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CLASSIFICATION OF DIRECT LIMITS OF GENERALIZED
TOEPLITZ ALGEBRAS

Huaxin Lin and Hongbing Su

A classification is given to the class of C∗-algebras of real
rank zero which are direct limits of so called generalized Toep-
litz algebras. This class includes all so called AT-algebras
of real rank zero as well as many C∗-algebras which are not
stably finite.

1. Introduction.

A certain class of C∗-algebras is classified. The class consists C∗-algebras
of real rank zero that can be expressed as direct limits of finite direct sums
of matrix algebras over T -algebras, where T -algebras are unital essential
extensions of C(S1) by compact operators K :

0→ K → E → C(S1)→ 0.

Let A be an algebra in the class. The invariant consists of the abelian
semigroup V (A), the Murry-von Neumann equivalence classes of projections
in matrices of A, an abelian semigroup k(A)+, some equivalence classes of
homotopy classes of hyponormal partial isometries in matrices of A and a
homomorphism d from k(A)+ into V (A). The main result of this paper states
that the above invariant, together with the class of the identity, is complete
for the class of C∗-algebras that we consider (cf. §5). For the subclass of
the above class which consists of direct limits of finite direct sums of matrix
algebras over only non-trivial extensions of the above type, the invariants
are even simplier—just V (A). We also show that the algebras in the class
exhaust all possible invariants (cf. 3.7).

Our paper can be viewed as part of the program of classifying “amenable”
C∗-algebras initiated by George A. Elliott. The classical model for the pro-
gram is the classification of AF -algebras by their dimension groups [Ell1].
Elliott proved in [Ell2] that the class of real rank zero AT-algebras, di-
rect limits of finite direct sums of matrix algebras over C(S1) of real rank
zero, could be classified by the graded group K0⊕K1 with its natural order.
Since then a number of classification results appeared ([BEEK], [D1], [D2],
[DL1], [DL2], [Ell3], [Ell4], [Ell5], [EE], [EG1], [EG2], [EGL], [EGLP],
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[ER], [G1], [G2], [G3], [K], [Li], [Ln2], [Ln3], [Ln5], [LP1], [LP2], [LP3],
[Lr], [Ph1], [Ph2], [Rr1], [Rr2], [Rr3], [Rr4], [Rr5], [Su1], [Su2], [Tm],
etc.). Many classes of C∗-algebras are classified. These include C∗-algebras
of real rank zero which are direct limits of homogeneous algebras of slow di-
mension growth and a large class (presumably all) separable nuclear purely
infinite simple C∗-algebras. The situation is changing even when we are
typing this paper. C∗-algebras that we consider in this paper are usually
nonsimple and their stable rank are usually greater than one. The class does
contain all AT-algebras of real rank zero. It contains many other C∗-algebras
which are not of so called approximately homogeneous C∗-algebras. One of
the important features which makes our class essentially different from ap-
proximately homogeneous algebras is that the torsion in K0 does not arise
from the torsion parts of certain metric spaces but from nontrivial extensions
of C(S1) by K.

Inductive limits of finite direct sums of matrix algebras over the classical
Toeplitz algebra T1 (i.e. the extension with index −1) was first studied in
[EES]. A stable isomorphism theorem was obtained for the special case that
each summand is a single matrix algebra over T1 and the algebras are of real
rank zero. In [EES], the algebras in question were shown to be absorbing
extensions of real rank zero AT-algebras by stable AF algebras, which led
to the stable classification.

The class that we consider here allows building blocks to be matrix al-
gebras over any unital essential extensions of C(S1) by K. This gives us
torsion in K-theory as well as non-trivial K1-theory. We also obtained a
classification up to isomorphism instead of stable isomorphism.

One of the technical problems that we have to deal with is to lift two
“close” homomorphisms from Mk(C(S1)) into Mm(C(S1)) to two “close”
homomorphisms from Mk(Ti) into Mm(Tj). Here, Ti and Tj are the exten-
sions of C(S1) by K with indexes −i and −j, respectively (cf. 2.1). There
are several problems here. First, not every homomorphism from Mk(C(S1))
into Mm(C(S1)) comes from an injective homomorphism from Mk(Ti). Sec-
ond, two quite different homomorphisms from Mk(Ti) into Mm(Tj) which
map Mk(Ti) to Mm(K) induce two zero homomorphisms from Mk(C(S1))
to Mm(C(S1)). However, there is nothing to lift. Third, assuming the life
is perfect, k = m, i = j and two homomorphisms are two automorphisms
on Mk(Ti) which induce the identity map on C(S1). How much can we say
about these two automorphisms?

It turns out that the first two problems could be avoided using some ex-
isting tricks. For the third problem, we establish a so called uniqueness
theorem (Section 4). It uses the BDF-theory as well as Voiculescu’s general-
ized Weyl-von Neumann theorem. A special case of one of the lemmas says
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that an automorphism α of the Toeplitz algebra which has the property that
π ◦ α = π, where π is the quotient map from the Toeplitz algebra onto the
circle algebra C(S1), is approximately inner, a result has been just obtained
by Rørdam independently with a completely different proof.

Since we allow the building blocks to include trivial extension T0, the
invariants become more complicated. For example, V (T0) is not finitely
generated. This causes lots of problems when we try to employ a standard
intertwining argument. For this, we have to do some surgical work.

We have some description (3.4) of the invariants that we use here. It
would be nicer to have a characterization of our invariants. A version of
Effros-Handelmen-Shen theorem which characterizes the dimension groups
or an Elliott’s theorem ([Ell6]) is certainly desirable. However, at present,
it is beyond our reach to characterize these semigroups and we feel that it
should be treated separately.

A C∗-algebra in the class often becomes an essential extension of an AT-
algebra by an AF-algebra. But this paper is not about classification of
extensions. Classification of extensions requires to know the ideal and the
quotient. Our invariant is defined for general C∗-algebras which does not
require to know the ideal nor the quotient. In fact, a C∗-algebra in the
class may be written into different extensions. In other words, a result of
classification of extensions of a given AT-algebra by a given AF-algebra,
while is important, would not classify our class.

The paper is organized as follows. In Section 2, we define and discuss
the invariants of AT -algebras. It is rather tedious section. In Section 3,
we establish an existence theorem. We further show that given a possible
invariant V∗ there is a direct limit A of finite direct sums of matrix algebras
over AT -algebras with real rank zero such that V∗(A) = V∗. We also show
that every AT-algebra of real rank zero can be expressed as a direct limit
of finite direct sums of matrix algebras over AT -algebras. In Section 4, we
give the uniqueness theorem. In Section 5, we combine the results in the
previous sections and give the main result.
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2. T -algebras and their invariants.

2.1. Let C(S1) be the continuous functions on the unit circle and let K
be the compact operators on an infinite dimensional separable Hilbert space.
The generalized Toeplitz algebras Tk is an essential unital extension of C(S1)
by K with index −k ∈ Z:

0→ K → Tk → C(S1)→ 0.

It is well known that two extensions with the same index are isomorphic
as C∗-algebras. (It certainly follows from [V].) We call these algebras T -
algebras. It is obvious that Tk is isomorphic to T−k. So we consider only
those Tk with k ≥ 0.

We now give another description of Tk (for k ≥ 0). Let S1 be the standard
unilateral shift operator acting on the Hilbert space H = l2. Then T1 is
isomorphic to the universal C∗-subalgebra of B(H) generated by S1. Note
that the ideal of the C∗-subalgebra generated by 1 − S1S

∗
1 is the ideal of

compact operators on H. We will identify T1 with this algebra whenever it
is convenient without further explanation. The element S1 in T1 will mean
the shift operator. The algebra Tk (k > 0) can be identified as follows.
Consider the algebra T1 ⊗Mk, where Mk is the C∗-algebra of k × k matrix
algebra over the complex field. Let Sk = diag(S1, S1, ..., S1) (there are k
copies of S1). Then Tk is isomorphic to the C∗-subalgebras of T1 ⊗ Mk

generated by Sk and Mk(K). We will identify these two algebras. Let e =
1− S1S

∗
1 , a minimum projection in T1, and let {eij}ki,j=1 be the matrix unit

for Mk. One checks easily that Tk is generated by Sk and e⊗ eij. Note that
1 − SkS∗k =

∑k
i=1 e ⊗ eii. We denote gij = e ⊗ eij. Suppose that T ∈ B(H)

is an isometry and there are k mutually orthogonal equivalent projections
p1, p2, ..., pk such that

∑k
i=1 pi = 1 − TT ∗. Let aij be the partial isometries

such that a∗ijaij = pj and aija
∗
ij = pi. The C∗-subalgebra generated by

T is isomorphic to T1 and the ideal J of this C∗-subalgebra generated by
1 − TT ∗ is isomorphic to K. Note that a11T = a11(1 − TT ∗)T = 0 and
(Tma11(Tm)∗)Tm+la11(Tm+l)∗ = 0 if l > 0. Let q1 =

∑∞
m=1 T

ma11(Tm)∗, a
projection in B(H). Then Tq1 = q1T. Set T1 = q1T. Then T ∗1 T1 = q1 and
1− T1T

∗
1 = a11. Let B be the C∗-subalgebra generated by T and {aij} and

let C be the C∗-subalgebra generated by B and q1, q2, ..., qk, where qi =∑∞
m=1 T

maii(Tm)∗. Then C ∼= T1 ⊗ Mk. It then follows that B ∼= Tk. By
identifying B with Tk, we will say that Tk is generated by Sk and {aij}. We
would like to point out that the ideal of B generated by {aij} is not the set
of all compact operators on H even if a11 is a rank one operator. Let S0 be
a unitary in B(H) with essential spectrum S1. Then T0 is isomorphic to the
C∗-subalgebra of B(H) generated by S0 and K(H).
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In this paper, we will consider direct limits of finite direct sums of matrix
algebras over T -algebras.

2.2. Let k be a nonnegative integer. We will determine the K-theory of
Tk. If k 6= 0, the index map δ : K1(C(S1))→ K0(K) is the multiplication by
−k. Hence δ is injective. From the six-term exact sequence in K-theory, we
obtain:

0→K1(Mn(C(S1)))→ K0(Mn(K))→ K0(Mn(Tk))→ K0(Mn(C(S1)))→0

where K1(Mn(C(S1))) = Z, K0(Mn(K)) = Z and K0(Mn(C(S1))) = Z.
Therefore,

K0(Tk) = Z⊕ Z/kZ and K1(Tk) = 0.

If k = 0, then δ = 0. The six-term exact sequence breaks into two:

0→ K0(K)→ K0(T0)→ K0(C(S1))→ 0

and

0← K1(C(S1))← K1(T0)← 0.

This implies that

K0(T0) = Z⊕ Z and K1(T0) = Z.

We would like to point out that the positive cone of K0(T0) is not the usual
one on Z⊕ Z (cf. 2.3).

2.3. When the stable rank of a C∗-algebra A is not one, there may be too
much information lost in K∗(A). Hence, we should also consider V (A), the
Murray -von Neumann equivalence classes of projections in matrices over A.
Note that V (A) is a commutative semigroup.

It is well known and easy to check that if p ∈ T1 \K is a projection, then p
is equivalent to 1. From this and the fact that V (C(S1)) = Z+, one computes
that

V (T1) = Z+ tN,

where the addition in Z+ and N are the usual ones. And if x ∈ Z+, y ∈ N,
then x+ y = y.

For k > 1, let Sk be the isometry in Tk such that 1− SkS∗k is a projection
in K with rank k. Then the C∗-subalgebra B generated by Sk is isomorphic
to T1. Note also that the index of every isometry in Tk which is essentially
unitary is of multiple k. It is then routinely checked that V (Tk) may be
identified with

Z+ tN⊕ Z/kZ



94 HUAXIN LIN AND HONGBING SU

with the addition defined as follows. Addtions are the usual ones in Z+ and
N⊕Z/kZ. If z ∈ Z+ and y ∈ N⊕Z/kZ, then z + y = y + z̄, where z̄ is the
class containing z in Z/kZ.

When k = 0, one computes that

V (T0) = {(m,n) : m ∈ Z, n ∈ Z+, if n = 0,m ≥ 0}
with addition defined in Z⊕ Z.

We denote V (Tk) by Fk. Let I(Fk) = Z+ if k 6= 0 , and I(F0) = {(m, 0) :
m ∈ Z+}.

We note that if p and q are two projections in Mn(Tk) such that [p] = [q]
in V (Tk) then there exists an isometry, or a coisometry W ∈ Mn(Tk) such
that WpW ∗ = q and W ∗qW = p.

If V is a semigroup, we will denote G(V ) the Grothendieck group of V.
Let jk : Fk → G(Fk) be the natural map from Fk into G(Fk). In the case
that k = 0, F0 is a subsemigroup of Z ⊕ Z. So j0 is injective. For k > 0,
ker jk = kZ+. In both cases, G(Fk) = K0(Tk). Note that ker jk ⊂ I(Fk).
Denote Q(Fk) = Fk/I(Fk) = jk(Fk)/G(jk(I(Fk))) ∼= Z+. Let η : Fk → Fm
be a homomorphism of abelian semigroups, i.e., η preserves the additions of
the semigroups. A direct computation shows that η maps kerjk into ker jm.
It follows that η gives a group homomorphism from G(Fk) into G(Fm). If V
is a direct sum of Fki , i = 1, 2, ..., n, Q(V ) is the direct sum of Q(Fki), i =
1, 2, ..., n.

Lemma 2.4. Let V1 be a direct sum of Fki i = 1, 2, ..., n, let V2 be a direct
sum of Fk′

j
, j = 1, 2, .., l and let η : V1 → V2 be a homomorphism from

semigroup V1 into the semigroup V2. Then
(a) η maps I(V1) into I(V2),
(b) η induces a quotient map η̄ : Q(V1)→ Q(V2),
(c) if η̄ = 0, ηI(V1) = 0,
(d) if V1 = Fk and either η|I(Fk) or η̄ is not injective, then η|I(Fk) = 0,
(e) if V1 = F0, V2 = F0 and η is not injective, then η|I(F0) = 0, and
(f) if V1 = Fk with k > 0 and V2 = F0 then η|I(Fk) = 0.

Proof. It is obvious that (b) follows from (a). For (a), it is clear that we only
need to show that a homomorphism η : Fk → Fm maps I(Fk) into I(Fm).

Case (1): k = 0 and m = 0.
Since ker j0 = 0, the homomorphism η can be extended to a group ho-

momorphism from G(F0) into G(F0). We still use η for the extension. Note
G(F0) = Z ⊕ Z. Suppose that η((1, 0)) = (l1, l2) with l2 > 0. Suppose
also that η((0, 1)) = (l′1, l

′
2) with l′2 nonnegative. Then, for any n > 0
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η((−n, 1)) = (l′1 − nl1, l′2 − nl2). If n is large enough, l′2 − nl2 < 0. But since
(−n, 1) ∈ F0, η((−n, 1)) should be in F0. This is impossible. Therefore,
l2 = 0. Thus η maps I(F0) into I(F0).

Case (2): k = 0 and m > 0.
The map jm◦η extends to a group homomorphism η̃ : G(F0)→ G(Fm) (=

Z⊕ Z/mZ). Suppose that

η̃((1, 0)) = x⊕ ȳ and η̃((0, 1)) = x1 ⊕ ȳ1.

Then

η̃((−n, 1)) = (−nx+ x1)⊕ (−nȳ + ȳ1).

Since η̃ must map F0 into jm(Fm), x has to be zero. Since jm(I(Fm)) =
Z/mZ and since ker jm ⊂ I(Fm), this implies that η maps I(F0) into I(Fm).

Case (3): k > 0.
Since η maps ker jk into kerjm, the map η gives a group homomorphism

η̃ : G(Fk)→ G(Fm). Since jk(I(Fk)) is torsion, so is η̃(jk(I(Fk))). Therefore
η maps I(Fk) into I(Fm).

Now for (c), η̄ = 0, implies that η maps Fk into Z+. If k > 0, η maps
kerjk into zero, since k + (1, 0) = (1, 0) in Fk and since the map from Z+

into G(Z+) (= Z) is injective. So η maps kZ+ into zero. The map η induces
a group homomorphism which maps Z ⊕ Z/kZ into Z. Therefore it must
map the torsion part to zero. This implies that η maps I(V1) into zero. If
k = 0, let us assume that η((1, 0)) = l > 0 and η((0, 1)) = l′ ≥ 0. Let us use
η for the extension from Z⊕ Z into Z. Then η((−n, 1)) = −nl + l′ which is
negative if n is large enough. But this is impossible. Therefore η((1, 0)) = 0.
Thus η maps I(V1) into zero.

For (f), by (a), we may write η(x) = k and η(y) = (n, z), where x ∈
I(Fk), k ∈ I(F0), y ∈ N and z 6= 0. So η(x) + η(y) = (k + n, z) ∈ F0.
Let η̃ : G(Fk) → G(F0) be the group homomorphism induced by η. Then
η̃(x̄) = 0, if x̄ ∈ Z/kZ. Since η and η̃ agree on N⊕ Z/kZ, η(x̄+ y) = η(y).
So we have η(x+y) = η(x̄+y) = η(y) = (n, z). Therefore k = 0. This means
that η|I(F0) = 0.

To prove (d), we may assume that V2 = Fm. It follows from (a) that η|I(Fk)

is either injective or zero, since I(Fk) ∼= I(Fm) ∼= Z+. Suppose that η̄ is not
injective. But Q(Fk) ∼= Z+ and Q(Fm) ∼= Z+ and η̄ has to be zero if it is not
injective. It follows from (c) that η|I(Fk) = 0.

To prove (e), we assume that η|I(F0) 6= 0. Let η̃ : G(F0) → G(F0) be
the group homomorphism induced by η. Then η̃ has to be injective. Conse-
quencely, η has to be injective.
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Lemma 2.5. Let V = lim→ (Vn, φn,n+1), where each Vn is a finite direct sum
of F ′kis. Then there is n > 0 such that φn,∞ is injective on φ1,n(V1).

Proof. It is enough to prove the case that V1 = Fk.
We first assume that k > 0. It is clear that there are only finitely many

possible homomorphic images of Fk, namely, 0, Fk, Fm (where m|k) or Z+.
There is an integer n such that the image of φ1,n(Fk) equals to φ1,∞(Fk). If
φ1,∞(Fk) = 0, or = Z+, it is clear that φn,∞ on φ1,n(Fk) is injective. Since
there are only finitely many images, it is enough to show that any surjective
homomorphism η from Fk (or Fm ) onto Fk (or Fm) is injective. By (d) of
2.4, both η|I(Fk) and η̄ are injective. This immediately implies that η maps
I(Fk) onto I(Fk) and η(N)∩ I(Fk) = {0}. Therefore η maps N⊕Z/kZ onto
itself. Since the only surjective homomorphism from Z ⊕ Z/kZ onto itself
is injective, we conlude that η has to be injective. This proves the case for
k > 0.

Now we consider the case that k = 0. There is an integer n1 > 0 such that
the image of φ1,n1(F0) equals to φ1,∞(F0). If φn1,∞ is injective on φ1,n1(F0),
then we are done. So we assume that it is not injective. Without loss of
generality, we may assume that φn1,n2 on φ1,n1(F0) is not injective. Therefore,
φ1,n2 is not injective. Let Vn2 = B1⊕B2⊕· · ·⊕Bm and pi : Vn2 → Bi be the
projection, where each Bi ∼= Fki . We may assume that B1, B2, ..., Bj ∼= F0,
and Bj+k ∼= Frk for some rk > 0, k = 1, 2, ...,m − j. Then every pi ◦ φ1,n2

is not injective. By (e) of 2.4, pi ◦ φ1,n2(F0) = 0, or Z+. Therefore, there is
n3 > 0 such that φn2,∞ is injective on φn2,n3 ◦ pi ◦ φ1,n2(F0) for i = 1, 2, ..., j.
From the case that k > 0, we conclude that there is also an integer n4 > 0
such that φn4,∞ is injective on each φn2,n4(Bj+k). Therefore, there is a large
n > 0 such that φn,∞ is injective on φ1,n(F0).

2.6. Let E1 and E2 be two finite direct sums of matrix algebras over T -
algebras. Suppose that E1 = ⊕L1

j=1Mlj (Tkj ) and E2 = ⊕L2
j=1Mmj (Trj ). Each

Ei is an essential extension

0→ I(Ei)→ Ei → Q(Ei)→ 0,

where I(E1) = ⊕L1
j=1Mlj (K), I(E2) = ⊕L2

j=1Mmj (K), Q(E1) =
⊕L1
j=1Mlj (C(S1)), and Q(E2) = ⊕L2

j=1Mmj (C(S1)). If φ : E1 → E2 is a homo-
morphism, then φ maps I(E1) into I(E2). This happens because Mm(C(S1))
can not contain any copy of K. Thus we have the following commutative di-
agram:

0→ I(E1)→ E1 → Q(E1)→ 0
↓ φ ↓ φ ↓ φ̄

0→ I(E2)→ E2 → Q(E2)→ 0
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where φ̄ : Q(E1)→ Q(E2) is the (unique) induced map.
One also has

0→ V (I(Ei))→ V (Ei)→ V (Q(Ei))→ 0.

The six-term exact sequence of the K-groups of this extension has the form

0→ K1(Ei)→ K1(Q(Ei))→ K0(I(Ei))→ K0(Ei)→ K0(Q(Ei))→ 0.

We will denote this exact sequence by K(Ei). The index map from
K1(Q(Ei)) to K0(I(Ei)) will be denoted by δi. By a map from K(E1) to
K(E2) we mean five group homomorphisms α = {αi}5i=1 such that the fol-
lowing diagram commutes

0→ K1(E1)→ K1(Q(E1))→ K0(I(E1))→ K0(E1)→ K0(Q(E1)) → 0
↓ α1 ↓ α2 ↓ α3 ↓ α4 ↓ α5

0→ K1(E2)→ K1(Q(E2))→ K0(I(E2))→ K0(E2)→ K0(Q(E2))→ 0.

Definition 2.7. Recall that an element s in a C∗-algebra is called hy-
ponormal if s∗s ≥ ss∗. For a unital C∗-algebra A, let Sn(A) be the set of
all nonzero hyponormal partial isometries in Mn(A) and S(A) = ∪∞n=1Sn(A)
(Sn(A) → Sn+1(A) is defined by s → diag(s, 1)). Let S(A)0 be the set of
(nonzero) hyponormal partial isometries which is homotopic to a projection.
We denote by k(A)+ = S(A)/S(A)0. For two hyponormal partial isometries
v1 and v2 in Mn(A), [v1] = [v2] in k(A)+ if and only if (1− v∗1v1 + v1) + 1m
is homotopic to (1 − v∗2v2 + v2) + 1m in Sm+n(A), where 1m is the identity
in Mm(A). By defining the usual orthogonal addition, k(A)+ becomes an
abelian semigroup. There is a natural embedding em : K1(A) → k(A)+.
When A has cancellation, K1(A) = k(A)+. We think that k(A)+ may be
useful for C∗-algebra with stable rank other than one.

It is easy to see that k(T0)+
∼= K1(T0). One can also verify that

k(Mm(Tk))+
∼= Z+, if k > 0. Let π : Mm(Tk) → Mm(C(S1)) be the quo-

tient map. Then π induces a map from k(Mm(Tk))+ to k(Mm(C(S1)))+
∼=

k(C(S1))+. Clearly, this is an injection. Since k(C(S1))+
∼= K1(C(S1)),

there is an injective homomorphism ∆ : k(Tk)+ → K1(C(S1)). Note also
that K1(Mm(Tk)) = {0}, if k > 0.

2.8. Associate to each C∗-algebra A a semigroup

V̄ (A) = {([u∗u], [u]) : u ∈ S(A) and [u] ∈ k(A)+},

where [u∗u] is in V (A). Let d : k(A)+ → V (A) be defined by d([u]) =
[u∗u − uu∗]. Let {ut} be a path of hyponormal partial isometries. Then
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{u∗tut − utu∗t} is a path of projections. Thus d is a well defined semigroup
homomorphism.

If E is a finite direct sum of matrix algebras over T -algebras, then d =
−δ ◦∆, where δ : K1(Q(E))→ K0(I(E)) is the usual index map.
Definition 2.9. We write the triples

V∗(A) = {([u∗u], [u], d([u])) : u ∈ S(A) and [u] ∈ k(A)+}.
Let A and B be two C∗-algebras. Suppose that V∗(A) and V∗(B) are two
such triples, then a homomorphism η : V∗(A)→ V∗(B) is a homomorphisms
α : V̄ (A)→ V̄ (B) for which

V (A) d← k(A)+

↓ α|V ↓ α|k
V (B) d← k(B)+

commutes.
If φ : A → B is a homomorphism, then φ induces not only a homomor-

phism from V̄ (A) into V̄ (B) but also a homomorphism φ∗ : V∗(A)→ V∗(B).
We will use the notation Fk∗ for V∗(Tk).

Let E be a finite direct sum of matrix algebras over T -algebras. It is
important to note that the image of d is contained in I(V (E)) ⊂ V (E).

A fact that we will use later is that any homomorphism from V∗(T0) into
V∗(Tk) with k > 0 maps the second variable to zero. This is clear, since the
only homomorphism from the semigroup Z into the semigroup Z+ is zero.

2.10. Suppose that there is a homomorphism η : V∗(E1) → V∗(E2) where
each Ei is a finite direct sum of matrix algebras over T -algebras. It follows
from 2.6 that η induces the following commutative diagram:

0 −→ V (I(E1)) −→ V (E1) −→ V (Q(E1)) −→ 0
↓ α3 ↓ α4 ↓ α5

0 −→ V (I(E2)) −→ V (E2) −→ V (Q(E2)) −→ 0.

This in turn gives uniquely the following commutative diagram:

K0(I(E1)) −→ K0(E1) −→ K0(Q(E1)) −→ 0
↓ α3 ↓ α4 ↓ α5

K0(I(E2)) −→ K0(E2) −→ K0(Q(E2)) −→ 0.

Furthermore, we have the following commutative diagram:

0 −→ V̄ (I(E1)) −→ V̄ (E1) −→ V̄ (Q(E1))
↓ α3 ↓ α4 ↓ α5

0 −→ V̄ (I(E2)) −→ V̄ (E2) −→ V̄ (Q(E2)).
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The map η also gives a homomorphism from k(E1)+ into k(E2)+ which, in
turn, gives a homomorphism

α2 : K1(Q(E1))→ K1(Q(E2)).

Define α1 = em−1 ◦ η|em(K1(E1)) ◦ em : K1(E1) → K1(E2) (note that em
is injective). Note that image of d lies in I(V (Ei)) = V (I(Ei)). From the
commutative diagram

V (I(E1)) d← k(E1)+

↓ η|V ↓ η|k
V (I(E2)) d← k(E2)+

and using the map ∆i and the natural embedding from V (I(Ei)) intoK0(Ei),
we obtain the following commutative diagram:

0→ K1(E1)→ K1(Q(E1))→ K0(I(E1))→ K0(E1)→ K0(Q(E1)) → 0
↓ α1 ↓ α2 ↓ α3 ↓ α4 ↓ α5

0→ K1(E2)→ K1(Q(E2))→ K0(I(E2))→ K0(E2)→ K0(Q(E2))→ 0.

Set α = {αi}5i=1. Then α is a a homomorphism α : K(E1) → K(E2) which
is uniquely determined by η.

Let E be a finite direct sum of matrix algebras over T -algebras. We denote
by Γ a subset of K0(Q(E))⊕K1(Q(E)), as follows:

Γ = {([u∗u], [u]) : u is a normal partial isometry ∈ Q(E)}
= {(x, y) : x ∈ V (Q(E)), y ∈ K1(Q(E)), if x = 0, y = 0}.

Denote by K∗(Q(E)) the graded group K0(Q(E))⊕K1(Q(E)) with the par-
tial order generated by Γ. It is clear that a homomorphism α : V∗(E1) →
V∗(E2) also induces a homomorphism α5 ⊕ α2 : K∗(Q(E1)) → K∗(Q(E2))
(which preserves the order).

From the above we have the following:

Corollary 2.11. Let E1 and E2 be as in 2.10. Suppose that α is a homo-
morphism from V∗(E1) to V∗(E2). Then α induces
(i) uniquely two homomorphisms γ and β such that the following diagram

commutes

0 −→ V (I(E1)) −→ V (E1) −→ V (Q(E1)) −→ 0
↓ γ ↓ α ↓ β

0 −→ V (I(E2)) −→ V (E2) −→ V (Q(E2)) −→ 0,

(ii) uniquely a map {αi}5i=1, from K(E1) to K(E2), and
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(iii) the map α5 ⊕ α2 from K∗(Q(E1)) to K∗(Q(E2)) preserves the order.

Lemma 2.12. Let E1 and E2 be two finite direct sums of matrix algebras
over T -algebras such that there is no summand in the sums which is isomor-
phic to a matrix algebra over T0. Then a homomorphism α : V (E1)→ V (E2)
extends to a unique homomorphism σ : V∗(E1)→ V∗(E2). Furthermore, the
conclusion of 2.11 holds.

Proof. It follows from the definition that d maps k(Tk)+ injectively onto
ker jk, where k > 0 and jk is the natural map from Fk into G(Fk). We also
know that homomorphism from Fk into Fr (with r > 0) maps ker jk into
ker jr.

Definition 2.13. Let V (i)
∗ = lim→ (V (i)

n∗ , η
(i)
n,n+1), where V (i)

n∗ is a finite direct

sum of Frj∗, and where η
(i)
n,n+1 is a homomorphism from V (i)

n∗ into V
(i)
n+1∗,

i = 1, 2. Suppose that V (i)
n is the first variable, k(i)

n is the second variable and
d(i)
n is the third variable of V (i)

n∗ , respectively, for i = 1, 2. Let V (i) = lim→ V (i)
n ,

k = lim→ k(i)
n , d

(i) = lim→ d(i)
n and V̄ (i) = lim→ (V̄ (i)

n , η
(i)
n,n+1). A homomorphism

φ : V (1)
∗ → V (2)

∗ is a homomorphism α : V̄ (1) → V̄ (2) for which

V (1) d(1)← k(1)

↓ α|V (1) ↓ α|k(A)+

V (2) d(2)← k(2)

is commutative.

Let E = lim→ (Ei, φi,i+1) be a direct limit of finite direct sums of matrix
algebras over T -algebras and let I(E) = lim→ (I(Ei), φi,i+1). Then I(E) is an
ideal of E. Set Q(E) = E/I(E). Then it is clear that Q(E) =
lim→ (Q(Ei), φ̄i,i+1), where φ̄i,i+1 is the map induced by φ (see 2.6).

Lemma 2.14. Let E = lim→ (Ei, φi,i+1) and E′ = lim→ (E′i, ψi,i+1) be two
inductive limit C∗-algebras where each Ei or each E′i is a finite direct sum
of matrix algebras over T -algebras. Suppose that each connecting map in
the two inductive limit systems satisfies the following condition: any par-
tial map from Mn(T0) to another algebra vanishes on Mn(K). Let α be a
homomorphism from V∗(E) to V∗(E′). Then α induces
(i) uniquely two homomorphisms γ and β such that the following diagram

commutes

0 −→ V (I(E)) −→ V (E) −→ V (Q(E)) −→ 0
↓ γ ↓ α ↓ β

0 −→ V (I(E′)) −→ V (E′) −→ V (Q(E′)) −→ 0,
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(ii) α induces uniquely a map {αi}5i=1 from K(E) to K(E′).
Furthermore, α5 ⊕ α2 from K∗(Q(E)) to K∗(Q(E′)) preserves the order.

In particular, if α is an isomorphism, all the maps induced by α are isomor-
phisms.

Proof. Let V∗(E) = lim→ (V∗(En), ηn,n+1) and V∗(E′) = lim→ (V∗(E′n), η′n,n+1).

There exists n′1 > 1 such that α(η1,∞(V̄ (E1))) ⊂ ηn′1,∞(V̄ (E′n′1)). To see this,
it is enough to assume that E1 = Mn(Tk). If k > 0, V̄ (E1) is finitely gener-
ated. If k = 0, although V̄ (E1) is not finitely generated, the connecting map
V̄ (E1)→ V̄ (E2) vanishes on V̄ (I(E1)). The image in V̄ (E2) is generated by
a single element. In both cases, the inclusion follows. There is n′′1 such that
ηn′′1 ,m maps ηn′′1 ,n′1(V (E′n′1)) injectively into V (Em) for any m > n′′1 . This is
possible because of 2.5. Choose n1 = n′′1 + 1. Let h be the inverse of η′n1,∞
on η′n1,∞(ηn′1,n1(V̄ (E′n′1))). Define

α(1) = η′n′1,n1
◦ h ◦ α ◦ η1,∞.

Then the following diagram commutes:

V̄ (E1) −→ V̄ (E)
↓ α(1) ↓ α
V̄ (E′n1

) −→ V̄ (E′).

Since k(E1)+ is finitely generated, we can choose α(1) so that the following
diagram commutes:

V∗(E1) −→ V∗(E)
↓ α(1) ↓ α
V∗(E′n1

) −→ V∗(E′).

As above, there is n′2 such that

V̄ (E1) −→ V̄ (V2) −→ V̄ (E)
↓ ↓ ↓

V̄ (E′n1
) −→ ηn′2,∞(V̄ (E′n2

)) −→ V̄ (E′)

commutes. The above argument actually says that one has the following
commutative diagram

V̄ (E1) −→ V̄ (E2) −→ V̄ (E)
↓ ↓ ↓

V̄ (E′n1
) −→ ηn′2,∞(V̄ (E′n′2))→ V̄ (E′n2

)→ V̄ (E′).

This will give the following commutative diagram:
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V̄ (E1) −→ V̄ (E2) −→ V̄ (E)
↓ α(1) ↓ α(2) ↓ α
V̄ (E′n1

) −→ V̄ (E′n2
) −→ V̄ (E′).

The above argument further gives us the following diagram:

V∗(E1) −→ V∗(E2) −→ V∗(E)
↓ α(1) ↓ α(2) ↓ α
V∗(E′n1

) −→ V∗(E′n2
) −→ V∗(E′).

Continuing this way, we have a commutative diagram:

V∗(E1) −→ V∗(E2) −→ · · · −→ V∗(E)
↓ α(1) ↓ α(2) ↓ α
V∗(E′n1

) −→ V∗(E′n2
) −→ · · · −→ V∗(E′)

where each map is homomorphism. We will call this diagram (1).
If α is an isomorphism, by the similar argument as above, by choosing m2

first (after choosing n1), then choosing n2, one has the following commutative
diagram:

V∗(E1) −→ V∗(Em2) −→ · · · −→ V∗(E)
↓ α(1) ↗ α(1)′ ↓ α(2) ↗ α(2)′ α ↓↑ β
V∗(E′n1

) −→ V∗(E′n2
) −→ · · · −→ V∗(E′).

We will call this diagram (2).
By passing to a subsequence and changing the notation, we may assume

that nk = k and mk = k in both diagram (1) and diagram (2).
For each k, diagram (1) gives the following commutative diagram:

0 −→ V (I(Ek)) −→ V (Ek) −→ V (Q(Ek)) −→ 0
↓ γ(k) ↓ α(k) ↓ β(k)

0 → V (I(E′k)) −→ V (E′k) −→ V (Q(E′k)) −→ 0.

It also gives commutative diagrams

V (I(E1)) −→ V (I(E2)) −→ V (I(E))
↓ ↓ ↓

V (I(E′1)) −→ V (I(E′2)) −→ V (I(E′))

and
V (Q(E1)) −→ V (Q(E2)) −→ V (Q(E))
↓ ↓ ↓

V (Q(E′1)) −→ V (Q(E′2)) −→ V (Q(E′)).
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Combining these commutative diagrams, we obtain the following commu-
tative diagram

0 −→ V (I(E)) −→ V (E) −→ V (Q(E)) −→ 0
↓ γ ↓ α ↓ β

0 → V (I(E′)) −→ V (E′) −→ V (Q(E′)) −→ 0.

Furthermore, if α is an isomorphism, then diagram (2) ensures that α, β and
γ are invertible.

By 2.11 and diagram (1), we obtain the following commutative diagram

K(E1) −→K(E2) −→ · · · −→ K(E)
↓ ↓

K(E′1) −→K(E′2) −→ · · · −→K(E′)

which will induces a map from K(H) to K(E′). It is clear that

K∗(Q(E)) = lim→ K∗(Q(En)) and K∗(Q(E′)) = lim→ K∗(En).

Thus we also have that α5 ⊕ α2 preserves the order.
If α is a isomorphism, from diagram (2), we have

K(E1) −→K(E2) −→ · · · −→ K(E)
↓ ↗ ↓ ↗

K(E′1) −→K(E′2) −→ · · · −→K(E′).

This gives an isomorphism from K(E) onto K(E′). In particular, αi is iso-
morphism, i = 1, 2, ..., 5.

Corollary 2.15. Let E and E′ be as in Lemma 2.13 with additional as-
sumption that no T0 ever appears in Ei and E′i. Let α be a homomorphism
from V (E) into V (E′). Then all conclusions in Lemma 2.13 hold.

3. Existence.

In this section, we first prove an existence Theorem (3.1). Then we show
another type of existence Theorem (3.7), which says that given any possible
invariant V∗, there is an inductive limit A of finite direct sums of matrix
algebras over T -algebras of real rank zero such that V∗(A) = V∗. We also
show that every real rank zero AT algebra is an inductive limit of finite
direct sums of matrix algebras over T -algebras, i.e., an AT -algebra.

If φ : A→ B is a homomorphism from C∗-algebra A into C∗-algebra B,
we will use the notation φ∗0 and φ∗1 for the maps from K0(A) into K0(B)
and from K1(A) into K1(B), respectively.
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Theorem 3.1. Let E1 and E2 be two finite direct sums of matrix algebras
over T -algebras. Suppose that there is a homomorphism α from V∗(E1) into
V∗(E2) which maps [1E1 ] into [P ] for some projection P in E2. Then
(i) α induces two homomorphisms γ and β such that the following diagram

commutes:

0 −→ V̄ (I(E1)) −→ V̄ (E1) −→ V̄ (Q(E1)) −→ 0
↓ γ ↓ α ↓ β

0 −→ V̄ (I(E2)) −→ V̄ (E2) −→ V̄ (Q(E2)) −→ 0

(ii) α induces a map, consisting of five group homomorphisms {αi}5i=1,
from K(E1) to K(E2).

Suppose further that ψ is a ∗-homomorphism from Q(E1) to Q(E2) with
ψ∗0 = α5 and ψ∗1 = α2 which satisfies the following condition: if Mm(T0) is
a summand of E1 and Mm′(Tk) is a summand of E2 and the partial map of γ
from I(F0) into I(Fk) is not zero, then the partial map of ψ from Q(Mm(T0))
to Q(Mm′(Tk)) is injective. Then there exists a homomorphism φ from E1

to E2 such that φ induces α, φ(1E1) = P and such that π2 ◦φ = ψ ◦π1, where
πi is the quotient map from Ei to Q(Ei).

Proof. First, we note from Corollary 2.11 that the commuting diagrams in
the theorem comes automatically from map α. Also if φ is a homomorphism
from E1 into E2 such that φ induces α from V∗(E1) to V∗(E2) and such that
π2 ◦ φ = ψ ◦ π1, then φ induces ψ. Clearly, we may assume that E2 has only
one summand, say Mm(Tr).

Write E1 = ⊕kj=1E
(j)
1 where E(j)

1 = Mnj (Tkj ) and let 1nj be the unit of
E

(j)
1 . Associated with each E

(j)
1 we have an extension

0→ I(E(j)
1 )→ E

(j)
1 → Q(E(j)

1 )→ 0.

Write ψ = ⊕ki=1ψi where each ψi is a homomorphism from Mni(C(S1)) into
Mm(S1). There exists a unitary V ∈ Mm(C(S1)) such that AdV ◦ ψ =
diag(ψ1, · · · , ψk). Let W = diag(W1, · · · ,Wk) be a unitary in Mm(C(S1)).
Then Ad(WV ) ◦ψ still has diagonal form. We can choose W such that WV
can be lifted to a unitary in E2. So we may assume that ψ already is of
diagonal form:

ψ = diag(ψ1, · · · , ψk).
Let ei = diag(0, · · · , ψi(1ni), 0, · · · , 0). If [ei] = mi, then m ≥ m1 + m2 +
· · ·+mk. Notice that eiMm(C(S1))ei ∼= Mmi(C(S1)). We note that some of
ψj may be zero. This means that the corresponding mj = 0.

Since α(
∑k
i=1[1ni ]) = [P ], there are mutually orthogonal projections d1,

d2, ..., dk in PMm(Tr)P such that P =
∑k
i=1 di, α([1nj ]) = [dj] and π2(dj) =
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ψ(1nj ). Note that

π(di)Mm(C(S1))π(di) ∼= Mmi(C(S1)),

if di is not in Mm(K). Let ψj = ψ|
Q(E

(j)
1 )
. It is enough to show that, for each

j, there exists a unital homomorphism φj : E(j)
1 → djMm(Tr)dj such that

π2 ◦ φj = ψj ◦ π1 and the homomorphism from V (E(j)
1 ) into V (E2) induced

by φj agrees with α|
V (E

(j)
1 )
.

We first consider the case that dj ∈ Mm(K). Let [dj] = bj ∈ Z+ \ {0}
(if bj = 0, we define φj = 0). So diMm(K)di ∼= Mbi . Since α preserves
the addition, ni divides bi. Let Φ be the quotient map from Mnj (Tkj ) onto
Mnj . Since ni divides bi, there is a unital homomorphism Ψ from Mnj into
djM(K)dj. We define φj = Ψ ◦ Φ. It is worthy of pointing out that, in this
case, φj vanishes on I(E(j)

1 ) and ψj = 0.
Now the homomorphism φj maps E(j)

1 to djE2dj and sends the identity
to dj. Furthermore, φj induces a map from V (E(j)

1 ) to V (E2) which agrees
α on V (E(j)

1 ).
Let us now assume that dj is not in Mm(K). Let {eil} be a matrix unit for

Mnj (C) which is in Mnj (Tkj ). Let ψj(π(eil)) = q̄il. Then q̄il is a matrix unit
(for Mnj ). There is a matrix unit {q′il} ∈ djMm(Tk)dj such that π(q′il) =
q̄il (see [Eff]). Note α([eii]) = α([e11]), [q′ii] = [q′11] in V (djMm(Tk)dj)
and α5([e11]) = [q̄′11]. There is a projection q′ ∈ djMm(Tk)dj such that
α([e11]) = [q′] in V (djMm(Tk)dj). Then either [q′]− [q′11], or [q′11]− [q′] is in
I(V (djMm(Tk)dj)) ∼= Z+. Since

∑nj
i=1 α([eii]) = [dj], the second case will not

happen. Let d′j = dj−∑nj
i=1 q

′
ii. Then [d′j] = nj[q′]−nj[q′11] = nj([q′]−[q′11]) ≥

0. If [q′]− [q′11] 6= 0, there are mutually orthogonal and mutually equivalent
projections ai in d′jMm(K)d′j such that [ai] = [q′] − [q′11] and

∑nj
i=1 ai = d′j.

There is a matrix unit {ail} ⊂ d′jMm(K)d′j such that aii = ai, i = 1, 2, ..., nj.
Let qil = q′il + ail. Then π(qil) = q̄il and α([eii]) = [qii].

Let g : Mnj (C)→ djMm(Tr)dj be the monomorphism which maps eil into
qil. Let ḡ = π2 ◦ g. Then we can write

ψj = ḡ ⊗ ψ̃j,

where ψ̃j is a unital homomorphism from C(S1) into
π2(q11)Q(Mm(Tr))π2(q11) ∼= Mt(C(S1)) and t = mj/nj. It is enough to show
that there exists a homomorphism φ̃j :e11Mnj (Tkj )e11→g(e11)Mm(Tr)g(e11)
such that π2 ◦ φ̃j(Skj ) = ψj(z) where z is the canonical generator of C(S1)
and where Skj is the canonical isometry of Tkj and such that the map from
V∗(e11Mnj (Tkj )e11) into V∗(g(e11)Mm(Tr)g(e11)) agrees with the restriction
of α. Note that π1(e11Mnj (Tkj )e11) ∼= C(S1).
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Case (1): r = 0.
First, consider the case kj = 0. Note that e11Mnj (T0)e11

∼= T0.
Since r = 0, every normal partial isometry in Mm(C(S1)) lifts to a

normal partial isometry in Mm(T0). In particular, ψj(z) lifts to a unitary
W ∈ g(e11)Mm(Tr)g(e11). Let A be the C∗-algebra generated by W and
g(e11)Mm(K)g(e11). Then A ∼= T0. Note that W has essential spectrum S1.

Suppose that γ has multiplicity l1 > 0. Embedding A into B(l2) such
that I(A) = I(T0) maps onto K(l2). Let λ1 be an isomorphism from Ml1(B)
onto B(l2). Let λ2 : T0 → Ml1(B(l2)) be an amplification such that λ2(a) =
diag(a, a, ..., a) (there are l1 copies of a). Set φ′ = λ1 ◦ λ2. Then (in B(l2))
both unitaries φ′(S0) and W have the same essential spectrum S1, i.e., spec-
trum of π(φ′(S0)) = ψ(z) = S1. Therefore there is a unitary U ∈ B(l2)
such that U∗φ′(S0)U −W ∈ K(l2). Thus U∗φ′(S0)U ∈ A. We now define
φ̃j(a) = U∗φ′(a)U for a ∈ T0. It is easy to see that φ̃ meets the requirement
in this case.

In the case that γ = 0 (i.e. α3 = 0), let

f : Mt(C(S1))→ g(e11)Mm(Tr)g(e11)

be a monomorphism which splits the short exact sequence:

0→ g(e11)Mm(K)g(e11)→ g(e11)Mm(T0)g(e11)→Mt(C(S1))→ 0.

We define
φ̃j = f ◦ ψj ◦ π.

Clearly φ̃j induces the same map from V∗(e11Mnj (Tkj )e11) into
V∗(g(e11)Mm(Tr)g(e11)) as the restriction of α.

If kj > 0, we also define

φ̃j = f ◦ ψj ◦ π.

To see that φ̃j meets other requirements, we only need to show that α maps
I(Fkj ) into zero. The homomorphism α maps ker jkj into zero, since the
map j0 : F0 → G(F0) is injective. Thus α is not injective. By part (d) of
2.4, α indeed maps I(Fkj ) into zero.

Case (2): r > 0. Note that ψ̃j(z) can be lifted to an isometry W in
g(e11)Mm(Tr)g(e11). From the second diagram, one sees that

α([1− SkjS∗kj ]) = α3([1− SkjS∗kj ]) = [g(e11)−WW ∗].

We first consider the case that α([1 − SkjS∗kj ]) = 0. In this case, we may
assume that W is a unitary.
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Let us first consider the case that kj = 0 and γ does not map I(Fkj ) into
zero. By the assumption on ψ, the essential spectrum of W is the whole
circle. In particular sp(W ) = S1.

Denote by B the C∗-subalgebra generated by W and
g(e11)I(Mnj (Tr))g(e11) ∼= K. Clearly B is a unital essential extension of
C(S1) by K. Therefore B ∼= T0. Suppose that γ(n) = l1n for n ∈ Z+.
From the case that r = 0, we know that there exists a unital homomor-
phism φ̃′j : T0 → B such that φ̃′j induces a map from V∗(T0) into V∗(B)
which has multiplicity l1 on I(F0). Finally, we define φ̃j = j ◦ φ̃′j, where
j : B → g(e11)Mm(Tr)g(e11) is the embedding. It is easily checked that this
φ̃j meets the requirements.

Now we consider the case that γ is trivial on I(Fkj ). This is always the
case if kj > 0. In fact, in this case, the map δ1 is injective, so α3 = 0. So α
is not injective, by part (f) of 2.4, α also maps I(Fkj ) into zero.

We define φ̃j = λ ◦ π1, where λ is a homomorphism from C(S1) into
g(e11)Mm(Tr)g(e11) by sending z into W. Clearly, φ̃j meets the requirements.

Now we consider the case that α([1 − SkjS
∗
kj

]) 6= 0. Note that in this
case it is necessary that kj > 0. Since 1 − SkjS∗kj is the sum of kj mutually
orthogonal and equivalent projections, say q1, · · · , qkj , there are kj mutually
orthogonal and equivalent projections a1, · · · , akj such that α([qi]) = [ai] =
[a1] in V (Mm(Tr)) and

kj∑
i=1

ai = g(e11)−WW ∗.

We now define φ̃j from e11Mkj (Tkj )e11
∼= Tkj to g(e11)Mm(Tr)g(e11) by send-

ing Skj to W and by sending (1 − SkjS∗kj )I(Tkj )(1 − SkjS∗kj ) into (g(e11) −
WW ∗)Mm(K)(g(e11) − WW ∗) By 2.1, this is in fact a homomorphism.
From our construction, it is clear that such defined φ̃j induces a map from
V∗(e11Mm(Tkj )e11) into V∗(Mm(Tr)) which agrees with the restriction of
α.

Remark 3.2. We would like to remark that the condition for ψ in the
Theorem 3.1 is necessary. If φ : Mm(T0)→Mm′(Tk) is a homomorphism and
kerφ ∩ I(Mm(T0)) = 0, then kerφ = 0, since I(Mm(T0)) is an essential ideal
of Mm(T0). So φ is injective. To see that the induced map from Mm(C(S1))
into Mm′(S1) is injective, we let u be the unitary in e11(T0)e11 such that
π(u) = z, where z is the function in e11C(S1)e11

∼= C(S1) which is identity
on S1 and π : Mm(T0) → Mm(C(S1)) is the quotient map. Since φ is
injective, sp(φ(u)) = S1. We want to show that, in fact, sp(π1(φ(u))) = S1,
where π1 : Mm′(Tk) → Mm′(C(S1)) is the quotient map. Suppose that



108 HUAXIN LIN AND HONGBING SU

sp(φ(u)) = F. If F 6= S1, then, since F is compact, S1 \ F contains an arc,
say C. Suppose that C0 ∈ C is a sub-arc of C. Let f ∈ C(S1) such that
f(ξ) = 1, if ξ ∈ C0, f(ξ) = 0, if ξ ∈ F and f is linear otherwise. Let
a = φ(u)φ(f(u)). Then C0 ⊂ sp(a). However, a ∈ I(Mm′(Tk)) (∼= K). So
sp(a) can have only countably many points. A contradiction. Therefore,
S1 \ F does not contain any arc, which implies that F = S1.

3.3. The class of AT -algebras of real rank zero will be denoted by TT . The
subclass TT 1 consists of those C∗-algebras that there are no Mm(T0) appeared
in any summand in the direct limit system. We will call the algebras in these
class TT -algebras and TT 1-algebras, respectively.

If E is a unital AT -algebra then V (E) = lim→ (V (En), φ∗n,n+1) is a direct
limit of finite direct sums of V (En). The homomorphism φ∗n,n+1 maps the
subsemigroup I(V (En)) into I(V (En+1)). Let I(V (E)) be the subsemigroup
lim→ I(V (En)). If we assume that E has real rank zero, then Q(V (E)) is a
positive cone of an unperforated ordered group with Riesz decomposition
property. This follows from the fact that Q(E) is an AT-algebra with real
rank zero and Theorem 8.1 of [Ell2].

Let V = lim→ (Vn, αn,n+1) be a direct limit of finite direct sums of F ′k(n)s.

(G(V ), V ) is an ordered group. By 2.10, there are maps αn,n+1
5 : Q(Vn) →

Q(Vn+1) induced by α. Let V∗ = lim→ (Vn∗, αn,n+1) be a direct limit of finite

direct sums of F ′k(n)∗s. By 2.10, there are also maps αn,n+1
5 from Q(Vn∗) into

Q(Vn+1∗). We will identify V with the semigroup lim→ (Vn, αn,n+1) of V∗.

Lemma. Let E = lim→ (En, φn,n+1) be a direct limit of finite direct sums
of T -algebras of real rank zero. Then, for any k and any summand Ei

k
∼=

Mm(T0) of Ek, there exists an integer N(k) > 0 such that every partial
homomorphism φi,jk,n is either non-injective or the multiplicity of (ψi,jk,n)∗0 is
greater than 1 for all n ≥ N, where ψk,n is the homomorphism from Q(Ei

k)
into Q(Ej

n) induced by φi,jk,n.

Proof. Suppose that the lemma is false. We may assume, by taking a sub-
sequence, that E′ ∼= M ′

m(T0) is a summand of E1 and φ1,jn
1,n is injective and

(ψ1,jn
1,n )∗0 has multiplicity 1 for jn and for each n. Let ψn,n+1 be the homo-

morphism from Q(En) into Q(En+1) induced by φn,n+1. Let p = ψ1,∞(z∗z),
where z is the canonical unitary in e11Mm(C(S1))e11. Then pQ(E)p is an
AT-algebra of real rank zero. Let h = (z + z∗)/2 and x = ψ1,∞(h). Since
pQ(E)p has real rank zero, for any 1/2ε > 0, there is a selfadjoint element
y ∈ pQ(E)p with finite spectrum such that

‖x− y‖ < ε/4.
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Suppose that y =
∑L
l=1 γlel, where γl are real numbers and el are mutually

orthogonal projections in pQ(E)p. Without loss of generality, by taking a
large n, we may assume that el ∈ ψn,∞(ψ1,n(z∗z)Q(En)ψ1,n(z∗z)). We may
also assume, by taking large n, without loss of generality, that

‖ψ1,n(h)− g‖ < ε/2,

where g is selfadjoint element in ψ1,n(z∗z)Q(En)ψ1,n(z∗z) and ψn,∞(g) = y.
Let fl be selfadjoint element in ψ1,n(z∗z)Q(En)ψ1,n(z∗z) such that
ψn,∞(fl) = el. Since

‖ψn,k(fl)2 − ψn,k(fl)‖ → 0,

as k → ∞, by functional calculus, we may further assume that g has finite
spectrum.

Now e = ψ1,jn
1,n (z∗z) commutes with both ψ1,n(h) and g. Since ψ1,n

1,n is injec-
tive and (ψ1,n

1,jn)∗0 has multiplicity 1, eQ(En)e ∼= C(S1). We have ψ1,jn
1,n (h) (=

eψ1,n(h)), ege ∈ eQ(En)e ∼= C(S1), ege has finite spectrum and

‖ψ1,jn
1,n (h)− ege‖ < ε/2.

Since sp(ψ1,jn
1,n (h)) = [−1, 1], and ege has at most 1 point in its spectrum,

the above inequality could not hold.

Proposition 3.4. Let E = lim→ (En, φn,n+1) be an AT -algebra of real rank
zero. Denote by ψn,n+1 the ∗-homomorphism from Q(En) to Q(En+1) in-
duced by φn,n+1. Then there exists a subsequence {n(k)} of integers such
that each partial homomorphism of (φn(k),n(k+1))∗0 is either zero when re-
stricted on any summand I(F0), or the corresponding partial homomorphism
of (ψn(k),n(k+1))∗0 has multiplicity > 2k+1.

Proof. This is an immediate consequence of the proof of Lemma 3.3.

Definition 3.5. Let V = lim→ (Vn, αn,n+1) be a direct limit of finite direct
sums of Fn(k)∗ ’s. We say V satisfies generalized Riesz decomposition property
if (G(Q(V )), Q(V )) is an unperforated ordered group with Riesz decompo-
sition property and there exists a subsequence {n(k)} of integers such that
every partial homomorphism α′n(k),n(k+1) restricted on any summand I(F0)

is either zero or the corresponding partial homomorphism α
n(k),n(k+1)′

5 has
multiplicity > 2k+1, where αn(k),n(k+1)

5 is the homomorphism from Q(Vn(k))
into Q(Vn(k+1)) induced by αn(k),n(k+1).

So we have the following.

Proposition 3.6. If E is an AT -algebra of real rank zero, then V (E)∗ has
the generalized Riesz decomposition property.

Proof. This follows immediately from 3.4 and 3.3 .
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Proposition 3.7.
(A) Let V = lim→ (Vn, αn,n+1), where Vn = ⊕m(n)

i=1 F(n,i) and (G(Q(V )), Q(V ))
has the Riesz decomposition property. Then, for a fixed order unit
q(e) ∈ Q(V ), where e ∈ V, there exists a unital TT1-algebra E =
lim→ (En, φn,n+1) with

V (E) = V, [1] = e.

(B) Let V∗ = lim→ (Vn∗, αn,n+1), where Vn∗ = ⊕m(n)
i=1 F(n,i)∗, has the gen-

eralized Riesz decomposition property. Then, for a fixed order unit
q(e) ∈ Q(V ), where e ∈ V, there exists a unital TT -algebra, E such
that

V∗(E) = V∗, [1] = e.

Proof. We first find an AT-algebra Q(E) of real rank zero which will gives
us the required TT -algebra (or TT1-algebra).

For case (A), let jn : Vn → G(Vn) and j : V → G(V ) be the natural
homomorphism from Vn and V into their Grothendieck groups. It is easy to
see that

ker j = lim→ (ker jn, αn,n+1).

We will denote k(Vn)+ = ker jn and k(V )+ = ker j. We write (Q(Vn) ⊕
k(Vn)+,Γn) for the direct sum of summands Z+ ⊕ kiZ+ with order in each
such summand determinded by the strict order in the first component. Let
αn,n+1

5 : Q(Vn) → Q(Vn+1) be the quotient map induced by αn,n+1 and let
αn,n+1

2 : k(Vn)+ → k(Vn+1)+ be the restriction of αn,n+1. One can extend
αn,n+1

5 to group homomorphisms from G(Q(Vn)) into G(Q(Vn+1)) and from
k(Vn)+ = G(k(Vn))+ into k(Vn+1)+ = G(k(Vn+1))+, respectively. We will
use αn,n+1

5 for the first extension, αn,n+1
2 for the second extension and let

ηn,n+1 = αn,n+1
5 ⊕αn,n+1

2 . Let k(Vn) = G(k(Vn)+) and k(V ) = G(k(V )+) We
then denote

(G(Q(V ))⊕ k(V ),Γ) = lim→ (G(Q(Vn))⊕ k(Vn),Γn, ηn,n+1).

For case (B), let

Q∗(Vn) = {(π(x), y) : (x, y) ∈ Vn∗},

where π : Vn → Q(Vn) is the quotient map. Define ηn,n+1(π(x), y) =
(π(αn,n+1(x)), αn,n+1(y)) (x, y) ∈ Vn∗. Let

k(V )+ = lim→ (k(Vn)+, α
n,n+1).



GENERALIZED TOEPLITZ ALGEBRAS 111

We also note that
Q(V ) = lim→ (Q(Vn), αn,n+1).

Then k(V ) = G(k(V )+) = lim→ G(k(Vn)+) and G(Q(V )) = lim→ G(Q(Vn)).
Define

Γ = lim→ (Q∗(Vn), αn,n+1
5 ⊕ αn,n+1

2 ).

For both case (A) and (B), since Q(G(V )) has Riesz decomposition prop-
erty, the asymptotic condition (ii) in Theorem 7.2 of [Ell2], implies that
(Q(G(V ))⊕ k(V ),Γ) (for both case (A) and (B)) has the asymptotic prop-
erty (ii) in Theorem 8.1 of [Ell2]. Therefore, by Theorem 8.1 of [Ell2],
(G(Q(V ))⊕ k(V ),Γ) (in both cases) has Riesz decomposition property. We
also assume that en ∈ Vn such that αn,n+1(en) = en+1 and the image of en
is e ∈ V.

Now by Lemma 7.2 of [Ell2], by passing to a subsequence if necessary, we
may assume the following.

(1): For every n ∈ N, every summand Z of Q(Vn), and every summand
Z of Q(Vn+1), the partial homomorphism αn,n+1′

5 : Z → Z has multiplicity
m0 ≥ 2n+1 or the corresponding partial homomorphism αn,n+1′

2 is zero.

(2): if αn,n+1′
2 = 0 but αn,n+1′

3 6= 0 the partial homomorphism αn,n+1
5 has

multiplicity m0 > 2n+1.
To see (2), we note that if the corresponding summand is Fr∗ with r > 0,

αn,n+1′
3 6= 0, implies that αn,n+1

2 6= 0, so m0 > 2n+1. If r = 0, then we apply
the second condition of the generalized Riesz decomposition property.

Let
An = ⊕m(n)

i=1 Mk(n,i)(C(S1)),

where each summand Mk(n,i)(C(S1)) corresponds a summand of Q(G(Vn)).
Here m(n) is determines by Q(G(Vn)). For k(n, i), we let k(1, i) = 1 and
k(n, i) defined inductively by homomorphisms αn,n+1 as follows.

Suppose that there are m(n+ 1) copies of Z in Q(G(Vn)) and

q(en+1) = (k(n+ 1, 1), k(n+ 1, 2), ..., k(n+ 1,m(n+ 1))),

where q : G(Vn) → Q(G(Vn)) is the quotient map. Since q(e) is an order
unit, without loss of generality, by passing a subsequence if necessary, we
may assume that k(n+ 1, i) is positive for each i. Set

An+1 = ⊕m(n+1)
i=1 Mk(n+1,i)(C(S1)).

Note that
K0(An) = Q(G(Vn)) and K1(An) = k(V ).
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We define the partial homomorphism

ψ′n,n+1 : Mk(n,i)(C(S1))→Mk(n+1,j)(C(S1))

as follows. If αn,n+1′
2 = 0 and αn,n+1′

3 = 0, define

ψ′n,n+1(f) = diag(f(1), · · · f(1), 0, · · · , 0) ∈Mk(n+1,j)(C(S1))

(there are m0 many f(1)). If αn,n+1′
2 = 0 and αn,n+1

3 6= 0, (in this case,
m0 > 2n+1), define

ψ′n,n+1(f) = diag(f(z), f(1), · · · , f(1), 0, · · · , 0) ∈Mk(n+1,j)(C(S1))

(there are m0 − 1 many f(1)).
If αn,n+1′

2 maps a generator of i th summand of k(Vn) to m1 times a
generator of jth summand of k(Vn+1) and m1 6= 0, then set

ψ′(n,n+1)(f)

= diag(f(zm1−1), f(ω), f(ω2), f(ω3), · · · , f(ωm0), 0, · · · , 0) ∈Mm′(C(S1)),

where ω = exp(2πi/(m0 − 2)). The construction of ψn,n+1 ensures that it
induces the same mapK0(An)⊕K1(An)→ K0(An+1)⊕K1(An+1) as (αn,n+1

5 ⊕
αn,n+1

2 ). Let
A = lim→ (An, ψn,n+1).

Then A is of real rank zero. This is certainly known. We sketch the proof
as follows. Let h be a selfadjoint function in a summand of An. We want
to show that, for any ε > 0, there are m > n and selfadjoint element h′

in Am with finite spectrum such that ‖ψ′n,m(h) − h′‖ < ε for each partial
map ψ′n,m from An into A. Using an ε/16-cover, dividing the spectrum into
finitely many disjoint pieces, write h as a direct sum of selfadjoint elements
and then shift the spectrum, without loss of generality, we may assume that
sp(h) is in [0, ‖h‖] and it is ε/8-dense in [0, ‖h‖]. Take a large m > n,

ψ′n,m(h) = diag(h(zm
′
1−1), h(ω), h(ω2), ..., g(ωm0), 0, ..., 0).

Note that {h(ω), h(ω2), ..., h(ωm0)} is ε/4 dense in [0, ‖h‖], if m is large
enough. One then applies (i) of Lemma 8 in [LR] to obtain the assertion.

Let Mk(n,i)(C(S1)) correspond to a summand Fl(n,i). We will lift Mk(n,i) to
Mk(n,i)(Tl(n,i)). Define E′n = ⊕m(n)

i=1 Mk(n,i)(Tl(n,i)). Then V (E′n)⊕V ′′n = Vn for
case (A) and V∗(E′n)⊕V ′′n∗ = Vn∗ for case (B), where αn,n+1(V ′′n ) ∈ I(Vn+1) in
both cases. There are, for each n, a finite direct sum of T -algebras E′′n such
that V ′′n = V (E′′n) (for case (A)) or V ′′n∗ = V∗(E′′n). Let En = E′n⊕E′′n. We have
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V (En) = Vn, V∗(En) = Vn∗ for case (B), V (I(En)) = I(Vn), K0(Q(En)) =
G(Q((Vn))) and K1(Q(En)) = G(k(Vn)). Remember that αn,n+1 induces
αn,n+1

5 ⊕ αn,n+1
2 .

We now use the second condition in the generalized Riesz decomposition
property to apply 3.1. By 3.1, we obtain the following commutative diagram:

En −→ En+1

↓ ↓
Q(En)

ψn,n+1−→ Q(En+1)
.

Then the direct limit E = lim→ En has V (E) = V, [1] = e, or V∗(E) = V∗ for
case (B). Note An = Q(En). We have

Q(E) = lim→ (An, ψn,n+1).

Since A has real rank zero, it follows from 2.3 of [Zh1] and 2.11 of [Zh2]
that E has real rank zero.

Lemma 3.8. Every AF -algebra is an TT1-algebra. Furthermore, we can
choose En in the direct limit such that each summand is a matrix algebra
over T1.

Proof. Let A be a unital AF -algebra and G be its dimension group. Let
G = lim→ (Gn, ηn), where each Gn is a direct sum of finitely many copies of Z.

Let Vn be the corresponding sum of Z+. Let V (i)
n be a summand (V (i)

n = Z+).
Let R(i)

n = Z+ t V (i)
n . Define x + y = y, if x ∈ Z+, y 6= 0 and y ∈ V (i)

n . Let
V ′n = ⊕R(i)

n .
Now define a map η′n : V ′n → V ′n+1 by defining η′n|R(i)

n
(x) = 0, if x ∈ Z+ and

η′n|R(i)
n

(y) = ηn|V (i)
n

(y). Then V = lim→ (V ′n, η
′
n) = lim→ (Vn, ηn). It follows from

3.7 that there is a TT1-algebra E such that V (E) = V. Since I(V ) = {0},
I(E) = 0. Therefore, E ∼= Q(E). This implies that K0(Q(E)) = G as ordered
group and K1(Q(E)) = {0}. Since Q(E) is an AT-algebra, by Theorem 7.1
of [Ell2], E ∼= Q(E) ∼= A.

Lemma 3.9. Every AT-algebra of real zero is in TT .

Proof. Let A = lim→ (An, ρn,n+1) be an AT-algebra, where

An = ⊕Lnj=1Mkj (C(S1)).

Set

En = ⊕Lnj=1Mkj (T0).
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Let πn : En → An be the quotient map. There is a unital monomorphism
jn : An → En such that jn ◦ πn is the identity map on An. We define
φn,n+1 = jn+1 ◦ρn,n+1 ◦πn. So E = lim→ (En, φn,n+1) is an AT -algebra. Clearly
I(E) = 0 and E ∼= A. So E has real rank zero. Therefore E ∈TT .

3.10. Our invariants for TT are V∗(−). However, we would like briefly de-
scribe the K-theory of TT . If E ∈TT , then K0(E) = G(V (E)) and K1(E) =
G(ker d). The map from ker d into G(ker d) is injective. In particular, if
E ∈TT 1, K1(E) = 0. In general, one may write K0(E) = G0 ⊕ G1, where
G1 can be any countable torsion group that every element in it has finite
order. The order of K0(E) is determined by G0, where G0/K0(I(E)) is any
countable abelian unperforated ordered group with the Riesz decomposition
property. Note that I(E) is a stable AF -algebra.

4. Uniqueness.

In this section, we will prove a so called uniqueness theorem for homomor-
phisms from one matrix algebra over T -algebra to another.

Lemma 4.1 ([Ln5, 2.1]). Every derivable automorphism on a unital sep-
arable C∗-algebra A is approximately inner.

4.2. Denote the function f1((eiθ, eiγ)) = eiθ and f2((eiθ, eiγ)) = eiγ in
C(S1 × S1), respectively. Then C(S1 × S1) is generated by f1 and f2.
Let X be a compact subset of S1 × S1. Then there is a homomorphism
φ : C(S1 × S1) → C(X). We will also use the notation f1 and f2 for φ(f1)
and φ(f2), if there is no confusion. Note that f1 and f2 also generate C(X).
In the rest of this section, f1 and f2 will always mean these functions.

Lemma . Let X be a compact subset of S1 × S1 and let τ : C(X) →
B(H)/K be a unital trivial essential extension of C(X) by K. Suppose that
sp(τ(f2)) = F (⊂ S1). Then there exists a norm continuous path of unitaries
{wt} in B(H)/K such that

w0 = τ(f1), [wt, τ(f2)] = 0,

and the C∗-subalgebra C∗(w1, τ(f2)) is isomorphic to C(S1 × F ).

Proof. Suppose that λ ∈ X. Then there exists a nonzero projection q ∈
B(H)/K such that

τ(f)q = qτ(f) = f(λ)q

for all f ∈ C(X)(see [BDF2]). By taking a subprojection of q if necessary,
we may assume that the map τ ′(f) = τ(f)(1 − q) is still injective. Note
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that f2(λ) = exp(ia) for some nonnegative number a ≤ 2π. Let Q be a
projection in B(H) such that π(Q) = q, where π : B(H) → B(H)/K is the
quotient map. Then τ ′ gives a unital trivial essential extension of C(X) by
(1−Q)K(1−Q).

By the BDF theory (see [BDF1]), there is an abelian AF-algebra B ⊂
(1 − q)(B(H)/K)(1 − q) such that im τ ′ ⊂ B. Therefore there is 0 ≤ h1 ≤
(2π)(1 − q) in B such that τ ′(f1) = exp(ih1)(1 − q). Thus [h1, τ

′(f2)] = 0.
Note also that

h1τ(f2) = h1(1− q)τ(f2) = h1τ
′(f2) = τ ′(f2)h1 = τ(f2)(1− q)h1 = τ(f2)h1.

Let τ0 : C(S1 × F )→ q(B(H)/K)q be a unital trivial essential extension of
C(S1 × F ) by QKQ. Again, there is 0 ≤ h2 ≤ (2π)q in B(H)/K such that

exp(ih2)q = τ0(f1) and [h2, τ0(f2)] = 0.

Set h3 = h1 + h2. Then 0 ≤ h3 ≤ 2π and

[h3, τ
′(f2) + τ0(f2)] = 0.

Note that sp(τ ′(f2)) = F and [τ ′(f) + τ0(f2)] = [τ(f2)] = 0 in K1(B(H)/K).
There is a unitary W ∈ B(H)/K such that

W ∗(τ ′(f2) + τ0(f2))W = τ(f2).

Set h4 = W ∗h3W. Then [h4, τ(f2)] = 0 and the C∗-subalgebra generated by
exp(ih4)(= W ∗(τ ′(f1) + τ0(f1))W ) and τ(f2) is isomorphic to C(S1 × F ).
Now define h′1 = h1 + aq and

wt = exp(i(1− t)h′1 + th4) t ∈ [0, 1].

Note that

w0 = exp(ih′1) = τ ′(f1) + exp(ia)q = τ(f1) and w1 = exp(ih4).

Since [τ(f2), h′1] = [τ(f2), h4] = 0,

[wt, τ(f2)] = 0 t ∈ [0, 1].

Lemma 4.3. Let u and v be two commuting unitaries in B(H)/K with
[u] = 0 in K1(B(H)/K) and sp(v) = S1. Then there is a norm continuous
path of unitaries {ut} ⊂ B(H)/K such that

u0 = u, u1 = 1 and [ut, v] = 0
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for 0 ≤ t ≤ 1.

Proof. Let φ : C(X)→ B(H)/K be the monomorphism generated by u and
v such that φ(f1) = u and φ(f2) = v. We will assume that sp(u) = S1.
Otherwise, there is a selfadjoint element h ∈ B(H)/K such that exp(ih) = u
and [h, v] = 0. We can take ut = exp(i(1− t)h).

We consider two cases.

(1) We assume that C∗(u, v) = C(S1 × S1). Take a unital trivial essential
extension τ0 : C(S1 × S1) → B(H)/K. Since τ0 is trivial, as in the proof of
Lemma 4.2, there is 0 ≤ h1 ≤ 2π in B(H)/K such that τ0(f1) = exp(ih1)
and [h1, τ0(f2)] = 0.

Define a unital extension τ1 of C(S1 × S1) by defining τ1(f1) = 1⊕ τ0(f1)
and τ1(f2) = v ⊕ τ0(f2). Let (τ1)∗ and φ∗ be the map from K1(C(S1 × S1))
into K1(B(H)/K) induced by τ1 and φ. It is easy to check that (τ1)∗ = φ∗.
By the BDF theory (see Theorem 6.6 of [BDF2]), there exists a unitary
W ∈ B(H)/K such that

W ∗(τ1)W = φ.

In particular
W ∗τ1(f1)W = u and W ∗τ1(f2)W = v.

Therefore, by setting h′1 = W ∗(1⊕ h1)W,

u = exp(i(h′1)) and [h′1, v] = 0.

Now set
wt = exp(i(1− t)h′1).

This proves the case (1).

(2) General case, C∗(u, v) = C(X), for some compact subset of S1 × S1.
By the BDF theory, φ = τ2 ⊕ τ0, where τ2 is unitarily equivalent to φ and
τ0 : C(X)→ B(H)/K is a unital essential trivial extension. Write

τ2(f1) = u′, τ2(f2) = v′, τ0(f1) = u′′ and τ0(f2) = v′′.

So u = u′ ⊕ u′′ and v = v′ ⊕ v′′. Suppose that sp(φ(f2)) = S1, then X ⊂
S1 × S1. By Lemma 4.2, there is a norm continuous path of unitaries {wt}
in B(H)/K such that

w0 = u′′, [wt, v′′] = 0

and C∗(w1, v
′′) ∼= C(S1 × S1). Set zt = u′ ⊕ wt. Then

z0 = u, [zt, v] = 0 and C∗(z1, v) ∼= C(S1 × S1).
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So we can then apply the case (1).

Theorem 4.4. Let

0→ K → E′ → C(S1)→ 0

be a unital essential extension. Suppose that α : E′ → E′ is an automorphism
such that π ◦ α = π, where π : E′ → C(S1) is the quotient map. Then α is
approximately inner.

Proof. It is well known that there exists a unitary W ∈ B(H) such that

α(a) = W ∗aW for all a ∈ E′.

Let u be the standard generator of C(S1). Denote the quotient map from
B(H) onto B(H)/K by π too. Since π ◦ α = π,

‖[π(W ), u]‖ = 0.

It follows from Lemma 4.3, there is a continuous path of unitaries {vt : t ∈
[0, 1]} in B(H)/K such that v0 = π(W ), v1 = 1 and [vt, u] = 0. We claim
that there are unitaries W1,W2, ...,WN ∈ B(H) such that

‖Wi −Wi+1‖ < 1/2 and π(Wi) = vti ,

where W0 = W, i = 1, 2, ..., N and 0 = t0 < t1 < ... < tN = 1. This claim is
shown by applying the following statement repeatly:

If Z1 ∈ B(H) is a unitary, π(Z1) = z1 and z2 ∈ B(H)/K is also a unitary
with the property that

‖z1 − z2‖ < 1/4,

then there exists a unitary Z2 ∈ B(H) such that

‖Z1 − Z2‖ < 8‖z1 − z2‖ and π(Z2) = z2.

To prove this, we note that there exist unitary Z ′2 ∈ B(H) with π(Z ′2) = z2

and a ∈ K such that
‖Z1 − (Z ′2 + a)‖ < 1/4.

Set b = Z∗1 (Z ′2 + a). Then
‖1− b‖ < 1/4.

So b is invertible. Let Z2 = Z1b(b∗b)−1/2. Note that π(b) = z∗1z2 and π(b∗b) =
1. It is then easily checked that Z2 meets the requirement.



118 HUAXIN LIN AND HONGBING SU

Since [π(Wi), u] = 0, αi(a) = W ∗
i aWi for a ∈ E′ defines an automorphism

on E′ for i = 0, 1, ..., N. Then

‖αi − αi+1‖ < 1

for i = 0, 1, ..., N − 1. Therefore

‖αi ◦ α−1
i+1 − id ‖ < 1, i = 0, 1, ..., N − 1.

By [KR] (see also Theorem 8.7.7 of [Pd]), αi ◦ α−1
i+1 are derivable automor-

phisms. We have

α = (α ◦ α−1
1 ) ◦ · · · ◦ (αN−1 ◦ α−1

N ) ◦ αN .

Since π(WN) = 1, WN ∈ K̃, the unitization of K. There is a norm continuous
path of unitaries in K̃ which connects WN with 1. This implies that αN is
contained in the connected component of automorphism group of E′ contain-
ing the identity automorphism. It follows from [KR] (see also 8.7.8 of [Pd])
that αN is a product of derivable automorphisms. Therefore α is a product
of derivable automorphisms of E′. Since every derivable automorphism is
approximately inner (4.2), we conclude that α is approximately inner.

Remark 4.5. It is easy to see that not every automorphism α in 4.4 is
inner. Examples can be constructed from our proof of 4.4, using an extension
of C(S1 × S1). The following is a classical example which is provided to
us by Jingbo Xia. Identify T1 with the C∗-algebra generated by Toeplitz
operators with continuous symbols. Let L∞(T) be the C∗-algebra generated
by all Toeplitz operators with symbols ψ, where ψ are bounded measurable
functions on T. Since T1 6= L∞(T), there are unitaries u ∈ L∞(T) which are
not in T1. However, it is well known that ux − xu is a compact operator
for every x ∈ T1. Let α : T1 → T1 by defining α(x) = u∗xu, x ∈ T1 for
some u ∈ L∞(T) \ T1. Clearly α is an automorphism on T1 with π ◦ α = π.
It is not inner, since otherwise there would be a unitary v ∈ T1 such that
vu∗x = xvu∗ for each x ∈ T1 which would imply that vu∗ = 1. It would then
follow that u = v ∈ T1. However, it follows from 4.4 that α is approximate
inner.

Remark 4.6. Before we typed the paper, we learned from Mikael Rørdam
that he had proved, a couple of weeks earlier that an automorphism on
E which induces an identity map on the quotient C(S1) is approximately
inner, which is essentially the same result as our 4.4. His nice proof used
the Berg’s technique. Our proof presented here is completely different and
contains other information which is needed in this paper.
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Theorem 4.7. Let B be a unital C∗-subalgebra of B(H) such that 1B = 1
and K = K(H) ⊂ B. Suppose that φi : Mm(Tk) → B, i = 1, 2 are two
unital monomorphisms such that 1 − φi(Sk)φi(Sk)∗ ∈ K and φ1 and φ2 in-
duce the same map from V (Mm(Tk)) into V (B). Then, for any ε > 0 and
z1, z2, ..., zn ∈ Mm(Tk) which contains the generators {Sk, aij} if k > 0 or
contains S0 if k = 0, there exists δ > 0 satisfying the following: If there is a
unitary W ∈ B and a1, a2, ..., an ∈ K(H) such that

‖W ∗φ1(zi)W − φ2(zi) + ai‖ < δ, i = 1, 2, ..., n

then there is a unitary U ∈ B such that

‖U∗φ1(zi)U − φ2(zi)‖ < ε, i = 1, 2, ..., n.

Furthermore, δ does not depend on B nor depends on monomorphisms φi as
long as they satisfy the above conditions.

Proof. Denote Mm(Tk) by E. We first assume that m = 1. To save the
notation, we may aslo assume that W = 1. For the case that k > 0, without
loss of generality, we may further assume that z1 = Sk and {z2, ..., zn} = {aij}
(see 2.1). Let

z′1 = (φ2(z1)− a1)((φ2(z1)− a1)∗(φ2(z1)− a1))−1/2

(note that if δ < 1/2, (φ2(z1) − a1)∗(φ2(z1) − a1) is invertible). Let p =
1− z′1(z′1)∗. Then

‖(1− φ1(z1)φ1(z1)∗)− p‖ < 2δ.

If δ < 1/4, there is a unitary W ′ ∈ B such that

‖W ′ − 1‖ < 4δ and (W ′)∗(1− φ1(z1)φ1(z1))W ′ = p.

Define z′1+i = (W ′)∗φ1(z1+i)W ′, i = 1, 2, ..., n − 1. Then {z′1, z′2, ..., z′n} gen-
erates a C∗-subalgebra which is isomorphic to Tk (see 2.1) and

‖φ1(zi)− z′i‖ < 8δ.

Define φ3 : Tk → B by sending zi to z′i.
From the assumption, we see that φi(I(E)) ⊂ K(H), i = 2, 3. We view φ3

and φ2 as two faithful representations of E. The representation ρ of E which
maps I(E) onto K(H) is a faithful irreducible representation of E. From
representation theory, this is the only faithful irreducible representation (up
to unitary equivalence) of E which maps I(E) onto K(H).
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Suppose that φ2(1− SkS∗k) has rank l. Then φ1(1− SkS∗k) has rank l too.
Therefore, if δ is small enough, φ3(1−SkS∗k) has rank l. We are going to use
Voiculescu’s Theorem, as stated in [Ar] (Theorem 5). Let He be the closure
of φ2(E) ∩ K(H)(H), the essential subspace of φ2. By standard results in
representation theory, (φ2|I(E))|He is a direct sum of l copies of the faithful
irreducible representations of I(E) ∼= K. There are l mutually orthogonal
rank one projections d1, d2, ..., dl in K(He) which commutes with every el-
ement in φ2(I(E))|He . Since φ2(I(E))|He is an essential ideal of φ2(E)|He ,
di commutes with every element in φ2(E)|He . Since now diφ2(1− SkS∗k) has
rank one, diφ2|He is irreducible (and also faithful). Thus φ2|He is unitarily
equivalent to l copies of ρ. Since φ3(1− SkS∗k) has also rank l, φ3|He is also
unitarily equivalent to l copies of ρ. Therefore the essential parts of φ2 and
φ3 are unitarily equivalent. It is trivial that ker(π ◦ φ2) = ker(π ◦ φ3). A
result of Voiculescu (see Theorem 5 of [Ar]) now implies that, for any ε > 0,
there is unitary V ∈ B(H) such that

‖V ∗φ2(zi)V −φ3(zi)‖ < ε/3 and V ∗φ2(zi)V −φ3(zi) ∈ K(H), i = 1, 2, ..., n.

In particular V ∗φ2(zi)V ∈ B.
Let E′ be the C∗-subalgebra of B generated by φ2(E) and K(H). Then,

since π(E′) = π(E), E′ ∼= Tk. From the construction, φ2(zi)−φ3(zi) ∈ K(H).
In fact, since {z2, z3, ..., zn} = {aij} are in K(H), z′i ∈ K(H) for i = 2, ..., n.
So φ2(zi)− φ3(zi) ∈ K(H) for i = 2, 3, ..., n. We also (note a1 ∈ K(H)) have

π(z′1) = π ◦ φ2(z1)π(((φ2(z1)− a1)∗(φ2(z1)− a1))1/2) = π ◦ φ2(z1),

where π : B(H)→ B(H)/K(H) is the quotient map. Thus φ2(zi)−φ3(zi) ∈
K(H) for all i. Therefore Ad(V ) gives an automorphism on E′. Furthermore,
π ◦Ad(V ) = π on E′. By 4.5, there is a unitary U ∈ E′ ⊂ B such that

‖Uφ2(zi)U∗ − V ∗φ2(zi)V ‖ < ε/3, i = 1, 2, ..., n.

Thus

‖U∗φ1(zi)U − φ2(zi)‖
≤ ‖U∗φ1(zi)U − U∗φ3(zi)U‖+ ‖U∗φ3(zi)U − U∗V ∗φ2(zi)V U‖

+ ‖U∗V ∗φ2(zi)V U − φ2(zi)‖ < 8δ + ε/3 + ε/3 < ε,

if 8δ < ε/3.
We now consider the case that k = 0. Although we may not need this in

our proof of the classification theorems, it is of interesting on its own. Note
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that S0 is a unitary and there is an approximate identity {pm} for I(T0)
consisting of projections such that

‖pmS0 − S0pm‖ → 0.

With an error within ε/8, we may assume that

zi ∈ pNI(T0)pN , i = 2, 3, ..., n

and
‖pNS0 − S0pN‖ < ε/8

for some integer N. There is a unitary s ∈ (1− pN)T0(1− pN) such that

‖s− (1− pN)S0(1− pN)‖ < ε/8.

So, without loss of generality, we may assume that, in this case, z1 = s ∈
(1 − pN)T0(1 − pN), z2, z3, ..., zn ∈ pNI(T0)pN (we may have to consider
n elements in pNI(T0)pN instead of (n − 1) elements, but we can change
notation). Note that (1 − pN)T0(1 − pN) ∼= T0. Since φ1 and φ2 induce the
same map on V (T0), φ1(pN) is equivalent to φ2(pN). So there is a unitary
W1 ∈ B such that

W ∗
1 φ1(pN)W1 = φ2(pN).

Without loss of generality, we may assume that φ1(pN) = φ2(pN). The ar-
gument used in the case that k > 0 shows that there is a unitary U ′ ∈
φ1(1− pN)Bφ1(1− pN) such that

‖(U ′)∗φ1(z1)U ′ − φ2(z1)‖ < ε/8.

Since z2, z3, ..., zn generate a finite dimensional C∗-subalgebra of pNI(Tk)pN
and φ1 and φ2 induce the same map on V (T0), there is a unitary u1 ∈
φ1(pN)K(H)φ1(pN) such that

u∗1φ1(zi)u1 = φ2(zi), i = 2, 3, ..., n.

Now set U = U ′ + u1. Then

‖U∗φ1(zi)U − φ2(zi)‖ < ε, i = 1, 2, ..., n.

For the case that m > 0, We first find a unitary Z ∈ B such that
Ad(Z) ◦ φ1 agrees with φ2 on Mm(C). So we may wssume that Z = 1.
Note then that φ1(e11)Kφ1(e11) ∼= K. We then consider φ1(e11)φ1(−)φ1(e11),
φ2(e11)φ2(−)φ2(e11) and φ1(e11)Bφ1(e11). So the case that m > 1 is reduced
to the case that m = 1.
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Finally, from the proof, we see that our δ is independent of C∗-algebra B
and φi as long as they satisfy the conditions of the theorem.

Corollary 4.8. Let B be as in 4.7. Suppose that φi : Mm(C(S1))→ B, i =
1, 2 are two unital monomorphisms such that [φ1(e11)] = [φ2(e11)] in V (B),
where {eij}mi,j=1 is a matrix unit for Mm(C). Then, for any ε > 0 there exists
δ > 0 satisfying the following: If there is unitary W ∈ B and a0, aij ∈ K
such that

‖W ∗φ1(u)W − φ2(u) + a0‖ < δ

and

‖W ∗φ1(eij)W − φ2(eij) + aij‖ < δ

then there is unitary U ∈ B such that

‖U∗φ1(u)U − φ2(u)‖ < ε

and

‖U∗φ1(eij)U − φ2(eij)‖ < ε,

where i, j = 1, 2, ..., n and u is the standard generator of C(S1).

Proof. Let us first consider the case that m = 1. Let D be the C∗-subalgebra
of B generated by φ2(u) and K. Then D is isomorphic to T0 and φ2(u)−a0 ∈
D. As in the proof of 4.7, one shows that there is a unitary W ∈ D such
that Wφ2(u)W ∗ and φ2(u)− a0 are close. The result then follows.

For the case m > 1, the proof is the same as that of 4.7. It can be reduced
to the case that m = 1.

4.9. The following definition is taken from [EG2].
Definition. Let A = B ⊗ C(S1), where B is a finite dimensional C∗-
algebra and let ε be a positive number. A finite subset F ⊂ A is weakly
approximately constant to within ε if for any t ∈ S1 there exists a unitary
U(t) ∈ B such that Ad(U(t))f(t) and f(1) is within ε for every f ∈ F, i.e.

‖Ad(U(t))f(t)− f(1)‖ < ε for f ∈ F.
Let A and B be two (unital) C∗-algebras, let F ⊂ A be a subset and

let φ, ψ : A → B two homomorphisms. We say φ and ψ are approximately
unitarily equivalent on F to within ε if there is a unitary u ∈ B such that

‖Adu ◦ φ(f)− ψ(f)‖ < ε for f ∈ F.
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Theorem 4.10. Let E1 = Mn(Tk) and E2 = Mm(Tr) be two T -algebras,
let π1 be the quotient map from E1 to Q(E1), let F ⊂ E1 be a finite subset
such that π1(F ) contains the standard generators of Q(E1), and let φ and
ψ : E1 → E2 be two ∗-homomorphisms which induce the same map on
V∗(E1). For given ε > 0, there exists δ > 0 only depending on E1, F and ε
such that the followings hold:
(1) If φ and ψ are injective and if the two induced maps Q(φ) and Q(ψ)

from Q(E1) to Q(E2) are approximately the same to within δ on
π1(F ) ⊂ Q(E1), then φ and ψ are approximately unitarily equivalent
on F to within ε.

(2) If φ and ψ are not injective but the two maps φQ and ψQ induced
by φ and ψ from Q(E1) to E2 are injective, and if Q(φ) and Q(ψ)
are approximately the same on π1(F ) to within δ, then φ and ψ are
approximately unitarily equivalent on F to within ε.

Proof. (1) Since φ and ψ induce the same map on V∗(E1), there exists a
unitary X ∈ E2 such that φ and AdX ◦ ψ agree on Mn(C) ⊂ Mn(Tk). So
we may assume that they agree on Mn(C). Denote φ(1) = ψ(1) = p, and
denote B = pE2p.

Fix ε > 0 and F as above. If Q(φ) and Q(ψ) are approximately the same
on π1(F ) to within δ, there exist W = 1 and af to satisfy the conditions of
Theorem 4.7. It follows that there exists a unitary U ∈ B such that

‖U∗φ(f)U − ψ(f)‖ < ε f ∈ F.

This completes the proof of (1).

(2) Since φ and ψ are not injective, they vanish on I(E1). Now φQ and ψQ
are defined. By the assumption, they are injective. Since φ = φQ ◦ π1 and
ψ = ψQ ◦π1 and since π1 induces an onto map from V (E1) to V (Q(E1)), φQ
and ψQ induce the same map on V (Q(E1)).

Since Q(φ) and Q(ψ) are approximately the same on π1(F ) to within
δ, φQ and ψQ are approximately unitarily equivalent on π1(F ) to within ε
(Corollary 4.8). Since φQ◦π1 = φ and ψQ◦π1 = ψ, φ and ψ are approximately
unitarily equivalent on F to within ε.

This completes the proof of the theorem.

Theorem 4.11. Let E1 = Mn(Tk) and E2 = Mm(Tr) be two T -algebras,
let π1 be the quotient map from E1 to Q(E1), let ε > 0, let F ⊂ E1 be a
finite subset such that π1(F ) is of weakly approximately constant to within
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ε/2, and let φ and ψ : E1 → E2 be two ∗-homomorphisms which induce the
same map on V∗(E1). Then the followings hold:
(1) If φ and ψ are not injective, the images of φQ(u) and ψQ(u) are of

finite spectra, where φQ and ψQ are the ∗-homomorphisms from Q(E1)
to E2 induced by φ and ψ, respectively, and where u is the canonical
generator of e11Mn(C(S1))e11 ({eij} is the matrix unit for Mn(C)),
then φ and ψ are approximately unitarily equivalent on F to within ε.

(2) If Q(φ) and Q(ψ), the ∗-homomorphisms from Q(E1) to Q(E2) induced
by φ and ψ, respectively, are zero, then φ and ψ are approximately
unitarily equivalent on F to within ε.

Proof. (1) Since φ and ψ induce the same map on V∗(E1), by conjugating
a unitary, if necessary, we may assume that φ and ψ agree on Mn(C). In
particular, φ(1) = ψ(1) = p ∈ E2. Let B = pE2p. By assumption, φQ(u) =∑
atp

(1)
t where at ∈ S1 and where p(1)

t are finitely many mutually orthogonal
projections in B. Let p(i)

t = φQ(ei1)p(1)
t φQ(e1i), pk =

∑m
i=1 p

(i)
k and p =∑

pk = φ(1) ∈ B, where {eij} is the matrix unit of Mn(C). For any h ∈
Q(E1) ∼= Mn(C(S1)), we have

φQ(h) =
∑
k

φQ(h(ak))pk.

Similarly, we have
ψQ(h) =

∑
j

ψQ(h(bj))qj

where
∑
qj = p, and where bk ∈ S1.

Since π1(F ) is weakly approximately constant to within ε/2, there exist
unitaries Xi, Yi ∈Mn(C) such that

‖Xiπ1(f)(ai)X∗i −X1π1(f)(a1)X∗1‖ < ε/2

‖Yiπi(f)(bi)Y ∗i − Y1π1(f)(a1)Y ∗1 ‖ < ε/2.

Write
U =

∑
φQ(X∗kX1)pk.

Then U is a unitary in B and

‖φQ(π1(f))− U∗φQ(π1(f)(a1))U‖ < ε/2 f ∈ F.

Similarly, we have

‖ψQ(π1(f))− V ∗ψQ(π1(f)(a1))V ‖ < ε/2 f ∈ F,
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where V =
∑
ψQ(Y ∗j Y1)qj is a unitary in B. Note by the assumption at the

beginning of this part of the proof, φQ agrees with ψQ on Mn(C). Thus

φQ(π1(f)(a1)) = ψQ(π1(f)(a1)).

Hence
‖V U∗φQ(π1(f))UV ∗ − ψQ(π1(f))‖ < ε f ∈ F.

Notice that φ = φQ ◦ π1 and ψ = ψQ ◦ π1, we have

‖V U∗φ(f)UV ∗ − ψ(f)‖ < ε f ∈ F.

(2) Again, as in (1), we may assume that φ and ψ agree on Mn(C). We also
know that φ and ψ factor through Q(E1). Therefore φQ and ψQ are two maps
from Q(E1) to I(E2). Denote p = φQ(1) = ψQ(1). We have pI(E2)p ∼= Ml

where l = [p] ∈ Z+. So φQ and ψQ are two unital ∗-homomorphisms from
Q(E1) to pI(E2)p ∼= Ml. We may write

φQ(h) =
∑
k

φQ(h(ak))pk and ψQ(h) =
∑
j

ψQ(h(bj))qj,

for h ∈Mn(C(S1)), where ak, bj ∈ S1, {pk} and {qj} are mutually orthogonal
projections in pI(E2)p and

∑
k pk =

∑
j qj = p.

Since π1(F ) is weakly approximately constant to within ε/2, the same
argument used in the proof of (1) shows that φQ and ψQ are approximately
unitarily equivalent on π1(F ) to within ε. Since φ = φQ ◦π1 and ψ = ψ1 ◦π1,
φ and ψ are approximately unitarily equivalent on F to within ε.

5. The Classification.

The following is the main result of this paper.

Theorem 5.1. Let E and E′ be two unital C∗-algebras in TT . Suppose
that η : V∗(E) −→ V∗(E′) is an isomorphism such that η([1E]) = [1E′ ]. Then
there exists a ∗-isomorphism φ : E −→ E′ such that φ induces η.

The theorem is a direct consequence of Lemma 5.4 and Proposition 5.7
below.

We note that if φ : E → E′ is an isomorphism, then φ∗ induces an
isomorphism from V∗(E) onto V∗(E′). Therefore, together with 3.7, we give
a complete classification of unital C∗-algebras in TT .

Write E = lim→ (En, φn,n+1) and E′ = lim→ (E′n, ψn,n+1). One would hope
that η induces an intertwining between the two sequences {V∗(En)} and
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{V∗(E′m)} for each n. However, since V (T0) is not finitely generated, it may
not be possible. To overcome this difficulty, we first impose a condition on
the connecting maps φn,n+1 and ψn,n+1 (see Lemma 5.4 below). We then
show that the general case can be reduced to this case.

We will consider unital C∗-algebras only. Therefore, in what follows, we
will always assume that all connecting maps in an inductive limit system are
unital.

5.2. The following is essentially Theorem 6.2 of [Ell2].

Theorem. Let A = lim→ An be a C∗-algebra of real rank zero where each
An is a finite direct sum of matrix algebras over C(S1). Then for any ε > 0,
for any n, and for any finite subset F ⊂ An, there exists m > n such that
the image of F in Ak for k ≥ m is weakly approximately constant to within
ε.

5.3. The following is Theorem 2.29 of [EG2]. We only state it for the
special case that we will use later.

Theorem. Let A = lim→ (An, φn,n+1) be a C∗-algebra of real rank zero where
each An is a finite direct sum of matrix algebras over C(S1), let ε > 0 and
let F ⊂ An be a finite subset of weakly approximately constant to within ε. If
φ and ψ are two ∗-homomorphisms from An to An+1 which induce the same
K-theory maps, then there exists m > n such that φn,k ◦ φ and φn,k ◦ ψ are
approximately unitarily equivalent on F to within 80ε for all k ≥ m.

Lemma 5.4. Let E and E′ be two unital C∗-algebras in TT . Suppose that
each connecting map in the two inductive limit systems satisfies the following:
each partial map of a connecting map from Mn(T0) vanishes on the ideal
Mn(K) ⊂ Mn(T0). Suppose that η : V∗(E) −→ V∗(E′) is an isomorphism
such that η([1E]) = [1E′ ], then there exists a ∗-isomorphism φ : E −→ E′

such that φ induces η.

Proof. Write E = lim→ (En, φn,n+1) and E′ = lim→ (E′n, ψn,n+1) where each En

or E′n is a finite direct sums of matrix algebras over T -algebras. We will
construct an approximate intertwining between these two sequences.

But first we intertwine V∗.
After passing to the subsequences and changing the notation, by 2.14,

the isomorphism between V∗(E) and V∗(E′) gives the following commutative
diagram:

V∗(E1) −→ V∗(E2) −→ · · · −→ V∗(E)
↓ ↗ ↓ ↗ l

V∗(E′1) −→ V∗(E′2) −→ · · · −→ V∗(E′).
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This diagram induces a commutative diagram

K(E1) −→K(E2) −→ · · · −→ K(E)
↓ ↗ ↓ ↗ l

K(E′1) −→K(E′2) −→ · · · −→K(E′)

(Lemma 2.14). Furthermore, this diagram gives the following commuting
diagram:

K∗(Q(E1)) −→ K∗(Q(E2)) −→ · · · −→ K∗(Q(E))
↓ ↗ ↓ ↗ l

K∗(Q(E′1)) −→ K∗(Q(E′2)) −→ · · · −→ K∗(Q(E′))

such that each map preserves the order.
By the existence Theorem 3.1, there are unital ∗-homomorphisms αk and

βk from Ek to E′k and from E′k to Ek+1 that induce the above diagrams
Notice that the diagram:

E1 −→ E2 −→ · · · −→ E
↓ ↗ ↓ ↗
E′1 −→ E′2 −→ · · · −→ E′

is not necessarily commutative. We will turn this diagram into an approxi-
mate intertwining diagram:

En1 −→ En2 −→ · · · −→ E
α1 ↓ β1 ↗ α2 ↓ β2 ↗
E′m1

−→ E′m2
−→ · · · −→ E′

as follows.
First, some conventions. By the generators of Mn(C(S1)), we mean the

set {eij} and the function z, where {eij} is a matrix unit for Mn(C) and
z ∈ C(S1) which is the identity map on S1. Furthermore, we view z ∈
e11Mn(C(S1))e11.

Let H1 and H2 be two finite direct sums of matrix algebras over T -
algebras. Let φ from H1 to H2 be a ∗-homomorphism. Then φ induces
uniquely a ∗-homomorphism from Q(H1) to Q(H2). We will denote this
map by Q(φ). We will denote by πi and π′i the quotient maps from Ei to
Q(Ei) and from E′i to Q(E′i), respectively.

Let {εn} and {ε′n} be two sequences of decreasing positive numbers with
finite summations. Let ∆i = {f (i)

n } ⊂ Ei and ∆′i = {f (i)′
n } ⊂ E′i be dense

for all i. Let F1 ⊂ E1 be a finite subset such that F1 contains f (1)
1 and

π1(F1) ⊂ Q(E1) contains the generators of Q(E1). For ε1 > 0, by Theorem
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5.2, there exists n1 such that πn1(φ1,n1(F1)) is weakly approximately constant
to within ε1/2. We will denote φ1,n1(F1) ⊂ En1 by F1 again.

We want to find m1 > n1 and construct a unital ∗-homomorphism from
En1 to E′m1

. The map we are going to construct takes the form ψk(n1),m1 ◦
αk(n1) ◦ φn,k(n1), where k(n1) > n1:

En1 −→ Ek(n1)

↓
E′k(n1) −→ E′m1

.

We now specify the choice of k(n1) and m1. Let Γ1 be a finite subset of
En1 such that Γ1 contains F1 and πn1(Γ1) contains the generators of Q(En1).
For En1 ,Γ1 and ε1/2, there exists δ1 to satisfy the conclusions (1) and (2) of
Theorem 4.10. Let G1 = πn1(Γ1). By Theorem 5.2, there exists k(n1) > n1

such that Q(φn1,k(n1))(G1) is of weakly approximately constant to within
δ1/160. Recall that αk(n1) is a unital ∗-homomorphism from Ek(n1) to E′k(n1).
Let F ⊂ En1 be a finite subset which contains the images of the first n1

elements of ∆1, · · · ,∆(n1−1) and ∆n1 . We also require that πn1(F ) contains
the generators of Q(En1) and the image of F1. By Theorem 5.2 again, there
exists m1 > k(n1) such that π′m1

◦ψk(n1),m1 ◦αk(n1) ◦φn1,k(n1)(F ) ⊂ Q(E′m1
) is

of weakly approximately constant to within ε′1/2. We will denote ψk(n1),m1 ◦
αk(n1) ◦φn1,k(n1)(F ) by F ′1. We have a map ψk(n1),m1 ◦αk(n1) ◦φn1,k(n1) from
En1 to E′m1

.
Next, we will construct a map from E′m1

to En2 for some n2 > m1. The
map will take the following form:

Ek(m1)+1 −→ El −→ En2

↗
E′m1

−→ E′k(m1)

where l > k(m1) + 1. Let Γ′1 be a finite subset of E′m1
such that Γ′1 contains

F ′1 and π′m1
(Γ′1) contains the generators of Q(E′m1

). For E′m1
,Γ′1 and ε′1/2,

there exists δ′1 to satisfy the conclusions (1) and (2) of Theorem 4.10. Let
k(m1) > m1 so that Q(ψm1,k(m1))(G′1) is of weakly approximately constant
to within δ′1/160. Here G′1 = π′m1

(Γ′1). Recall that there is a unital ∗-
homomorphism βk(m1) from E′k(m1) to E′k(m1)+1. By Theorem 5.3, there exists
l > k(m1) such that Q(φk(n1),l) and Q(φk(m1)+1,l ◦βk(m1) ◦ψk(n1),k(m1) ◦αk(n1))
are approximately unitarily equivalent on Q(φn1,k(n1))(G1) to within δ1/2.

We are now in the following situation. There is a not necessarily commu-
tative diagram:

(?)
En1 −→ Ek(n1) −→ Ek(m1)+1 −→ El

↓ ↑
E′m1

−→ E′k(m1)
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where the down map is ψk(n1),m1 ◦αk(n1) ◦φn1,k(n1) and the up map is βk(m1).
Here πn1(F1) ⊂ Q(En1) is of weakly approximately constant to within ε1/2,
π′m1

(F ′1) ⊂ Q(E′m1
) is of weakly approximately constant to within ε′1/2 and,

by 5.3, the following diagram is approximately commutative, up to an inner
automorphism on Q(El), on G1 to within δ1/2:

Q(En1) −→ Q(Ek(n1)) −→ Q(Ek(m1)+1) −→ Q(El)
↓ ↑

Q(E′m1
) −→ Q(E′k(m1)).

Denote by β′k(m1) be the composition of a suitable inner automorphism
Ad(u) on Q(El) with the composition of the map from Q(E′k(m1)) to
Q(Ek(m1)+1) with the map from Q(Ek(m1)+1) to Q(El) in the above dia-
gram. We choose the inner automorphism so that the following diagram
approximately commutative on G1 within δ1/2:

Q(En1) −→ Q(Ek(n1)) −→ Q(El)
↓ ↑ β′k(m1)

Q(E′m1
) −→ Q(E′k(m1)).

If Φ is the map from E′k(m1) to El obtained from the diagram marked with
(?) in this proof, then

Ad(u) ◦Q(Φ) = β′k(m1).

By the existence theorem (3.1), there is a map Ψ : E′k(m1) → El such that
Q(Ψ) = β′k(m1) and Ψ and Φ induces the same map on V∗(E′k(m1)). (The use
of Ψ is to avoid to lift u.)

We now denote by α the composition of the maps from En1 to Ek(n1),
from Ek(n1) to E′m1

, from E′m1
to E′k(m1) and Ψ.

We want to show that there exists n′2 > l such that φn1,n′2 and φl,n′2 ◦ α
are approximately unitarily equivalent on F1 to within ε1. Note that φn1,l

and α induce the same map on V∗(En1) and πn1(F1) is weakly approximately
constant within ε1/2.

By conjugating a unitary, we may assume that φn1,l and α agree on the
central projections of En1 .

Let H (= Mk(Tr)) be a summand of En1 . Then φn1,l(1H) = α(1H), by the
above assumption, where 1H is the central projection corresponding to the
summand H. We also have that φn1,l|H and α|H induce the same map on
V∗(H). Suppose that H ′ is a summand of El and P ′ is the corresponding
central projection of El. Then P ′φn1 |H and P ′α|H induce the same map on
V∗(H).

Let γ1 = P ′φn1 |H and γ2 = P ′α|H be a pair of partial maps of φn1,l and α,
respectively, from H to a summand of El. Since γ1 and γ2 induce the same
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map on V (I(En1)), γ1 and γ2 will be both injective or both non-injective.
In the case of non-injective, they both factor through Q(H) via γ1Q and
γ2Q : Q(H)→ El, respectively. Again, since γ1 and γ2 induce the same map
on V∗(En1), γ1Q and γ2Q both induce trivial K1-map or both induce non-
trivial K1-map. (Notice that the K1-maps are always trivial when the second
summand comes from a non-trivial extension. In the case that the second
summand does come from a trivial extension, πl induces an isomorphism on
the K1-groups.) Finally, it is clear that πl ◦ γ1Q and πl ◦ γ2Q are both zero
or both are non-zero.

We consider four cases.

Case 1: γ1 and γ2 are injective.
Since G1 contains the generators of Q(En1) and πn1(F1), it follows from

(1) of the Theorem 4.10 that there exists a unitary Uγ ∈ γ1(1H)Elγ1(1H)
such that γ1 and AdUγ ◦ γ2 are within ε1 on F11H . For any n′2 > l, define
Wγ = φl,n2(Uγ). Then φl,n′2 ◦γ1 and AdWH ◦φl,n′2 ◦γ2 are within ε1 on F11H .

Case 2: γ1 and γ2 are not injective and γ1Q and γ2Q induce non-trivial K1-
map.

First, γ1Q and γ2Q must be injective. (Here we note that if γ is a nonin-
jective homomorphism from H to a C∗-algebra A, γ factor through γQ :
Q(H) → A. So γiQ are two homomorphisms from Mk(C(S1)) to El, if
H = Mk(Tr), i = 1, 2.) Apply (2) of Theorem 4.10 and the above ar-
gument, we conclude that, for any n′2 > l there exists a unitary Wγ ∈
φl,n′2 ◦ γ1(1H)En′2φl,n′2 ◦ γ1(1H) such that φl,n′2 ◦ γ1 and AdWγ ◦ φl,n′2 ◦ γ2 are
within ε1 on F11H .

Case 3: γ1 and γ2 are not injective, and γ1Q and γ2Q induce trivial K1-map.
We claim that there are an integer n2(γ) > l and two homomorphisms ψ1

and ψ2 from Q(En1) into Q(En2(γ)) with finite dimensional ranges such that

‖ψ1(f)− [φl,n2(γ)◦γ1]Q(f)‖ < ε1/4 and ‖ψ2(f)− [φl,n2(γ)◦γ2]Q(f)‖ < ε1/4

for every f ∈ πn1(F1)1H . We note that since γi is not injective, φl,n2(γ) ◦ γi
factors through [φl,n2(γ) ◦ γi]Q : Q(H)→ El.

Now we prove the claim. We let {eij} and z be the generators of Q(H).
Note that the C∗-algebra (φl,∞)Q(e11)Q(E)(φ1,∞)Q(e11) has real rank zero
([BP]). Since γiQ induces trivial map on K1(H), for any η > 0, by [Ln1],
[φl,∞ ◦ γi]Q(z) is approximated by a unitary with finite spectrum, say wi ∈
(φl,∞)Q(e11)E(φl,∞)Q(e11), within η/2. Suppose that

wi =
mi∑
j=1

λ
(i)
j p

(i)
j ,
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where {λ(i)
j }mij=1 ∈ S1 and {p(i)

j } are mutually orthogonal projections (with
sum (φl∞)Q(e11)) in (φl∞)Q(e11)E(φl,∞)Q(e11), i = 1, 2. By A8 in [Eff], we
may assume, with additional error of η/2,

wi ∈ [φl,n2(γ)]Q(e11)En2(γ)[φl,n2(γ)]Q(e11)

for some n2(γ) > l.
Define the homomorphism ψi : Q(H) → En2(H) by sending ekj to

φn1,n2(γ)(ekj) and z to wi, i = 1, 2. By choosing a sufficient small η, we
can have inequalities in the claim.

Let {Pj} be the (finite) set of central projections of En2(γ). By applying (1)
of Theorem 4.11 to each Pjψi, we obtain a unitary Uγ ∈ ψ1(1H)En2(γ)ψ1(1H)
such that ψ1 and AdUγ ◦ ψ2 are within ε1/2 on πn1(F11H). For f ∈ F11H ,

‖γ1(f)−AdUγ ◦ γ2(f)‖
= ‖γ1(f)− ψ1(f) + ψ1(f)−AdUγγ2(f)−AdUγ ◦ ψ2(f) + AdUγ ◦ ψ2(f)‖
< ε/4 + ε1/2 + ε1/4 = ε1.

Thus, for any n′2 ≥ n2(γ) > l, let Wγ = φn2(γ),n′2(Uγ), we have φl,n′2 ◦ γ1 and
AdWγ ◦ φl,n′2 ◦ γ2 are within ε1 on F11H .

Case 4: πl ◦ γ1Q and πl ◦ γ2Q are trivial.
One applies (2) of Theorem 4.11. There exists a unitary

UH ∈ γ1Q(1H)Elγ1Q(1H) so that γ1 and AdUH ◦ γ2 are within ε1 on F11H .
For any n′2 > l, let Wγ = φl,n′2(Uγ). Then φl,n′2 ◦γ1 and AdWH ◦φl,n′2 ◦γ2 are
within ε1 on F11H .

Now let n′2 = max{n2(γ), l + 1}, where maximum is taking over all sum-
mands H of En1 and central projections P ′ of El. Define

W =
∑

Wγ ,

where the sum is taking over all of summands H of En1 and the central
projections P ′ of El. W is a unitary in En′2 . From above, a direct and simple
computation shows that φn1,n′2 and AdW ◦φl,n′2 ◦α are within ε1 on F1. We
denote AdW ◦ φl,n′2 ◦ α by σ1.

Let F2 ⊂ En′2 be a finite subset consisting of the images of the first m1

elements of ∆(i),∆(j)′ , i = 1, 2, · · · , n′2 and j = 1, 2, · · · ,m′1 along all possible
routes. We also require that πn′2(F2) contains the images of the generators of
Q(E′m1

). By Theorem 5.2, there exists n2 > n′2 such that πn2(φn′2,n2(F2)) is of
weakly approximately constant to within ε2/2. We will denote φn′2,n2(F2) ⊂
En2 by F2 again. We remark that F2 contains the images of F1 and F ′1 along
all possible routes.
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In summary, we have the following diagram:

En1 −→ Ek(n1) −→ En2

↓ ↑
E′m1

−→ E′k(m1)

(1) approximately commutes on F1 to within ε1,
(2) π′m1

(F ′1) ⊂ Q(E′m1
) is of weakly approximately constant to within ε′1/2,

(3) Q(ψm1,k(m1))(G′1) is of weakly approximately constant to within δ′1/160,
and

(4) πn2(F2) ⊂ Q(En2) is of weakly approximately constant to within ε2/2.
Notice that the above diagram can be written as:

En1 −→ En2

↓ ↗
E′m1

.

Next, we are going to repeat the above process. We want to find m2 > m1

and a map from En2 to E′m2
so that the diagram:

En2

↑ ↘
E′m1

−→ E′m2

commutes on F ′1 to within ε′1. The map will take the form:

En2 −→ Ek(n2)

↓
E′k(n2) −→ E′m2

for some k(n2) > n2. Let Γ2 ⊂ En2 be a finite subset such that Γ2 contains
F2 and πn2(Γ2) contains the generators of Q(En2). Denote πn2(Γ2) by G2.
For fixed En2 ,Γ2 and ε2/2, there exists δ2 as in Theorem 4.10. Let k(n2) >
n2 so that Q(φn2,k(n2))(G2) is of weakly approximately constant to within
δ2/160. Recall that αk(n2) is a ∗-homomorphism from Ek(n2) to E′k(n2). Now
Q(ψm1,k(n2)) and Q(αk(n2) ◦ φn2,k(n2) ◦ η′1 ◦ ψm1,k(m1)) induce the same K-
theory map. So, by 5.2, there exists l > k(n2) such that, up to an inner
automorphism in Q(E′l), the diagram:

Q(En2) −→ Q(Ek(n2))
↑ ↓

Q(E′m1
) −→ Q(E′k(m1)) −→ Q(E′k(n2)) −→ Q(E′l)
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commutes on G′1 to within δ′1/2 . This is because that the image of G′1 ⊂
Q(E′k(m1)) is already of approximately constant to within δ′1/160.

Denote by α′k(n2) the composition of a suitable inner automorphism Ad(u′)
on Q(E′l) with the composition of the map from Q(Ek(n2)) to Q(Ek(n2)) with
the map from Q(Ek(n2)) to Q(El) in the above diagram. We choose the inner
automorphism so that the following diagram approximately commutative on
G1 within δ′1/2:

Q(En2) −→ Q(Ek(n2))
↑ ↓ α′k(n2)

Q(E′m1
) −→ Q(E′k(m1)) Q(E′k(n2)) −→ Q(E′l).

If Φ′ is the map from Ek(n2) to E′l obtained from the above diagram, then

Ad(u′) ◦Q(Φ′) = α′k(n2).

By the existence Theorem (3.1), there is a map Ψ′ : Ek(n2) → E′l such that
Q(Ψ′) = α′k(n2) and Ψ′ and Φ′ induces the same map on V∗(E′k(n2)).

By repeating the above argument, applying 4.10 and 4.11, we obtain an
integer m′2 > l and a homomorphism from Ek(n2) into E′m′2 such that the
following diagram is approximately commutative to within ε′ on F ′1:

En2 −→ Ek(n2)

↑ ↓
E′k(m1) −→ E′m′2 .

Let F ′2 ⊂ Em′2 consist of the images of F1, F ′1, F2 and the images of the
first n2 elements of ∆(1), . . . ,∆(n2) and ∆(1)′ , . . . ,∆(m1)′ from all possible
routes. We also require that πm′2(F ) contains the generators of Q(Em′2). Let
m2 > m′2 such that π′m2

◦ ψm′2,m2(F ′) is of weakly approximately constant
to within ε′2/2. We will denote ψm′2,m2(F ′) by F ′2 again. Hence we have a
diagram

En1 −→ Ek(n1) −→ En2 −→ Ek(n2)

↓ ↑ ↓
E′m1

−→ E′k(m1) −→ E′m2

such that
(1) the first square commutes on F1 to within ε1,
(2) the second square commutes on F ′1 to within ε′1,
(3) Q(φn2,k(n2))(G2) is of weakly approximately constant to within δ2/160,
(4) πn2(F2) ⊂ Q(En2) is of wearly approximately constant to within ε2/2,
(5) π′m2

(F ′2) ⊂ Q(E′m2
) is of weakly approximately constant to within ε′2/2.
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Notice that if we combine these together and compress some of the alge-
bras, we have

En1 −→ En2 −→ Ek(n2)

↓ ↗ ↓ ↓
E′m1

−→ E′m2
= E′m2

.

The first triangle is commutative on F1 to within ε1 and the second is com-
mutative on F ′1 to within ε′1.

By repeating the above process, we get two subsequences {Enk} and
{E′mk}, two subsequences of finite sets {Fk ⊂ Enk} and {F ′k ⊂ E′mk} and
the following not necessarily commutative diagram:

En1 −→ En2 −→ · · · −→ E
↓ ↗ ↓ ↗
E′m1

−→ E′m2
−→ · · · −→ E′.

Here the up triangle in the kth square is commutative on Fk to within εk
and the lower triangle is commutative on F ′k to within ε′k. The images of the
sets {Fk} and {F ′k} in E and E′ are dense since they contain the images of
all ∆(k) and ∆′(i). This approximately intertwining satisfies the conditions
of Theorem 2.2 [Ell2]. Hence it induces a ∗-isomorphism from E to E′.
Clearly, φ induces η.

5.5. For TT1-algebra, there is no trivial extension appears in the inductive
limit systems E = lim→ (En, φn,n+1). By Corollary 2.11, a homomorphism from
V (E) to V (E′) extends uniquely to a homomorphism from V∗(E) to V∗(E′).
As a consequence of Lemma 5.4, we have the following:

Theorem. Let E = lim→ (En, φn,n+1) and E′ = lim→ (E′n, ψn,n+1) be two TT1-
algebras. Suppose that η : V (E) → V (E′) is an isomorphism such that
η([1E]) = [1E′ ]. Then there exists a ∗-isomorphism φ : E → E′ such that φ
induces η.

5.6. Next, we will show that any AT -algebra can be written as an in-
ductive limit of finite direct sums of matrix algebras over T -algebras with
the additional condition on the connecting maps. Namely, it satisfies the
requirement imposed in Lemma 5.4.

Lemma. For any subsequence {nk} of N, there exists an increasing se-
quence Bk ⊂ T0 such that ∪∞k Bk is dense in T0, where Bk ∼= Mnk ⊕ C∗(Uk),
and where Uk ∈ T0 is a normal partial isometry with its essential spectrum
of the whole circle S1.

Proof. (Note that ∪∞k=1Mn(Bk) is dense in Mn(T0).)
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Proof. Fix a separable (infinite dimensional) Hilbert space H. Let {pi} be
rank one projections in B(H) with

∑
pi = 1. Then T0 is generated by K,

the compact operators, and a unitary

U =
∑

λipi

where {λi}∞i=k is dense in S1 for each k.
Let {eij} be a matrix unit for K. Let Mnk be the algebra generated by

{eij}i,j≤nk . Denote Uk =
∑
i>nk

λipi. Then Mnk is orthogonal to C∗(Uk) and

Bk = Mnk ⊕ C∗(Uk) ↪→ T0.

We now show that Bk ⊂ Bk+1. Write

Uk =
∑

nk<i≤nk+1

λipi + Uk+1.

It is clear that Uk is then an element of Bk+1. Mnk ⊂Mnk+1 . So Bk ↪→ Bk+1.
To show that T0 = lim→ Bk, we notice that U ∈ Bk for all k and {vij} ⊂⋃
Bk.

Proposition 5.7. Let E = lim→ (En, φn) be an inductive limit C∗-algebra
where each En is a finite direct sum of matrix algebras over T -algebras.
Then E is isomorphic to E′ = lim→ E′n where each E′n is a finite direct sum
of matrix algebras over T -algebras and where each connecting map from E′n
to E′n+1 satisfies the following: If Mk(T0) is a summand of E′n, then the
connecting map restricted to this block vanishes on Mk(K).

Proof. We construct E′ = lim→ E′n in several steps.

Step 1. We first replace those blocks that are isomorphic to matrix algebras
over T0 by direct sums of matrix algebras and matrix algebras over C(S1).

Take nk = k in Lemma 5.6. Let Bk = Mk ⊕ C∗(Uk). Then T0 = lim→ Bk.

For each En we can write En = E(1)
n ⊕ E(2)

n where E(2)
n = Ln ⊗ T0, Ln is

a finite dimensional C∗-algebra and there is no summand in E(1)
n which is a

matrix algebra over T0. Clearly,

En = E(1)
n ⊕ lim→ Ln ⊗Bk.

Let f (n) = {f (n)
k } be dense in En and let εn = 1/2n. Let G1 = {f (1)

1 } ⊂ E1.
There exists n1 such that dist(f (1)

1 , E(1)⊕L1⊗Bn1) < ε1. Fix E0
1 = E

(1)
1 ⊕Bn1 .

Let h(1) = {h(1)
i } be dense in E0

1 . Let H1 contain h
(1)
1 and the generators of

E0
1 . H1 is finite.
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Denote by φ1 the connecting map form E1 to E2. Let p be the projection
in E2 corresponding to the summand E

(2)
2 . By 2.4 (f), φ1 · p vanishes on

I(E(1)
1 ). Thus φ1 · p|E(1)

1 ⊕L1⊗Bn1
factors through Q(E(1)

1 )⊕L1⊗Bn1 , via, say

ψ̄′1. Denote by q1 the quotient map from E0
1 to Q(E(1)

1 )⊕L1⊗Bn1 . By Lemma
4.2 [Ell2], there exists n2 > n1 and there exists a unital ∗-homomorphism
ψ′1 from Q(E(1)

1 ) ⊕ L1 ⊗ Bn1 to E0
2 = E

(1)
2 ⊕ L2 ⊗ Bn2 such that ψ̄′1 and ψ′1

are within ε1 on q1(H1). Let ψ1 = ψ1 · (1− p)⊕ ψ′1 ◦ q1, then

E1
φ1−→ E2

↑ ↑
E0

1

ψ1−→ E0
2

commutes on H1 to within ε1. We may take n2 large so that E(1)
2 ⊕L2⊗Bn2

contains G2 = {φ1(G1), φ1(f (1)
2 ), f (2)

1 , f
(2)
2 } to within ε2.

Fix E0
2 = E

(1)
2 ⊕Bn2 . Let h(2) = {h(2)

i } be dense in E0
2 . Let H2 contains

{ψ1(H1), ψ1(h(2)
2 ), h(2)

1 , h
(2)
2 }

together with the generators of q2(E(1)
2 )⊕Bn2 where q2 is the quotient map

from E
(1)
2 to Q(E(1)

2 ). As above, there exists n3 > n2 and there exists a
unital ∗-homomorphism ψ2 form E0

2 to E0
3 = E

(1)
3 ⊕Bn3 such that

E2 −→ E3

↑ ↑
E0

2 −→ E0
3

commutes on H2 to within ε2 and dist(g,E0
3) < ε3 for every g ∈ G3, where G3

contains φ2◦φ1(G1), φ2(G2), φ2◦φ1{f (1)
2 , f

(1)
3 }, φ2{f (2)

2 , f
(2)
3 }, f (3)

1 , f
(3)
2 , f

(3)
3 to

within ε3.
Continuing this way, we have

E1 −→ E2 −→ E3 −→ · · · −→ E
↑ ↑ ↑
E0

1 −→ E0
2 −→ E0

3 −→ · · · −→ E0.

The above is an one-sided approximately intertwining in the sense of 2.3
[Ell2]. Hence it induces a unital ∗-homomorphism ψ from E0 to E. Fur-
thermore, ψ is surjective. This follows from the fact that the image of E0

contains a dense set of E. To see that ψ is injective, we note that each
vertical map in the above diagram is injective. Hence, the induced map is
injective.

Step 2. Replace these finite dimensional summands in each E0
n by matrix

algebras over circle algebras.
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Write E0
n = Dn ⊕ Ln where Ln is finite dimensional and where Dn is

a finite direct sum of matrix algebras over Tk (k > 0) or C(S1). Let jn:
Ln ↪→ Ln⊗C(S1) be the canonical embedding and let dn : Ln⊗C(S1)→ Ln
be evaluation at 1. Notice dn ◦ jn = 1. Denote by ψn : E0

n → E0
n+1. Then

βn = jn+1 ◦ ψn ◦ dn is a unital ∗-homomorphism from Dn ⊕ Ln ⊗ C(S1) to
Dn+1 ⊕ Ln+1 ⊗ C(S1). Trivially, we have

Dn ⊕ Ln ψn−→ Dn+1 ⊕ Ln+1
ψn+1−→ Dn+2 ⊕ Ln+2

↑ dn jn+1 ↓ dn+2 ↑
Dn ⊕ Ln ⊗ C(S1) βn−→ Dn+1 ⊕ Ln+1 ⊗ C(S1)

βn+1−→ Dn+2 ⊕ Ln+2 ⊗ C(S1)

commutes. Hence

lim→ (Dn ⊕ Ln ⊗ C(S1), βn) = E.

Now E is an inductive limit of finite direct sums of matrix algebras over
Tk (k > 0) or C(S1). We write Dn ⊕ Ln ⊗ C(S1) = Rn ⊕Kn where Kn =
L′n ⊗ C(S1) with L′n finite dimensional and where Rn is a finite direct sum
of matrix algebra over Tk (k > 0).

Step 3. To replace Kn by L′n⊗T0 with desired condition on the connecting
maps.

Let E′n = Rn ⊕ L′n ⊗ T0. Then we have trivial extension

0 −→ L′n ⊗K −→ L′n ⊗ T0 −→ Kn −→ 0.

Let πn : L′n⊗T0 −→ Kn be the quotient map and let in : Kn −→ L′n⊗T0 be
the splitting such that πn ◦ in = 1. Set π′n = idRn ⊕ πn and i′n = idRn ⊕ in.
Then

E = lim→ (Rn ⊕ L′n ⊗ T0, i
′
n+1 ◦ βn ◦ π′n).

Now E′n = Rn ⊕ L′n ⊗ T0 is a finite direct sum of matrix algebras over T -
algebras. Furthermore, αn = i′n+1 ◦ βn ◦ π′n vanishes on I(L′n ⊗ T0).

Remark 5.8. We would like to point out that a C∗-algebra E ∈TT is an
AT-algebra if and only if the third variable in V∗(E) is zero, i.e., d([u]) = 0
for every [u] ∈ k(E)+. Write 0 → I(E) → E → Q(E) → 0. Then the above
statement follows immediately from Theorem 5 in [LR], since the map δ0

there will be zero, if d = 0, and δ1 = 0 since E has real rank zero. Therefore
E is an AF -algebra if and only k(E)+ = {0}, since k(E)+ = {0} implies
that d = 0 and K1(E) = {0}.
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