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ADMISSIBLE WAVELETS ASSOCIATED WITH THE
HEISENBERG GROUP

HeEPING L1U AND LiZHONG PENG

Let NAK be the Iwasawa decomposition of group SU(n +
1,1). The Iwasawa subgroup P = NA can be identified with the
generalized upper half-plane U"*! and has a natural repre-
sentation U on the L?-space of the Heisenberg group L?(H").
We decompose L?(H") into the direct sum of the irreducible
invariant closed subspaces under U. The restrictions of U on
these subspaces are square—integrable. We characterize the
admissible condition in terms of the Fourier transform and de-
fine the wavelet transform with respect to admissible wavelets.
The wavelet transform leads to isometric operators from the
irreducible invariant closed subspaces of L?(H") to L?¥(U"+!),
the weighted L?-spaces on U™l By selecting a set of mutual
orthogonal admissible wavelets, we get the direct sum decom-
position of L>*(U""!) with the first component A”(U"1) the
(weighted) Bergman space.

1. Introduction.

First let us recall the admissible wavelets and decomposition of function
spaces associated with the group SL(2,R) (cf. [5], [7], [8] and [13]). Let
U = {z € C:Imz > 0} be the upper half-plane. SL(2,R) acts on U by
means of maps

ab

b
0z zeU,g= <c d) € SL(2,R).

cz+d’

Ty:2z+— gz =

Let SL(2,R) = NAK be the Iwasawa decomposition, where

1b
N_{b_<01>. beR},
A:{a:(??) a€R+},
Va
cosf sinf
K_{<—sin9(:os0>‘ 96{0’2@}'
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Let
ai
P:NA:{(b,a):(f‘f>: beR,aeR+}.
0 7%

P is a solvable subgroup of SL(2,R). As subgroups of SL(2,R), N acts on
U by the translations with respect to 9U = R

Ty,:z—24b, ze€U,beR,
and A acts on U by the delations
T,:z+——az, z€U,acR".

Obviously N and A (therefore P) act on OU = R also. Because P acts on
oU =R by
Tha): x—ax+b, z€R,(ba)cP

P coincides with the affine group “axz + b”. The group law of P is given by
(b,a)(b',a") = (ab' + b,ad’).

P is a locally compact nonunimodular group with the left Haar measure
dp(b,a) = 42 and the right Haar measure du, (b, a) = 442,
Define the unitary representation U of P on L?(R) by

z—b

(L) Upwf@) = \}af (*7). rerm.caep.

U is reducible on L*(R) with two irreducible invariant closed subspaces
H?(R) (Hardy space) and H2(R) (conjugate Hardy space). The restriction
of U on H*(R) (or H%(R)) is square-integrable in the sense of following:
There exists in H2(R) (or H2(R)) at least one function ¢, not identically
zero, such that

(1.2) 2 dbda

—C¢ < +00.

/ (6, Uipr®) 2a0 |
H@f)HLz(R)

(1.2) is called the admissible condition, which is equivalent to

(1.3) C, = /:o ‘¢(§|)’ dt < +oc.

We say that a function ¢ is an admissible wavelet if ¢ € H?(R) (or H2(R)), ¢
is not identically zero and satisfies the admissible condition. Let ¢ € H?(R)
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(or H2(R)) be an admissible wavelet, we define the operator W, on H*(R)
(or TE(R)) by

(1.4) Wy f(b,a) = Cy* (f, Uy ) 12(m)-

The function Wy f(b,a) is called the (continuous) wavelet transform of f
with respect to ¢. The wavelet transform Wy f is an isometric operator from
H?(R) (or H2(R)) into L*(P,du,), i.e.,

2 dbda

a2

(15) L Wer(v.a)

1£1Z2 -

As a consequence, we have the Calderén reproducing formula

dbda

a2

(16) f@) =€ [ War.a)Uonol@)

Moreover, we can identify P with U by setting z = b+ ia. Let L?¥(U) =
{f - IfI? = [o|f(2)]P(Imz)" dz < 400} , where dz denotes the Lebesgue
measure. Especially L?(P,dy;) = L*>72(U). For v > —1, let A¥(U) denote
the (weighted) Bergman space, i.e., the subspace of all holomorphic functions
in L2V (U). If ¢ € H*(R) (or H2(R)) is an admissible wavelet, then the map

fr— a”FW,f(ba)

is an isometric operator from H?(R) (or H2(R)) into L**(U). By selectting
admissible wavelets ¢, € H?(R) and ¢, € HZ(R) suitably, we can get
the direct sum decomposition of L?*(U), i.e., L>*(U) = @, (A, D Ay).
Moreover, Ay = A”(U) when v > —1.

Jiang-Peng ([9]) considered the admissible wavelets and decomposition
of function spaces associated with the Sympletic group SP(n,1). The goal
of this paper is to consider the same problems associated with the group
SU(n+1,1).

Let U™ be the generalized upper half-plane in C"*!, i.e.,

U™ = {(2,2001) € CF i T2y > [22),

where 2z = (21, ,2,) € C" |2]> = 37, %] Tt is well-known that U+
is holomorphically equivalent to the unit ball B"™! in C"*!. The Cayley
transform I" from B"*! onto U™"! is given by

2. — tw; i =1.---.n
j T—wntq!? J ) s 1y

1,
(L.7) e

Fntl = ’Ll*wn+1 ’
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where w = (wy, -+ , Wy, Wypy1) € B"™. The inverse transform I'"! is given
by
2z .

Wi =z J+i7 j:1,"',’I’L,
(1.8) { .

Wnt1 = z:ﬂﬂ

. . 1,10
Let I,, denote the unit matrix of order n. Set I,,11; = 0 1l The

group G = SU(n + 1, 1) consists of all (n+2) x (n+ 2) complex matrices g
such that detg =1 and ¢*1,,41,19 = I,+1,1, where g* denotes the conjugate
transpose of g. The action of G on B"! is defined by

~ Aw' + B\' N
Tglw}—>g’w:<M>, wEB"H,

where A is an (n + 1) X (n + 1) matrix, B an (n + 1) x 1 matrix, C' an
AB
CD

transpose of w. G acts also on U"*! by means of maps T, = FTQF”, g€ G.
Let G = NAK be the Iwasawa decomposition, where

1 x (n+ 1) matrix, D a complex number, g = ) € G, w' denotes the

L, 12t —i2t
iz 1 \z|2—’it |z|2—it n
N=<(n(zt)=[¥%1— "3 2 :zeCteRy,
iz — |z|227it 1+ \z|227it
I, O 0

A=<¢a(()=| 0 cosh(sinh¢ |:(eR},
0 sinh ¢ cosh ¢

A0
= {(18): et naa o).

Let P = NA be the semidirect product of N and A, where the action of A
on N is given by

a(¢) :n(z,t) — a()n(z,t)a(¢)™" = (eSz,e*t).

P is a solvable subgroup of G.

For (z,2,41) € C""', we set t = Rez,1,p = Imz,,; — |2]?, and use
the coordinates 2 € C",t € R,p € R. In this coordinat system, U"*!
is simply the set {(z,t,p) : 2 € C",t € R,p € R"} and 9U"! the set
{(2,t) : z € C",t € R}, where we write (z,t) instead of (z,¢,0). Now we
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identify N with QU™ in such a way that n(z,t) is identified with (z,t) (cf.
[10]). Similarly we identify P with U"™! in such a way that n(z,t)a(¢) is
identified with (z,t, p), where p = e%*.

The group law of N (or 9U™*!) is given by

(1.9) (z,0)(Z, ') = (z+ 2/, t +t' + 2Im z27) ,

where z2/ = Y7 z;2; . So N (or 9U™") is nothing but the Heisenberg
group. The Heisenberg group, denoted by H", is a Lie group with the un-
derlying manifold C™ x R and the multiplication (1.9). H" is an unimodular
group, whose Haar measure coincides with the Lebesgue measure of C™ x R.
The delations of H" are defined by p(z,t) = (/pz,pt),p > 0, which are
consistent with the delations of U™*" defined by p(z, zn+1) = (\/P2, PZnt1)-

The group law of P is given by

(1.10) (z,t,p) (2,1, p") = (2 + /pz's t + pt' + 2y/pIm 227, pp) .

P is a locally compact nonunimodular group with the left Haar measure
du(z,t, p) = d;,‘ffﬁp and the right Haar measure du,.(z,t, p) = @, where
dz denotes the Lebesgue measure of C”.

Now N acts on U™ by the translations with respect to U™ = H"

Tyt (2,8, p) — (242 t+t'+2Im 22/, p), (2.t p') € UM (2,t) € N.
A acts on U™ by the delations

Tay = (2, 0") = p(2', ¥, 0") = (VpZ', pt', pp')
(2,1, p) € U a(C) € A,
where p = €2¢. So the action of P on U"*! coincides with the multiplication

of P under the identification of P and U"*!. Obviously N and A (therefore
P) act on 9U"! also, and P acts on QU™ by maps

Tiowp  (Z58) — (2 0)p(2,¥) = (2.8) (V5 pt'),
(+/,#) € DU, (2,1, p) € P.

We see that the action of P on U™ (or H") is similar to that of the affine
group “ax 4+ b” on OU (or R).

In this paper we consider the unitary representation U of P on L?(H™)
defined by

(1.11)
Utetp f(2, t):/fif(T(;tp)(zl’t/))
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_ w2 =2t —t—2ImzY
\/ﬁ Y p Y

fe L’ "), (2tp) €P.

U is reducible on L?(H™). We shall decompose L?*(H™) into the direct sum of
the irreducible invariant closed subspaces under U. The restrictions of U on
these subspaces are square-integrable and we shall give the characterization
of the admissible condition in terms of the Fourier transform. Then we can
define the wavelet transform, which leads to isometric operators from the
irreducible invariant closed subspaces of L?(H") to L?¥(U™*!), the weighted
L?-spaces on U™, By selectting a series of orthogonal admissible wavelets,
we get the direct sum decomposition of L?¥(U"*!) with the first component
AY(U™*), the (weighted) Bergman space.

2. Direct sum decomposition of L*(H").

In order to decompose L?(H"), we state some facts of harmonic analysis on
the Heisenberg group (cf. [3]). Let o = (ay, -+, ) € (Z1)",where ZT =
{0,1,2,---}. Set ¢+ = (1,---,1) € (Z")",¢; = (0,---,1,---,0) € (ZT)"
where the 1 in the jth position. (0,---,0) € (Z*)™ will be written simply as
0. Let H be a Hilbert space with fixed orthonormal basis {E, : o € (Z7)"}.
For A € R\ {0}, we define the closed linear operators W, ; and Wy, on
H,j=1,--- ,n, in the following way:

(2aj‘)“)%Ea—Lj7 if A> 0,
W)\JEQ —
(2(e; + 1)) 2 Eos, if \A<o0,
and
W;:j =W_xj

where Ey_., = 0,j = 1,---,n. Write 2W, = Y, z;W,; and zZW}{ =
S ZWY,. Then my(z,t) = e *exp(—2W, + ZWY) is an irreducible
unitary representation of H” on H. The Fourier transform of a function
f € L'(H™) is the operator valued function defined by

2.1) Fo) = / Fzm (2 t) dd

We have the Plancherel formula
(2.2)

2”—1 ooy~ 2 n % n n
e = {2 [ R prany s seniarnpar,
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where || - || z_s denotes the Hilbert-Schmidt norm of operators. The Planche-
rel formula is equivalent to
(2.3)

n—1

+oo R
(oo = o [ @ (GO FO)) AN fog € L) 0 LA(HY),
which allows us to extend the Fourier transform to the tempered distribu-
tions on H™ by duality (cf. [4]). As a consequence of (2.3), we have the

inversion of the Fourier transform

n—1

(2.4) f(z,t) = T /_J:o tr (Wx(z,t)*f()\)) IA|™ dA

provided that the integral converges. Suppose p > 0. Let

_ g 2
fp(27t) p f(\/pvp>

Then

~

(25) () = T(pN).
Let f * g be the convolution of f and g, i.e.,
Frot)= [ FE (L E) 7 (50) dedt
H’n.
Then

(2.6) fxg(A) = F(Ng).

We also note the following facts: If f(z,t) = f((2,t)!) = f(—z,—t), then

~

(2.7) F)=FO,
where f()\)* denotes the adjoint of f()), and if g(z,t) = f(—%, —t), then
(238) 3 = F(=N),

Let L()(s) be the Laguerre polynomials defined by

R e

m—pu) !



108 HEPING LIU AND LIZHONG PENG

1 d\™
(2.9) = %ess_” (ds) (e7%s™t), v>—1, meZ.

For o, f € (Z1)",u € R". We shall write
L) = [ 2 (wy).
j=1

It is useful to calculate the matrix coefficients of the representation my(z,t)
(cf. [6] and [16]). Let o, B € (Z1)", z € C™. Write o;V3; = max(ay, 5;), oA
B; = min(ay, B)), (o — B;)" = max(a; — 53;,0), (e — B;)” = max(f; —
a;,0),j=1,--- ,n;and aV B = ((an V1), - ,(n VBn)),a A B = ((a1 A
Bi), s (@ Ba)), (@=B)T = ((an =B)" -+, (e —Ba) "), (@=B) = ((au —
ﬁl)iv T 7(0471_/8“)7)7 ‘O‘_ﬁ’ = Z?:l |0‘j_/8j” Ha_ﬁH = (|O‘1_/81|7 ) ‘an—
ﬂn’)va! = 011!, T 7an!7za = Zfél e 'Zgn’ |Z|2 = Z?:l ‘Zj|27 ”ZH2 = (’Zl|27 )
|2,|?). Then we have

(mx(2,t)Eq, Eg)y = ((a A ﬁ)!> 3 oM () =)

(av )
(2.10) (=)@ Ll Y 2AEIP) i A> 0,
and
(2.11)

<7T)\(Z,t)Ea,EI3>H = <7T,)\(—§, —t)Ea, Eﬁ>7—[ if )\ < 0.

Now we are going to decompose L?(H") into the direct sum of the irre-
ducible invariant closed subspaces under the unitary representation U of P
defined by (1.11). In consideration of that L?*(R) = H*(R) & HQ(R), one
may give the decomposition of L?(H") as L*(H") = H™ & H~, where

HY={fer*®): fN=0 if r<0},
H-={fel?#H"): fN)=0 if A>0}.
But H* and H~ are reducible under U. Let P, denote the orthogonal pro-
jection from H to the one-dimensional subspace H, spanned by E,. Given

a € (ZT)",0 =+ or —. We define the operator P7 on L*(H") in terms of
Fourier transform by

_ FONP., if A>0,
0, if \<0,
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_ 0, it A>0,
F(A) P, it A<0.

So P? is an orthogonal projection. Let HJ denote the range of PJ, which
can be characterized in terms of the Fourier transform as following:

(2.12)

Hi ={f e L*H"): J(\) = AP, and f(A)=0 if <0},
(2.13)
Hy ={f e 12(H"): J

[

o~ ~

FVPo and F(N) =0 if A>0}.

We have the following theorem.

Theorem 1. Let H? be defined as above. Then HZ is an irreducible
invariant closed subspaces of L*>(H™) under the unitary representation U of
P defined by (1.11), and we have the direct sum decomposition

rH) = @ (H:EDH).

ag(Zt)n

Proof. By (2.3), it is easy to see that the H?’s are mutually orthogonal closed
subspaces of L?(H") and L?(H") is the direct sum of H?’s, i.e.,

rH) = @ (HEDH).

ac(Zt)n

All we need is to prove that the H? is an irreducible invariant subspace.
Suppose f € L?*(H"). Because U(/z;f(/\) = p"= ma(z, ) f(pA), from (2.12)
and (2.13), it is easy to see that HZ is invariant under U. Let V' be a non-zero
invariant closed subspace of HZ under U and V* the orthogonal complement
of V in H?. Taking a function g € V, not identically zero. Soppose f € V4,

then (f, U(z,t,p)g>L2(H”) = 0. Note that

nt1 ~
<fa U(z,t,p)g>L2(Hn) =p:? f*gp(zat)'

By (2.5), (2.6) and (2.7), we have
(2.14)

n41

= F(Ng(pN) = p T F(NG(pN)".

<f7 U(z,t,p)g>L2(Hn) 7TA<27 t) dzdt = P

n

Therefore,

n+l -~

p = f(NG(pA)" =0, for any p>0.




110 HEPING LIU AND LIZHONG PENG

Because f(A) = F(NP.,G(pA)" = Pag(pA)',G(N) # 0, we have f(\) =
0. Hence f is identically zero. This proves that HZ is irreducible under

U. U

We shall give the explaination of H?. H{ is exactly the Hardy space
H?*(H™), which is characterized in terms of Fourier transform by
(2.15)
HAH") = {f € L") : fO) = fOPy and fA) =0 it A<0f,

where P, is the orthogonal projection from H to Hy spanned by FEjy. This
characterization of H?(H") was obtained by Ogden-Végi (cf. [12]). They

called H, the vacuum state. Set Z; = 2 + iz 5, Z; = 5= — iz;5,j =

1,-++,n. Z; and Z; are left-invariant differential operators on H" and satisfy
Zif(A) = F(M)Way,

(2.16) j=1,--,n,

ZI) = —fW5,

where Z; f and Z; f are taken in the sense of distributions (see [3]). Z;,j =
1,---,n, can be explained as the restrictions of the tangential Cauchy-
Riemann operators on U™ = H" (cf. [14, Chapter 18]) and make up
the 9, complex in essence (cf. [2]). The Hardy space H?(H") can be char-
acterized by

(2.17) HYH") = {f € LXH"): Z;f =0  for j=1,-,n}.

a1 (€273

Now H can be explained as following. Let 7% = A - Z, ". Set
(2.18) AI:{feB(H"):ZC"“J’f:o for j:1,---,n}.
Then
(2.19) Al = P Hj.

0<B<

Similarly, H; is the conjugate Hardy space H2(H"), which is characterized
by

(2.20)
HMH")={fel*H"):Z;f=0 for j=1,---,n}.
Set
(2.21)
A, ={fel’)H"): 2" f=0 for j=1,---,n}.

a =
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Then

(2.22) A= P H;.

0<p<a

As we have seen in Theorem 1, L?(H™) has infinitely many irreducible
invariant closed subspaces under U. This is different from L?(R), which
has only two irreducible invariant closed subspaces H?(R) and H?(R). But
it will be seen in §4 that we may only consider the wavelat transform on
spaces H?(H") and H2(H"), the difference between different indices a’s has
no influences on the wavelet transform and the direct sum decomposition of
the function spaces on U™*1,

3. Admissible condition and wavelet transform.

Given a € (Z")",0 = + or —. The restriction of U on HZ is square-
integrable in the sense of following: There exists in HZ at least one function
¢, not identically zero, such that

2 dzdtdp

1
pn+2

[Kalleees

(3.1) is called the admissible condition. If a function ¢ € HZ, not identically
zero, satisfies the admissible condition (3.1), we say that ¢ is an admissible
wavelet, and write ¢ € AW?. Suppose ¢ € AW?. We define the operator
Wy on HZ by

(32) W¢f(27 t, ,0) = <f7 U(z,t,p)¢>L2(Hn) .

The function Wy f(z,t, p) is called the (continuous) wavelet transform of f
with respect to ¢.

Before verifying the existence of admissible wavelets, we are going to give
the characterization of the admissible condition like (1.3), which is not in-
volved with the representation U. That is to say, the admissibility is an
intrinsic property of a function. Let ¢ € HZ. By (2.14),

(31) = C¢ < +00.

/P ‘ <d)7 U(z,t,p)¢>L2(Hn)

(6.0t ®) ey (2 t) dadt = pF G)0(0N)”

Using the Plancherel formula,

2 dzdtdp
/P>‘<¢7U(z,t,p)¢>L2(H") W

I T N, ) %
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- /om (/ " (500" 303N () A i) Cif)

— 00

~ ~

Because ¢ € HY, we have ¢(A) ¢(A) = h(X) P, where () = |6(N)]%_g > 0,
and h(A\) =0if o = +,A>0or 0 = —, A < 0. Hence,

2 dzdtdp
/P‘<¢,U(z,t,p)¢>L2(Hn) it

— 72;;: /0+°° (/:oh( Yh (P>\)|>\|”d)\> CIZOP
([T (B [ womra)
= (/7 ol 57) Vol

We get the following theorem.

Theorem 2. Let ¢ € HZ, not identically zero. Then ¢ € AWS if and only
if

o~ )2 d\
(3.3) c, :/ [6] T < ool

Ceo H-S ||

Let ¢,¢ € AW?. We define the “ inner product ” of ¢ and 1 on AW by

oo ~ ke dA
(3.4) (6 Oy aw = /_ tr (5(0)'6(V) o
Theorem 3. Let ¢,p € AW?, f,g € HS. Then we have
(35) <W¢f7 W¢g>L2(P,d,uz) <¢ w>AW<f7 >L2(H”

Proof. The proof of Theorem 3 is similar to the proof of Theorem 2. In fact,
Wy f, We9) L2 )
——  dzdtdp
= / Wy f(z:t, p)Weg(2,t, p) o

- 72:1:1/0 N (/mtr (g(A)*f(A)J(pA) o(p )) |>\|”d>\> dp

— 00

)
= (7w (F0700) Y (25w (o Fon) e )

o0

= (&, V)aw ([, 9) 2 @an).-
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Corollary. Let ¢ € AWS, f e HS. Then

(3.6) Wo £z am) = CF | fll 2 )

Another important consequence of Theorem 3 is the Calderén reproducing
formula. We state it as a theorem.

Theorem 4. Let o € AWZ, f € H]. Then

. B . dzdtd
(BT FE) =07 [ Wef(a ) Uil ) T

Proof. Let {g,} be a sequence in C5°(H") tending to the delta function
supported at the point (z/,¢') as n — oo. By Theorem 3,

(38) <f7 gn>L2(H") = <f7 ngn>L2(H") = Cq:l<W¢fa W¢ngn>L2(P-,d#z)'
(3.7) is obtained by (3.8) and the limit argument. O

We are interested in the question: How to get an admissible wavelet? Let
L=-IY" (Z;Z; + Z;Z;) be the “sub-Laplacian” on H". By (2.21),

(3.9) LI\ = %f(x) Z (WMWj,j - W;jWA,j) :
Hence,
(3.10) LIONPa = (2lal +n) AL F(N) P

Suppose 1 > 0. Because L is a densely defined positive operator on L?(H™),
the operator £7 is well-defined, and

(3.11) L5 FVPa = (2la] + )N F)P..

We call L2 the Riesz derivative of order p. Let L2(H") = {f € L*(H") :
LE5f € L*(H")}. If p is a positive integer, then L2(H") is exactely the
Sobolev space S7 on H" studied by Folland-Stein (cf. [2]). By Theorem 2, it
is easy to obtain the following result: Let f € HJNLZ,,(H"), not identically
zero, then L= f € AWZ. Another version of the result is following: Let
¢ € HZ, not identically zero, then ¢ € AW? if and only if I,,;,¢ € L*(H"),
where I,, denotes the potential operator defined by I,,f = L™% f, i.e.,

— ~

(3.12) Lf(NPa = ((2lal + n)A)~E f(A)Pa.
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Now we give the examples of admissible wavelets.

Let o, € (Z7)",j € Z",v > —1. We define the functions <Z>Z’;’j and
}5 ., in terms of the Fourier transform by
(3.13)

P R GU ROV SRV IR R €
P 0, it A<0

and

(314) (EEZ;,]( ) ¢ﬁa]( )

where Pj , is the partial isometric operator on H defined by
Ps.oE = (E,Eg)nE,, EeH.

(We mention that P, ., = P,.) The explicit expressions of gbg’;j and ¢,
are given in the Appendix.

Given o, € (Z")",j € ZT,v > —1,0 = + or —. It is clear that
b5, € Hg. From the orthogonal relations for the Laguerre polynimials
(cf. [15, Chapter 5))

(3.15)

+oo
/ e*s" LW (s)LY (s)ds = T'(v +1) (V ;m) O, v>—1, m,keZ".
0

We have

(316)
5

=Tw+1)" (”;“7) B /Om e (2M) (L§”>(2A))2 2d\ = 1.

© @
H-5 |}

~

S0

Therefore ¢;7, ; is an admissible wavelet. We also notice that {¢57, ; : @ €
(ZT)", 57 € Z"} is an orthogonal set with respect to inner product (,)aw. In
fact, if a # o, then
(3.17)

dA

<¢ﬂaj’¢5a'y’>AW :/J:Otr (gb\;ZLﬁ’( ) ¢ﬁa]( )) W =0, j,j ezt

If j # j'. From the orthogonal relations for the Laguerre polynomials (3.15),
we obtain

(3.18)
<¢ﬂ a,j? ¢ﬁ a,j’ >
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i Tv,o * o d}\
:[ tl"( d’a’j/()\) d)ﬁ,,a,j()\)) W
— F(l/ + 1)—1 (V +.]

J

=0, a e (ZT)

—1
+oo
) / e (2M)Y LY (20) LY (2X)2 dA
0

By (3.16), (3.17) and (3.18), {(b;‘;j e (Zh)je Z*} is an orthonormal
set, i.e.,

(3.19) < Z:(;’ju ¢E7’Z’,j’>AW = 0a,a0,'-

4. Direct sum decomposition of L*¥(U"*!).

Given o, € (ZT)",j € Z",v > —1,0 =+ or —. Set

(4.1) Ay, ={we fi remng}.

By the Corollary of Theorem 3, A77 . is a subspace of L*(P,dy;) and iso-

morphic with HZ. A remarkable fact is that the difference between different
indices #’s makes no difference on spaces A7, ;. In other words, for any
B € (Z*)", we have

(4.2) Ago = Ava

0,a,5°

In fact, the map T% defined by
TP\ = N Pos, [ € H,

is the bijection from HF onto H{. It is easy to verify that W¢E’Z ; f =
Wpe j(Tﬁf). We shall write A2 instead of Ay

a,j 0,a,5°

Theorem 5. Fizv > —1. Then

(4.3) )= P (AsPa).
ag(zZh)m
jezt

Proof. From (2.3), it is easy to get

(4.4) A LA, a,d €(ZN), 4, €zt
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It follows from Theorem 3 and (3.19) that
(4.5) ARG LA, if a#d or j#j.
We see that the spaces A7’s are mutually orthogonal.

Let F(z,t,p) € L*(P,dw). Set F,(z,t) = F(z,t,p). For p € R almost
every where, F,(z,t) € L*(H"). By the Plancherel formula, we have

(4.6)
1 22 am)
+oo d
— 2 P
—’jﬁ (/Ln|fg(z,fn dzdt) =
2n71 “+oc0 +oo 2 " dp
B 7T"+1/0 </OO HFP()\)HH—S A d)\) prt2
27171 /Jroo /Jroo 2 dp
- (F,(\E.. E A" dA
ntl ( ﬁez(zjﬂ ( ) 5>H‘ ‘ ‘ ) prt2
< 400.
For o, € ( ) A € R\ {0} almost everywhere, as the function of the
variable p, p= "% (F,(\)E,, Eg)y € L*(R*). Set
_ifv+4) v
47)  h(p) =Tw+1) ( ) ) (20)F e ML (22p).

By the orthogonal relations and completeness of the Laguerre polynomials
(cf. [15, Chapter 5]), {h;(p) : j € Z"} is an orthonormal basis of L*(R™").
Therefore

n+2

p- <ﬁ (N Ea,Eﬁ> Za (A, a, B)h;(p).

Equivalently,
_n+2 o
(48) P 2 Fp(>\) - Z aj()\7a76)hj(p)7)a,5'
a,pe(zh)"
jez*

We define the functions f:; ; and f, ; in terms of the Fourier transform by

Y osezyn (A, B)Po s, if A>0,

4.9 Fr(\) =
(49) as V) {a if \<0,
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and
(4.10) fai(A) = fo,(=N).
It is easy to verify that f7; € Hj,0 = + or —. Moreover,

(4.11)
> (W%Iij ai(z,t,p) + W fai(2,t, p)) ma(z,t) dzdt

ae(zt)"
jezt

n

nt1 ~ ~, * ~ ~, _ *
=p 2 Z ( otj()‘)%::,j(P)\) "‘fa,j(/\)(bo:a,j(l)/\) )
aE(Z+)"
jezt

=pF Y a4\, B)hi(p)Pas

= F,(\).
This implies

(412)  F(atip) = > (W fi,(at0) + W fo,(5t0)).

v,+
0,,7
ag(zH)"
jezt
The proof of Theorem 5 is completed. [l

Let v € R. We consider the weighted L2-spaces L*”(U""!) defined by
(4.13)

LY (Ut) = {F | F| 2w quntry = </ |F(2,t,p)|*p" dzdtdp) < +oo} )
Un+1

Specifically L?(P, du;) = L*»~ (™2 (U"*!) under the identification of P with
U™t If v > —1, there exist holomorphic functions in L**(U"*!). The
(weighted) Bergman space A¥(U"™*!) is the subspace of all holomorphic func-
tions in L*¥ (U™, ie.,
(4.14)

AY(U™Y) = {F € L*”(U"™") : F is holomorphic on U™} v>—1.

Given a,f € (ZN)",j e ZT, v e R,V > —1,0 =+ or —. Set

z/,u',o’ _ytn42 o
(4.15) Aghy = {p 2 W¢’éi’” f: fe Hﬁ}.

o,
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Especially, A, ;+2) = AY . Tt is clear that A’”’f is a subspace of

L?v(Untt) and isomorphic with Hg. Similar to (4.2), we have

(4.16) AZYT — ARV forany B e (ZV)

0,a,7

We shall write A7 v instead of Ay v 7. Also we have

Theorem 6. Letv e R. Fizv' > —1. Then

(4.17) Uy = P (A”” @Ay —)

ag(zt)™
jezt

The proof of Theorem 6 is similar to the proof of Theorem 5 and we omit
it.
Let K7 denotes the reproducing kernel of A" v'7 Tt is easy to see that

(4.18)
K2 (20, 0), (2, p))

vint
: / U(Z/ t,p’ )¢0Q](w S) ztp)(bOaJ(w 3) dwds.

= (pp')”

The explicit expressions of K Z:;/’a are given in the Appendix.
In practice we are interested in the cases v = v/ > —1. The reproducing

kernel of Ayy™ reads of

(4.19)
Koo (2,1, 0), (2,1, p))

1 T(w+n+2) 2 o
S Art T+ D) \e =Pt ptp it ¢+ 2Imz2) ’

which is just the (weighted) Bergman kernel, the reproducing kernel of
AY(U™1) (cf. [11]). Therefore Agg™ is exactly the (weighted) Bergman
space A¥(U"t).

It is not difficult to give the orthonormal bases of A%, Let 3 € (Z*)",
k € Z*. We define the functions f 5% and fi in terms of Fourier transform
by
(4.20)

) = 25 T (e +1) 2 (") E @A) T e LY (20 Pog, if A >0,
0, if A<0
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and

(4.21) Fie ) = FEaf (=0,

where 1 may depend on (3 but not on k such that p > —1. It follows from
the orthogonal relations and completeness of the Laguerre polynomials that
{f5x :B€(Z7)", k € Z"} is an orthonormal basis of Hg. Let

v4n42

(4.22) G (2t p) = p S E R Wi f (2t p).

Then {¢5, = B € (ZT)",k € Z"} is an orthonormal basis of A7"?. The
U,y 0

explicit expressions of 1,5, are given in the Appendix. Especially, for
a=0,7=0, take p = v +n+ 1+ |G|, we have

(4.23)
6E,k(zvt’p)
= Yomn (2t p)
1 (F(V Fn42+4 |8+ k))5 Q2B LB (|22 + p — 1 — it)

o (v +1)8lk! (2 4 p+ 1 —dtyramezeloier -

{ef 6 € (Z")" k € Z*} is an orthonormal basis of A¥(U"*).
Let L?¥(B"!) denote the weighted L2-space defined by

(4.24)
LQ,V(BTL-‘,—l)

={FWOWFMwmww=(ijﬂwVU—wﬁme <+w},

where w = (wy,++ , Wy, Wy41) € B"M |w|? = Z?Ill |w;]?, dw denotes the
Lebesgue measure of C"™!. For v > —1, let A”(B"!) denote the (weighted)
Bergman space on B"! the subspace of all holomorphic functions in
L?"(B"*™!). The Cayley transform leads to the isomorphic map from
AY(U™) (and L*¥(U™)) to AY(B™!) (and L?¥(B"*1)). Let T denote
the isomorphic map from A”(U"*!) to AY(B™"!) defined by

T: f(z,2p41) — F(w) = Qf(F(w))(l _ wn+1)*(v+n+2)’
where T is the Cayley transform defined by (1.7). Then T~ is given by

27/ ) v4n+2

1
T~ F(w) — f(2, 2p41) = 5F (T (2, 2n41)) <2+1+Z
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It is easy to get

i Tw+n+2+48+k)\°
4.2 Te" = (B:k)

where w(®) = wirwk . We see that {Tej, : (6,k) € (Z+)""'} is
just the orthonormal basis of AY(B"*!) which consists of the monomials of
w.

Appendix.

In this appendix we give the explicit expressions of ¢7, ;, K Z’f;/’” and P57 .
For a € C,b,c € CF, let

(a)IM\(bl)nu o (b ), W

7'7 w e Ck7
m:

Fy(a;b;c;w) =

me(Z+)k (Cl)ml e (Ck)mk

be the hypergeometric function of several variables (cf. [1, Chapter 5]).
From the inversion of the Fourier transform and (2.10), we obtain

(A.1)
¢;’;,j (Za t)
2n71 “+o0 L N
_ Wn+1t/;m tr (ma(2,0)° 35, (0)) [AI" dA
2n71 _% I/—|—j 7%
:Wn+1r(l/+1) < j
RS n
- /O (2N) e LY (20) (my (= 2, —1) B, Ep)p A" dA
1 (A P)! 5 ifv+j E aeB)t ;=\ (a—f)-
= g (o) T (777 e
(vt (aVp) (=)™ (||z]?)”
oo, I = m) ((anB) =)l = Bl +7)! mly
0<y<(aAB)
+1+]a—
-T<V2M+n+1+m+|7|>
9 YALEe =Bl b 1 bmet |y
'<VP+1—u>

! (Vﬂglaﬂ Tt 1) <(04 VBT (v +j+ 1)) %z(a—m*(_z)(a_ﬂ)*
At ([le = BINIC(v + 1) (an B!
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v+14|a—g|
2 ———tn+1 I/—|—1+|O{—/8‘
N (. foN e 1;
<pP+1—ﬁ 2( 2 tnth
. 2
(=g~ A ) v+ L= Bl + 0 = (1)),
where —Z < arg(|z|> + 1 —it) < %, and by (2.8), we have
(A2> qﬁ;z;,j(zat) ¢BO¢](_§7 _t)
(A.3)

A (CR I ONERND)
_vtnt2 A o
2 /H U(Z’,t',p’)qu’O:_j (w, S)U(Z7t)p)¢0)a—t_j (w, s) dwds

= (pp')

= 2o [ (B o0 T 0w B () I

1
Tt oo

n—1
v+1

= —rler) e
+o0 *
/ tr (ma (27 = 2.t — t = 2Im 227) G55 (NG5t (00) ) A" d
21/ +n 1// . “+o00 , ,
= 1) 2 AV At o =(p+p)A
7r"+1 '+ ( J ) 2 /o ‘
(2/))\ V/)(Z A) (7 (z —z,t' —t —2Im 22') Eq, E,),, d\

1 + 3 vy
:WF(V“‘U < , ) (pp')

J

Z Vg (v +] a!
vcie; "I = m)\J =k J (@ =)
0<y<a
(DRt (|l — 2)17)”
mlkly!

92 v +n+24+m+k+|y|
. (\z — 2P +p+p —i(t—t —|—21mzz’))
1 TW+n+2)I'(v +5+1) vy

— / 2
4l L' +1)%j! (pr')

L' +n+2+m+k+|[y])

2 v 4+n+2
. (\z—z’]z—i—p—l—p’—i(t—t’—i—ﬂmzz’))

R (u' 02— =gy —a); (V) + 1,0+ 1,0);
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2
|z —2'P+p+p —i(t—t +2Imz2’

(o2 = 1))
where —Z < arg(|z — 2/ + p+p —i(t —t' +2Im22")) < Z, and

(Ad) KL (8,0, (20t 0)) = K20 (7, =t 0) (=2, —t,p) .

(A.5)
7/)a]ﬁk(z t, p)

on— 1 oS _V+1 . Fut
T [m P tr(ﬂ',\(zt “fhk ()

2" k) Fre\ 7T
= o T(u+1)*T(w +1) 2(“ ) <” ]>

~

b (e ) A" A

T 2

+oo prrontl (14p)A g (1) L")
. / (2A) = WAL (2A) L) (2pN) (ma(—2, —t) Ep, Ea )y A" dA

0
1 (a A B)! 3 1 1
= I(p+1) (v +1)"°
= (G05) T+ 7T+
N N
.(“:; ) (”:;J> =B (Lz)e-p)t

ptk\(v+g (aVp)!
2 <k—J<j—m>wwwﬂ—wwm—ﬂH+w!

0<i<k
0<m<y
0<y<(anp)
—1)EmEhpm()12]12)” +v+n+1l+|a-—
B R T TT)
UImly! 2
2 M+V+n+21+\0é*ﬁ\+1+l+,’n+‘,y‘
(\z|2+p+1—z’t>

o F@ﬂ@%ggﬁL+Q CavﬁmXu+k+Ur@+j+1U;
= 20" F (o~ BN (e + DE(w + 1) (c A B)!KL5!

2 M+U+n+21+|0tfl3\+1
,ga—m(_z)m—ﬂﬁ( .>
2|24+ p+1—it
+rv4+n+1+4+|a— .
F2<'u 2 | /8’ +17(_k7 _,77_(04/\6));

SWallel?),

(p+1Lv+1,]a—pB]+¢)

2
PR
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where —Z < arg(|z|* + p+1—it) < Z, and

(A.6)

[10]
[11]
[12]
[13]
[14]
[15]

[16]

¢Z7,l;,7ﬁ_,k(zu tv P) = w;j:g,k(_zu _ta p)
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