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DISTORTION THEOREMS FOR BLOCH FUNCTIONS

MARr1O BoNK, DAVID MINDA AND HIROSHI YANAGIHARA

A function f holomorphic on the unit disk D is called a
Bloch function if

[ £ls = sup{(1 — |z*)|f'(2)| : 2 € D} < cc.

For a € [0,1] let B;(a) denote the class of Bloch functions
which have the normalization | f||z <1, f(0) =0 and f'(0) = a.
A type of subordination theorem is established for B;(«). This
theorem yields numerous sharp growth, distortion, curvature
and covering theorems for Bj(«).

1. Introduction.

In an earlier paper [BMY] the authors used a type of subordination theorem
to systematically derive a number of known and new results for normalized
locally univalent Bloch functions. This paper has a similar theme. We show
that there is an analogous subordination theorem (Theorem 1) for normal-
ized (not necessarily locally univalent) Bloch functions. This subordination
result enables us to obtain some known results from a unified perspective
and also leads to new results.

Let us introduce some notation and terminology. The unit disk in the
complex plane is denoted by . For a function f holomorphic on I the
Bloch seminorm is given by

£z = sup{(1 — [2]*)|f'(2)| : = € D},

and f is called a Bloch function when ||f||z < oco. Normalized classes of
Bloch functions are

B; = {f holomorphic on D : f(0) =0, f'(0) >0 and || f||z < 1}

and
Bi(a) ={f € By : f'(0) = a}.

The normalization || f||z < 1 requires that o € [0, 1]. Also, By is the disjoint
union of the classes B;(a) as a ranges over [0, 1].
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There are a number of parallels between our former paper [BMY] and
this one. But it is interesting that a complete parallelism does not hold.
For instance, here we obtain some results (such as the radius of starlikeness)
which do not have analogs in [BMY]. Sometimes analogous results hold but
the proofs are different. For example, determining the variability region for
log f'(z) in the class By () = {f € Bi(«a) : f is locally univalent} was fairly
direct in [BMY]. The analogous problem of finding the variability region
for f’(z) in the class B;(«) involves much more computation. Here we only
prove a partial result (Theorem 2) which is sufficient for the subsequent
applications. Another difference is illustrated by the problem of minimizing
|f(2)| over Bi(a) or Bo(a). We completely solve this for B;(«) while the
problem for B, («) was only partially resolved in [BMY].

Several previous papers dealt with sharp growth, distortion, curvature and
covering theorems for Bloch functions. A number of results of this type were
obtained by Bonk ([B,], [Bz]). In particular, he found the sharp lower bound
on Re f’(z) for f € By(1). A geometric method for obtaining this result was
given by Minda [M]. Liu and Minda [LM] extended this geometric approach
to locally univalent Bloch functions and to other classes of Bloch functions
between B («) and B, («). The subordination method of this paper unifies
these results and gives new ones.

2. Preliminaries.

We recall some basic facts together with terminology and notation that will
be needed.

We begin by introducing two invariant differential operators. Suppose f
is holomorphic on D. Then D; f(j = 1,2) is defined by

Dy f(z) = (1= [2*)f'(2),
Daf(z) = (1= [2)*f"(2) — 22(1 — |2*) f'(2).

Ifa eDand T(z) = (2+a)/(14az), then T is a conformal automorphism of
D sending 0 to a and D; f(a) = (foT)Y(0)(j = 1,2). In particular, D, f(0)
is the ordinary jth derivative of f at the origin. These differential operators
have the invariance property

[Dj(So foT)|=|D;jfloT (j=1,2),

where S is any euclidean motion of C and T is any conformal automorphism
of D.

The Bloch seminorm is given by ||f||lg = sup{|D1f(2)| : z € D}. The
invariance property implies that || f o T'||z = ||f||z for any conformal auto-
morphism T of D. For z € D let r(z, f) denote the radius of the largest
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schlicht disk centered at f(z) in the Riemann image surface of f viewed
as spread over the complex plane. The function f is Bloch if and only if
sup{r(z, f) : z € D} < c0.

It is convenient to let D.(a,r) = {z : |z — a| < r} denote the euclidean
disk with a center a and radius 7.

Next, we recall basic facts about hyperbolic geometry on the unit disk.
The hyperbolic metric on D is A\p(2)|dz| = |dz|/(1 — |z]?). It is invariant
under conformal automorphisms of ; that is,

Ap(T(2)IT'(2)] = Ao(2),

T
TR - 1-[2F

for any conformal automorphism 7" of D. The associated hyperbolic distance

function on D is
a—2>b
= artanh |———|.
} wtanh | £

The hyperbolic disk (circle) with center a and radius r > 0 is Dp(a,r) = {z :
dp(a,z) < r}(Cp(a,r) ={z : dp(a,z) = r}). Hyperbolic disks and circles in
D are actually euclidean disks and circles in D with possibly different center
and radius. A horocycle I' in D based at A € dD is a euclidean circle in D
which is tangent to the unit circle at A. The interior of a horocycle is called
a horodisk. For a € D the following are readily seen to be equivalent:

a—b
1—ab

1 +
dD(a,b)3: ilog i“““;*

a—

1—ab

dD((I,T) =
z—a
= tanh
|~ tanh(r),
1—az]> 1—|af

1—1]2[2  1—tanh®(r)

Hyperbolic geometry is transformed to any simply connected region §2 # C
as follows. The hyperbolic metric Aq(w)|dw| on € is determined from

Aa(fDIF(2)] = do(2),

where f: D — Q is a conformal mapping. It is independent of the choice of
the conformal mapping of D onto 2. For A, B € Q) the hyperbolic distance
between them is

do(A, B) = inf / Ao (w)|dwl,
vy
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where the infimum is taken over all paths + in 2 joining A and B. A
conformal mapping f : D — 2 is an isometry relative to hyperbolic distance:
do(f(a), f(b)) = dp(a,b). Hyperbolic disks (circles) in  are defined by
Dq(a,r) = {2z : do(a, z) <1} (Cqla,r) ={z : da(a,z) = r}). Typically these
are not euclidean disks (circles).

Henceforth, we generally use d;, to denote the hyperbolic distance and
Dy, (a,r) the hyperbolic disk with center a and radius r when reference to
the specific region ) is clear. In fact, we usually use this notation when
Q=D.

When D = D.(a,r) is a euclidean disk, then hyperbolic geometry on D is
simple to understand. The function f(z) = a 4 rz is a conformal map of D
onto D; this is a stretching followed by a translation. The hyperbolic metric
on D is p
hofwldul =
Hyperbolic circles and horocycles in D are euclidean circles.

The final topic is curvature. The euclidean curvature of a path I' : w =
w(t) in C at w = w(t) is

Ke(w,T) = ‘wl(m Im {w((;)) }

If f is holomorphic in D and f’(z) # 0, then the euclidean curvature of the
image path f o~ at f(z), where v : |z| =1, is

1 —i—Re{zf/EiZ))}

i
12/ (2)]

S

ke(f(2), fory) =

3. Extremal functions.

We present basic facts about certain two-sheeted branched coverings of D
onto other disks. These functions are extremal for all of the results in this

paper.
The function

is a two-sheeted branched covering of D onto D, (0, 3%4/5) with F(0) = 0,
F'(0) =0 and ||F||p = 1. The latter holds since

(1= ERIF ) = 22110 = o) = M(2,
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where

M(t) (1-1¢%)

345,
2
is increasing on [0, 1/v/3], decreasing on [1/v/3,1] and M (1/v/3) = 1. Thus
for z € D, (1 — |2?)|F'(2)] < 1 with equality if and only if |z| = 1/v/3.
Note that (1 — |z]?)|F’(z)] is constant on circles centered at the origin and
F maps [0,1) decreasingly onto (—3v/3/4,0] and (—1,0] increasingly onto

Henceforth, we let m : [0,1] — [0,1/4/3] be the inverse function for the
restriction of M to the interval [0,1/4/3]. The function m is increasing with
m(0) =0, m(1) = 1/4/3 and

S\z/gm(oa)(l —m*(a)) = «

for o € [0, 1].

A whole class of extremal functions is obtained by precomposing F' with
certain conformal automorphisms of D and then normalizing the function at
the origin. For a € (—1,1) the function

z—aQ

Ta(2)

:1—az

is a conformal automorphism of D so

FoTu(z) = _314/§ (12—_aaz>2

has Bloch seminorm 1. From

3v3 (1 —a?)(a — 2)

(FoT)(:) = "5

we obtain

(FoT,)(0) = 3\2/§a(1 —a?) = M(a).

For each a € [0, 1] there is a unique a € [0,1/+/3] with M (a) = «; in fact,
a =m(a). We define

Fa(z) =Fo Tm(a)(z) —Fo Tm(a)(O)
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2
VB ) - (z —m(a) ) .
4 1—m(a)z
The function F,, belongs to B;(«) and is a two-sheeted branched covering of
D onto D, (iﬁmQ(a), %) with
3v3 (1 — m*(a))(m(a) — 2)
2 .

Falz) = 2 (1 —m(a)z)

Note that F(’y(m(a)) = 0, F, is increasing on [0, m(«)], maps this interval
2m (o)
’ 14m2(a)

2(a)], decreasing on [m(a) } and maps this interval

onto [0 ()]
2(04)]. Next,

’ 4

onto{,4m

FL(2) = F'(Tona) (2) T (2,
and since

1 — Ty (2)?

1—]z> 7

|T1;1(a)(z)| =
we get

(1= 2P F(2)] = (1 = [Tone (2) ) F (T (2))-

Consequently, (1 — |z|?)|F.(z)| < 1 with equality if and only if [T, (2)| =
1/v/3; that is, d,(m(c), z) = artanh(1/+/3). Also, (1—|z|?)|F".(2)| is constant
on hyperbolic circles centered at m(«). We note that Fy = F.

For future reference we record several observations. Set A(«) = Dy, (m(a),

artanh(1/4/3)). In euclidean terms A(a) = D, ( 2m(a) ‘/§(1me(°‘))). The

3—-m2(a)’ 3-m?2(«a)
boundary of A(«) meets the real axis in the points — 1\/5‘_[7” 2 e [~1/v/3,0]
and 1}{;’?; [1/v/3,4/3/2]. The function 7T,,(») maps A(a) conformally

onto D,(0,1/+/3). For any unimodular constant \
Ax(a) = D (Am(a), artanh(1/v3)) = {Az : z € A(a)}

is the rotation of A(a) through the angle arg A.
The functions F, satisfy a differential identity.

Lemma 1. For a € 0,1] and z € A(«)

| D2 Fa(2)] = 3\2/5[1 —m*(|D1Fu(2))][1 = 3m?* (| D1 Fu(2)])].
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Proof. Since F,, = So F oT,,), where S is a euclidean motion, |D;F,(z)| =
|D; F|(Tho(2)) (7 = 1,2). Because T, maps A(a) onto A(0), it suffices
to establish the result when a = 0. Now,

DiF() = 20— P,

so |D1Fy(z)] = M(|z|). This gives m(|D1Fy(2)|) = |2| when |z| < 1/v/3.
Since

Do) = 221 = P @1ef - ),
we have
2Ry = 220 = 21— 312
- 3*{[1 (DRI~ 31Dy Fy(2))
for |z| < 1/v/3. a

There is an important auxiliary function associated with each F,. For
a € [0,1] set

Galz) = (1 = m(a)2)F,(2)
_ 3vV3(1 —m?(a)) m(a) — =z
2 1—m(a)z

3\/3(1 —2m2(oz)) Tm(a) (Z)

The function G,, is a Mdbius transformation. For d,(m(«), z) = r,|Ga(2)| =
3—‘2/5(1 — m?(a))tanh(r).  Therefore, G, is a conformal mapping of
Dy, (m(«),r) onto De(0,¥(1 — m?(«)) tanh(r)). In particular, G, maps
A(a) conformally onto D, (0,2(1 —m?(«))). Observe that G, is decreasing
on A(a) NR with

_1—\/§m(a) _ 3 —m(a
G (-1 ) = L1 i,

1 +v3m(a) 3 (e
G (\/W) = (1 ().
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4. Subordination theorem.

We make use of a slight variant of the customary notion of subordination.
Suppose both k£ and K are holomorphic on D with k(0) = K(0) and A is
an open disk in D with 0 € A. We say k is subordinate to K on A relative
to the origin, written k <, K, if there is a holomorphic function ¢ defined
on A with p(A) C A, ¢(0) = 0 and K o ¢(z) = k(z) for z € A. If D is
any hyperbolic disk (relative to hyperbolic geometry on A) with center 0,
then k <o K implies k(D) C K(D) since the function ¢ must map D into
itself. If K is univalent on A and a point of 9D is sent by k to a point of
K(0D), then ¢ must be a conformal automorphism of D which fixes 0. If
the function ¢ fixes any point of A distinct from the origin, then ¢ is the
identity function. A variant of Schwarz’ Lemma implies that |¢'(0)] < 1
with equality if and only if ¢ is a conformal automorphism of A fixing the
origin. In particular, ¢'(0) = 1 if and only if ¢ is the identity function.

We also need a second variation of subordination. In this situation A is an
open disk in D with 0 € 0A. In this context we write & <o K on A if there
is a holomorphic function ¢ defined on A U {0} with p(A) C A, ¢(0) =0
and K o ¢(z) = k(z) for z € AU{0}. Julia’s Lemma applied to the disk A
and boundary point 0 yields ¢’(0) > 0. In this situation we cannot conclude
|©’(0)| <1 as when 0 is an interior point of A. But whenever we employ this
type of subordination we will always have the additional hypothesis that
K'(0) = K'(0) # 0, so ¢'(0) = 1 is always valid by the chain rule. But
now ¢'(0) = 1 does not necessarily imply that ¢ is the identity function.
For ¢'(0) = 1 Julia’s Lemma implies that if D is any horodisk (relative to
hyperbolic geometry on A) based at the origin (in other words, D is an
open euclidean disk which is internally tangent to JA at the origin), then
¢(D) C D and if ¢ maps one boundary point of D (other than the origin)
to another boundary point of D, then ¢ is a conformal automorphism of A
fixing the boundary point 0. If ¢ fixes an interior point of A, then ¢ is the
identity function.

Theorem 1. Let f € By(«). Then for any unimodular constant
(1 —m(a)A2)*f'(2) <o (1 —m(a)X2)*F.(A\z)

_ 3v3(1 — m?(a)) - m(a) — Az
2 1 —m(a)z

on Ay(a).

Proof. We need only establish this result in the case A = 1 since the general
case follows from applying this case to the function Af(Az) which also belongs
to Bl (Oé)
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Set g(z) = (1 —m(a)z)?f'(2). Then g(0) = a. For dj,(m(a),z) =r,

o)l = L - iy
1 —m(a)z|? 1—m?*(a)
T 1z 1 — tanh®(r)

This shows that g maps Dj(m(«), R) into D, (0, %) for 0 < R <
o0o. We know that G, is a conformal map of Dj,(m(«), R) onto the disk
D, (0, ‘gﬁ(l —m?*(a)) tanh(R)). Since g(0) = G,(0) = «, the relation g <
G, will hold on D, (m(«), R) when
3v3 1
2V fanh(R) = ————
g tenh(R) = T Ry

that is, when M (tanh(R)) = 1. This holds precisely when tanh(R) = 1/+/3,

or
1++3
2

R = artanh(1/v/3) = log ( > =0.658478 ... .
Note that f € B;(1) implies f”(0) = 0. It follows that in case & = 1 we have
g'(0) = G4(0) = —2/+/3 # 0 in addition to g <, G1. u

Remark. The relationship g <g G, fails to hold on any larger hyperbolic

disk centered at m(«). This can be seen as follows. Recall that LEvomla) o 5

V3+m(a)
. 14+v3m(a) il
boundary point of A(«). For Virmy =T <1 the boundary of the variabil

ity region {f'(r) : f € By(«a)} is the circle {w : |w| = —15} [By, Satz 2.2.1].

1—r2
Thus, for each r with %m < r < 1 there is a function f € B;(«) with

(1 —72)|f'(r)] = 1. For such r and an associated function f € B;(«),

lg(r)] = (1 —m(a)r)?|f'(r)|
_ (1 —m(a)r)? _ 1 m?(a)
1—1r2 1 — tanh®(r)’

Since G, maps Dy, (m(a),r) conformally onto D, (0, %(1 —m?(a)) tanh(r))
and
1—m?*(«a) 33
o) >
1 — tanh”(r) 2
for 1/v/3 < tanh(r) (because M(t) < 1 for 1/v/3 < t < 1), it follows that
g <o G4 cannot hold on Dy (m(a),r) for any r > artanh(1/+/3).

(1 —m?(a)) tanh(r)
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5. Applications of subordination.

We begin by using direct consequences of subordination to establish sharp
growth, distortion and covering theorems for the classes B;(«), « € [0, 1].

Theorem 2. Suppose f; € Bi(a),a € [0,1].
(i) For|z| < Lpime

3V3 (1 = m’(e)) (m(e) — |z)
2 (1 =m(a)]z])?

Re f'(2) = Fi(l2]) =

with equality at z = 1, r € (0, 1}{:;((5)) if and only if f(z) =

e F,(e"2). In particular, for |z| < m(a)

1f'(2) =z Fo(lz]) 2 0

with equality at z = re’ as above.

(i) ForzeD

(1+m(a)|z])? V3—m(a)’

L if e <p <.

FI;(_‘Z‘) _ S\f(l m?(a))(m(a)+]z]) if ‘Z‘ < = 1-v3m(a)
IF'(2)] < {
) —

1—|z[?

Equality holds at z = —1e',r € (O, 1\[\[::( a)), if and only if f(z) =
zGF ( —1i0 )

Proof. Set g(z) = (1—m(a)z)?f'(2). The proof below is valid when « € [0,1);
the simple modification required when o = 1 in case (i) is indicated.
(i) By making use of the rotational invariance of the class B;(«), it suffices

to establish (i) when z = x € (0, %) and show that equality holds if

and only if f = F,,. For z so restricted, inequality (i) will follow from
Re g(z) > Ga(z)

with equality if and only if g = G,,.

We now establish this result for g. Let d, be the hyperbolic circle (relative
to hyperbolic geometry on A(«)) with center 0 which passes through . Since
g <o G4 on A(a), g maps the circle ¢, into the closed disk bounded by the
circle G,(6,). Note that G,(d,) is a hyperbolic circle (relative to hyperbolic
geometry on D, (0,3 (1 —m?(a)))) with hyperbolic center G,(0) = o and is
symmetric about R. Since G, is decreasing on A(a) MR, the point of G, (d,)
with the smallest real part is G, (z). Consequently, Re g(z) > G,(x) and if
equality holds we must actually have g(z) = G,(z). But then g = G, 0 ¢
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implies ¢(x) = x and so ¢ is the identity function since it fixes both 0 and
x. Thus, equality implies g = G,,.

A simple modification must be made in the case & = 1. The hyperbolic
circle 0, must be replaced by the horocycle (relative to hyperbolic geometry
on A(a)) based at the origin that passes through z. In other words, when
a = 1 we take §, to be the circle through 0 and x which is symmetric about
the real axis.

(ii) The second part of the inequality in (ii) is trivial since ||f||z < 1. Ac-
tually, it is best possible as follows from the determination of the vari-

ability region for f’(z) for the class B;(«) [By, Satz 2.2.1]. Precisely, for
lf‘_fm((“) < |z0| < 1, there exists f € By(a) with |f'(z0)] = 1/(1 — |20]?).
Now, we establish the first inequality in (ii). There is nothing to prove
when o = 1, so we assume « € [0,1). It suffices to prove the inequality
1—/3m(a)
’ V3—m(a)
f = F,. This will follow from showing

for z = —x,x € (0 ), and show that equality holds if and only if

l9(—2)| < Ga(—1)

for x € (0, %ﬂg)) with equality if and only if g = G,,.

The proof is similar to that of the inequality in part (i). Note that —z €
A(a) and let 6_, be the hyperbolic circle (relative to hyperbolic geometry on
A(«)) with center 0 which passes through —z. As g <o G, on A(«), g maps
the circle §_, into the closed disk bounded by the circle G, (6_,) which is a
hyperbolic circle (relative to hyperbolic geometry on D, (0, 2(1 — m?*(«))))
with hyperbolic center G,(0) = a € [0,1). Since D, (0,3(1 —m?(«))) is
centered at the origin and the hyperbolic center of G, (d_,) is nonnegative,
it follows that the euclidean center of G, (0_,) is also nonnegative. As G,, is
decreasing on A(a) R and G, (_,) is symmetric about R, we conclude that
for all w in the closed disk bounded by G, (d_.), |w| < G, ( x) with equality
if and only if w = G,(—x). Thus, |g(—z)| < G,(—z) and equality forces

g(—z) = G,(—x). As in the proof of part (i), this implies g = G,. |

Corollary 1. Suppose f € By(«).

(i) For |z| < 13:1(202“), 0 < F.(|z]) < |f(2)| with equality at z = e r €

(0 2m(a) }7 if and only if f(2) = € F,(e”"2). In particular, f(z) # 0

' 14m2(a)
2m(a
for 0 < |z| < 1+m(2(3y).

(ii) For|z| < = ‘[m @) 1 £(2)] < —Fa(—|2|) with equality at z = —re® r €

V3-m(a) ’

<0 L ‘C’:(;} if and only if f(2) = e F,(e7"z).



252 M. BONK, D. MINDA & H. YANAGIHARA

Proof. (i) It is sufficient to consider z = z € (0, 11"“;2 } and show that

equality forces f = F,,. By using part (i) of the theorem, we obtain

F(@)| = Re f(@)= [ Re f(t)at

> / F(t)dt = F. ().

Equality implies Re f'(t) = F/(t) for 0 <t <z and so f = F,.

(ii) As usual, it is enough to consider z = —z, where x € (O, M}

3—m(«a)
and prove that equality implies f = F,. This follows by integrating the

inequality in part (ii) of the theorem:

~a)l=|[ - dt\ / 7/ (-1)lds
< [ Fu-tiat = ~Fu(-a).
Equality forces |f'(—t)| = F.(—t),0 <t <z, and so f = F,. u

Corollary 2. The radius of univalence for Bi(a) is m(«) which is also the
radius of bounded turning. More precisely, if o € (0,1] and f € By(«), then
f is univalent in D.(0,7) for some r > m(a) unless f(z) = e F, (e "z) for
some 0 € R.

Proof. Recall that f is said to be of bounded turning in D.(0,7) when
Re f'(z) > 0 in D.(0,7). The Wolff-Warschawski-Noshiro Theorem im-

plies that a function of bounded turning is univalent. For f € B;(«) and
|Z| < 14+v/3m(a)
V3+m(a) ’

3V3(1L = m*(a))(m(a) — |2])

Re f'(2) > F.(|2]) = 2(1 — m(a)|z])?

with strict inequality for z £ 0 unless f is a rotation of F,. In particular,
Re f'(z) > 0 for |z| < m(«), so f is univalent and of bounded turning in
D.(0,m(«)). Since F!(m(a)) = 0, F,, is neither univalent nor of bounded
turning in any larger disk centered at the origin. All that remains is to
show that if f(z2) # €F,(e7"2) for all # € R, then f is both univalent
and of bounded turning on a strictly larger disk. If f is not a rotation of
F,,, then strict inequality holds in the above inequality. In particular, for
|z| = m(a), Re f’(z) > 0 which implies that there exists » > m(«) such
that Re f’(z) > 0 for z € D.(0,r). Ul
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Corollary 3. Suppose f € By («) and o 64(0, 1]. Then r(0, f) > %/ng(a)
with equality if and only if f(z) = e F,(e7"2) for some 6§ € R.

Proof. Assume there is no 6 € R so that f(z) is equal to €’ F,(e7"2). Then
|£(2)] > Fa(l2]) for 2] < 222, Since m(a) < {222, we obtain

min {|f(2)] : |z[ = m(a)} > Fa(m(a)) = 3\4/§m2(a)~

Because f is univalent in |z| < m(«) and f(0) = 0, this implies that (0, f) >
331n2(a). Tt is straightforward to check that 7(0, F,) = 22m?(a) with the
same value for all rotations of F,. ]

Subordination also yields information about the derivative. We now em-
ploy this type of information to obtain results for Bloch functions.

Theorem 3. Suppose f € By(a). Then

()] < ~Fi0) = 22

[1 —m*(a)][1 - 3m*(a)].
For o € [0,1) equality holds if and only if f(2) = AF,(\z) for some unimod-
ular constant .

Proof. Note that if a = 1, then f”(0) = 0 and m(1) = 1/+/3, so the inequality
is actually a trivial identity when o = 1. Now, we assume « € [0,1) and
observe there is nothing to prove when f”(0) = 0. Thus, we suppose f”(0) <
0 and prove that —f”(0) < —F,(0) with equality if and only if f = F,,. The
general case follows by considering Af(\z) for an appropriate unimodular
constant . If g(2) = (1 — m(a)z)?f'(2), then g(0) = a and ¢’(0) = f”(0) —
2am(a) < 0. As g <o G, on A(a), there is a holomorphic self-mapping ¢
of A(a) with ¢(0) =0 and g(z) = G, 0 ¢(z) for z € A(a). Now,

[£7(0) = 2am(a)] = g'(0) = G,,(0)¢'(0)
= [F(0) = 2am(a)]¢'(0).

The two expressions in brackets are negative, so ¢’(0) > 0. As |¢'(0)| < 1,
we have 0 < ¢'(0) < 1 and so

2am(a) — f"(0) < 2am(a) — F(0),

—f"(0) < =FZ(0).
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This establishes the inequality. If equality holds, then ¢’(0) = 1 which
implies that ¢ is the identity function and f = F,. [l

Corollary. Suppose f is holomorphic in D and || f||p < 1. Then for z € D

D2 f(2)] < i[l —m*(IDif(2))][L = 3m* (|1 D1 £ (2)])].

Equality holds at point zo € D where Dy f(z9) # 0 if and only if

£) =AFa (0222 )+ C
z — 2o
for some a € [0,1), unimodular constants X\ and p and C € C.

Also /3
Daf(e)] < 202

with equality at a point zy € D with Dgf(Zo) # 0 if and only if

£) = ARy (2% ) +
1—Zyz
for unimodular constants X\ and p and C € C.

Proof. Fix zy € D. The function f o T, where T(z) = (z + 29)/(1 + Zp2)
satisfies | f o Tl = | flls < 1 and |D;(f o T)(O)| = |D;£(z0)] (G = 1,2). If
a = |D;f(z)|, then a rotation of foT — f(z,) belongs to B;(«) and the
theorem applied to this function gives the desired result.

The second inequality follows immediately from the first. The function
L(s) = #[1—m2(s)][1—3m2(s)] is strictly decreasing on [0, 1], so L(s) < ?’Qﬁ
with equality if and only if s = 0.

Theorem 4. Suppose f € Bi(«). Then for |z| < m(«a)

[D2f(2)| < =D2Fu(|2])
(1= [2[*)f"(2) — 22f(2)]
< 3VB(1—m*(a))[1 = 3m*(a) + 4m(a)lz] — (3 — m*(a))|2[’]
- 2(1 = m(a)lz])* '
Equality holds at z = re?®, r € (0,m(a)], if and only if f(2) = e®F, (e %2).

Proof. The corollary of Theorem 3 gives

[D2f (2)] < L(I Dy f(2)])-
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The function L is strictly decreasing on [0, 1] and from part (i) of Theorem
2 it follows that |z| < m(«) implies

1D1f(2)] = (1= |2[*)If ()]
> (1—|z)F.(|z]) = D:F.(]z]) > 0.

Therefore, for |z| < m(«a)

|D2f(2)] < L(DyFu(]2]))

= Y Dy Fu ()1 - 3Dy (2D
— DuFu(4).

If equality holds at z = re?, r € (0,m(a)], then |f'(z)| = F.(|z]) and so
f(z) = e?F,(e2). u

Corollary 1. Suppose f € Bi(a) and o € (0,1]. Then for |z| < m(«)

Daf(:)| _ ~DaFullz)
D) < DiFa(e])
L) | 1 8mi(a) + dm(a)]z] - (3~ mA(a))|2f
’“ SRTe 2‘5 (m(@) — [2D(L — m(@)2])

Equality holds at z = 1e?, r € (0,m(«)), if and only if f(z) = e F,(e 2).
Proof. From part (i) of Theorem 2
|D1f(2)] = DiFa(]2]) >0

for |z| < m(a). The theorem then gives

Dyf(2)| o DiFa(l2]) (=DaFa((2])) _ =D>Fu(lz])

Dif(2)l = IDif(2)] DiFu(lz])  — DiFu(]z])
and for 0 < |z] < m(a) equality forces |f'(z)] = F.(|z|) and so f(z) =
eF,(e72). u

Corollary 2. Suppose f € By(a) and o € (0,1]. Then for |z] < m(«)

P - JEIF(2)
M{ﬂ@}z F(J2])
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1210 = 3m*(a) + 2m(a)|2])
(m(a) = [2)(1 —m(a)lz])

Equality holds at z = re?, r € (0,m(«)), if and only if f(z) = e F, (e "2).
In particular, the radius of convezity for By(«) is

m(a)
1—m2(a)++/1— ) +m*(a)

R.(a) =

Proof. From the preceding corollary we obtain
RS 2N D) Y BRI 2k
f(z) 1|27 (1=[zP)Dif(z) ) = Fi(lz))  1—[z

which is the desired inequality. The statement concerning equality follows
from Corollary 1. Now,

e[ g D

f'(2) Fo(l20)
and the right-hand side is positive for |z] < R.(«) and vanishes for |z| =
R.(«). This yields the radius of convexity result. Ul

Remark. For a =1 we have R.(1) = ‘/3%2 = 0.372824 ... while the radius

of univalence is f =0.57735.

Theorem 5. Suppose f € Bi(a) and o € (0,1]. Then for |z| < m(«)

) T
2@l g 1.1y~ [ E(12)

~ 1-m(a)lz]
_ 30— (e
(1 —m(a)|z])*
Equality holds at z = re?®, r € (0,m(«)), if and only if f(z) = e F,(e "2).

~—

Proof. Tt is enough to consider z = x € (0, m(«)) and prove that

2m(a)
1 —m(a)x
with equality if and only if f = F,. For g(z) = (1 — m(a)2)?f'(z), the

preceding inequality is equivalent to

l9'(z)] < =G, ()

2m(a

\./

f(w) = fl@)| < =5 Fol@) — Fi(z)

—m(a)z
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for x € (0,m(«)) with equality if and only if g = G,,. We will establish this
inequality.

We begin by establishing a stronger inequality that will be used in the
proof of Theorem 6. Namely,

|G (2)]

Ap(e) (w)|dw| =

Since G, is a conformal mapping of A(«) onto D(«),

Aa(e)(2) = Ap() (Ga(2))|GL(2)];

where Aa(q)(2)|dz| is the hyperbolic metric on A(a). Now, g maps A(a)
into D(«) because g <o G,. The Principle of Hyperbolic Metric gives

Ap@)(9(2)|9'(2)] < Aa(a)(2)

with equality if and only if g is a conformal mapping of A(a) onto D(«).
Therefore,

Ap(e)(9(2)G'(2)] € Aa() (Gal2))|GL(2)]

for z € A(«) which yields the desired inequality. In particular, for z = x €
A(a) NR we have

As 0 < Gu(z) < Jg(x)] for 0 < = < m(«) with equality if and only if
g = G, (see the proof of part (i) of Theorem 2), the preceding inequality
implies |¢'(z)] < —G.(x) for 0 < z < m(«) with strict inequality unless
lg(z)| = G.(x); that is, unless ¢ = G,,. This completes the proof. L

Remark. The theorem gives

2f"(z) _ 2mla)lz| | 2m(a)lz|  [[EE(]2])
ff(z)  T=m(a)lz[] = 1 =m(a)lz|  Fi(lz])

for f € Bi(a), @ € [0,1] and |z| < m(a). But this is weaker than the
analogous inequality obtained from Corollary 1 of Theorem 4.
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Corollary 1. Suppose f € Bi(a) and o € (0,1]. Then for |z| < m(«)

7(2) = (1= m(@)lz])=f (=)
< F(J2]) = (1 = m(@)[el) 214 (1)
_ 3V3(1 - m¥ ()l

A= m@l)?

Equality holds at z = 1e?, r € (0,m(a)], if and only if f(z) = e F, (e %2).

Proof. As usual, it is enough to establish the inequality for some z = x €
(0, m(«)] and demonstrate equality for f = F,. Note that

d !
-1 (@) = a(1 = m(a)x) f'(x)]

= 2m(e)zf'(x) — z(1 — m(a)z) f"(2),

so the theorem gives

L1F@) 21 - m(@)a) 7 (@)
< 1P (@) 21 = mla)o) (2]

for 0 < z < m(a). Note that the right hand side of this inequality is
nonnegative. By integrating this inequality over [0, z] we obtain

£ (@) = (1 = m(@)z)af'(2)] < Fo(z) = (1 = m(a)z)zF,(z)
with equality if and only if f = F,. |

Corollary 2. Suppose f € Bi(a) and o € (0,1]. Then for |z] < m(«)

2f'(2) _ 1 1 _ LalFL(zD)
fz) T=m(a)lz[| 7 1=m(a)lz|  Fal|2])
(1 —m?(a))|2]

(1 = m()]z))(2m(a) = (1 +m?*(@))[2])’

In particular, for |z| < m(a)

P2 - 2Pz
%{ﬂa}2<aww
B 2(m(a) — |2])

(= m(a)]=)2m(a) — (L + m2(a)]2])’
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In both inequalities equality holds at z = re®, r € (0,m()), if and only if
f(z) =€ F,(e"2). The radius of starlikeness for the class By(c) is m(a).

Proof. Recall that f(z) # 0 for 0 < |z| < m(a) < 22 (see Corollary 1(i)

14m?2 ()
of Theorem 2). Therefore, the preceding corollary gives
2f'(z) 1 < Fa(2) [ 1 B !Z!F&(!zw
fz) 1=m(a)lz[| = [f(2)] [1=m(a)lz|  Fu(lz])

for |z| < m(a) < 13;2‘& Since 0 < F,(|z]) < |f(2)| for 0 < |2| < 1iﬁg‘zl),
the first inequality together with the statement about equality follows from

Corollary 1(i) of Theorem 2. The second inequality follows immediately from
the first. This latter inequality shows that Re{zf/(z)} > 0 for |z| < m(a),

1(2)
so f is starlike on D.(0, m(«)). As Zpi ;((;)) vanishes for z = m(a), the radius
of starlikeness for the class By («) is m(a). O

As our final application of the subordination theorem we determine a
sharp lower bound on the euclidean curvature of the image of circles centered
at the origin with radius at most 1/+/3 for functions B (1).

Lemma 2. For0<r < 1/v/3 the function

\/§+Tt _ V3
h(t) = =

1s strictly increasing on the interval I = {11_‘/?, 1} . In particular, fort e I

h(t) > h <11_\/§r>
V3

with strict inequality unless t = 11_77‘6’7
V3

Proof. We show that h'(t) > 0 for t € I. Now,

V3 V3+4r

h/(t) _ \V/3—2r 5 \V3—r

will be positive on I provided the numerator is. The numerator is a linear
function with negative slope and t-intercept

3—/3r

tg= ————.
0 3 —/3r—2r2
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Since to > 1 when 0 < r < 1/v/3, we conclude that h/(t) > 0 for t €
I. U

Theorem 6. Suppose f € By(1), r € (0,1/V/3) and vy is the positively
oriented circle |z| = r. Then for z € ~y

ke(f(2), F o) 2 Re(Fi([2]), F1 o)

(=B (- - )
a 2| (1 — V/3|z])2 '

Equality holds at z = e, r € (0,1/v/3), if and only if f(z) = ¢ F (e 2).

Proof. The euclidean curvature of f o~y at the point f(z) is

L+ Re {5}

|2f(2)]

It suffices to establish the inequality for z = r € (0,1/4/3) and show that
equality holds if and only if f = F}.

2
Set g(z) = (1 - %) f'(z). Straightforward calculation shows that

(1-25) Re{sger + 0}
r lg(r)] '

ke(f(2), f o) =

ke(f(r), fory) =

From the proof of Theorem 5 in case a = 1 we have

/()] < = (0 lg(r))
V3(1— o)1)
2r(v/3 — 2r)

for r € (0,1/+/3). Therefore,

V2 " rok

2
r V341 V3
(1-%) [ VN = e =
2(
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k) s s

V3 —2r)

Here h is the function of the last lemma. For r € (0,1/v/3) we have

1_
0< LV Gy < gt < 1
-7

with strict inequality unless g = G (see the proof of Theorem 2(i)). Since h

is increasing on [11_‘/? ,1], the preceding lemma gives h(|g(r)]) > h(G:(r))
Ve

with strict inequality unless ¢ = G;. By making use of this inequality we

obtain

with strict inequality unless g = Gy; that is, f = F. l
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