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FORMAL REDUCTION OF LINEAR DIFFERENCE
SYSTEMS

GUOTING CHEN AND ABDELMAJID FAHIM

The purpose of this paper is to give a reduction procedure
for the construction of a Turrittin’s canonical form associated
with an invertible linear difference system. The nilpotent
case is treated by methods of deformation of orbits under the
adjoint representation of GL(n,C). We prove also a statement
on uniqueness.

1. Introduction and notations.

Since Turrittin [8], the formal reduction of difference systems or of difference
equations has been studied in many ways [4], [5], [7]. The different methods
lead to the result of Turrittin either in forms of classification or in forms
of formal solutions. To construct a canonical form for a given invertible
linear difference system with nilpotent leading matrix we proceed by using
the theory of orbits under the adjoint action of GL(n,C) on gl(n,C) [1].
Though the reduction procedure of both the differential and difference sys-
tems is similar, we encounter some phenomena which do not appear in the
differential case.

We shall use the following notations.

K = C((1/x)) is the field of formal power series with coefficients in C.

¢ is the C-automorphism of K defined by ¢(x) = = + 1.
For ¢ € N*, /9 is a fixed root of y? = z, O, = C[[]], K, =

C((;172)), K = U, N K, is the field of formal Puisieux power series
over C.

¢ can be extended to K by ¢(x'/7) = 2/9(1 + L)¥/a,

For M € gl(n,C),q € N*, ¥(M) denotes the set of eigenvalues of M
and
tg(M) = max{j € N | 3\, p € (M), A — p = j/q}.

For A € gl(n, K,), A #0,
ord(A) = max {T |reZ,Aca"gl(n, (’)q)} ;
q
ord(0) = +oc.
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We consider systems of linear difference equations of the form
(1) ¢(u) = Au

where A € GL(n,K,),q € N*. One can write A = >~ I(jﬂlf/q. The
matrix A or its associate system is said of level 0 if

(2) A= I+Z i/q

of level <1 if

(3) Z T_:jnm/q reN*, 1<r<gq, A, #0,

where I denotes the n x n identity matrix. Let T € GL(n, K,). The change
@ = Tu transforms the system (1) to

¢(u) = Aa
where
(4) A=TI[AY ¢(T)AT .

We shall say that the matrices A, A (or the corresponding difference systems)
are equivalent (under GL(n, K,)).

Definition 1. Letp € N*. We shall say that B € GL(n, K,,) is in canonical
) 1 N B
form if B = 7w § @ oy

° TGZ,&;GPN,€1<€2<"'<€S,

[ ] Bz S GL(?’L(Z),OP) (4) c N Z n() =n, B @tzil ( (B () + C'(’))

@ — j@) (i)l . )(7)
% % L o, Gl
B [\ + NG + e+ NG

T el x (V_]<)

where
AD € €, AD £ A for a £ 8,
I is the n{®) x n(Z identity matrix, n() € N* Za n) =n®,
(’) €N ra1<rfy)2< <7}(l)j<><1 D(z € gl(n )C)(
7 S G ) are nonzero diagonal maér?ces
CW € gl(n®), C) commutes with the D(Z (1< <5D).
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We make the convention that for j) =0, B = ().

One may write a canonical form in some other equivalent forms. We have
chosen these conditions to ensure uniqueness (Theorem 2). A canonical form
for a difference system (or a matrix) of level < 1 is in the form

D D C
(5) e R e
' Xk x
where the D;(1 < j < k) are nonzerro diagonal matrices, 0 <1 < --- <1y,

are rational numbers and the matrix C' commutes with the matrices D;(1 <
j < k). This special canonical form is the same as in the differential case [1].
But for general difference systems the canonical from is more complicated.

We can state the result of Turrittin as follows:

Theorem 1. Let ¢ € N* and A € GL(n,K,). Then there exists p € ¢N*
such that A is equivalent under GL(n, K,) to a matriz in canonical form. If
A is of level <1 then it is equivalent to a matriz in the canonical form (5).

We will give an effective method which proves the theorem in several steps.
We treat at first the case of matrices of level 0 in Section 2 and of level <1
in Section 5. We then consider the general case in Section 6. In Section 7 we
establish a statement on uniqueness (Theorem 2) of the canonical form. The
procedure is analogous to that used for differential systems [1] in the case
of level < 1. There is a different phenomena which is unique to difference
systems. More precisely, for a complete reduction of a difference system we
need to do two reductions, one to reduce general difference systems to the
case of level < 1 and another one to reduce a difference system of level < 1.

2. Reduction of systems of level 0.

We begin by the reduction of systems of level 0.

Proposition 1. Let ¢ € N* and A € GL(n, K,) be of level 0. Then there
exists T € GL(n, K;) such that T[A] = I+< with C € gl(n, C) and 11,(C) =
0.

Proof. Write A =1+ Y% A= We distinguish two cases:

m=q gm/a"*

(1) pe(A,) = 0; then one can verify by direct computation the existence
of T € GL(n, O,) such that T[A] = T + 2.



40 GUOTING CHEN AND ABDELMAJID FAHIM

(11) Mq(A ) > 0. Let E( ) = {)\1, )\2, e ,)\p} with )\1 — )\2 = ,qu(Aq) Let
n’ be the multiplicity of A\; and n” = n —n/. After a change of basis one can

assume that
A0
— q
Ag = < 0 A;’)

where A) € gl(n’, C), A € gl(n”, C) with ¥(4]) = {\}.

Define
~ x_l/QIn/ O
T B ( 0 In// ’

We have T[A] = I + 22 + ... where

bt Al — lI/ 0
- a n
A, = ( *q Z) .
Hence %(4,) = {\ — 1,)\2, N tg(Ay) = pg(Ay) — 1.

By repeating the same procedure a finite number of times, the former case
occurs. u

3. A splitting lemma.

Let G = gl(n,C). For M € G, Gy and [G, M] denote respectively the
kernel and the image of the adjoint homomorphism ad(M). The following
lemma (and its proof) is the difference analogue of the differential case ([1],
Proposition 4.3, p. 30).

Lemma 1. Let A € GL(n, K,) be in one of the following forms,

oo

T+m
(I) Z r+m)/q 1ST<Q’

or

) Y S ez

where Apym € G, A, #0. Let L C G be a linear subspace such that

Then there exist sequences (Tpn)m>1 1 G, (Al L, )m>o in L such that

=1+ Z T+m o, in the case (I)
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or
/ S Ary
T[A] =x" qu::OW, in the case (II)
where

=11 (1+ ).

Moreover A’ only depends on A,, Ay, ..., Avim.

r+m

Proof. We prove the lemma for the case (II), the reasoning being the same
for the other one. Let A®) = A, T = I. For j € N* we will define

©)

_ LA
A(J) = x—r/q (Agj) + ;7“ + o ) € GL(na Kq)
x /q

with AY) = A, and
| T,
(€) J .
T _I+a:i/q’ T, €G

such that
(1) A, =A%) 0<p<j-1,

(3) AW = T(j)[A(j—l)].
For j =1, we have

Ty A,y — (4w A1(»1421 Ty

Then

A=A, Ay =AY, (A, T,

The assumption on £ implies the existence of T in G and Aﬂl in £ such
that the last equation is fulfilled.
By induction on j, one chooses Tj;; and Ai{;lﬁl such that

+1
Agj-g] Agjﬂﬁ [AW Tj+1]'

We have

AW — 7OHG=1) ., -T(l)[A]

/ AN, 93 .
_ —T/q r+ . r+j -
=7 (AT toue Tt e TO (xwl)/q)) :
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Define T' =[] (I + ;) and A’ = T[A]. Then

A= AD € gl (n, 2 0F0110,) | ie. A= lim AD.

J—00

A’ has the desired properties. [l

Corollary 1 (Splitting lemma).  Let notations be as above. Let ¥ be
the set of eigenvalues of A,, Py be the matrixz of the projection of C" on
the eigenspace corresponding to A in 3. Let S be the semisimple part of A,.
Choose L = Gg. Then A’ commutes with Py for m € N; moreover

r+m

AES
where
= PA
A\ =T+ Z ﬁ in the case (I),
x rTTm
n=0
= PA
A —r/a “ArEm e the case (I1).
m=0 xm/q

Remark. The case (I) of the above lemma and corollary corresponds to
a difference system of level < 1 which will be used in the Section 5 and the
case (II) for a general system in the Section 6.

4. Standard triples.
We present now some results which will be used in the next sections.

For M € G,d(M) is the dimension of the GL(n, C)-orbit of M with respect
to the adjoint representation of G.

Proposition 2 ([6], [1]). LetY be a nonzero nilpotent in G; then we can
find H, X € sl(n, C) such that

[H,X]=2X, [HY]=-2Y, [X,Y]=H.
(Y, H, X) is called a standard triple.

Proposition 3 ([1]). LetY be a nilpotent and (Y, H, X) a standard triple.
Let Z € Gx,Z # 0. Suppose that'Y + Z is nilpotent. Then d(Y +2Z) > d(Y).
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For a standard triple (Y, H, X), we have G = Gx &[G, Y]. Moreover there
exists a basis {Z1,...,Z;} of Gx such that Z; = I, Z; € sl(n,C) for j > 2
(see [1], p. 15) and

[H,Z;] = X\;Z;, N eN, 1<j<L

In particular A\; = 0. Define A = suplgjg(% +1), then 1 <A <n.
{Zy,...,Z;} can be extended to a basis {Z1,...,Zy, Zps1,... , Zp2} of G
with the following properties:

Forall j > ¢, [H,Z;)|=X\Z;, X €Z, |\|<maxA\,.

1<i<t

If M € gl(n,C) is such that [H, M| = cM for some ¢ € Z then
™Mz ="M, for pe N*, m € (1/p)Z
One has in particular

(6) l’mHYZL'_"LH — 1'_2"LY; mezj:E—nLH — IIJ‘Aijj.

5. Systems of level < 1.

5.1. The nilpotent case.
Let

—I—i-z Arim - €GL(n, Ky),1 <r<gq

r+m

with A, # 0. Assume that Y = A, is nilpotent. Let (Y, H, X) be a standard
triple. In the sequel we shall describe the first steps in order to reduce A.

Lemma 2.
(i) There exists T € GL(n, C[=;]) such that

7‘+m
=1+ Z pC—yp

with A, = A,, Al € Gx for 1 < m < A(q —r). Furthermore for
me N, Al

rm Only depends on A, ..., Ar .
(i) If Ay € sl(n, C) then Al has the same property.

Proof. The first assertion follows from Lemma 1 by taking £ = Gx. The
second one is immediate. O
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To continue the reduction we may suppose according to the lemma that
A satisfies A, ., € Gx for 1 <m < A(q —r). Then we can write

¢
Arpn = Zawm’ij, 1<m<Alg—r)
j=1

’I’L2

Ay = Zar+m7ij, m > A(g—r).

Jj=1

Define

m .
E:{Ai+1’1§m<A(Q—r),1§jSﬁ,awm_j#o}.
2

Let
6:{infE if BE+0

o0 otherwise,

a =min{q—r, 3} and S = x4/ Tt is clear that 3 > 0, > 0. According
to (6) we have,

SIY] = (14 a~t)*H/Coge/ay

S[Z;] = (1 +x~ 1) /RN /RO 7. 1 < j < p?

and

A E S[A] = (1+ 271/ [1 + g (re/a <Y +

Arim,jZj S Urtm,j Zj )}

1 %} 1 A
Llm— (341 Lm— (241
1<m<A(q—r) xq[m (5++1)e] m>A(q—r) .’,Eq[m (5 +1)al
1<j<¢ 1<j<n?2

Proposition 4. Let notations be as above.
(1) Ifa=q—r, then A’ is of level 0;
(2) f0<a<qg-—r, wm’tea:;—; then
A =T+ x*(q’rJrr’)/(qq’)[Y/ + O(xfl/@qq'))] € GL(n, Ogyy)

withY' =Y + Z Qrim,jZ; where

(m,j)eQ

0= {(m,j)‘l§m<A(q—T),1SjSE,aHm,j#O,a: *fTL}'
2

Moreover Y #Y and

— either Y’ is not nilpotent
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— orY’ is nilpotent but d(Y') > d(Y).

Proof. (1) If a = q — r we have for all m > A(q —7),1 < j < n?
— (A;/2+ Da > 0.

The new matrix A’ is of level 0.
(2) If a = < q—r, we have for all m > A(qg —7),1 < j < n?,

—(\/24+ )a > 0.

Then Y” is in the form of the proposition and Y’ # Y. If Y’ is nilpotent
then, by Lemma 3, d(Y’) > d(Y). Ul

Corollary 2. Assume that tr(A,.,,) =0 for0 <m < A(q—r). Ifa < qg—r
and Y’ is not nilpotent then it has at least two distinct eigenvalues.

Proof. The assertion follows immediately from the fact that a,;,,; = 0 for
1<m<A(g—r). u

5.2. Reduction of systems of level < 1.
In this section we shall prove the following proposition that is the second
part of the Theorem 1 concerning systems of level < 1.

Proposition 5. Let ¢ € N* and A € GL(n, K,) be of level < 1. Then there
exists p € qN* such that A is equivalent under GL(n, K,) to a canonical
matriz of the form

D D, C
B=1I+ "t t

T’k T

Recall that the r1,... 1), € %N*, ry < - <r<1; Dy,...,Dy € gl(n, C)
are diagonal, C € gl(n, C) commutes with the D;(1 < j < k).

We begin by stating some facts which will be used in the proof.

Lemma 3. Let

o0

Z U € GL(n, K,).

Then we can find sequences (Wm)m>1 i C and (A!))m>1 in sl(n, C) such

that
A= [ (e 25)] (1 £.25)

m=1
moreover wy, and Al only depend on A, ..., Ap,.
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PT’OOf For ] € N* define w; e C and A(J) =T+ Z AW by

m=1 LM/q

tr(A w \ 7
(j—-1) -1
Wi = tr(4;" ) AD = (14 Wi AG-D)
J n ’ xj/q

Lemma 4. Let B € GL(n, K,,) be in the form

B:(H—%—%~+(I>I+C+B

xt/P (p—1

where a; € C,C € gl(n, C),B € gl(n,0,) with ord(B) > 1. Then B is
equivalent to (14 5 + -+ + 3257 )1 + % for some C" € gl(n, C).

x(p—1)/p

The proof is the same as for the Proposition 1.

Corollary 3. Let B € GL(n, K,,) be in the form

D, D,, C -
Py sy i

B=1+
where the D; € gl(n, C) are diagonal matrices, C € gl(n, C), B e gl(n, 0,)
with ord(B) > 1, C' and B commute with the D;. Then B is equivalent to
I+ +-~~—|—£—i—%f0rsome C’ e gl(n, C).

x(P—1)/p

Proof of the Proposition. Write

r+m
A= I—I—Z ey VAL #£0,1 <r <q.

Let x(A) = max(0,¢q — r). We will prove the proposition by induction on
(rank(A), k(A)) with lexicographical order.
If rank(A) =1, i.e. A, 4, € C one can easily find f € K,\{0} such that

_ Ar T+q ¢f
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If K(A) = 0 then the matrix A is of level 0 (see Proposition 1).
Let (rank(A),x(A)) > (1,0). Assume that the proposition is true for all
matrices A’ such that (rank(A’),k(A’)) < (rank(A),x(A)). We distinguish

two cases:

(i) A, has at least two distinct eigenvalues. Then by the corollary of the
Lemma 1, there exists T' € GL(n, O,) such that T[A] = diag(A’, A”) where
A" e GL(n', K,) and A” € GL(n", K,) are of level <1 and n’,n” < n. Then
we can apply the induction to A’ and A”.

(ii) A, has only one eigenvalue w.
e If A, = wl, one can write A = (1 +wz~"/9) A’ where

_ r+m /
I+Z T AL, #0

with 7/ > r. One first applies the induction to A’ and afterwards uses
the Corollary 3 to reduce A.

e If A, # wl, by using the Lemma 3 followed by the Corollary 3, one
can assume that A,,, € sl(n,C) for m € N. Now A, is nonzero and
nilpotent. Let (A,, H, X) be a standard triple. By Lemma 2 one can
also suppose that A,.,, € Gx Nsl(n,C) for 0 < m < A(g — r). Thus
the Proposition 4 is applicable: There exists a shearing transformation
S such that A" = S[A] satisfies one of the following statements

— either A’ is of level 0
— or A isoflevel < 1,ie. A =1+ T/q,+ - with 1 <7 < ¢,
q € gN*, Y’ € sl(n, C) Y’#OandY’;&Y.
In the latter case:

— Either Y’ is not nilpotent; hence it has at least two distinct eigen-
values since tr(Y’) = 0. We are back in the case (i).

— or Y’ is nilpotent then d(Y’) > d(Y). By repeating the same
procedure a finite number of times we find in the end either the
“non nilpotent” case or the “level 0” one.

O

6. Reduction of general systems.

Analogous reduction as in the preceding section reduces completely differ-
ential systems. In the difference case we need to apply one more reduction
procedure to reduce general difference systems to systems of level < 1. This
phenomena is unique to difference systems. We now study the reduction of
general difference systems.
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6.1. The nilpotent case.

Let

- Ar m
A=a/1y Wﬁq € GL(n,K,), A, # 0.

m=0

Assume that Y = A, is nilpotent. Define v = ¢ - ord(z"/?det A). Then
v > 0.

We can begin the reduction of A.

(a) Let (Y, H, X) be a standard triple. There exists T € GL(n, C|—5])
such that

A’défT[A] = /4 Y+£+...+M+...
xrl/q x(WA)/q

with A7
depends on A, ..., A im.
(b) According to (a) we may assume that A already satisfies A, ., € Gx

form=1,...,vA. Write

€ Gx for m = 1,... ,vA. Furthermore for m € N* A’ only

r+m

14
Ar+mzzar+m,jzja 1 SmSVA)
j=1

2

n
AT+771, = Z a7,+m7ij, m > vA.

j=1

Define

m )
E=17 ‘1§m<VA,1<]<E7aH_ S#0p.
3t - .

We claim that E # () and inf F < v. Indeed since det(}." _, ‘imﬁq) # 0 one
concludes that A,,,, # 0 for some 1 < m < v.

Let 3 =inf E > 0 and S = 2°/(9)_ Then

S[Y]=(1+ $—1)6H/(2Q)x—[3/qy

S[Zj] = (1 +x‘1)ﬁH/(2q)xmf/(2‘Z)Zj, 1<j< n2

and

r+m Z
S[A] = (14 a7") 1/ E0g= e/ [Y +Y oy
1<m<vA palm=(5+1)5]
1<j<¢e

2 : ar+m,ij :|

Ll (2 ’
moA xq[m (=Z+1)p]
1<j<n?
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Let A’ = S[A]. Write § = Z—: with 7/, ¢’ € N*. Recall that 0 < 8 < v. For
all m > vA, m — (’\7] +1)8 > 0. Then A’ € GL(n, Oy, ). More precisely

FEEC Y
W= [V 40 (b )]

where
Y=Y+ > aym;Z;

(m,j)eQ

The summation is over the (non empty) set

Q—{(m,j)‘lSmSI/A,léjéﬁ,ar+m,j7ﬁ0,ﬁ—A. 1}-
7]_‘_
2

We have proved the following

Proposition 6. Let notations be as above. Then Y' #Y and Y’ is
e cither not nilpotent,

e or nilpotent, in which case d(Y') > d(Y).

6.2. Proof of the Theorem 1.
Write A = 277/93°%_ ‘:mﬁ with A, # 0. We proceed by induction on n.

It is clear for n = 1. Suppose n > 1. We assume the assertion in dimension
< n. We distinguish two cases:

(i) A, is not nilpotent.

e A, has at least two distinct eigenvalues. Then by the Corollary 1
of the Lemma 1, there exists a matrix ' € GL(n,0,) such that
T[A] = diag(A’, A”) where A’ € GL(n',K,) and A” € GL(n", K,)
with n’,n” < n. Then we apply the induction to reduce A’ and A”.

e A, has only one eigenvalue A\ # 0.

(a) A, =M. Write A = 27"/9\A’ where A’ is a matrix of level < 1.
Then one can apply the Proposition 5.

(b) A, = M +Y,Y is nonzero and nilpotent. Let (Y, H,X) be a
standard triple. Define S = 27+ . Then

xm/(2nq)

S[A] — xf(nerl)/(nq))\ (I + f: A;”er >
m=1

where A/ € gl(n,C). We are back to the case (a).
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(ii) A, is nilpotent. Let (A,, H, X) be a standard triple. There is no loss of
generality to assume that A, ,, € Gx for 1 < m < vA. Then the Proposition

6 implies that there exists a shearing transformation S = z3 such that

A =S[A] =2 " [Y’ +0 ()} .

21/(240")

Moreover
e cither Y’ is not nilpotent. Therefore A’ is in one of the forms treated
in the case (i).
e orY'isnilpotent but Y’ # Y and d(Y’) > d(Y). By repeating the same
argument a finite number of times the “non nilpotent” case occurs.
This terminates the proof.

O

7. Uniqueness of the canonical form.

Definition 2. Let p € N*. A matrix C € gl(n, C) is said to be p-reduced
if 0 <Re(N) < % for all eigenvalues A of C.

A canonical matrix B as in the Definition 1 is said to be p-reduced if the
C are p-reduced.

Lemma 5. Any canonical matriz in GL(n, K,) is equivalent to a p-reduced
one.

Proof. 1t is sufficient to consider the case of a canonical matrix of the form
B = (1+a)l + Cz~' where a € C[z~/?] of degree < p without constant
coefficient. One can assume that C' has only one eigenvalue A\. Write \ =
A+ £ with 7 € Z and 0 < Re(A) < L. Let T = 27"/7I, then

T +a)+Cz7 ' = (1 +a)l+ (C— (r/p) D)z + O(x~#+V/P),
Furthermore there exists a matrix 7" € GL(n, O,) such that
T'T(1+a)+Cx ') = (1 +a)+(C— (r/p)])z~".

It is obvious that the latter matrix is p-reduced. l

Theorem 2. Letp e N*. Let B= - @;_, 5 B = -1 @f;l% be two

zr/P i=1 g% zr/P
canonical matrices in GL(n, K,), where

t

i i /(1)

t .
4 oW | o
5= (80 + %), m-gw (0 + %)

a=1 a=1 x
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are as in the Definition 1, with

D(z) DY,
BY = 1) + ==l 4. 4 22 € GL((, 0,)
:L’ e 1 z L”(L')
D(% D/(i)
B =0 4 2ol g Tead o QL@ 0,)
ac7a1 Tl ®
x e

which verify the conditions of the Definition 1. Then B and B’ are equivalent
n GL(n K,) iff the following conditions are satisfied
(i) s =s,foralll <i<s, D =n0 0 =0, t=t, foralll <a<t,
) = n@,
(i) foralll <i<s, ;D =3O foralll <o <t r. (Z) (17)j(1 <<,
(iii) there exist matrices E; € GL(n”, C) such that

(7) B, = E;B;E; *(mod x™ "),
exp(2imp @'_, C"V) = E; exp(2inp @'i_, C)E .

Moreover if B and B’ are assumed p-reduced, then the condition (7) is equiv-
alent to B! = E;B,E;".

Proof. There is no loss of generality in assuming r = 0. We are going to
prove the theorem under the assumption that B and B’ are p-reduced. The
general case can be deduced from the special one with the aid of the Lemma
5. The sufficiency is trivial. We now prove the necessity.

(a) We show at first that ¢ = ¢;. Let T' € GL(n, K,) be such that B’ = T'[B].
Write T in the Smith normal form T' = Px~”Q where P,Q € GL(n,O,)
with det P(0co) # 0,det Q(o0) # 0. D = diag(ay,...,q,) is a diagonal
matrix with a; € %Z and o < ap < -+ < q,. Let B = P¢(P)~'B’ and

B=(1+1/2)"2¢(Q)BQ". One can then write
B =2 (Ay+ ), Ay = diag(\ 1Y, ALY, 0)

=27 (QoAoQy 4 -+ ), Ag = diag AT, ALY o),

Then 2P B(x)xzP = P~'B'P. If X denotes an indeterminate then one has
det(A\ — 2 B) = det(M\ — 2" B'). If £, # ¢} for example £, > £, one would
have ord(z“*B) = 0 and ord(z“*B') = ¢, — ¢, > 0 and then det(\] — A4,) =
det(AI) = A\". This contradicts to the fact that A £ 0. Hence 0 =10,. As
a consequence we have det(A] — Ag) = det(A] — Aj). From the structure of
A} and Ay we deduce that there exits a permutation matrix Ey such that
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Al = EyAgEy"'. To simplify the notations, by considering FyB;E; ' in the
place of B;, we can assume that A = A;. Then n'M) = nM ¢ =, and for
alla =1,...,t;, n/M =npl N = D,

(b) Let B = @*_,a By, B' = ®°_,x ‘% B,. Write

(T

where T is an n®V) x n(!) square matrix. Then B'T = ¢(T)B becomes
e " B\Ty =z " ¢(T))By, B'Ty=¢(Ty)B,
B'Ty = " ¢(Ty)B,, = BTy = ¢(T3)B.
We claim that T = 0. Otherwise ord(75) < +o0, then
ord(B'Ty) > ord(B') + ord(T3) = ¢, + ord(T),
ord(z ' ¢(Ty)By) = {1 + ord(T3) + ord(B;) = £, + ord(T3).

This contradicts the fact that ¢; < ¢,. Then T = 0. For the same reason
one has T3 = 0. Therefore T' = diag(71,Ty) with 177 € GL(n(l) K,), T, €
GL(n —nW, K,) and B, B’ are equivalent respectively to By, B.

The same arguments applied to B, B’ and similar computations applied
to B!, By prove (i).

(c) Now it remains the case

D D, C
B=I+—+ +=-2+—
71 x’i x
D; D;, C
B—I—i———i— i el S
] x i x

By a change of basis one can also suppose that B = ®!_,B,, B’ = &\_, B,
where

C a a
Bi=(1+a)l, + — € GL(n, K,),a, = xléll e xlrf an —
/ / C]; , , CL;C 1 / ’
Bk = (1 + a’k)InL + =z c GL(nk,Kp),ak — :L»T,i —+ .. x , E n

=1
with C}, C}, p-reduced. Let
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where T}, is an nj, x n; matrix. We have
(8) ¢(Tw) = By TuB; .

We have to show the following: ¢ = t; there exists a permutation « of
{1,...,t} such that nj, = nau); Traew € GL(n}, K,), Tk,s = 0 for s # a(k);
aj, = aa(r); Cp and Oy, are similar.

Fix 1 < k < ¢/, then since T is invertible there exists at least 1 <[ <t
such that Ty, # 0. Let u be a nonzero coefficient of Tj; with minimal order.
It follows from (8) that u satisfies an equation of the following form

ou) 1+a,  f
= +
u 1+a =
with f € K, and ord(f) > 0. Since 2% € 1+ 10, one deduces that aj, = a,.
Since ay # as for k # s one has Ty, = 0. Write [ = a(k) the unique
index such that Ty; # 0. This shows that ¢t = ¢ and « is a permutation of

{1,...,t}. Furthermore we have nj, = rank(T} o)) = Na) and then Tj )
is invertible. Now (8) implies immediately that C}, Cy) are similar. This
completes the proof. |

The authors thank the referee for helpful comments and suggestions.
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