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THE GEOMETRY OF FLAG MANIFOLD AND
HOLOMORPHIC EXTENSION OF SZEGO KERNELS FOR

SU(p, )
L. BARCHINI, S.G. GINDIKIN AND H.W. WoNG

Let Go = SU(p,q), Ko = S(U(p) x U(g)) a maximal compact
subgroup, and let G, K be their complexifications. Finally,
let B be a Borel subgroup of G. We define a number of al-
gebraic functions on G/B x G/K and use them to construct
a Stein extension of the Riemannian symmetric space G/ Kj.
These functions capture the singularities that can occur in the
meromorphic extensions of the Knapp-Wallach Szeg6 kernels.
These facts imply that all solutions of the Schmid equations
extend holomorphically to the space of linear cycles.

1. Introduction.

A Szegd mapping is an intertwining operator from a principal series repre-
sentation to a discrete series representation. Knapp and Wallach write down
a number of Szegé mappings explicitly in [KW], in which they realize the
discrete series as the solution space of the Schmid equations on a Riemannian
symmetric space Zy. It will follow as an easy consequence from our work
that these solutions extend holomorphically to an universal Stein symmetric
domain Z containing Z,. While this paper is strictly concerned with the
Szeg6 mapping and its holomorphic extension, and is self-contained in this
respect, we believe it is important to make explicit the rich underlying geom-
etry. We will prove various geometric assertions made in this introduction
in another paper [ BGW].

It is standard in projective geometry to study duality of homogeneous
spaces. In our setting, the two spaces are complex homogeneous spaces
X, Z, where X is a generalized flag manifold and Z a Stein symmetric space.
The same geometric data is encapsulated by a triple (G, K, B), where G
is a connected complex reductive group, K a subgroup which is the fixed
point set of a complex involution, and B a parabolic subgroup, so that
X = G/B,Z = G/K. The duality is most conveniently captured by the
following double fibration picture, in which Y = G/(K N B):
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We will specialize in this paper to the following triples: G = SL(p+ ¢, C),
B is a Borel subgroup, and K is the subgroup S(L(p) x L(q)) (which is the
subgroup of SL(p+ ¢, C) consisting of matrices which have diagonal block of
size p X p in the upper left corner and ¢ x ¢ in the lower right hand corner).
We assume p > ¢ and let n = p 4+ ¢q. The advantage of this situation is that
we can express everything in terms of objects from basic projective geometry,
although the phenomenon is more subtle than that of the classical geometry.

To see what sort of interesting geometry could be done in this setting,
it is instructive to recall the more elementary situation of Matineau theory
of duality of complex projective spaces, see [Marl], [Mar2|, and [GH].
Let D be a linearly convex domain of P,,, in the sense of Martineau (i.e.,
through each point in P, \ D is a hyperplane lying inside P,, \ D; clearly,
all convex domains, in the real sense, are linearly convex). Let D* C P,*
consist of hyperplanes which does not intersect dD, it is called the polar
set. Then there is an operator, known as the Fantapié indicator, which sets
up an isomorphism between H*(D) (the space of analytic functionals) and
H(D*) (the space of holomorphic sections of a line bundle). If we interpret
the analytic functional as an integral operator over D, what the Fantapié
indicator does is to integrate the function (n, z)~! (z is the variable) against
a suitable integral kernel, and it then yields the value at the point in D*
represented by 7. Since the singularity of (n,z) ! is the hyperplane defined
by 7, we know that we can integrate over dD for any n representing a point
in D*.

We would like to do the same in the more complicated setting of the
flag manifold X. It turns out that for each point z € Z, its stabilizer
G, = K acts on X with a unique open orbit ©(z). Its complement is a
union O(z) = Ui_, Ok(2) of the closure of exactly g + 1 orbits O;(2)° of
codimension one. We will call O(z) a determinant configuration, and the
singular varieties ©;(z) determinant varieties. From the other direction,
suppose A C X is any subset, define the polar of A, /l, to comnsist of those
z € Z such that O(z) does not intersect A. Obviously, O(z) plays the role of
hyperplane in ordinary projective geometry. However, a configuration O(z)
is more complicated than a hyperplane, and there are not so many “large”
subsets A whose polar A is non-empty. These reflect the fact that flag
manifold is more complicated than projective space. To put this complexity
in a slightly different way, all these reflect the rigidity of symmetric spaces
with rank higher than one, of flag manifolds, or of flag domains.

It turns out that we have bihomogeneous polynomials D;(z, z), in terms
of suitable homogeneous coordinates of x on X and z on Z, such that the
equation D;( ,z) = 0 defines O;(z). We call the functions D, determinant
functions, for they can be expressed as suitable determinants. These func-



GEOMETRY OF FLAG MANIFOLD AND SZEGO KERNELS 203

tions D; contribute to all the singularities that can occur when we extend
holomorphically any Knapp-Wallach Szegd kernel. To give readers a sense
of what is happening, we would like to mention that we can also write down
Szegd kernels for generalized flag manifolds. The more “degenerate” the flag
manifold is (i.e., if the generalized flag manifold is G/ P, then the larger P is),
the less will be the number of factors involved in the singularities of the Szegd
kernels. In the limiting cases of the Grassmanians G(p,p + q), G(q,p + q),
only two “determinant functions” are involved, and they can be expressed
in terms of norm functions of the related Jordan algebras. The pullback via
X — G(p,p+q) (or G(q,p+ q)) of these two limiting determinant functions
are Dy and D,, and occur in the Cauchy-Szego kernels for Hermitian sym-
metric manifolds. The remaining ¢ — 1 functions are genuinely new and are
particularly interesting.

The second key ingredient in Martineau’s theory is the boundary of the
linearly convex domain. In our context, we look for a class of “large” sub-
manifolds whose polars are non-empty. We need a real form of G. In fact, we
are interested only in the conjugacy (under G on Gy) class of real forms, just
as we consider the conjugacy class {G.,z € Z} of K. Each member of the
class acts on X with a unique minimal (closed) orbit. Thus we have a class
of submanifolds: The G translates of the minimal GGy orbit X,. The polar XU
turns out to be a Stein extension of the real form Z, = G/ K, C Z. Indeed,
as complex manifolds, a connected component of X, satisfies (XO)O >~ ZoxXZo.
We will see that XO plays an important role in the Szego kernels and holo-
morphic extension of solution of Schmid equations.

We can also understand the connected component of X, from another
direction. There are % open Gq orbits on X, called the flag domains. It
is well-known that cohomology on these flag domains realize various discrete
series representations. All the flag domains share X, as the same “Shilov
boundary”. Pick any flag domain D. Among the minimal orbits of K, ex-
actly one, I', lies inside D. The class of all G translates of I' which stay
inside D is called the class of linear cycles associated to D. The spaces of
linear cycles associated with all but two of the domains D are parametrized
by the a connected component of X, (as can be shown by a direct compu-
tation, but this also follows from a general result proved by J. Wolf and R.
Zierau). On the other hand, in [Wo1] it is proved that the space of linear
cycles is always Stein, but we can prove the Stein property directly. Re-
call how to prove an open subset X, of a Stein manifold Z to be Stein, it
is enough to construct barrier functions for each z € 0X,. The functions
(D(z, ))~" = Ii_o(D;)~" for each € X, are what we need. Thus we
see that our determinant functions give a natural way of proving the Stein

property.
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A final ingredient in Martineau’s theory is the Fantapié indicator. The
analogue here is the holomorphic extensions of Szegé kernels. For a real
semisimple Lie group Gy with non-empty discrete series, each Knapp-Wallach
Szegd mapping sends sections of a certain vector bundle on the homogeneous
space Sy = Gy /P, (P, is a minimal parabolic subgroup) to the solution space
of the system of elliptic differential equations discovered in [Sc1] on the Rie-
mannian symmetric manifold Z,: The Schmid equations. We would like to
extend holomorphically the Knapp-Wallach Szeg6 kernels. In the case of
SU(1,1), the Szegd kernel of Knapp-Wallach coincides with the Cauchy ker-
nel for the unit disc, and its holomorphic extension is self-evident. In [Gi]
is discussed how to do so in SU(2,1). See also [Kn|. In general, we need
to “complexify” the homogeneous manifolds Sy and Z,. Instead of Z,, we
consider Z, and instead of Sy, we consider X (for reasons to be explained in
Section 3). The kernel function of the Szegé mapping is an analytic section,
over Xy X Zy, of a certain bundle on X x Z. We would like to extend this
kernel holomorphically as far as possible.

We will show that we will end up with a meromorphic object Z&:2)

Q(z,2)?
P(z,z) is a section of a suitable bundle and is expressible in terms of bi-

homogeneous polynomials, Q(z,z) is a product of powers of D;. This ex-
plains another reason why we are interested in the configurations O(z): all
Szeg6 kernels of the Knapp-Wallach type can be extended to at least its
complement.

Morally, the Szegbé mapping is obtained by integrating over X, of the
Szegd kernel. Recall the set Xo. From what we know about the possible
singularity of the holomorphic extension of the kernel, we know that the
Szegb mapping will actually send a suitable section of a line bundle on X,
to a holomorphic section of a related bundle on X,. Thanks to the work
in [KW], we know that the restriction of such holomorphic sections to Z,
give all the solutions of Schmid equations when the parameters are “far
from the wall”. Hence we have found an “universal” Stein extension of Z,
over which we always have a holomorphic extension of the solutions of the
Schmid equations. This is reminiscent of the classical result of Aronshain
about the universal extension of solutions of Laplace equations. Later, this
result is generalized by Martineau and Kiselman to a system with constant
coefficients. We have here an universal domain for the extensions of the
solutions of elliptic equations with variable, instead of constant, coefficients.

Here is a brief summary of the paper. In Section 2 we define ¢ + 1 deter-
minant functions in order to construct a Stein extension for the Riemannian
symmetric space Go/Ky. We shall summarize the construction of the Knapp-
Wallach Szegb mappings in Section 3. We go to the nuts and bolts of the
computation, when Gy = SU(p, ¢), in Sections 4 and 5, and the upshot of the

where
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computations is that the singularities of the Knapp-Wallach Szegt kernels
can be be described as the zero set of some of the determinant functions.
From this it follows that the solution of Schmid equations can always be
extended to a universal domain. Some of the results stated in Section 5 are
proved in Section 6.

2. Determinant Functions.

We will define certain functions called the determinant functions, and we
will use them to define a Stein manifold. The determinant functions will
be seen to capture the singularities of the meromorphic extension of Szegd
kernels and the solution of the Schmid equations will be seen to extend
holomorphically to the Stein manifold.

We start with certain notations which we use throughout the paper. We
start with the obvious geometric interpretations of X and Z. The space
X is the set of all sequence (V;;1 < i < n = p+ q) of subspaces of C",
where dimV; = ¢ and V; C V; if ¢ < 5. We can represent a point of X by
w= (w;,1 <i < p+q), where w; € A'CPT4. Strictly speaking, we should
look at the n—tuple (w;) € I, P(A'C"), where &; is the projective point
in P(A'C") represented by w;. The space Z consists of pairs (L,, L)) of
disjoint subspaces of dimensions p and q. We can likewise think of L,, L,
as in the case of w;, as two elements in A*C". (Of course, there are various
algebraic conditions to be satisfied by w; and Ly, L, but we will not list
them here. We only want to point out that L, A L] # 0.) Sometimes we find
it convenient to use an ordered basis (v;,1 < i < n) to represent a flag, by
putting w; = v; A ... Av;.

For the sake of simplicity, we find the following notation = useful. It
means that the two sides are equal up to a non-zero constant multiple.

We introduce two more pieces of notations, for convenience’s sake. On
A*CP*7 we have a “star” operator. Suppose we have an ordered basis (v;, 1 <
i < p+q) for CP*9, then xv, A... Awy, i=€vp,, A... Ay, . Here eis +1
or —1 according to whether (kq,...,k,.,) is an even or odd permutation of
(1,...,p+ q). Now suppose u € A?CPT9,v € AYCP*?, and suppose a + b >
p+q, define uMv := ¢(*u)v. Here ¢( ) means the interior product. Note that
ulMv = vMu. Geometrically, if u, v represent subspaces of dimensions a and
b, then uMwv # 0 iff the subspaces represented by u, v intersect transversally
and in that case u M v represents their intersection.

Next, for any forms w, 8, define w6 := wA 6. Observe that w6 = 0 Uw.
The reason we introduce this notation is due to the following geometric
interpretation. If w, @ represent subspaces, then w L1 6 # 0 iff they do not
intersect, and in that case w LI # represents their linear span.
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We will take the convention that allblLic := (aUb)Uc, likewise for aMbMe.
We will take (eq,...,e,+q) as the standard ordered basis of C**7. We let
ly=e1N...Ney,l; = epi1 Ao Aeyyy be the standard p-plane and g-plane.
Given any forms u of the top degree, we can identify it as a scalar [u],
provided we have made a choice of a “standard” top form, as we have already
done.
We define ¢ + 1 determinant functions on X x Z as follows.
Definition 2.1. For 0 < j < ¢, define D; = Dj(w1,... ,wpyq; Ly, L)) as
follows.

[w, U L;] if j=0,
(2.1) Dj = [(Wprqj ML) Uw; U L] if 1<5<q—1,
[wy U L] if j=q.
Remark 2.2. The “functions” D; are in fact sections of suitable line

bundles on X x Z. To be more precise, proceed as follows. On Z are
two tautological vector bundles, denoted by V), and V. The fiber of V,,
respectively V], over the point (L, L;) (viewing it as a pair of vector spaces)
is just L,, respectively L;. Likewise, over X are various tautological bundles
Ui, whose fiber over a point represented by w = (w;) in X is the vector
subspace represented by w;. We can form the top exterior products of all
these bundles and obtain line bundles £, and £,  on Z and Lx; on X.
With these notations at hand, D; is a section of (Lx piq—; @ Lx ;)R (L7, ®
) for 1 <j<q—1,0f Lx, XL, forj=0,and of Lx,X Lz, when
J=q
Remark 2.3. Further, these functions are pullbacks via the obvious projec-
tion X — Y, where Y is the generalized flag manifold consisting of subspaces
Vic...V,CV,CVi1...Vpigo1 € Vpiy, where dim V; =i (V,, is redundant
if p = ¢). The manifold Y is the complexification of the manifold G/ P, on
which the principal series in [KW] is realized.

Next, let Gy = SU(p, q) and Ky = S(U(p) x U(q)) be its maximal compact
subgroup. The space Z, = G/ K is a Hermitian symetric space. Concretely,

Zy={L, € G(p,p+q)|( , ) is positive definite on L,}.

Here we define (z,2) := Y7 |2]? — Y2029, |2;]>. We shall identify the

conjugate manifold G/ K, as
Zy:={L, € G(q,p+q)|{ , ) is negative definite on L }.

Hence there is the obvious identification of Zy x Z, C Z = G/K.
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We will from now on identify
Zy ={(Ly,, (L,)")|( , ) is positive definite on L,} C Z; x Z,.

Here | denotes the orthogonal complement with respect to ( , ). The
advantage of this point of view is that Z is manifestly a GGy invariant com-
plexification (indeed Stein) extension of Z,.

It is well known that X has a unique closed Gy orbit X, which is K
homogeneous ([Wo1l]). It can be realized geometrically as follows. On P,,_;
are three G orbits, two of them are open (those points on which ( , ) are
positive, resp. negative), the remaining one 3 is closed. A flag w = (w;,1 <
Jj < n) belongs to X iff the following is true: w, C ¥ (here, we view w, as a
projective plane of dimension ¢ — 1 and ¥ a subset in P, ;) and w,,_;, when
viewed as a hyperplane of PP,,_, is tangent to X at any point of w,.

Now consider the set

Definition 2.4. Define Xo C Z as follows.

Xo == {(L,,L.)|D;(w; L,, L) # 0 for all j and for all w € X,}.

Let D := Hij’ then
(2.2) Xo = {(Ly, L)|D(w; L, L) # 0 for all w € Xo}.

Obviously, XO is a Gy invariant subset of Z. We want to show that XU
is Stein. To do that, we need the following technical lemma in complex
analysis, the proof provided in [Gu, p. 137| carries over verbatim.

Lemma 2.5. Let V' be a holomorphic variety and U;, j € J, is an arbitrary
collection of Stein open subsets. Suppose U := N;U; is non-empty open, then
U is also a Stein variety.

We now have:
Lemma 2.6. The space X, is a Stein variety.

Proof. We would like to apply Lemma 2.5. Let V = Z. For each w € X,
define U, = {(L,, L) € Z|D(w,L,, L) # 0}. Then X; = Nyex,U..

It can be verified directly that L, = [,, L, = [, belongs to Xo. The
compactness of X, guarantees that Xo is open.

It remains to see that each U, is Stein. Observe that Z is in fact a smooth
affine variety. Viewed in this way, each D, (L, L;) := D(w; Ly, L;) can be
viewed as a regular function on Z. The set U, is the complement of the
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closed set defined by D, = 0, and is thus a principal open set, hence also
affine, and therefore Stein. |

Lemma 2.7. The space Xo contains Z.

Proof. The space X, is clearly Gy invariant and contains the base point of
Zy where L, = 1,, L, = [. However, G, acts transitively on Z. O

Remark 2.8. It can be verified directly that X, is connected except when
p = ¢, and the connected component containing Z; is the space of linear
cycles associated any flag domains. Clearly, this points to a close connection
with the work in [Wol], [Wo2|, [Wo3], [WW]. It also relates to a recent
work by Wolf and Zierau that the space of linear cycles have the structure
Go/Ko x Go/Ky [WZ]. See [ BGW] for further details.

3. Knapp-Wallach Construction.

We briefly summarize Knapp-Wallach construction in the case Gy = SU(p, q).
The compact Cartan subgroup of Gy is

Ty = {g = diag(e"", ..., [0, = 0},

and we think of ity = {(0y,...,60,)| >, 8; = 0} as R" in the obvious way.
If we denote by f; € (R")*,7 = 1,...n, the elements of the dual basis of
the standard basis e; of R", then the roots of t in g correspond to the set

Alg,t) ={fi = [ili# 51 <45 <n}.

The Cartan involution 6 is defined by #(X) = —X* for X € go. Thus we
have g = ¢ @ p. The set of compact imaginary roots of t in g is given by

A ) ={fi— fill <i,i <ptU{fi = fulp+1<km<p+q}

and

Alp,t) ={(fi — for)) 1 <i<p, 1 <j<q}

is the set of noncompact roots of t in g.

Once a positive system A (¢, t) is fixed, the Knapp-Wallach construction
starts with a triple (t, A*(g,t), \), where the positive system is chosen to be
compatible with A* (¢ t) and \ € K, is a dominant integral parameter so
that A\ — p,, + ps, is regular dominant for A* (g, t).

Each triple determines uniquely a representation in the discrete series of
Go ([Sc2]). The Knapp-Wallach Szegé mapping relates a principal series
with a discrete series. The details are as follows.
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First, to each triple (t, A* (g, t), \) is associated a new triple (t®a, A* (g, t®
a), (i, Al)), where t@a a maximally split Cartan subalgebra of g , A* (g, tda)
a positive system for A(g, t@® a) with the property that if « € A%, then fa ¢
A*, and p € a*. We would like to explain how this new triple determines a
principal series representation of Gj.

To choose the maximally split Cartan subgroup, we have to start with a

sequence of positive noncompact roots aq, ... ,a, which satisfies:
{a;} are strongly orthogonal (s.0.).
(3.1) o .
«a; is simple in the subsystem of roots s.o. to {as,... a1} .
Such a sequence is called a strongly orthogonal sequence (s.o.s.). Let
( , ) be the trace form, choose root vectors E,, so that
2
E,,E_,)=-——.
(Eas E_a) )

Define H,, to be the member of t dual to o under ( , ).

The standard Cayley transform relative to the sequence oy, ... ,q, is c =
Ad(u) with u = uq, ... U, and u,, = exp(](Es, — E_4,)). The maximally
split Cartan subalgebra is a EB’E =ct E(E —l— E_, ) @ t. Here t is the
orthocomplement of ¥{iCH,,, € t.

This takes care of the maximally split Cartan subgroup. Next, we need
to explain the positive restricted root system. Since this is in turn pinned
down by a positive root system of a @ t, we will explain the choice of the
latter.

The positive system AT (g, a @ t) is determined lexicographically with re-
spect to the list H,, ... H,, . Indeed, a root ¢ is positive if (3, ;) < 0 or
(B,00) = 0 and (B, as) < 0, etc. For roots c3 supported on t, then c3 is
positive if 5 € AT (g,t).

Finally, we can take care of the parameter p € a*. It is defined by means
of the equation

—2{A + n;a;,q;)

(aj, )
where p, denotes the half sum of the associated positive restricted roots.
Here the integer n; is as in Equation (6.5b) on [KW, p. 178].

At this point, we have the principal series representation: The maximally
split Cartan together with the positive system AT (g,a @ t) determines a
minimal parabolic subgroup Py = MyAoNy of Gy. Let o be the irreducible
representation of My with highest weight A|; (when p = ¢, M, is disconnected

and one has to be a little more careful in defining o). The principal series
representation of Gy is induced form (o, u).

(n— pa)(Eaj + E*aj) =
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Finally, we can write down the Knapp-Wallach Szegé mapping.
If (7,V) denotes the irreducible representation of K, with the highest
weight A, then Knapp-Wallach Szeg6é map is given by

SH0) = [ ~(R)F@k)dk,

where f is a function on Gy with the correct transformation property such
that it represents an element of the principal series.

We would like to rewrite the mapping in a slightly different context.

If P denotes the complexification of Py, then Gy/P, is the unique closed
orbit of the generalized flag manifold Y = G/P (the same manifold as in
Remark 2.3). The preimage of G/P,, under the canonical fibration X —
G/ P, is the unique closed orbit X, of X. Thus we can transfer geometrical
data on Go/Py to Xo. In particular, instead of a vector bundle on Gy/ P,
we can consider a related line bundle on X,. In this context, the domain of
the Szegd map is a space of certain smooth sections of an appropriate line
bundle over X,. Some of this is implicitly done in [KW, p. 180] when they
rewrite their intertwining formula as a kernel operator.

More precisely, proceed as follows. The s.0.s. {ai,...,q,} determines
a base point on the orbit X,. Indeed, the set of roots A*(m,t) U {8 €
Ag, V)|(B,a1) < 0, or (B,a1) = 0 and (B,a2) < 0, etc.} defines a Borel
subalgebra b’ = t ® 1. The base point in X, associated to ay,...,q, is
given as the Borel subalgebra b = cb’ = a @ t ® u. We denote by B the
analytic subgroup of G with Lie algebra b.

Let v € (h = adt)* be so that v|, = u+p, and v|; = Al;. This defines a line
bundle £, on X. Let QP be the line bundle induced from A™P(u/(unm)) (it
can be interpreted as top holomorphic de Rham forms on X ”transversal”
to the fibers of X — G/P). Finally, let the K module (7, V) induce the
vector bundle V' — Z. The Knapp-Wallach Szegt kernel can be viewed as a
section of the bundle (£} ® Q*P) KV on Xy x Zy, where Z, C Z is the real
form Go/K, of Z.

When z,1 € Gy, let 2711 = kan € KyAyN, be the Iwasawa decomposition,
then the Szego kernel as given in [KW] can be written as

(3.2) S(z,1) = alz~ )" 7 (k(z11))ds x Ad(1)(Q)

where ¢, denotes a highest weight vector of the irreducible representation
7 and Q is a non-zero element of A*Pu/(uNm). In other words, suppose
f : Gy — C, represents a section over Xy which comes from the principal
series, then for each z, S(z,l)f(x) would represent the pullback of a top
de Rham form on Gy/F, its integration over Go/Fy is Sf(x).
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Remark 3.1. We will abuse terminology and say that Sf(x) is the inte-
gration over X, of S(z,1)f(1).

Remark 3.2. For SU(p,q), s.o.s. satisfying the Conditions 3.1 are not
unique. Different choices of s.0.s. produce different choices of the base point
in the unique closed Gy orbit Xy in X and different line bundles over X.
This may result in, as commented upon in [KW, p. 164], the realization of
the same discrete series as quotients of different principal series. Sometimes
we will choose some particular s.o.s. to carry out computations.

Each point [ € G determines a point [ - B € X, and each z € G can be
thought as a point - K € Z. In this context we want to obtain a mero-
morphic continuation of S(x,1) in the most straightforward manner, simply
as in Equation 3.2 but now let x,l € G. Thus, we are led to consider the
subset of G whose elements ¢ are expressible as kan € KAN. However,
there is no complex Iwasawa decomposition because two things can poten-
tially go wrong. First, not all ¢ € G admits such a form. Second, k,a,n
need not be unique. Theoretically, we can “remedy” these two defects as
follows. We can, instead, define the Szegd kernel for those pairs of (x,1)
such that g = 7' admits a complex Iwasawa decomposition, and then go
on to prove that such a mapping continues meromorphically to all pairs.
This should “remedy” the first defect. For the second defect, we can try to
show that the integrality of A will guarantee that the formula will be well
defined despite the fact that there may be several Iwasawa decompositions
for the same g.

However, we choose to take a more pragmatic approach here. Since we
are dealing with the special case of Gy = SU(p, q), we will naively extend
the Szeg6 kernel formula complex analytically, and express it in terms of
geometrical data, rather than group data. It will be apparent from the
resulting formula that it is meromorphic and well defined.

4. Knapp-Wallach Construction for SU(p, q) in Practice I.

Suppose we have two rows of increasing numbers: z; in the first row, with
1 < z; <p, y, in the second row, with p+1 < y; < p+ ¢. An alignment
of these two rows of numbers is called a double array. A double array looks
like

Ty1...T4 Lii41 -+ Ty, Ljgt1 - -

(4.1)
Yp+1 -+ - Yp+ia Yp+ji41 - - - Yptia
We allow for the possibilities that i; = 0 (i.e., nothing precedes y,,) and
i1+ 1 = 19, etc.
If welet x; =4,1<i<pandy,, =m,p+1<m < p+ q, the associated
double array is called a complete double array. The set of all positive systems
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A*(g,t) compatible with A} is in one-one correspondence with the set of
all complete double arrays.

We can describe complete double arrays more precisely. A complete dou-
ble array corresponds to a non-decreasing sequence of integers 0 < a; <

. < a, < p, as follows. The number y,,; in the second row must be
squeezed in the space after the number a; and before a;,; in the first row.
Alternatively, given such a sequence a = (a;), we have a related sequence
1<b <...<b; <(p+q), by putting b; := a; + i. The number b; refers
to the position of y,.; in the double array picture. Thus, referring to the
picture above, by = i1 + 1,b;, = i1 + j1,b;,41 = %2 + 1,... As indicated in
Remark 2.8, complete double arrays parametrize flag domains.

The simple roots are precisely f; — f; whenever z; or y; is followed by z; or
y;. The non-compact simple roots are exactly f; — f; for those x; followed by
y; or those y; followed by x;. Thus, in the diagram above, the simple roots

are: f1 —f2, s afi]—l —fz‘lvfil _fp+17fp+1 _fp+2; ce 7fp+j'i—1 _fp+j17fp+j1 -

fir+1, ... The simple non-compact roots are: fi, — fpi1, forji — firt1s fin —

Fotirtty---

Remark 4.1. From elementary combinatorics it follows that there are

(Z qu!)! = % possible complete double arrays. Here W ,Wjx denote the the
[,

respective Weyl groups. In general, there are |W§|‘ different Gy-open orbits

in X (or, by duality, K-closed orbits in X) by [Wol].

There are different possible choices of s.o.s. satisfying Conditions 3.1. For
the sake of illustrating that the functions D; occur as singularities, we work
with the choice picked out by the following algorithm. This algorithm also
yields n;.

Algorithm 4.2.
(1) Let A be a complete double array. Start with the empty list as the
initial list of s.o. roots. Set j = 1.

(2) If the second row of A is empty. Stop.

(3) Suppose the most left hand member of the top row of A occurs to the
left of the most left hand member y,, of the second row. Let x; be
the member in the first row that occurs immediately to the left of y,..
Append f; — f,4 to the list. Let n; be the number of elements in the
top row of A to the right of x;. Erase both y,;,,z; from A. Reset A
to be the new double array and replace j by j + 1. Go to Step 2.

(4) Suppose the most left hand element z; of the top row occurs to the
right of the most left hand element of the second row. Let y,., be
the element in the second row immediately to the left of z,. Append
fptr — [ to the list. Let n; be the number of elements in the second
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row of A to the right of y,,, Erase both y,,,z; from A. Reset A to
be the new double array and replace j by j + 1. Go to Step 2.

Once the s.o0.s. is selected, we can proceed as described above to determine

a base point in the Gg-open orbit. The base point can be given in the form

of a Borel subalgebra or in terms of an ordered basis (v;,1 < j < p+¢q) of

Crte, For a given s.0.s., the v; are as follows:

(1) For1<i<gquv, =e +e, where f; — f,. is the i-th root in the s.o.s.

(2) For g+ 1<i<puv =e, with k; < ks if i < i'. Here, the f;, are so
that none of the roots of the form +(fy, £ f5),1 < s < p+q are in the
S.0.8.

(3) wpr1 =€ — e, if fi — f. is the last root in the s.o.s., etc.

(4) Until we have v,, = €, — e, if f; — f, is the first root in the s.o.s.

From (v;) we can form (wp); := Al_jv;. Tt can be verified that (wp);
is N invariant. The group A acts on them by an scalar. If a € A, then
a-(wg); = a™ % (wg); for 1 < j < gya- (wp); = a™ T T%(wy), for

q+1<j<p anda-(w); =a®" T *(w); for j =p+Ek.

5. Knapp-Wallach Construction for SU(p, ¢) in Practice II.

An element [ € G is thought of as a point [ - B in the flag manifold or
equivalently as a point (I - (wp);) = (w;). An element x € G is identified
with z - K or equivalently with the pair (z -[,,z -1;) = (L, L;). We want
to rewrite the Szegd kernel as in Equation 3.2 in geometric terms. We will
omit the term Ad(l)(€2) for we do not need it (see Remark 5.5).

We can assume that, under the trace form, A is the diagonal matrix

P P q q
diag E ’r‘i,E ri,...,rp;g si,g Siyeer38q |
1 2 1 2

where r;,5; >0 when ¢ <p—-1,7 <qg—1.
We find it convenient to think of (7,V) as the unique subrepresentation
of type 7 in the following obvious representation of K.

{(C) @ (N’CP)2@... (APCP)*} @ {(C)*" ®@ (N*CT)*? ®...® (AICT)*}.

Here (...)" denotes the r;-symmetric tensor. The representation 7 is equiv-
alent to the representation of K acting on the cyclic span of {(e;)™ ® (e; A
e)?R...0(e1 NeaN...ANep) Pt R{(epr1)" @ (Epr1 N €pia)? @ ... @ (€pr1 A
... Nepig)®} (a highest weight vector) under K.

Call this bigger representation (7,7). Notice that it admits an obvious
extension to a representation of G. Hence, the obvious homogeneous bundle
G xg W — G/K is a trivial bundle (but non-trivial as a homogeneous
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bundle!): Take a basis (w;) for W, then the sections g — (g,g7' - w;)/ «
forms a pointwise basis, here (g,g7' - w;)/ ~ means the equivalent class
of (9,97" - w;) under the usual equivalence relation. We will trivialize the
bundle G x x W in such a manner.

It should now become obvious why we would like to embed V' into the
larger space W. For each [, we can view S( ,!l) as a function S( ,I) : G — W
coming from a section of G X x W. Under the trivialization explained above,
we can view S( ,[) as a vector-valued function G/K — W: S(z - K,l) =
x - S(z,l). From now on we will understand S(z,[) in this way.

Here is the general structure of the Szego kernel, no matter how the s.o.s.
is found.

Theorem 5.1. The Szego kernel is a product of meromorphic functions of
the form TI{_oD;(wy; Ly, L,)", where n; € Z, with a suitable holomorphic
section.

Remark 5.2. We will prove Theorem 5.1 in the next section. It should
be noted that the proof contains a general algorithm which tells us how to
write down the formula for the Szegd kernel in general. The actual formula
depends crucially on the actual choice of s.0.s. Since a general description of
s.0.8. is combinatorially complicated, we are unable to give a “one-line” for-
mula for the Szego kernel. Further, in the formula resulted, the holomorphic
section may share common factors with the meromorphic function. Hence,
we cannot be sure of the precise singularities and their degrees.

We have the following immediate corollary.

Corollary 5.3. The singularities of a Szegd kernel is always a union of
the zero set of some of the Dy, i.e., Upca{(wy; Ly, Ly)|Dy(wy; Ly, L) = 0}
for some subset A C {0,...,q}.

We have the following remarkable consequence straightaway.

Theorem 5.4. When X is far from the wall, in the sense of [KW], any
solution of the Schmid equation admits a holomorphic extension to X,.

Proof. By [KW, Corollary 9.6], the image of the real version of the Knapp-
Wallach Szeg6 mapping is exactly the solution space.

Now the Szegbé mapping is the integration over X, of the Szeg6 kernel
(recall Remark 3.1). Since the only singularity of the kernel is always outside
XO, the Szego mapping sends a section over X, to a section defined for any
point in X, and the resulting section over X, is clearly holomorphic. Its
restriction to Zy is clearly what is given by the real version of the Szego
mapping. [l
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Remark 5.5. We have been ignoring the term Ad(/)w in Equation 3.2
for the Szegd kernel. This is because Ad(I)Q, when restricted to X, is
essentially the pullback of a K invariant top form on G(/P, and would not
contribute any singularity.

For the rest of this section, we assume that we choose the s.o.s. by Algo-
rithm 4.2.

It is convenient to introduce the notation € := (w, U L) ML, in order to
state the following results.

For the next theorem, assume we are dealing with the following special
sort of complete double array:

Ty...T4 Lij41-+-Lijy + xiq71+1 e Ll?iq $iq+1 Iy
Yp+1 Yp+2 - .- Yp+q
where 1 <4y <... <1,
Theorem 5.6. Ifx-l, = L,,x-l;, = Ly, (wy); = w;, then the Szegd kernel,
expressed as S(x - K,l), is, up to a non-zero constant multiple, the product
of the following meromorphic function
(5.1) Dq((w);Lp’L;)sq—(r1+..4+rp)—(p—iq) % D()—(Tiq+---+rp—1)—(20—iq)

7("'ik+-~+T(ik+1—1))7(ik+177;k)
X Mep<r<g-13 Dy

(when i, = p (in particular, if p = q), the factor Dy should be interpreted as
not being involved) with the following holomorphic section:

i1—1 ig—1

(5.2) { ®(wa+q M Lp)ra ® ®((wa+qfl M Lp) U2 ®...®

a=1 a=11
ipt1—1
® ((wa+q_k 1 Lp) (] Qk)Ta ®...x
a=ik
ig—1
® ((wa+q—(q—1) ML) U 1) ®

p—1
R @ L;P}

1

® { q;((wa UL,) ML) ® (L;)Sq}.

Q

Remark 5.7. Suppose i, = k for £ < j but 4,41 # j + 1. Observe in
that case iy = ip41 — 1 for £ < j — 1 and that w;, x4, ML, = D, for k < j.
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Piece these together, we can rewrite the formula in Theorem 5.6 as follows.
The meromorphic function stays the same except that the exponent of D,
becomes s, — (rj41+ ...+ 1) — (p—iy).

The section becomes

J ij+1—1
6:3) { @) ® @ (o 1LIURY"
a=1 a=j+1

qg—1 ipy1—1

® ® ((wa-l-q—k'_'Lp)UQk)r”@...@

k=j+1 a=iy

p—1
Q@ L;P}

a=1q

o { R UL ALY & A

a=1

Proposition 5.8. Keep the notations in Theorem 5.6. In the case of anti-
holomorphic discrete series:

T1...Tp

Yp+1 -+ - Yptq

the Szego kernel, expressed as S(x - K,l), is the product of the meromorphic
function D6p7(51+"'+SQ) with the holomorphic section

p—1 qg—1
6a) @@ e @) e { @, NI« @)},
a=1 a=1
From these follows this corollary:

Corollary 5.9. Assume (A — 6, + 0k, ) > 0 for all « € At(g,t). Each of
the determinant functions D; occurs as part of the singularity of the Szego
kernel associated with a suitable discrete series.

We will prove these results in the next section.

6. Proofs.

The following simple but crucial observation follows from a simple piece of
linear algebraic calculation.

[wp M L]
(6.1) [wq M Ly]
[(wp-‘rq—k M Lp) U wy, U L:;]

a(x—ll)a1+...+an1
a(x=)ert e A,
a(x—ll)Q(al—‘r—‘r(yk)
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for 1 <k < q—1. We view k(z~!l) as a diagonal block matrix in GL(p) x
GL(q) € GL(p + q) and A, refers to the determinant of the submatrix of
k(z7') in GL(p), A, to the determinant of the submatrix in GL(q).

Proof of Theorem 5.1. It will be very convenient to introduce the following
notations. For 1 <k <p—1,U,:=xz-K-(es N...Nep), for 1 <k <gqg-—1,
Vii=x-K-(epp1 Avoo Aeprp).

Let (a;;1 <4 < q) be the s.o.s. Let ag, = fo, — fpsor OF @ = fpin, — far-
Therefore {b;} = {1,... ,¢q} and {a;} C{1,... ,p}. Let c; < ca... < c¢p_, be
such that {¢;} U{a;} ={1,... ,p}.

Let Dy, = Dy for 1 <k < q—1but D, = DyD,.

Observe that, if a; = J, then

T-K-ey= D;la(:cfll)o‘f (Wptg—jrr M (w; ULY) M Ly).
Also, observe that
Ain:l(x K- e, ) = Dt;l(qul‘i M Lp)-

From now on, assume 1 < a0y < ... < ajq < p and by = k for
1<k<q.

Foreach1 <m <p—1,let {a,... ,a,}N{L,... ,m} = {a;q),... ,a;un)}
and {a;1), ..., a;antU{ct,... ;ent={1,... ,m}.

Let (/2; = Wpyqkt1 [ (W U L) M Ly, and we define
Uy, = (Wepn M Ly) UQjy UL ..U Q).

m

It can be verified that
(6.2) U = I (Djgy) ™" x D x T a(z= 1)@ U,
Similarly, let €} := wy g g1 M (wp U L,) M L7, we can define
V= Qg(l) U...u Qg(n),

then

V., = szl(Di(k))_l X Hz:la(x_ll)o‘“k)‘/?fb.
Now let a(z711)* be e'i, then a(z~1)*=P = I]_, (e*)FEe=S)=2nr wwhere
Ry =31, 75, Sk = >_{_, si and the sign is negative if oy, = f,, — fp4s, and
positive if ay = foi1p, — fa,-

Group these together, we conclude that

(6:3) a(a™ )" Pa - gy = T, D I (20) M
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P

% Da(RquSq) « .Dq_ i=1

T

QU™ @ Q(Vi)™,

p q
k=1 k=1

where M) = Sy — ny or Ry — ny depending on whether oy is f,, — fi, or

fbk_fak- DD
o

Recall that e?'* = % for2<k<qg—1,e* =D, e* = Do, We are

done. |

The remaining results to be proved are all stated under the assumption
that we are using Algorithm 4.2 to pick the s.o.s.

Proof of Theorem 5.6. It is a simple exercise of linear algebra to verify that
for a < iy,
Watq MLy =Dyx-k-(er N... Neg),

for iy < a < ipy1,1 <k < qg—1, we have
(Wagqr ML) UQ = Dya(x D)@ FF% g o (eg AL Aey),
for ¢, < a we have
Q, =a(z )@ty g (ey AL Aey),
whereas for 1 < b < ¢ — 1 we have

(wp U L,) ML, = a(z ' )@ %)z g (epr At Aepyy).

Finally, a(z7 )7 = TIj_,(etr)ErtFsa)=(rig+etry)=2(=i) = where
a(z=t)™ = e,
Piece these up together and simplify, we reach the formula. [l

Proof of Proposition 5.8. It can be verified that for 1 < a < g,

k- (er Ao Neg) = a(z )" (tTeadq
forg+1<a<np,

Tk (er Al Aey) = a(zl)"(eatFedq
for 1 <b<g,

Tk (1 Aven Aepyy) = alz™ ')~ rtFea) AT (@, 1 L,).
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It is simple to check that a*=° = II{_, (et*) (et Fre)=(sa—rr1tt3a) - Piece
these together, we are done. [l

Proof of Corollary 5.9. First of all, we would like to see that for both
the case when i¢; = j,1 < j < ¢, in Remark 5.7 and the case of Propo-
sition 5.8, the holomorphic section does not vanish identically on the set
{(w; Ly, L) | Dj(w; Ly, L)) = 0} for 0 < j < gq. It suffices to find, for each
0 < j < g, a point of X represented by wy such that Dj(wo;l,,l) =
0 but the holomorphic section does not vanish on (wo;l,,[;). The fol-
lowing choice of base points wy(j) turns out to be what we need, as a
simple but tedious linear algebraic computation reveals. We will simply
pin down the base point by choosing a basis. For 1 < j < ¢ — 1, it

. e e

iS (€1 + €pits--- €5 F €pigy€qils--- 1€pr€q — €pigye - s Ejia — €pijio, € —
€ptjr €41 = €pijt1, €1 — €ppj1s--- €1 — €py1). For j = 0 it is (e; +
€pt+1y- -+, €q + €p+q>€q+15 -+, €p—1,€ptq;€py €q—1 — Eptg—15--- , €1 eerl)' For
J = q, 1t 1s (61 + €p+1s--+ ,€Cq—1 + €p+q—15€q; €q+1 + €p+q> Cq+2;5 -+ 5 Epy €q —
€ptqr--- €1 — €pr1). (When p = g, the portion under the overbraces are
skipped.)

To complete the proof, we need to see that the exponents of various D,
involved in the formulae in Remark 5.7 and Proposition 5.8 are strictly
negative. It turns out to be an immediate consequence of the inequality (A —
Pn + pr, @) > 0. We will demonstrate these only for the (more complicated)
case of Remark 5.7, and omit the easier (and similar) case of Proposition 5.8.

Under the trace form, pj is the diagonal matrix

1.,
and p,, is the diagonal matrix
diag(ay, ... ,ap;p — 2i1,p — 2is,... ,p — 2i,),

where ap =q¢—2j+2iff i, +1 <k <i;, for j=1,...,¢+ 1 and with the
convention that 7y = 0,441 = p.

It can be verified that the exponents of D, is —({(\ — p, + p&, 5r) + 1),
with (3, defined as below. For r = 0, is the root f; — f, (when i, < p),
for r = ¢ and with j the same meaning as in Remark 5.7, 8, = fj11 — fp+q¢s
for 1 <r <q-18 = fi, — fi,.,.- As all 3, are positive roots, we are
done. Ul
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