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DISTINGUISHED REPRESENTATIONS FOR UNITARY
GROUPS

Ramanujachary Kumanduri

We describe a relative trace formula for the study of distin-
guished automorphic representations on Unitary Groups with
respect to certain Symplectic subgroups. The trace formula
will establish that these representations are in correspondence
with automorphic representations on GL(n,K) for a quadratic
extension K/k, which are distinguished with respect to an in-
ner form of GL(n, k). We establish the matching of orbital
integrals at finite primes and describe the lifting of spherical
representations.

1. Introduction.

Let G be an algebraic group defined over a number field k, and π an auto-
morphic representation of G(A). The representation π is said to be distin-
guished with respect to a subgroup H of G, if there exists a function φ in
the space of π, such that the period integral

ΠH(φ) =
∫
H(k)\H(A)

φ(h) dh(1.1)

is non-vanishing. In many cases, distinguished representations on G with
respect toH are in correspondence with representations on another groupG′,
distinguished with respect to a subgroup H ′. One approach to the study of
these representations is to use Jacquet’s relative trace formula, as in [Jac87],
[Jac86] or [JL85].

We consider a unitary group of a quadratic extension of number fields:
G = U(n, n) with n = 2r. H will be a symplectic subgroup in G, arising
as the fixed points of an involution on G. H is the isometry group for a
hermitian symmetric form attached to a quaternion algebra D over k. The
groups and involutions are described in §2. At almost all places H is the
symplectic group Sp(n) ⊂ G. We develop a relative trace formula to show
that automorphic representations for G, distinguished with respect to H
are in correspondence with representations on G′ = GL(n,K) distinguished
with respect to an inner form of H ′ = GL(n, k). If H is constructed from a
quaternion division algebra D, then H ′ = GLr(D). Here G′ occurs as a Levi
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subgroup of a parabolic subgroup and the local functoriality is parabolic
induction.

We expect that if D is a quaternion division algebra then these distin-
guished representations occur in the cuspidal spectrum. As the local lifting
is by parabolic induction from the Siegel parabolic, we expect these repre-
sentations to be associated to the parabolic in the sense of Piatetski-Shapiro
[PS82]. If D is split (i.e., H ' Sp(n)), then the distinguished representa-
tions occur in the residual spectrum. The residual spectrum for U(n, n) is
not completely determined, but it is expected that the part associated to the
Siegel parabolic P , is given by the residue of a Siegel-type Eisenstein series
attached to a cuspidal representation σ on GL(n,K). This Eisenstein series
can have a pole where the Asai L-function of σ has a pole. It is known that
the Asai L-function, LAsai(s, σ) has a pole if σ is distinguished with respect
to GL(n, k). We remark that at Archimedean primes, following the criterion
of [FJ80], there is no discrete series in L2(G/H) if H ' Sp(n,R), whereas
there exist discrete series representations for the symmetric space G/H, if
H is constructed from the quaternion division algebra.

The related example of GL(2n) with Sp(n)-period integrals is studied in
[JR92a] and [JR92b]. In this case there are no cuspidal representations
which are distinguished. Distinguished representations in the discrete spec-
trum occur in the residual spectrum [JR92b]. Distinguished representations
on GL(n,K) with respect to GL(n, k) are discussed in [Ye89], [JY90] and
[Fli91]. These distinguished representations are conjectured to arise as un-
stable base change lifts from Unitary groups.

We describe the formalism of the relative trace formula for symmetric
spaces. Let θ : G → G be an involution defined over k. For any k–algebra
A, G(A) will denote the A–points of G. Consider the symmetric space

X(A) = {g ∈ G(A)|θ(g) = g−1}.
Let τ : G → G be the map τ(g) = g−1θ(g): then the image of τ is

contained in X. If H is the group of fixed points of θ, then τ(G) ≈ H\G,
and the fixed groups of elements of X correspond to inner forms of H. We
define the action of G on X by g · x = g−1xθ(g) for g ∈ G and x ∈ X. This
action is compatible with the right action of G on H\G.

For the study of distinguished representations, we define a kernel for sym-
metric spaces as in [JLR93]. Let f be a smooth function on X(A). For
g ∈ G(A), define

Kf (g) =
∑

ξ∈X(k)

f(g−1ξθ(g)).(1.2)

The projection Kf to the space of cuspforms identifies the cuspidal rep-
resentations with a distinguished vector with respect to an inner form of H.
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More precisely, let φ be an automorphic form on G. Consider the integral
of φ against Kf and unwind it in the usual way. Hξ(k) denotes the isotropy
group of ξ ∈ X(k).

∫
G(k)\G(A)

Kf (g)φ(g) dg

(1.3)

=
∫
G(k)\G(A)

∑
ξ∈X(k)

f(g−1ξθ(g))φ(g) dg

=
∫
G(k)\G(A)

∑
ξ∈X(k)/G(k)

∑
η∈Hξ(k)\G(k)

f(g−1η−1ξθ(η)θ(g))φ(g) dg

=
∑

ξ∈X(k)/G(k)

∫
Hξ(A)\G(A)

f(g−1ξθ(g))
∫
Hξ(k)\Hξ(A)

φ(hg) dh dg.

The inner product 〈Kf , φ〉 is nonzero if and only if φ is distinguished with
respect to some inner form of H.

Let B = TU be the Levi decomposition of a Borel subgroup, and ψ a
character on U(A) trivial on U(k). We consider the component of Kf with
respect to ψ.

∫
U(k)\U(A)

Kf (u)ψ(u) du

(1.4)

=
∑

ξ∈X(k)/U(k)

∫
Uξ(A)\U(A)

f(u−1ξθ(u))
∫
Uξ(k)\Uξ(A)

ψ(uv) dv du.

The inner integral is zero unless ψ is trivial on Uξ(A). We say that the orbit
of ξ is relevant for ψ if this condition is satisfied. For a relevant orbit, define

I(ξ, f) =
∫
Uξ(A)\U(A)

f(u−1ξθ(u))ψ(u) du.(1.5)

Then ∫
U(k)\U(A)

Kf (u)ψ(u) du =
∑
ξ

I(ξ, f)(1.6)

where the sum is over relevant orbits ξ ∈ X(k)/U(k) for ψ.
Let G and G′ be two groups with involutions θ and θ′. Let X and X ′

denote the corresponding symmetric spaces. Let ψ and ψ′ be additive char-
acters on the unipotent radicals U and U ′ respectively. Suppose there is a
bijection between the relevant orbits, ξ 7→ ξ′ and for f on X(A), there is
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f ′ on X ′(A) such that I(ξ, f) = I ′(ξ′, f ′), then one has the relative trace
formula ∫

U(k)\U(A)

Kf (u)ψ(u) du =
∫
U ′(k)\U ′(A)

K ′f ′(u
′)ψ′(u′) du′.(1.7)

If f = ⊗vfv, then I(ξ, f) =
∏
v I(ξ, fv) over the places of k. For our

groups, we show that at finite primes, there is a correspondence between
the relevant orbits and given fv, a compactly supported smooth function on
X(kv), we construct f ′v on X ′(kv) such that Iv(ξ, fv) = I ′v(ξ

′, f ′v). This is
done in Proposition 5.1.

Our eventual goal is to obtain a formula analogous to (1.7) for the pro-
jection Kf,cusp of Kf to the space of cuspforms. This would require consid-
eration of the continuous and residual spectrum kernels. We hope to report
on this question soon.

The groups under consideration are described in §2. In §3, we describe the
orbits on symmetric spaces and twisted involutions in Weyl groups. These
are used to prove the bijection of relevant orbits in §4. In §5, we describe
the matching of orbital integrals and the correspondence for spherical rep-
resentations following [JR92a].

The author would like to thank Prof. Jacquet for his help. Conversations
with Prof. Dabrowski were helpful in understanding the results on twisted
involutions. Comments of Prof. Rallis regarding this study were helpful.

2. Description of Unitary and Symplectic Groups.

Let K/k be a quadratic extension of number fields. For α ∈ K, let α 7→ ᾱ
be the non-trivial Galois automorphism K/k. Choose an element δ ∈ k× so
that K = k(

√
δ). For any k-algebra A, let

G(A) =

{
g ∈ GL(2n,K ⊗k A) : g∗

(
0n −1n
1n 0n

)
g =

(
0n −1n
1n 0n

)}
.

The involution ∗ is given by g∗ = ḡT where the Galois automorphism is
extended A-linearly to K ⊗k A and applied to all the entries of g. G(A) is
the classical unitary group U(n, n).

Let D be a quaternion algebra over k so that D ⊗k K ' M2(K). Then
there exists an embedding K ↪→ D, such that D = K +Kσ, with ασ = σᾱ
and σ2 = γ ∈ k×. If γ is a norm from K×, then D is split. Extend the main
involution \ on D to an involution on Mn(D) and M2n(K). We can view
Mn(D)× as the group of fixed points of an involution on GL(2n,K). For a
suitable choice of the isomorphism D⊗kK 'M2(K), we obtain Mn(D)× as
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the fixed point group of the involution g 7→
(

0n 1n
γn 0n

)
ḡ

(
0n 1n
γn 0n

)−1

. Then the

anti-involution A 7→ A? = AT\ on Mr(D) extends to an involution JgTJ−1

on GL(2n,K).
Let H be a subgroup of GL(2r,D) preserving a \-hermitian symmetric

D-linear form. If S ∈Mn(D) satisfies S? = S, then

H(A) = {g ∈ GLr(D ⊗k A)|g?Sg = S} .

If S is hyperbolic, then we can view H as a symplectic subgroup of the
Unitary group U(n, n). H(R) is the classical group Sp?(r, r), if D⊗kR ' H.
For a given choice of division algebra D, corresponding to a choice of γ ∈
k×/NK/k(K×), let yγ =

(
0r 1r
γ1r 0r

)
and xγ =

(
0 y
−yT 0

)
. H is the fixed group

of the involution θγ : g 7→ xγg
T−1

x−1
γ on G.

At almost all places v, γ is a norm from Kv, hence the D⊗k kv 'M2(kv),
and H can be considered as the symplectic group Sp(n) in U(n, n). In
this case we change coordinates and consider the involution θ(g) = ḡ. If
K⊗kkv ' kv×kv, then U(n, n,Kv) ' GL(2n, kv). This is the case considered
in [JR92a]. If K ⊗k kv ' Kv, a separable quadratic extension of kv and D
does not split, then D is the unique quaternion division algebra defined over
kv and H ' Sp?(r, r,D ⊗ kv).

Let P = MU , be the Siegel maximal parabolic in G, where the Levi
component M consists of matrices(

a 0
0 a?−1

)

with a ∈ GL(n,K). θγ restricts to an involution θ′ on M given by θ′(a) =
yγ āy

−1
γ . The fixed group of θ′γ is GL(r,D). Using our choices of coordinates

it is easy to verify that P ∩H is a maximal proper parabolic in H.
On the symmetric space X ′(k) = {g ∈ GL(n,K)|θ′(g) = g−1}, there is

only one twisted GL(n,K)-orbit. This follows from the vanishing of the Ga-
lois cohomology group H1(K/k,GLn). The corresponding symmetric space
for G, X(k) = {g ∈ G|θ(g) = g−1} also has only one twisted G-orbit. This
is proved in Corollary 4.2.

3. Orbits of Unipotents on Symmetric Spaces.

Our references for the study of orbits of unipotent groups on symmetric
spaces are [Spr84] and [HW93].
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Let G be a reductive group over a local non-Archimedean field k, and θ
an involutive automorphism of G. Let H be the fixed group of θ,

H = Gθ := {g ∈ G|θ(g) = g}.
Define the map τ : G→ G by τ(g) = g−1θ(g). Let Q be the image of τ and
let

X = {g ∈ G|θ(g) = g−1}.
Then it is easy to verify that Q ⊂ X, and both are closed sub-varieties of
G. G operates on Q and X by twisted conjugation, g · x = g−1xθ(g). Then
H\G ≈ Q as topological G-spaces.

Let B = TU be a Borel subgroup, where U is the unipotent radical and
T a maximal torus. We study the twisted orbits of U on X. Let A be a
maximal θ-stable k-split torus in B. Let N(A) be the normalizer and Z(A)
the centralizer of A. As usual we define W = N(A)/Z(A). Let Φ = Φ(A,G)
be the root system with Φ+ the positive roots defined by B. Let ∆ be the
simple system corresponding to Φ+. Let Σ = {sα|α ∈ ∆}, and l the length
function on the Coxeter system (W,Σ).

If B is not θ-stable, then θ(B) is also a Borel subgroup and there exists
n0 ∈ N(A), such that θ(B) = n0Bn

−1
0 . Then θ(Φ+) = w0(Φ+), if w0 is the

image of n0 in W . Then θ′ = θw0 stabilizes Φ+, hence ∆. For computational
purposes we can assume θ stabilizes Φ+.

The following proposition is due to Springer [Spr84, Lemma 4.1] for al-
gebraically closed fields and Helminck and Wang [HW93, Proposition 6.6]
for general fields.

Proposition 3.1. If g ∈ G satisfies θ(g) = g−1, then there exists x ∈ U
such that xgθ(x)−1 ∈ N(A).

The action of θ on Φ induces an automorphism of the Weyl group, given by
θ(w) = θ ◦w ◦θ. If sα is the reflection associated to α ∈ Φ, then θ(sα) = sθα.
Let

Iθ = {w ∈W |θ(w) = w−1}(3.1)

be the set of twisted involutions in W . If θ′ = θw, then Iθ′ = Iθw0. We note
that if w′ = ww0 for w ∈ Iθ, then w′θ′ = wθ on Φ. Twisted involutions are
decomposed by the following result due to Springer [Spr84, Proposition 3.3].
Part (c) is due to Helminck and Wang, [HW93, Proposition 7.9].

If I ⊂ ∆, let WI be the group generated by the reflections sα, α ∈ I.
Denote the long element of WI by w0

I .

Proposition 3.2. Let w ∈ Iθ with θ(Φ+) = Φ+. There exists a θ–stable
subset Π of ∆ and reflections s1, s2, . . . , sh ∈ Σ such that:
(a) w = s1 . . . shw

0
Πθ(sh) . . . θ(s1) and l(w) = l(w0

Π) + 2h.
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(b) w0
Πθα = −α for all α ∈ ΦΠ.

(c) If t1, . . . tm and Λ a θ–stable subset also satisfy these conditions for w,
then m = h and s1 . . . shΠ = t1 . . . thΛ.

The proposition completely describes the twisted orbits in Iθ. Of course,
some of these will not occur in X.

We remark that in Springer’s construction, if w satisfies sαwθ(sα) = w
for all sα ∈ Σ with sαw < w, then the set Π = {α ∈ ∆|wθα = −α}. We
prove the following lemma about the decomposition of longest elements in
parabolic subgroups of W .

Lemma 3.3. Let J ⊂ ∆ be θ-stable. Then w0
J = ww0

Iθ(w)−1 for some
w ∈W , where I = {α ∈ J |w0

Jθα = −α}.
Proof. By compatibility of the action of the different subgroups of W , w0

I

and w0
J have the same action on ΦI .

If sαw0
J < w0

J and sαw
0
Jθ(sα) 6= w0

J , then α ∈ J − I. Then let w′ =
sαw

0
Jθ(sα) for α ∈ J − I. We have l(w′) = l(w0

J) − 2 and l(sαw′) > l(w′).
Therefore the set of α ∈ ∆ such that sαw′ < w′ and sαw

′θ(sα) 6= w′, is
reduced. We repeat this process until we obtain a w such that for α ∈ I,
sαw < w and sαwθ(sα) = w, and for α 6∈ I, sαw > w. Then Springer’s
construction completes the proof.

Let U be the unipotent radical of B, and ψ a character on U . We say that
an element n ∈ N ∩X is relevant if ψ is trivial on Un = {u ∈ U |u−1nθ(u) =
n}. A relevant orbit can support a suitable distribution which is left H–
invariant and right (U,ψ)–equivariant. We describe the group Un and then
give a condition for an orbit to be relevant. For α ∈ Φ, let gα, be the
corresponding root space and Uα, the additive subgroup ofG with Lie algebra
gα. For any subset C of Φ+, define UC =

∏
α∈C

Uα. We assume that U = UΦ+ .

Definition 3.4. For w ∈ Iθ, define the following subsets of Φ

C(w, θ) = {α ∈ Φ|α > 0, wθα > 0}
I(w, θ) = {α ∈ Φ+|wθα = α}
R(w, θ) = {α ∈ Φ+|wθα = −α}
C ′(w, θ) = C(w)− I(w).

We write C(w), I(w) etc. when there is no ambiguity about the involution
θ.

The following proposition is clear from the definition of the isotropy group
and of C(w).
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Proposition 3.5. Let n ∈ N ∩X and w its image in W . Then the isotropy
group of n for the twisted action of U is U ξ

C(w), where ξ(g) = nθ(g)n−1.

Definition 3.6. The support of ψ is defined as a subset I of Φ, such that
ψ(Uα) ≡ 0 for α 6∈ I. We say that ψ is generic if its support is ∆.

Suppose ψ has support in a subset J ⊂ ∆. If α ∈ J and α ∈ C(w), then
wθα = β must be a simple root and if wθα = α, then it must be non-compact
imaginary with respect to w. Otherwise, if α ∈ I(w), then Uα ⊂ U(n)ξ and
ψ does not vanish on Uα. If β 6∈ ∆, then it is clear that a there is a subgroup
of UαUβ which is ξ-stable and ψ doesn’t vanish on it. Hence we need β ∈ ∆.
We characterize the twisted involutions with this property in the following
proposition. See [JR92a, Lemma 1].

Proposition 3.7. Let w ∈ Iθ and I = {α ∈ ∆|wθα ∈ ∆}. Suppose I is
θ-stable and for α ∈ ∆− I, wθα < 0, then ΦI is w0

∆-stable and w = w0
Iw

0
∆ =

w0
∆w

0
I .

Proof. We first show that w = w0
∆w

0
I . For α ∈ I, wθα = β ∈ I, hence

w0
∆w

0
Iw
−1α = w0

∆w
0
Iθβ > 0 as I is θ–stable. For α 6∈ I, wθα = γ < 0,

implies that w0
∆w

0
Iw
−1α = w0

∆w
0
Iθγ > 0 as w0

Iθγ < 0, since θγ 6∈ ΦI . This
implies that w = w0

∆w
0
I .

Then I is θ–stable implies that θ(w0
I) = w0

I . On the other hand, w0
∆w

0
I

is a twisted involution, hence θ(w0
I) = w0

∆w
0
Iw

0
∆ = w0

J . Hence we conclude
that I = J . This also shows that w = w0

∆w
0
I .

The following characterization of R(w) and C(w) will be useful in the
sequel. For a proof, see [HW93, Proposition 7.7].

Proposition 3.8.
(1) If w = s1s2 . . . shw

0
Πθ(sh) . . . θ(s1) is the decomposition of a twisted

involution as in Proposition 3.2, then R(w) = s1s2 . . . shΠ.
(2) If w ∈ Iθ and w̃ = sαwθ(sα), with l(w̃) > l(w), then I(w̃) = sα(I(w))

and C ′(w̃) = sα(C ′(w)− {α,wθα}).

4. Comparison of Orbits.

We use the notation of §2 regarding the groups and involution. Let xγ be as
defined in §2, and θ the corresponding involution. Let X be the associated
symmetric space. Let T be the maximal torus consisting of diagonal matrices
in G and S the maximal k–split torus contained in it. Let B = TU be

the standard Borel subgroup consisting of matrices

(
a b
0 c

)
with a upper
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triangular. Let Φ = Φ(A,G) be the relative root system of G with Weyl
group W = NG(A)/ZG(A). As S is θ–stable, θ operates on Φ as a linear
transformation. There exists w0 ∈ W such that θ(Φ+) = w0(Φ+). If D is
split, it is easy to verify that there exists n0 ∈ N ∩ X such that n0 7→ w0.
Hence we can conjugate θ by n0 and assume that Φ+ is θ stable. In fact we
can take θ to be θ(g) = ḡ. When D is not split, the same analysis applies for
the action on the root system, though all representatives for twisted orbits
must now be modified by w0, i.e, we consider θ′ = θw0 on Φ, and Iθ = Iθ′w

−1
0 .

If w′ ∈ Iθ′ and w ∈ Iθ, we have w′θ′ = wθ, hence C(w, θ) = C(w′, θ′), hence

our analysis goes through for this case. Here we can choose w0 =

(
a 0
0 a

)
∈ G

where a =

(
0r 1r
1r 0r

)
.

Let α1 = t1t
−1
2 , α2 = t2t

−1
3 , . . . αn = t2n be the simple roots. θ action on

the roots is trivial. The Lie algebra for G is

g =

{(
a b
c d

)
∈M(2n,K)|a, b, c, d ∈M(n,K) and a∗ = −d, c∗ = c, b∗ = b

}
.

If ei,j denotes the matrix with a 1 in the ij-th position, then the root spaces
for αi are xei,i+1 − x̄ei+1+n,i+n for i < n and for αn the root space is xen,2n
with x ∈ k. We observe that the root space for αn in g is 1-dimensional
while the other simple roots have 2-dimensional eigenspaces. The only 1-
dimensional root spaces are vr = αn +αn−1 + · · ·+αn−r for r = 0, 1, 2, . . . , n
and their negatives. If wαn > 0 for some w ∈ W , then wαn = vr for some
r. Let Πr = {αn, αn−1, . . . , αn−r}.
Proposition 4.1. Let n ∈ N ∩ X and w its image in W . Then there
exists a θ–stable subset Π ⊂ ∆ − {αn}, such that w = w′w0

Πθ(w
′)−1 and

w0
Πθα = −α,∀α ∈ ∆.

Proof. This is essentially due to the fact that αn is a ‘non-compact’ root
relative to θ. To avoid cumbersome notation it is convenient to do the
computation using matrices. Given w, there exists a Π satisfying these
conditions from Proposition 3.2. It suffices to show that it is not one of the
Πr’s. Let Π = Πr as above. Let n ∈ N such that n → w0

Π in W . Define

n0
Π =


1n−r 0 0 0

0 0 0 1r
0 0 1n−r 0
0 −1r 0 0

. Let n = n0
Πa where a = diag(a1, a2, ā

−1
1 , ā−1

2 ),

where a1 and a2 are diagonal matrices with n − r elements and r elements
respectively. The condition θ(n) = n−1 implies that θ(a) = θ(n0

Π)−1a−1n0
Π.

Evaluating this yields a2 = −a2, a contradiction.
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Corollary 4.2. There is only one twisted G-orbit on X.

Proof. Using Proposition 4.1, it suffices to show that n0
Π is in the twisted

G-orbit if n0
Π 7→ w0

Π ∈ W , with Π ⊂ ∆ − αn. n0
Π ∈ GL(n,K) and satisfies

n0
Πn̄

0
Π = 1, and by the vanishing of the cohomology H1(K/k,GLn), there

exists g ∈M ⊂ G, such that gḡ−1 = n0
Π.

If D does not split the proof is similar and there is only one orbit for
G–action on X.

Lemma 4.3. Let n ∈ N ∩X and w its image in W . Then R(w) does not
contain any of the vr’s.

Proof. From Proposition 4.1 there exists Π ⊂ ∆ − {αm} such that w =
w′w0

Πθ(w
′)−1. Then R(w) = w′R(w0

Π) = w(Φ+
Π). Now Π ⊂ ∆ − {αn},

implies that all the root spaces in ΦΠ are two dimensional, hence R(w)
cannot contain any of the vr’s.

Theorem 4.4. There are no relevant orbits in N∩X for a generic character
ψ on U .

Proof. Let β = αn be the distinguished root. If wθβ > 0, it cannot be
another simple root, hence w is not relevant. For a relevant orbit we must
have wθβ < 0. Let I = {α ∈ ∆|wθα ∈ ∆}. Now I ⊂ ∆−{β} and w = w0

Iw
0
∆.

If αn−1 6∈ I, then w0
Iw

0
∆β = −β a contradiction. Suppose there exists an r

such that αn−1, αn−2, . . . , αn−r ⊂ I. Then vr = β+αn−1 +αn−2 + · · ·+αn−r,
satisfies w0

Iw
0
∆vr = −vr, a contradiction to Lemma 4.3. Hence there are no

relevant orbits for a generic character.

The result is equivalent to the fact that there is no generic irreducible
admissible representation of G with a linear functional invariant with respect
to H. See [JR92a, Proposition 3].

We now consider a character ψ supported on ∆− {αn}.
Theorem 4.5. If w is relevant for ψ supported on ∆ − {αn}, then w ∈
W∆−{αn}.

Proof. If w is relevant we must have wθαn > 0, otherwise we can derive
a contradiction as in the proof of Theorem 4.4. We denote αn by β. Let
w = w′w0

Πθ(w
′)−1 with Π ⊂ ∆− {β}.

We will prove that sβ does not occur in a reduced expression for w′. Let
w̃ = sαwθ(sα). If wθα > 0 and not equal to α, then C ′(w̃) = sα(C ′(w) −
{α,wθα}). Using this, if β 6= wθβ > 0, then β 6∈ C ′(sβwθ(sβ)). If sβγ = β,
then γ = −β and −β 6∈ C ′(w).
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On the other hand, if w̃ = sαwθ(sα) for α 6= β, then β ∈ C ′(w) if and
only if β ∈ C ′(w̃). If β ∈ C ′(w) and sαβ 6= β, then α = αn−1. In this case
αn−1, β ∈ C ′(w), implies that αn−1 + β ∈ C ′(w), hence sαn−1(αn−1 + β) =
β ∈ C ′(w̃). The converse is similar. Together, these assertions imply that if
w = s1s2 . . . shw

0
Πθ(sh) . . . θ(s1) is a reduced expression, then si 6= sβ for any

i. This implies that w ∈W∆−{αn}.

Let P = MU be the parabolic subgroup associated to I = ∆− {αn}. We
may choose M so that its Lie algebra is ΦI . Here M = GL(n,K). For D
split, θ is an involution on M given θ(g) = ḡ, where g ∈ GL(n,K). The
fixed group of θ on M is GL(n, k). The restriction of ψ to M gives a generic
character on M .

If D is not split, then the relevant orbits are of the form ww0 with w as
in Theorem 4.5. Here w0 ∈M as described at the beginning of this section.

Theorem 4.6. There is a bijection between relevant orbits for X with
respect to the degenerate character ψ and the relevant orbits of X ′ for a
generic character ψ′.

Proof. We have shown that a relevant orbit n = wa for ψ is such that w ∈W∩
M = WI . We show that a ∈M . We write a =

∑
nαα

∨, where α∨ denotes a
co–root dual to α. Then θ(n) = n−1, implies that

∑
nαwθ(α)∨ = −∑nαα

∨.
If α∨n occurs in the expression for a, hence we obtain a contradiction as we
have shown that wθ(αn) > 0. This implies that only the roots in ∆ − αn
occur in a. Hence a ∈ M . Then by the compatibility of θ action on X
and X ′, it is clearly relevant for X ′ with respect to the generic character.
Conversely, every relevant orbit for X ′ is clearly relevant for X.

5. Matching of Orbital Integrals.

Let G be as before with the involution θ. Let B = TU be a Borel subgroup
corresponding to a choice of positive roots Φ+ with simple system ∆. Let I
be a θ–stable subset of ∆. Let ΦI be the roots generated by I and P = MV
be the parabolic subgroup containing B associated to I. We choose the Levi
component M so that its Lie algebra contains the roots in ΦI and a Borel
subgroup B2 of M such that B = T ′U ′ with positive root system Φ+

I . These
choices imply that U = U ′V , as a semi–direct product. The involution θ
restricts to an involution on M , which we also denote by θ. Let

X ′ = {m ∈M |θ(m) = m−1}.
Let δ(m) denote the module function for the action of M on V for a fixed

Haar measure on V . For f , a smooth function on X(kp), and ξ ∈ N ∩M ,
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we define

f ′(m−1ξθ(m)) = δ(m)
∫
Vξ\V

f(m−1v−1ξθ(v)θ(m)) dv.(5.1)

It is easy to verify that f ′ is a well defined function on X ′. Using this we
can show that f and f ′ have matching orbital integrals.

Proposition 5.1. If f ′ is defined as in (5.1) then f and f ′ have matching
local orbital integrals, i.e.,

I(ξ, f) = I ′(ξ, f ′).

Proof. This follows from the characterization of the isotropy group in Propo-
sition 3.5. If ξ has image w ∈ W , then wθα > 0 for α ∈ Φ+

I if and only if
wθα ∈ Φ+

I . Hence we have the factorization Uξ = U ′ξVξ, where U ′ξ and Vξ
are the isotropy groups of ξ in U ′ and V respectively. The proposition then
follows from∫
Uξ\U

f(u−1ξθ(u))ψ(u)d u =
∫
U ′
ξ
\U ′

∫
Vξ\V

f(u′−1
v−1ξθ(v)θ(u′))ψ(u′v) dv du′

=
∫
U ′
ξ
\U ′

f ′(u′−1
ξθ(u′))ψ(u′) du′.

Note that the modular function is trivial on U ′ and the restriction of the
degenerate character ψ on U is the generic character on U ′.

We now describe the correspondence for spherical representations. Our
treatment follows that of [JR92a].

Let (σ,W ) be an irreducible admissible representation of G′ = GL(n,K)
with aH ′ = GL(r,D) invariant linear form L onW . We consider the induced
representation π on V = IndGP δ

1/2
P σ acting by right translations. Our choices

of coordinates imply that P ∩ H is a maximal proper parabolic in H and
M ∩ H = H ′. Let K = GL(n,O) be a maximal compact subgroup of G,
where O is the ring of integers of K. Then K ∩ H is a maximal compact
subgroup of H. We define a linear form on V by

T (f) =
∫
K∩H

L(f(k)) dk(5.2)

for f ∈ V . Then Iwasawa decomposition in H implies that T is left H–
invariant. By definition, if (σ,W ) is a spherical representation, then (π, V )
is also spherical. The converse is also true, that every unramified represen-
tation of G with a H-invariant form is of this form. This is established in
[Kum93].
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Let H(G,K) be the spherical Hecke algebra of G. Let K ′ = GL(n,O) be
a maximal compact subgroup of G′. For φ ∈ H(G,K) define f on X(k) as

f(g−1θ(g)) =
∫
H

φ(hg) dh.(5.3)

For f ′ on X ′ corresponding to f in (5.1) define

φ′(g′) =
∫
K′
f ′(g′−1

k−1θ(k)θ(g′)) dk.(5.4)

Then one can verify that φ′ ∈ H(G′,K ′), the spherical Hecke algebra of G′

and the map φ 7→ φ′ gives a homomorphism of Hecke algebras.
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