂z1

(ζδ)
∣∣∣∣
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.
∫
∂Ω

∣∣K (
ζδ, η

)
(f(η)− fB)

∣∣ ∣∣∣∣ ∂r∂η2

(η)
∣∣∣∣ dσ(η)

+
∣∣∣∣ ∂r∂z2

(ζδ)
∣∣∣∣ ∫

∂Ω

∣∣K (
ζδ, η

)
(f(η)− fB)

∣∣ dσ(η)

:= I + II.

The following size estimation of the Bergman kernel is well-known (see
[NRSW] or [Mc]): For z ∈ Ω and ζ ∈ ∂Ω,

|K(z, ζ)| . 1
d(ζ, π(z))σ(B(ζ, d(ζ, π(z))))

.

Thus by Lemma 2.1 we have

I .
∫
B

1
σ(B)δ

|f(η)− fB| δ

τ(ζ, δ)
dσ(η)

+
∞∑
j=1

∫
2jB\2j−1B

1
σ(2jB)2jδ

|f(η)− fB| 2jδ
τ(ζ, 2jδ)

dσ(η).

If f ∈ BMOA, then∫
2jB

|f(η)− fB|dσ(η) . jσ(2jB)‖f‖∗

(see [S2]) and hence

I .
∞∑
j=0

j + 1
τ(ζ, 2jδ)

‖f‖∗ . ‖f‖∗
τ(ζ, δ)

.

In the exactly same way, we have

II . ‖f‖∗
τ(ζ, δ)

.

Thus we have

|OTf(ζδ)| . ‖f‖∗
τ(ζ, δ)

.

Therefore ∫
B

τ(ζ, δ)2|OTf(ζδ)|2dσ(ζ) ≤ Cσ(B)‖f‖2∗.

This completes the proof of (1)⇒ (2).
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(3) ⇒ (4). Suppose that r−1|DTf |2dm is a Carleson measure and let
B(ζ, δ) ⊂ ∂Ω. Let M be the doubling constant on ∂Ω, namely, for all
ζ ∈ ∂Ω and δ > 0,

σ(B(ζ, 2δ)) ≤Mσ(B(ζ, δ)).

Using the inequality (3.5) of Lemma 3.2 we have∫
B#

|Df |2
r

dm .
∫
B#

1
|Pε(z)|

∫
Pε(z)

(|DTf |+ t|Df |)2

r
(w)dm(w)dm(z)

.
∫

(2B)#

(|DTf |+ t|Df |)2

r
dm

. σ(2B) + t2
∫

(2B)#

|Df |2
r

dm.

Choose t so that t2M < 1/2 and fix correponding δ0 (Lemma 3.2). Let
N = N(ζ) be the integer such that 2NB(ζ, δ) ⊂ B(ζ, δ0) ⊂ 2N+1B(ζ, δ).
Repeating the above inequality, we have∫

B#

|Df |2
r

dm .
N∑
j=1

t2j−2σ(2jB) + t2N
∫

(2NB)#

|Df |2
r

dm

.
N∑
j=1

t2j−2M jσ(B) + t2N
∫

Ω

|Df |2
r

dm

. σ(B) + t2N
∫

Ω

|Df |2
r

dm.

By (3.5) with t small enough and the Carleson measure property of
r−1|DTf |2dm, there exist a positive constant C and a compact subset K
of Ω such that ∫

Ω

|Df |2
r

dm .
∫

Ω

|DTf |2
r

dm+ sup
K
|f |2 ≤ C.

Thus we have ∫
B#

r−1|Df |2dm . σ(B) + t2N

. σ(B) + t2Nσ(B(ζ, δ0))

. σ(B) + t2NMNσ(B)

. σ(B).

This completes proof of (3)⇒ (4).

(4) ⇒ (1). Suppose now that dµ = r|ONf |2dm is a Carleson measure.
We will show that r|OTf |2dm is a Carleson measure. It then follows that
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r|Of |2dm is a Carleson measure and, by divergence theorem, f ∈ H2(Ω).
Therefore, by Lemma 3.2 of [KL], we can conclude that f ∈ BMOA. (The
assumption of the lemma is satisfied for the finite type domain in C2 and
strongly pseudoconvex domains in Cn.)

Fix a ball B = B(ζ, δ) ⊂ ∂Ω. Notice that σ(B(π(z), r(z))) ≈ r(z)τ(z)2

and that if ζ ∈ B(π(z), r(z)) then z ∈ Aα(ζ) for some α > 0. Thus by Fubini
theorem, we have

(4.1)
∫
B#

r|OTf |2dm ≤
∫

2B

∫
Aα(ζ)

r(z)2|OTf(z)|2 dm(z)
r(z)2τ(z)2

dσ(ζ).

In order to control the tangential derivative of f in (4.1) in terms of the
normal derivative, we need the following lemma.

Lemma 4.1. Put K = {z ∈ Ω : dist(z, ∂Ω) ≥ δ0/2}. For each α > 0 there
exists β > 0 and a constant C > 0 such that for all f holomorphic in Ω and
for all ζ ∈ ∂Ω,

(4.2)
∫
Aα(ζ)

r2|OTf |2 dm
r2τ 2

≤ C
∫
Aβ(ζ)

r3|Of |2 dm
r2τ 2

+ C sup
K
|f |2.

We assume Lemma 4.1 temporarily and complete the proof of Theorem
1.1. Assume that δ0 = 1 for convenience. Since dµ(z) = r(z)|ONf(z)|2dm(z)
is a Carleson measure, we have∫

Aβ(ζ)

r3|ONf |2 dm
r2τ 2

.
∞∑
j=1

∫
B#(ζ,2−j)\B#(ζ,2−j−1)

2−jr|ONf |2
σ(B(ζ, 2−j−1))

dm

.
∞∑
j=1

σ(B(ζ, 2−j))
2jσ(B(ζ, 2−j−1))

≤ C.
Thus it follows from (4.1) and Lemma 4.1 that∫

B#
r|OTf |2dm ≤ Cσ(B).

This completes the proof of Theorem 1.1.

Proof of Lemma 4.1. Let us assume δ0 = 1 for convenience. Put dV =
(rτ)−2dm. For given α > 0, choose ε > 0 and β > α so that for all z ∈ Aα(ζ),
Pε(z) ⊂ Aβ(ζ) (Lemma 2.2). For α > 0 and t > 0, let

Sα,t = Sα,t(ζ) = {z ∈ Aα(ζ) : t/2 < r(z) < 2t}.
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Then, |Sα,t(ζ)| ≈ t2τ(ζ, t)2. Set

Jt =
∫
Sβ,t

|Of |2dV.

Then by (3.2), for all z ∈ Aα(ζ) we have

|OOTf(z)| . |OTOf(z)|+ |Of(z)|
. τ(z)−1

∫
Pε(z)

|Of |dV

. τ(z)−1

(∫
Pε(z)

|Of |2dV
)1/2

. τ(z)−1J
1/2
r(z).

Put π(z) = η. Then

|OTf(z)| ≤
∫ 1

r(z)

|OOTf(η − tνη)|dt+ C sup
K
|f |

.
∫ 1

r(z)

τ(η, t)−1J
1/2
t dt+ sup

K
|f |.

Thus, ∫
Aα(ζ)

r2|OTf |2dV

.
∫
Aα(ζ)

r2

(∫ 1

r

τ(π(z), t)−1J
1/2
t dt

)2

dV + sup
K
|f |2

.
∞∑
j=1

∫
Sα,2−j

2−2j

(∫ 1

2−j−1
τ(π(z), t)−1J

1/2
t dt

)2

dV + sup
K
|f |2

.
∞∑
j=1

2−2j

(∫ 1

2−j−1
τ(π(z), t)−1J

1/2
t dt

)2

+ sup
K
|f |2

.
∫ 1

0

r

(∫ 1

r

τ(π(z), t)−1J
1/2
t dt

)2

dr + sup
K
|f |2.

Thus by Hardy’s inequality we have∫
Aα(ζ)

r2|OTf |2dV .
∫ 1

0

t3τ(π(z), t)−2Jtdt+ sup
K
|f |2.

Since t . τ(π(z), t)2 and t ≈ r(z) on Sβ,t,∫
Aα(ζ)

r2|OTf |2dV .
∫ 1

0

t2Jtdt+ sup
K
|f |2



290 HYEONBAE KANG AND HYUNGWOON KOO

.
∫
Aβ(ζ)

r3|Of |2dV + sup
K
|f |2.

This completes the proof.

5. BMOA on strongly pseudo-convex domains.

In this section, we give Carleson measure characterizations of BMOA on
strongly pseudo-convex domains in Cn. The proof is simply a repeat of the
proof in the previous section, so we omit the proof.

Let Ω = { z ∈ Cn : r(z) > 0 } be a bounded strongly pseudo-convex
domain in Cn where r is a smooth real valued fuction such that |Or| = 1 on
∂Ω. Then, one can define a pseudo-distance (Koranyi distance) on ∂Ω by

(5.1) d(ζ, ξ) =

∣∣∣∣∣∣
n∑
j=1

∂r

∂zj
(ζ)(ζj − ξj)

∣∣∣∣∣∣+ |ζ − ξ|2.
Balls on ∂Ω can be defined correspondingly. Then, the radius τ(ζ, δ) in the
complex tangential direction of the ball B(ζ, δ) becomes approximately δ1/2.

Theorem 5.1. Let Ω = { z ∈ Cn : r(z) > 0 } be a bounded strongly
pseudo-convex domain in Cn where r is a smooth real valued fuction such that
|Or| = 1 on ∂Ω. Then for f holomorphic in Ω the following are equivalent;
(1) f ∈ BMOA.
(2) dµ(z) = (r(z)|ONf(z)|2 + |OTf(z)|2)dm(z) is a Carleson measure.
(3) dµ(z) = |OTf(z)|2dm(z) is a Carleson measure.
(4) dµ(z) = r(z)|ONf(z)|2dm(z) is a Carleson measure.
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