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UNIQUENESS OF GENERALIZED WALDSPURGER MODEL
FOR GL(2n)

JIANDONG GUO

Let E/F be a quadratic extension of non-archimedean local
field and let G be an inner form of GL(2n,F) over F, which
contains a subgroup H isomorphic to GL(n, E). In this paper
we prove that (G, H) is a Gelfand pair, i.e., the H-invariant
linear functional, if there exists one, on the space of an irre-
ducible admissible representation of GG is unique up to a scalar.
Globally this result will play an important role in the study
of H-period integrals of cusp forms on G, and its relations to
the special values of automorphic L-functions.

1. Introduction.

Let F be a nonarchimedean local field of characteristic zero, and let E =
F(4/7T) be a quadratic extension field of F. We denote by z — z the Galois
conjugation in E. Suppose M is a central simple algebra over F' of dimension
4n? ) which contains a subalgebra N isomorphic to M(n,E) over F. We
denote by G and H the multiplicative groups of M and N respectively. Then
G is an inner form of the linear group GL(2n, F') regarded as an algebraic
group over F, and H C G is a subgroup which is isomorphic to GL(n, F)
over F'. Suppose that 7 is an irreducible admissible representation of G on
a complex vector space V. Let Hom(mw, C) be the dual space of V', and let
Homp (7, C) be the set of H invariant elements in Hom(w, C), i.e

Homy (m,C) = {l € Hom(7, C)|l(7(h)v) = l(v), for h € H and v € V}.
In this paper, we will prove the following theorem.

Theorem . For any irreducible admissible representation © of G on a
complex vector space V', we have

dim¢ Homy (7,C) < 1.
Furthermore if dimec Hompg (7, C) = 1, then m is self-contragredient.

If dim¢c Homy (7, C) = 1, we say that 7 is H-distinguished. In the case
that n = 1, then G is an inner form of GL(2, F') and H is an elliptic torus
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of G, this theorem was proved by Waldspurger ([W2]), and arose in his pro-
found studies of the Shimura correspondence and algebraicity of the special
values of L-functions ([W1], [W2], [W3]).

In generalizing those results of Waldspurger, it is necessary to have the
above theorem. To explain this, we go to a global setting. We now assume
temporarily that F'is a number field and F is the adele ring of F'. Suppose 7
is an automorphic cuspidal representation of G(F4). Then we are interested
in the period integral

P(g, 7, H) = / o(R)dh
H(F)Z(Fa)\H(Fa)
where ¢ is a cusp form in the space of m and Z is the center of G. If there
exists ¢ such that P(¢, 7, H) # 0, then we expect, as proved in the GL(2)
case by Waldspurger, that the square of P(¢, 7, H) is essentially the product
L(1/2,7")L(1/2, 7" ®n) where 7’ is an automorphic cuspidal representation
of GL(2n) related to m by the Jacquet-Langlands conditions, and 7 is the
quadratic idele class character of F' attached to F (see [G2] for details). As
a consequence, this would imply that if the period is non-zero then

L(1/2,7)L(1/2,7' ®n) > 0.

(For the GL(2) case, see [W1], [J1] and [G1].) On the other hand if
P(¢,m,H) # 0 for some ¢, the the principle of functoriality predicts that =
comes from an automorphic cuspidal representation of the orthogonal group
O(2n+1). In this case some properties of the Fourier coefficients of the form
on O(2n + 1) can be read in terms of P(¢,m, H). Generally there are two
ways to approach these problems. One is the Weil representation as used
by Waldspurger and another one is the relative trace formula introduced
by Jacquet ([J1], [J2]). Note that P(¢, 7, H) defines a H-invariant linear
forms on 7. In both cases, it is necessary to know that P(¢, 7w, H) is Eulerian
in the sense that it can be expressed as the restricted product of the local
H-invariant forms. The above theorem together with its analogue in the
archimedean case can be used to establish this assertion.

We now go back to the local situation. We will follow the standard ap-
proach of Gelfand-Kazhdan ([GK]) to prove the theorem. Let o be the
anti-involution of G defined by o(g9) = ¢g~!. Then o preserves H. The
technical part of this paper is the following proposition.

Proposition. For each element g of G, we have g~* € HgH. In other
words, the anti-involution o preserves every double coset.

This implies that a H-biinvariant distribution is also o-invariant (see, for
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example, Theorem 6.13 in [BZ]). Then by [GK], we have
dim¢ Homy (7, C) dime Hompy (7,C) <1

where 7 is the representation contragredient to w. Note that we can realize
G as the subgroup of GL(2n, E) of the matrices of the form

(% 'V;) € GL(2n, B)

where 7 is a fixed element in F* = F —{0} and «, # are matrices in M (n, F),
and H as the subgroup of G of the matrices of the form

a0
(0 a> , a € GL(n, E).

It is clear that each matrix g € G is conjugate in GL(2n, F) to the matrix

-1
7_( )_ TIn O tr TIn 0
P=\orn)? \oi,
where ¢'" is the transpose of g. But it is easily seen 7(g) is also in G. So ¢ is

conjugate to 7(g) in G. By the theory of Gelfand-Kazhdan (|[GK] or [BZ]),
we can realize 7 in the same space V of m by the formula

7(g) = 7w(r(g™"))-

Note that for any h € H we have 7(h™!) is also in H. Thus if there exists
an non-zero element [ in Homg (7, C), then we have

(7 (h)v) = U (r(h™))) = I(v)

for h € H and v € V. So Hompy(m,C) # 0 implies Homp (7, C) # 0. Then
our theorem follows by some standard arguments (see, for example, [JR]).

A similar result for the pair (GL(2n), GL(n)xGL(n)) is proved by Jacquet
and Rallis in [JR]. In that case, the anti-involution does not preserve all the
double cosets, so the proof becomes much more complicated. However the
influence of their paper on this one is obvious.

I want to thank professor H. Jacquet for his help and encouragement,
especially his help on this paper.
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2. The tangent space to the symmetric space.

Let F be a field of characteristic zero, and let E = F(\/7) (1 € F) be a
quadratic extension field of F. We denote by z +— z the Galois conjugation
in E. Let N be the norm map from F to F defined by N(z) = 2z for z € E.
Then the central simple algebra M can be realized as an algebra of the form

M, = {(g 75) o, B € M(n,E)}

in which the subalgebra

{2

is isomorphic to M (n, E). Here 7 is an element in F* = F — {0}. We let
G., and Hpg, or simply G and H, be the multiplicative groups of M, and Ng
respectively, and we regard them as algebraic groups over F'. In particular
if v € NE*, then G, is isomorphic to GL(2n, F'). We denote by

_ )7
g—{<ﬂ a) \a,ﬂeM(n,E)}

the Lie algebra of G. Then G acts on g by conjugation. We denote the
action by Ad. So we have Ad(g)X = gXg~' for g € G and X € g.

We set
_(VTL, 0
““\ o -y )

Then H = {g € Glege ' = g}. We denote by L the —1 eigenspace of Ad(e)
in g. So for X € g, we have that X € L if and only if

eXe = -—X.

Then by a simple computation, we find

L= {(a 700‘> la € M(n,E)},

which is stable under H. Our purpose in this section is the following:

Proposition 2. Let X be an element in L. Then there exists an element

h € H such that X = hXh™*.

To prove this proposition, we need to describe in some detail the H-orbits
in L. Actually we will prove something more than we need here, which will
be used in the future work.
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For

_[0~A

let

X=X, +X,

be the Jordan decomposition of X in g where X, is semisimple and X,
is nilpotent which commutes with X . Since Ad(e)X = —X, we have
Ad(e) X + Ad(e)X,, = (—Xs) + (—=X,,). It follows that Ad(e) X, = —X;
and Ad(e)X, = —X,,. Thus both X and X,, are in L. We first study the

semisimple elements.

Lemma 2.1. Suppose X € L is semisimple. Then X is H-conjugate to an
element of the form

00~vBO0

0000

B0 00

0000

where B is invertible semisimple.

_[0~A
()

As in [JR], X is semisimple implies that A, A, AA and AA are semisimple
of the same rank. Let V be the vector space E™ of column vectors, which
contains the F-vector space F". Then M (n, E) operates on V by B(v) = Bv
forve Vand B € M(n, E). We call a vector v € V is defined over F if it is
in F-form (i.e. v € F™ ), and we call a subspace V' of V is defined over F
if there is a basis of V' such that each vector in this basis is in F-form. It
is easily seen that V' is defined over F if and only if V' = V'. Let V}, be the
kernel of A and V; its image. Then V} is the kernel and V; is the image of A.
Since A is semisimple, we have V =V, @ V;. It is clear that V; is contained
in the kernel of AA. Since AA has the same rank as A, we conclude that V;
is the kernel of AA. Now we claim that V; N Vi = 0. Indeed if v is in the
intersection then v = Au and Av = 0. Thus AAu = 0. Hence u is in the
kernel of AA which is V. So we get v = Au = 0. We have therefore

Proof. We write

V=VeV=VoW.
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Let (v1,...,v,) be a basis of Vy and (vpy1,...,v,) be a basis of V;. Then
both (v1,...,v,) and (o1, ...,0,) are bases of V. So there exists an element
k € GL(n, E) such that

Thus we have
]%(T)l, ,’Dn) = (U17-~-7Un> = kil('lih, "'717”)'

Therefore kk(y,...,0,) = (1, ...,0,). It follows that kk = I,. Clearly we
also have that kV, = V; and kV; = V;. Then the map

a:Gal(E/F)— GL(n,E), id—aq=1I, oc—a,=k

defines a cocycle. Here o is the nontrivial element in Gal(E/F). It is well
known that H*(Gal(E/F),GL(n,E)) = {1}. So the cocycle a, is cohomolo-
gous to the unit cocycle b, = 1. This means that there is g € GL(n, FE) such
that a, = g 'b.s(9) = g7's(g). If s =0, we get k = g~'g. Then

Vo =gV =gV, gVi=gVi=gVi.

If we set B’ = gAg~', then the kernel of B’ is gV; and the image of B’ is
gVi. We have B B
V=WaeV=gWogV =gV @ gW.

Here both gVj and ¢V; are defined over F. Suppose (vy, ..., v,,) is a F-form
basis of gV4, and (vy41, ..., Uy ) is & F-form basis of gV;. Let g; be the matrix

(Um+1, veey Uy U1,y ...7’Um).

Then ¢g; € GL(n, F') and
1 _ BO
gl 1B/gl - gl 1B/gl == <O O)
where B is invertible. So

—1 -1
mgrg_ng _gl
0 g9 0 79

is in the form required. |

Next we study the nilpotent elements of L. For

_[0~A
X‘(Ao)’
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we have

X —< 0 w(AA)n)‘

So X is nilpotent if and only if AA is nilpotent. For convenience we denote
the matrix

g0

by h(g).

Lemma 2.2. Suppose X is nilpotent. Then there exists h(g) € H such
that gAg=! is upper triangular with null diagonal entries and with all the
null rows on the bottom.

Proof. We use the induction on n. Our assertion is trivial for n = 1, since
AA = 0 implies A = 0. To continue, we assume that our lemma is true for
n’ < n. Let m be the rank of A. Then m < n. At the cost of conjugating by
an element h(g) such that g is a permutation matrix, we may assume that
the first m-rows of A are linearly independent. Then after a conjugation by
an element h(g) where g is of the form

(L, 0
9= -DIn—m ’
BC

where B has size m x m. Since AA is nilpotent, BB is also nilpotent. So
by induction hypothesis, there is a g; € GL(m, E) such that g, Bg; ' has the
appropriate form. Conjugating X by h(g), where

N 0

we get a matrix of the required form. |

we can assume

Lemma 2.3. Suppose X € L is nilpotent. Then there is h(g) € H such
that the twisted conjugate gAg=—" of A by g is in the Jordan normal form.

Proof. By the previous lemma, we can assume that A is in the form

- (1)
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where B is of size (n — 1) x (n — 1) with BB nilpotent. By induction there
is g € GL(n — 1, F) such that

Ay
gBg ' = .
Ay

where A; is the standard n; x n; Jordan block

Thus under the twisted conjugation by the matrix diag(g,1) we can as-
sume that

A C,
A=
A Gy
0...00

where we write the column vector C; of n;-components as

D;

Then we can make D; (i = 1,2,...,k) vanishing if we twisted-conjugate
A by the matrix

Now we assume D; =0 fori=1,...,n. If d; # 0 for any i € {1,2,...,k},
we consider the n; x n; diagonal matrix F;, = diag(...,d;*,d; ") with d;*

and d; ' appearing in the diagonal alternately. Then we have F;A,F; ! = A,
and
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Thus twisted-conjugating A by the matrix diag(l,,,...,Fi, ..., In,,1), we
made d; to be 1 and all the other entries unchanged.

So we can assume that all the entries of A are 0,1 under the twisted
conjugation in GL(n, E). Then there is a matrix ¢ € GL(n, F') such that
1 Agrt = g1 Agy ! is in the Jordan normal form. We are done. [l

Proof of Proposition 2. Let X € L be an element with Jordan decompo-
sition X = X, 4+ X,, where X, is semisimple and X, is nilpotent such that
X, X, =X,X,. By Lemma 2.1, we can assume

00~B0
000 0
B0 0O
000 0

X, =

where B is an invertible semisimple element in GL(n;, E) for certain n; < n.
Since X, commutes with X, we have

0 09X, 0
{00 09X
X = X0 0 0
0X, 0 0

where X;X; are nilpotent and BX;B~!' = X,. By Lemma 2.3, there is
g1 € GL(n — ny, E) such that ¢, X,g; " is in the Jordan normal form. So

- _—1
we have g1 X3, " = ¢1.X5g; *. This implies §; g1 X297 g1 = Xo. Then the

matrix h(g) where
(B 0
g 0410
satisfies h(g)Xh(g)~' = X. u

3. The symmetric space.

Let F be a nonarchimedean local field of characteristic zero, and let E =
F(y/7) (1 € F) be a quadratic extension field of F. Let v, G, H, € be as in
the last section. We consider the variety

S’ ={s€G|s* =TIy}

We first explain that all elements of S’ are actually conjugate to e in
GL(2n,FE). For g € GL(2n, E), we have that g € G if and only if w™'gw = g

where
(0~
o= (275
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Let V = E*. So for g € G and v € V we have gv = /v if and only if
g(wv) = —y/Twv. This implies that if {vy,..,v,,} is a basis of the eigenspace
of g belonging to the eigenvalue /7, then {woy,...,w?,,} is a basis of the
eigenspace of g belonging to the eigenvalue —/7. Let s be an element in
S. So we have s> = 71,,. Thus s is conjugate in GL(2n, E) to an diagonal
matrix with eigenvalues from the set {\/7,—/7}. But s is also in G. It
follows immediately from the above consideration that s is conjugate to € in
GL(2n, E). Since both € and s are in G, they are in fact conjugate in G. So
we obtain

S"={geg~'|g € G}.
We denote by S the set S’e~!. So we have

S = {s € Glsese = Tl5,} = {geg ‘e '|g € G}.
Then G operates on S by the twisted action
(g,2) = gz(eg'e™"), g€G, z€S8.
In particular for h € H, we have eh™'e™! = h™'. So H acts on S by

conjugation (h,z) = hah~'. The surjective map p : G — S defined by

plg) =geg~ e, geG

satisfies
p(zgh) = zp(g)(ex™'e")

for x,g € G and h € H. So it induces an isomorphism between G/H and S
as G-spaces. The map p also induces a one to one correspondence between
the H-double cosets in G and H-orbits in S. Our goal is the following
proposition.

Proposition 3. For each element g € G, we have g~' € HgH .

_(aB
- (5%)

be an element of GG. Then we have

(& =8B Ba —yap
gege”(éa—aﬁ G — 3P )

Let

So g € S if and only if

o =1, +63, of = pa.
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We call these two algebraic equations the defining equations for S.

s:<g’yaﬁ>65

where the matrix o has no eigenvalues 1,—1. Then the H-conjugacy class
of s has a representative of the form

()

where A € M(n,F). If p(g) = s, then g~' is in HgH .

Lemma 3.1. Let

Proof. Since o has no eigenvalues 1,—1, o® — I,, is invertible. Thus 3 is
invertible. So from af = B3a, we obtain 3~ 'af = &. Thus if

pi(@)|pa(2)]...Ipr (),

where p;(z) € E[z], are the elementary divisors of «, we have that in fact
pi(z) € Flz]. This implies that « is conjugate under GL(n, E) to an element
of M(n, F). To continue, We assume that « is in M, (F). Then fa = af.

Let A= (3(I,+«a) ! and
(1, vA
9= <[1 1n>'

=I,—(*-L)I,+a)?=2(I,+a)!,

Since we have

so the matrix I, — YAA is invertible. Hence ¢ is invertible. In fact we have

o (1, AN (1, —yAA)! 0
g =\{-4 1, 0 (1, — yAA)!

(1, —yAA)T 0
= €ge ( 0 (1, — yAA)! € HgH.

We can check at once that

The assertion of the lemma follows. |
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o [aB
B a

in S where « is unipotent. We will prove that the set of such elements in
S is the set of the unipotent elements in S. Let N be the set of unipotent
elements of G, and let n be the set of nilpotent elements of g. Then the
exponential map

Next we study the element

exp:n—>N, XHeXp(X)

defines an isomorphism of n onto N. Let Ng = N NS be the set of unipotent
elements in S.

Lemma 3.2. We have
(1) Ng=exp(n) where n, =nnN L.

(2) The set {g € G|p(g) € Ns} is HNsH, and for each element g in this

set we have g~' € HgH.
_ (a7
5= (ﬁ @> es.

(3) Let
Then s is unipotent if and only if o is unipotent.

Proof. Let X € g and u = exp(X) € N. If u € Ng, then (ue)(ue) = 71,.
Note that Le = ¢~'. So we have u™' = ¢ 'ue. This is equivalent to —X =
e ' Xe, which is just the condition for X € ny. Thus we get (1).

For u = exp(X) € Ng where X € ny, we have that

p(u) = ueu e = exp(X) exp(e(—X)e ™)
= exp(X) exp(X) = exp(2X) € Ng.

Therefore
HNgH C {g € G|p(g) € Ns}.

On the other hand, if we let v = exp(X/2), then v € Ng and
p(v) = exp(2X/2) = exp(X) = u.
The first part of (2) follows. Now we have
u ' =exp(—X) = exp(eXe ') = eexp(X)e .

So u~' € HuH. This proves the second part of (2).
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Recall that we have

o’ —1=7p3, af = pa.

Then it is easily seen that

_ s _ofa—1, O B a—1, 0
(s — Iy,) —2< 0 d—[n>8_2s< 0 a-1.]

Thus
(S _ IQn)Qn —9on ((OZ — In) 0 > s".

Because s™ is nonsingular, we have that (s — Iy,)?" = 0 if and only if (« —
I,)™ = 0. Hence s is unipotent if and only if « is unipotent. [l

It remains to study the set

{9 € G| = p(g) € Ns}.

By the above lemma this is the set of the element

s = (%éB) es

such that —« is unipotent. Recall that

{01,
o (070).

So we have wew ' = —e and wH = Hw.

Lemma 3.3. The set

{9 € G| = p(g) € Ns}
is HNgwH. If g€ HNswH, then g~' € HgH.

Proof. For g € G, we have

plgw) = gwew g et = —geg~le = —p(g).

Hence —p(g) € Ns if and only if p(gw) € Ns. By Lemma 3.2, p(gw) € Ng
if and only if gw € HNgH, which in turn is equivalent to say that

g€ HNsHw™' = HNgw 'H = HNgwH
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since w™! = wdiag(y~',77!) € wH.

Now let ¢ = uw be an element in Ngw where u is in Ng. Then we can
write u = exp(X) where X € ny. So

gl=wtu ! =w v ww ™ = exp(—w Xw)w ' = exp(—X)w .

Recall that we h_ave proved in the last section that thelie exists an element h
in H such that X = hXh~!. So we have thhl_l = —X where h; = eh € H.
Thus

g ' =exp(hi XhHw™ = hyexp(X)h{'w™! = hy exp(X)w ' hy?
10 )
= hug (70 7_1> By

which is in HgH. This ends the proof of the lemma. Ul

Finally we prove that a general element of S is compound of these three
types of elements we just studied. We first fix a notation. Let ny, ns, nz be
three nonnegative integers such that n; + n, + nz = n. If

_ (@B
gz_ (ﬂl ai> GGTMJ

then we use (g1, g2, 93) to denote the element

a1 0 0 ’}/ﬂl 0 0
0a; 0 0 73, 0

Bp00a 0 0
05 0 0 G 0
003 0 0 a

of G. For g;, g, € G,,, i = 1,2, 3, the following relation is easily verified
(g1, 92, 93)0 (9}, 9, 95) = (91915 9295, 9a95)-
It is also obvious that

o(g1,92,93) = o9, g5, G5)

if and only if ¢; = ¢}, i = 1,2,3. We use S, , H,, and ¢,, to denote the
corresponding parts in G, to S, H and € in G.
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Lemma 3.4. Fach element s of S is H-conjugate to an element of the
form

o (81,82, 83)
where s; € S, (i = 1,2,3) for certain nonnegative integers ni,ny,nz such
that ny + ne + n3 = n, and if we write

S = (%: ’Yo—fl> ) L= 1a 2a37

then oy has no eigenvalues 1, —1, oy is unipotent, and —as is unipotent.

Proof. Let

be an element in S. Then up to a conjugation by an element in GL(n, E),

we can assume that
(03] 00

a=| 0 ay 0
000[3

where «; has no eigenvalues 1, —1, as is unipotent, and —aj3 is unipotent.
Let 8 = (0;;) where ;; (1 <1i,j < 3) is a matrix of size n; x n;. Since s is
in S, we have o = Ba. This implies

;B = By, 1<14,5 <3.

If i # j, then a; and &; have no common eigenvalues. So we must have

a0 093, 0 0
0a; 0 0 743, 0

0 0043 0 0 ”yﬂg .

5= 319 0a 0 0 = o(s1, S2, 83)
050 0 a 0
003 0 0 as

where we set §; = 3;; and

[ vBi
i <Bi 541'> ’
We still need to show that s; is in S,,. Note that

€ = U(6n1? 67127 6”3)'



288 JIANDONG GUO

So we have

S€se = 0(817 S2, 53)0-(67“7 €nss €n3)0'($1, S2, 83)U(€n1 y €ngs €n3)

0 (81€n,51€n, 5 260, 52€n,, S3€n;S3€n; )-

On the other hand we have
sese =TIy, = 0(TIan, , TIon,, Tlan,).
Thus we get
Si€n,;Si€n; = TIQn” 1= 1, 2, 3,

which means s; € §,,,. This ends the proof of the lemma. O

We are now ready to prove Proposition 3.
Proof of Proposition 3. Let g be an element of G and let s = p(g) be in S.
Then by Lemma 3.4, we can assume that
s = 0(s1, 52, 53)
where s;, i = 1,2, 3, satisfy the conditions of that lemma. By Lemmas 3.1,
3.2 and 3.3, there exist g; € G,,, for i = 1,2,3 such that

-1 _-1 __
9i€n;9; €n, = Si

i

and such that g; ' = h;g;h’ for some h;, b, € H,,,. So we have

P(U(91792793)) = 0(817 Sa, 33) =S.

Thus we can assume that g = (g1, g2, 93). In this case we have

gil = J(gflugglag?:l> = U(hlglh/la h292h/27 h393hé) = hghl

where h = o(hy, ha, h3),h’ = o(h!, h}, h}y) € H. The assertion of the propo-
sition follows. |
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