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MOBIUS INVARIANT R, SPACES ASSOCIATED WITH THE
GREEN’S FUNCTION ON THE UNIT BALL OF C»

CAIHENG OUYANG, WEISHENG YANG AND RUHAN ZHAO

In this paper, function spaces Q),(B) and @, (B), associated
with the Green’s function, are defined and studied for the unit
ball B of C". We prove that Q,(B) and Q,(B) are Mobius
invariant Banach spaces and that ,(B) = Bloch(B),Q,0(B) =
Bo(B) (the little Bloch space) when 1 < p < n/(n —1),Q1 =
BMOA(0B) and Q1,0(B) = VMOA(0B). This fact makes it possi-
ble for us to deal with BMOA and Bloch space in the same way.
And we give necessary and sufficient conditions on bounded-
ness (and compactness) of the Hankel operator with antiholo-
morphic symbols relative to Q,(B) (and @Q,(B)). Moreover,
other properties about the above spaces and |, (w)|, ¢.(w) €
Aut(B), are obtained.

1. Introduction.

As well known, there are several equivalent statements for analytic functions
of bounded mean oscillation (BMOA). On the unit disc D of C, the following
condition associated with the Green’s function gp(z, a)

(1.1) f € BMOA(D) & sup/ |f'(2)?9p (2, a)dxdy < oo,

yielded by the Littlewood-Paley identity, is an important one of those equiv-
alences, since not only the characterization of Carleson measure for BMOA
and the Fefferman’s duality theorem were obtained by it [8], but also the
version of (1.1) on the Riemann surface R with the Green’s function G

sup/ |F'(w)]*Gr(w, a)dwdiv < oo

acRJR

is usually regarded as the definition of BMOA on R for convenience [11]. In
[1] and [2], the spaces of analytic functions on D,0 < p < oo,

Qp(D) = {f € A(D Sup/ If' (2)Pdh (2, a)dzdy < oo}
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and

QuotD) = {7 € AD): tim, [ 1Pz, a)ddy = 0

were introduced which are from the variants of condition (1.1) on the degree
of gp. The main results are that for 1 < p < o0, Q,(D) = the Bloch space,
Qp.0(D) =the little Bloch space, for p = 1,Q1(D) = BMOA(D), Q1 0(D) =
VMOA(D) and as 0 < p < 00,AD C Q,0(D) C Q,(D) where AD is the
Dirichlet space on D. This shows that the above Q,(D) and @, (D) are
both nontrivial and significant.

For the unit ball B of C", we have [12]

f € BMOAWB) « sup [ [VI(FI(2) - f(@)P Gz a)dA(2) < oo,
aceB JB
0 < p < co. Taking p = 2 especially then

(12)  f<€BMOA(B) <z>sup/ ¥ £(2) PGz, a)d\(z) <

a€EB

where V, G and d) denote the invariant gradient, the invariant Green’s func-
tion and the invariant volume measure, respectively [Section 2]. So it is
natural to ask what is the class @), of holomorphic functions satisfying the
condition

sup/ IVf(2)]2GP(2,a)d\(z) < 00, 0 < p < oo,

acB JB

The main purpose of this paper is on it.

The paper is organized as follows: In Section 2, we explain some nota-
tions, concepts and the results used in what follows which can be found in
[9], [12], [13], [14] and [17]. In Section 3, we prove that Q,(B) are Mdbius
invariant Banach spaces (Theorem 3.3), and as 1 < p < -"5,Q,(B) =
Bloch(B), Q:(B) = BMOA(9B), as 0 < p < "= or p > 2=, Q,(B) are triv-
ial (Theorem 3.8). Section 4 contains the results about vao, By, and VMOA
corresponding to Section 3. In Appendix, we give an elementary proof of a
conclusion used in Lemma 4.2 that p(z,w) = |¢.(w)| is a Mo6bius invariant
metric in the unit ball. Although |p.(w)| is widely applied, but the invari-
ance and the triangle inequality about it have not been shown elsewhere.
And they seem difficult to be proved by means of a direct extension from
the case of one complex variable in [8].
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2. Preliminaries.

Let B denote the unit ball in C™ (n > 2 throughout this paper), and for
a € B,p,(z) is the Mébius transformation of B which satisfying ¢,(0) =
a,pq(a) =0and p, = ¢, ' ¢, € Aut(B), Aut(B) is the group of biholomor-
phic automorphisms of B, cf. [13].

H(B) denotes the collection of all holomorphic functions in B. Let V f =

(g—jl, e %) denote the complex gradient of f, Rf = Zl zj(g—i) denote the
=
radial derivative of f. Let dA(z) = (1—(\15\% where dv is the normalized

volume measure in C", then d\ is M-invariant [13], which means,

[ 1@ax@) = [ foupan)

for each f € L'(\) and ¢ € Aut(B).

Let Af(z) = A(f 0 ¢.)(0) denote the invariant Laplacian of f [13], and
Vf(z) = V(f 0 ¢.)(0) denote the invariant gradient of f [14]. By a direct
computation, we get for f € H(B),

VP = (1= ) (V)P =~ [RF(2)P) = iA!f\Q(Z)-

In [14] and [17], the invariant Green’s function is defined as G(z,a) =
9(pa(2)), where

n+1 [!
— 1 _ t2 n71t72’n+1dt'
o) = " [ =8

About g, we have (cf. [12], Lemma 1):

Proposition 2.1. Letn > 2 be an integer, then there are positive constants

Cy and Cy such that for all z € B\ {0},

Cl(l _ ‘Z‘2)n’z‘f2(n—l) < g<z) < 02(1 _ ’2‘2)71’2’—2(7171).

Bloch(B) denotes the Bloch space and By(B) the little Bloch space in B.
BMOA(0B) and VMOA(0B) denote bounded mean oscillation and vanish-
ing mean oscillation on 0B, respectively.

In [9], for 1 < p < oo the Besov p-spaces B, (B) were defined as follows:

1flls, = 1£O)] + (p = DIQS o),
By(B) ={f € H(B):[|fllz, < oo}
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(cf. Definition 3.1 of [9]). If p = oo, the corresponding Besov space was
defined by the Bloch space. B,(B) are Mébius invariant Banach spaces and
for 1 < p < ¢ < oo, have

B,(B) C By(B) C Buo(B) = Bloch(B)

(cf. Propositions 3.2 and 3.3 of [9]).
For f € H(B),0 <p < o0,a € B, let

L) = [ [VI:)PC( adrz),
Jp(f,a) =/ IVF(2)P(1 = lpa(2)]?)"™dA(2).
B
Definition 2.2. We define
115, = iggfp(f, a),
Qp(B) ={f € H(B) : || fllq, < oo},

and
Qpo(B) = {f € H(B): |<lli|r_r>11 L(f a) = 0}.

Denote E(a,r) = {z € B : |p.(z)| <7} and E(a,r) = {2z € B : |pa(2)] <7}

Let L?*(v) denote the Hilbert space of square-integrable complex—valued
functions in B and L2(v) the Bergman subspace of holomorphic functions
in L?*(v). If P denotes the orthogonal projection of L?*(v) onto L2(v), the
Hankel operator of symbol f € L?(v) is defined in L2(v) by

Hy(h) = (I = P)(fh), he Ly(B).

In general H; may be unbounded.

Throughout this paper, C and C; are positive constants which are not
necessarily the same in each appearence. When there is no danger of con-
fusion, we shall write Bloch, BMOA, B, and @, in place of Bloch (B),
BMOA(0B), B,(B) and Q,(B), etc.

3. Characterizations of (), Spaces and Bloch Space.

Lemma 3.1. There are positive constants Cy(p) and Co(p) (independent
of f and a) such that

L(f.a) 2 Ci(p),(f.a) = Co(p)|V f(a)?
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for0<p<oo,fe H(B) and a € B.

Proof. The first inequality can be obtained by Proposition 2.1 and |¢,(z)| <
1. The second inequality is proved as follows:

T(.0) = [ VP a2 P7arz)
= [ V(o p) )P~ 2P du(z)

Z/B IV(f o 0a)(2)P(1 = 2)"" 7 (1 = [2]*) du(2).

For z € By, (1 — [z]?)"~ " > (3/4)""*! when np —n+1 > 0 and
(1 —|z/*)"P~"*! > 1 when np —n + 1 < 0, thus

T(f.0) 2 C) [ 19(f 0 )1 = [2) Pdoa)

Since R(f o pa)(z) = (V(f o ¢.)(2), Z), by Schwarz inequality we can get
V(o) (2)F = (1= )V (S 0 0a) (2)] = [R(f 0 0a) (2) )
> (1= 2P)?V(fowa)(2)].
It follows from the subharmonicity of |V (f o ¢,)(2)|? that

J(1,0) 2 C) [ [9() 0 @) () duz)

> C(p)|Buyal|V(f © ) (0)*
= G@)[V(@)l

O

Lemma 3.2. For f € H(B), the following three quantities are equivalent:

I£13: sup [V f(z)[°, supJusi (f,a).
z€B a€B

Proof. We can get the result by a little modification of the proof of Theorem
2.4 in [6] and using the equality A|f|*(2) = 4|V f(2)|?. u

Theorem 3.3. @, are Mdébius invariant Banach spaces equipped with the
norm |f(0)| + || fllo,-Qp are M-invariant,which means f o ¢ € Q, and ||f o
ollo, = Ifllq, whenever f € Q, and ¢ € Aut(B).

Proof. The invariance of @, and || - ||, is obvious because IVf],G(z,a) and
d\ are M- invariant.
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From the definition of Vf(2) = V(f o ¢.)(0),

VI(f +h) o ©:](0)
V(fop:)(0)+V(hoe:)0)
Vf(2) 4+ Vh(z).

V(f +h)(2)

Therefore 3 . }
IV(f +1)(2) < (IVF(2)| + [VR(2)])%.

L(f +hia) = [ 90+ WE)PEa)dA)
< /B(Wf(Z)l +|Vh(2))*G? (2, a)dA(2)
— I,(f.a) +1p(h,a)+2/3|@f(z)| Vh(2)|GP (2, a)dA(2).
By Hélder inequality,

LI95)]- [Vh(:)|6 (2 a)A(2)
1/2

< {/B IV f(2)]?GP(z, a)d/\(z)] 1/2 [/B IVh(2)[2G7 (2, a)dA(2)
= [L,(f,a)]"?[I,(h,a)]/>.
Thus

L(f + h,a) < I,(f,a) + L(h,a) + 2[1,(f,a)] 2[L,(h, a)]' 2,
1 (f +h, )] < [L,(f, )] + (I, (h, a)]'/2.

Taking sup on the two sides, we can get
a€B

1+ hlle, <flle, + Ilq,-

| fllo, = 0, when f = const. On the other hand, suppose || f|/g, = 0, then
(1—12])?|VF(2)]? <|Vf(2)]> =0 and so |Vf(z)| =0 on B, thus f = const.
on B.

We have proved that || - [|g, is a seminorm on @,. If two functions whose
difference is only a constant function are regarded as the same one, then @,
is a normed linear space with norm || - ||,. In the following we will prove
the completeness.

Let {fx}32, be a Cauchy sequence in @),. By Lemma 3.1 and Lemma 3.2,
I flls < C|fllg, for all f € H(B), thus {fi} is also a Cauchy sequence in
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Bloch space (in the Bloch norm). According to the proof of Proposition
4.2 of [15], there is a function f € H(B) such that f;, — f uniformly on

compact subsets of B (as k — o0), therefore Oz) _, %Z(f) as k — oo, for

0z
j = 1727 N and z € B. So we can get |@(fk *fm)(z)|2 - |@(fm —f)(Z)|2
as k — oo. For any € > 0, there exists a positive integer IV, such that

1 = fella, <&,

as m,k > N. By Fatou’s Lemma, as m > N,

L= 1:0) = [ V(= DEPE . a)aN)

— [ 1w [V(f — f)EPE (2 a)dA(2)

B k—oo

< lim | [V(fn = fi)(2)PGP(z,a)dA(2)

k—oco J B
3 2 2
< lim [|f = fillg, < €™

Taking sup and square roots at the two ends above, gives
a€B

Tim [ £ — fllg, = 0.
By the triangle inequality,

Iflle, < lfx = fllo, + lfnlle, <e+lfnlle, < oo
hence f € Q,. |

Proposition 3.4. fe€Q, < supJ,(f,a) <oco for0<p<1.
a€B

Proof. Suppose f € @Q,, then sup I,(f,a) < co. By Lemma 3.1, J,(f,a) <
a€B

CIL,(f,a), therefore

sup J,(f,a) < oo.
a€EB

On the other hand, suppose sup J,(f,a) < oo, then from 1 — |¢,(2)]* <1
and 0 < p <1, we have v
Ji(f,a) < Jp(f,a),
thus
sup [ 9 F)E(L = o))" A(:) < .

a€B
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It leads to f € BMOA by Lemma 4.1 and Theorem B of [5]. By (1.2), we
have

(3.1) sup/ ¥ 7(2) PGz, a)dA(z) < oo

a€B JB

when f € BMOA. By properties of the Green’s function G(z, a), there exists
a positive § € (0,1), so that |G(z,a)| > 1 when |p,(2)| < 0 and G(z,a) <
C(0)(1 = |pa(2)[?)™ when |p.(z)| > 4, thus

@) = [ I9FEFC G a)dA)

- </sa <z>\<5+ le (z)|>5> VI(2)PG"(2, a)d(2)
= /lwa<z)<a V)G (z a)dA(z)
+ [C(é)]p/ |@f(z)|2(1 _ |80a(2)|2)npd>\(z)
lpa(2)|>6

< / VF(2)2G (2, a)dA(z) + [CONP (£, ).

By (3.1) and sup J,(f,a) < oo, we get f € Q,. u

a€EB

Proposition 3.5. For p € (0,1], when nﬁ(i’il)p < q < l%p, we have
B, C Q,. Especially let p = 1, then when 2n < ¢ < oo have B, C BMOA .

Proof. Applying (2.8) in [9], Holder inequality and the M-invariance of the
Green’s function, then

I,(f,a)
= [ VIR A

- [ (WAIRG) eeane = [ @ie)reeane)
< ([ @ a )/ ([ e >)(“_W, for > 1
< gl ([ @ae)

By Proposition 2.1

I(f,a)
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C
< 2 1 — | z|2)ern/(p=1)| 5| =2pp(n=1)/(n=1) 7}
< ol [ = Pl (=)

C 1 (h=1)/p
< e e ||f||232 [/T[—2pu(n—1)/(u—1)]+2n—1(1_r)[p/m/(u—l)]—n—ldr}
M= “LJo

The integral at the end above is finite if m <p < flp. Let 2u = q.

Then when ni(i’il)p <q< l%p we have I,(f,a) < C| f||3,. Thus

} (h=1)/p

1£15, < ClIfIE,,
and so B, C @,. Let p = 1. Then it follows from (1.2) that

B, C Q1 =BMOA when 2n < ¢ < oo.

Remark 1. Proposition 3.3 of [9] said that for 1 < p < ¢ < oo, have
B, C B, C B,, = Bloch.

So our Proposition 3.5 shows that BMOA is such a space that is inserted
between {B,,2n < ¢ < oo} and the Bloch space, i.e.

{By,2n < ¢ < oo} € BMOA C Bloch.

Remark 2. In fact, provided ¢ < ﬁ one have B, C @, from the
nondecreasing of the Besov space. So the condition ﬁ < ¢ may be
dropped.

Remark 3. Suppose that p = "T_l Then B, C @Qr—: if ¢ < 2n. But then
Theorem 4.6 of [9] is equivalent to that the Besov space B, is trivial if and
only if ¢ < 2n. This suggests us to consider whether Q»-1 is also trivial. In
Proposition 3.7 below, we will verify that is true by another way.

Proposition 3.6. For f € H(B), the following are equivalent.
(i) f € Bloch(B);
[ €Q, for some p € (1, -25);

J€Q, forallpe(1,"5);
sup J,(f,a) < oo for some q € (1,00);
a€EB

sup J,(f,a) < oo for all ¢ € (1, 00).
a€EB
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Furthermore || f||%, | f115,(1 < p < ;%) and sup J,(f,a) (1 < ¢ < o0) are
acB
equivalent.

Proof. (i) < (ii) < (iii) is as follows:
Using Lemma 3.1 and Lemma 3.2, we get

17113, = sup I,(f,a) = Cysup |V f(2)]* > || fI,
a€EB a€B

thus from f € Q,, we have f € Bloch(B).
On the other hand, suppose f € Bloch(B), by Lemma 3.2 and Proposition
2.1

L(f.0) = [ [9F(2)P6" (. a)a(2)

= [ I9(7 0 (267 (2,0(2)

) (1 —[z[*)"
<Cil[fo %HB/B 1- |Z|2)n+1‘z|2(n71);0d7)(2)

1
S 02||f||26/0 (1 _ ,r)np—n—1T2n—1—2(7L—1)pdr'

When 1 < p < 22, we have np—n—1> —land 2n—1-2(n—1)p > —1,
hence,

1
/ (1 — )P lp2n=1=200=Dp g — M (p) < oo0.
0

It follows that
115, = sup L(f,a) < Cs||f]l3.

(i) = (v): When f € Bloch(B), by Lemma 3.2,

sup [V 0 ¢2)(2)[* < Cllf o eully = CIIfI < ox.

T = [ VIR~ e aA)
= [ VU o g P - ) dA:)
<Ol [ (1= Ry au(e)

< Clflls/(a—1).
Thus for all ¢ € (1,00) we have

sup Jo(f,0) < Cllfllz/(a—1) < oo.
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(v) = (iv) is obvious.

(iv) = (i): Suppose there exists ¢ > 1, so that sgg J,(f,a) < oco. By

Lemma 3.1, 3
Jo(fia) > C(9)|Vf(a)P,
and by Lemma 3.2,

sup Jy(f,a) > C(g)sup [V f(a)]* > C ()| fI3-

acB a€eB
Therefore f € Bloch(B). Ul
Remark 4. The main theorem of [6] is (i) < (iv) in Proposition 3.6 when
_ n+1
="

Proposition 3.7. When 0 < p < % or p > ~=,Q, contain only the
constant functions; when ”7—*)1 <p < 75,Q, contain all polynomials.

Proof. Let f be a nonconstant function in @,. Write
f(z) = Z an2”,

where a = (ay,...,q,) is an n-tuple of nonnegative integers and z® =
Zit -+ - z8». Since f is nonconstant, there exists oy # 0 such that a,, # 0.
Now we come to prove z* € @Q,.

Denote ag = (ky, ... , ky), then it is easy to know that
(3.2)

(74} 1 2 2 i01 0 —ik101 —iky 0
Aoy 2™ = o f(zeh o0 zpe e cooeTMinOndg, ... do,,.
(27’(‘) 0 0

Let
F(2) = 0,2,
Unf(z) = Fo1e™, .. %) = fo Ul )

where U is diagonal matrix diag(e’,... ,e""). Let

~ 0

V;f(z) = aT;j[(f ° ¢)(w)][w=0,
thus V = (Vy,---,V,). By (3.2),

1 2m 2m ) )
(Fop)w) = [ [ WUafop)e ™ ety - o),
(2m)™ Jo 0
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aij(Fo 02)(w)
1

(2m)"

2m 2m
/ .. / %(Uof o %)(w)e—iklel ceeeTHnbng L de,,.
0 0 '

Let w = 0, then

~ 1 2 2m ) )
V,F(z) = (27r)”/0 - V,Upf(2)e b .. e=thnbngg, ... q4g,,.

By Jensen’s Inequality on Convexity (cf. [8]),

2

¥, P (2)? = [(2}7) / T / T U f(z)e e, b, ]
1 27 2 ~
< ), [ e,
thus

j=1
1 27 27 n ~ ) da de
<Gl il | XU o
1 27 27 )
- (%)n/o /0 U, f(2)2d0; - - - db,,

It follows that

I,(Fa) = /B IV F(2) PGP (2, a)dA(z)
< /B [ (271)71 /O . A %WUef(z)Pdel---den] P (=, a)dA(2)

(271T)n /0% " /0 ) [ /B VU ()G (2, a)dA(z)] df, -+~ dd),

1 27 27

Because Upf = f o U, where U € Aut(B), then by Theorem 3.3 we get
Uofllq, = || fllq,- Therefore

1 27 2
I,(F,a) < 2 7/ / .-db,
;D( 7&) — ”fHQp (271')” o 0 del d0
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= [I£15,-

Hence
laa,z® g, = I1FII3, = Slelgfp(F, a) < |IfII5,-
a

So
12%°ll, < IfllQ,/laa| < oo

This means that
2% € Q.

On the other hand, we will prove that any monomial 2* ¢ @,, 0 < p
"T_l. Therefore for 0 < p < "T_l, (0, contains only the constant functions.

Let 2% = 2" -+ 2% and |a| = a; + -+ - + a,, > 1. Then

V(z%)(2) = (ézl(za)(z),... ,%(ﬁ)(@)
= (041210‘1_1 cee i a2t -'-zz“_l)_

(Here for the sake of unified expression, still denote 52-(2%)(2)
J
(o3 a;j—1 Qan —
ajzit-ezp? e zpm as a; = 0), and
an e
Loezon = a2,

R(z%)(2) = agzft -+ 20" 4 -+ + a2y

Thus
V(=) ()
= (1= zP)IVEI)E)P = [R()(2)1%)
= (L= ) @l o2 o oo -

(1 |2P)J(2).

2P = o))

Observe that the integral

[ 196 PE ,00ax(:)

(Proposition 2.1)
> 0/ (1= 12T (2)(1 = [2)"7[2] 72707 (1 = [2) 7" du(2)
B

> 0/3(1 )T (2)do(2)

2o f L1 2y [ 10:0)ds(©)
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— C/ 2n— 1 )npfndr i 7’2‘0472/(04?’({}171 . CSHP
S
ARGt G T = e ¢ ) da ()
Z C/ ,r,2n+2|a\—2—1(1 _T)np—ndr/( |<~o¢1 1, CSHP
0

e el G = JaP I o Q)
(51.4.9.(1) of [13))

:C(a1 (n—Dlag!- - ay! (n—Dlag!- - ay!

O R I Ry Py Y g oy
1
PG ) e
n — ). 0
(n—1)la! ( o )/12 _ _ _
=C al (1 - ——21 T(n 1+|a\)11_rnpndr
(n—1+|04]—1)!| | n—1+|al/o ( )
1
— C(n? ]-)|O£|Sil’_)1')'a' / r2(n71+|a|)71(1 _ T,)npfndr = 400,
n— Q). 0

if n > 2 and np — n < —1. Thus for any monomial z* with |a| > 1, we have

n—1

2°¢€Q, 0<p<

In the following we prove that for p > - @, contains only the constant
functions as Well

Let p > -2, suppose that f is not a constant, then there exists a point
aEBandr0<7“<1 such that

|@f(z)|2|E(a,r) > 6 > 0.
Hence
[ IR aa)
B
> 05 [ (1= lpule) P lu()| 2 DPaA(2)
E(a,r)
= 05/ (1 _ |w‘2)np|w‘*2(nfl)pd)\(w)
E(0,r)
> C(l — T2)np—n—15/ |w[‘2(”—1)pdv(w), np—-n—1>p—1>0
E(0,r)

r)5/ (£2)" TPt = foo.
0

Because n > 2 and p > 2. Thus f € Q,, p > 5



MOBIUS INVARIANT Qp SPACES 83

It remains to prove that fo ”n ", Q) contains all polynomials.

First, for 1 < p < -5, by Propositions 3. 5, 3.6 and (1.2)

{B,,2n < ¢ < 0o} € BMOA C Bloch = {Qp,l <p< ”1}
Checking Theorem 4.6 of [9] and its proof, we know that the Besov space
B, is nontrivial if and only if ¢ > 2n, and B, possesses the conditions of
Lemma 3 of [18]. Therefore for ¢ > 2n, B, contains all polynomials. Thus

— 1—1°
For an <p<1,iflet p=""1 4 ¢ < 1, then by Remark 2 of Proposition
3.5 when ¢ < 2 = have B, € @Q,. We can choose ¢ € (0 2n’ =)

17(%+5) 1— 715’ ? 1—ne

n—1

{all polynomials} C Bs,s € Q,, forp= +e.

Since € € (0, 1) arbitrary, it follows that {all polynomials} C Q,, for =% <

p < 1. The proof of Proposition 3.7 is completed.

Summarizing the results of Propositions 3.4, 3.6 and 3.7, for the construc-
tion of @), spaces we have

Theorem 3.8. @, spaces have the following properties:
(i) WhenO<p<2torp> 5, Q, are trivial. i.e. they contain only
the constant functzons When % < p < 74,Q, are nontrivial, and
each Q, at least contains all polynomials.

(11) Qpl g sz fOT 0< b1 S P2 S 1.
(ili) @, =BMOA.
(iv) @, = Bloch, and | - ||g, is equivalent to || - ||z for 1 < p < 2.

n—1

Proof. (i) and (iv) are Propositions 3.7 and 3.6, respectively. (ii) follows
from Proposition 3.4. (iii) is just (1.2). O

Corollary 3.9. For f € H(B),1 <p< "5,f € Q, if and only if Hy is
bounded. Moreover | f| o, and |Hf|| are equivalent quantities.

Proof. 1t follows from Theorem C of [3] and (iv) of Theorem 3.8. Ul

4. Characterizations of (), spaces and B, space.

Lemma 4.1. For everyr € (0,1), if a; € E(a, %7‘), z € B, then there exists
C(r) > 0, such that

1= e, (2)]* < C(r)(1 = |a(2)]*)-
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Proof. M. Jévtic proved in [10] that if a; € E(a, 3r), then

1—r/2 < 1— |a|? < 1—|—r/2‘
1+7r/2 7 1—Jal> — 1—71/2

And since (1~ )1 — |a) )
— lay —la r
1>1—|pa(ar))? = > —.
=z |pa(ar)] 11— (a,a1)|? = 4
Thus for a fixed r, we have
(4.1) (1= laif*) ~ (L = [a*) ~ [1 = (a,a1)| ~ (1 = |a1]),

where “A ~ B” means that there exist positive constants C; and C, so that
C1A < B < (C,A. By the triangle inequality ([13], 5.1.2),

11— (za)[? < 1= (z,a)"? + 1 = (a,a1)|"?
< 1= (z,a0)[V2 + C(r)(1 = |aa])'/?

and
1= (z,a1)| > 1= [2]|as]| > 1 — [ay].
Therefore
1= (za)'? _ 1= (za)"?+ C(r)(1 = |as])'”?
‘1—<Z,CL1>|1/2 - |1_<Z>a1>‘1/2
1+ )[“'“” ]1/2<1+0( )
= T ).
11— (z,a)l] —
That shows
1
(4.2) < 0

1= (z,a)* = 1= (z,a)]>
By (4.1) and (4.2),
(1= |21 = |aa|*)

1= |pa, (2)° = 11— (z,a1)?
<cml _|1‘Z_|22i,1a_>yla’2> = C(r)(1 = lea(2)).

Lemma 4.2. Forr € (0,1),a, € E(a, 3r),z € B\E(a,r), we have

G(z,a1) < C(r)G(z,a),
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where C(r) is a positive constant depending only on r and n (but independent
of a,a; and z).

Proof. p = |pa(2)] is a metric (cf. Appendix), [¢.(a1)| < § and [pq(2)] > 7,
thus
r
|pa, (2)] = [a(2)] = |@alar)] > lpa(2)] -

57
) 7

lpa(=)] ~ 7 2lea(2)]

Because |p,(z)| > r, we get

1
[Pa (2)] > 5lpa(2)].
By Proposition 2.1 and Lemma 4.1,

(L Jon, GIP)" _ [CCI0~ lpu(2)P))
= ¢ |§0a1 (Z)P(n_l) = C2_2(7L_1)|§0a(2)|2(n_1)

G(z,a1)
PN e O [ R
- C( ) |¢a(z)|2(n,1) S C( )G( ’ )

U

Proposition 4.3.
(1) Qpo are trivial (containing only the constant functions) when p > —"-.

n—1
(ii) Qpo C Q, whenever 0 < p < oo.

Proof. (i) suppose f € @, 0, from the definition of @, ¢, there exists a ry €
(0,1), such that

(4.3) L(f.0) = [ [VFEPC a)iA) <1
B
when ry < |a| < 1, i.e. a € B\E(0,ry). Suppose that there exists a zo €

B\E(0,7) so that |V f(2)|? > 2, > 0. By the continuity of |V f(z)|?, there

exists 0 < 0 < 3 such that when z € F(z,0), IVf(2)]> > &. By integral

transformation and Proposition 2.1,
L) = [ IVIGPGHz 20)dA(2)
e [ G(z0)dAG)
E(20,0)

=¢eg /|Z|<5 g’ (2)dA(z)
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(1= oyt

>C / d
> (g e PR v(2)

5
2 2nC€0(1 _ 52)np*n71/ r2n7172p(n71)dr.
0

When p > -, we have 2n — 1 —2p(n — 1) < —1, thus

I,(f,20) = 0.

It contradicts z, € B\E(0,7y) and (4.3), therefore |[Vf(2)]*> = 0 for all
z € B\E(0,7¢). Since

VP = (1= 2PV~ IRF(2)P) = (1= |21V F(2)%,
thus |V f(z)| = 0 for all z € B\E(0, 7). By the subharmonicity of |V f(z)|,
IVf(z)]=0 forall z€ B,

so f = const. on B.
(i) When p > -, @Q,, are trivial by Theorem 3.8, hence @, o = Q,. From

now on, we suppose that 0 < p < -+, and use the idea in [2].
Suppose, on the contrary, that there exists f € Q,0\Q@,. Then

(1.4) tim 1,(f,0) =0
(4.5) sup I, (f,a) = oc.
acEB

By (4.4) there exists 7o € (0, 1), so that

sup  I(f,a) <1,
a€B\E(0,r0)

and so, by (4.5) we must have

sup I,(f,a) = 0.
a€E(0,m9)

There are only two cases: Case 1, there exists at least one point a € E(0, )
so that I,(f,a) = oo; Case 2, I,(f,a) < oo for all a € E(0,7r,) but there
exists a sequence {a,} C E(0,7,) so that ]}Lrgo I,(f,ar) = oco. First we will
deal with Case 2.

Case 2. I,(f,a) < oo for all a € E(0,79) but there exists a sequence
{ar}72, C E(0,r) so that

(4.6) kllm I,(f,a) = oc.
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Since E(0,7q) is flosed and bounded, and so compact, we can suppose that
klim ar = ag € E(0,79). We can choose a ball E(ag,s) small enough, s <

%,7‘0 +s <r; <1, so that a, € E(ay, %s) for k > kg, where kg is a positive
integer. By Lemma 4.2,

[ NIERE e a)dNz) < 7 [ [95E)PC( a)dA )
B\ E(ao,s) B
= Cl < 00.
On the other hand, let M, = sup{|Vf(2)]>,z € E(ao,s)}, M, =

max{1, (2)"»="~'}, by Proposition 2.1 and p(z,ax) < p(z,a0) + p(ao, ax)
(cf. Appendix),

jf 57 £(2)°GP (=, ap)dA(2) < Alljf G (2, ax)dA(2)
E(ao,s)

E(ak,%s)
(1 _ |z|2)np7n71
< CMI /Z<gs |Z|2(n71)p d’U(Z)
(1 _ |Z|2)np—n—1
(4.7) < COM, bl<i |22 0P dv(z)

-

< 2nCM1M2/2 P2 1=20=p gy
0

- 2nCM1M2 (1)2n—2(n—1)p
2 —2(n—1)p \2
(4.8) — 0, < .

Here ry+s < r; < 1is used, so that E(ag,s) C E(0,7,), and so M; < 0o;p <
—2- is also used, so that 2n — 1 —2(n —1)p > —1.
For k > ko, we have

Ip(fa ak)
:iémsﬂ@ﬂ”FG”%M%M@W+/ IV £(2) PGP (2, ap)dA(2)

B\ E(aop,s)
S Cl + CQ < o0,
which contradicts (4.6).

Case 1. There exists at least one point a € E(0,r,) so that I,(f,a) = occ.
That means

A={a€ E0,r): L,(f,a) =00} # ¢.
Let t = sup{|a| : a € A}, then t < rq obviously.
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(1) When t = rg, for any given € > 0, there exists a € A so that |a| > ro—e¢.
Therefore we can take a9 € A and a small positive number s, satisfying
s < zand 3s 47y < 1 < 1, so that E(ag, 35) N[B\E(0,70)] # ¢. Let
a; € E(a07 %S) n[B\E(()? TO)]v then

Ip(f7 al) S 1.
Since |, (a0)| = |¢a,(a1)], a0 € E(as, 1s), then by Lemma 4.2,
[ VP a)dA:)
B\E(a1,s)

<icer [

B\E(ai,s

(4.9) < [C()PL(f,a1) < o0.

) Vf(2) PG (2, a1)dA(2)

On the other hand, let M; = sup IV f(2)[>. Since 3s+ 19 < 1 leads to

z€E(a1,s)

E(ay,s) C E(0,r), thus M, < co. By Proposition 2.1,

/ ¥ £(2) PGP (2, ap)d\(z) < M, / G (2, ag)dA(2)
E(ai,s)

E(ao,%s)
_ |,|2yp—n—1
= /|z|§; - |Z||z’(”)‘1)” i)
Repeating the argument from (4.7) to (4.8), we get
(4.10) /E( VIEPE (2 a0) < oo

By (4.9) and (4.10),

Lifa)= ([ — + VI (EC (2 a0)d(2) < o0,
B\ E(a1,s) E(ay,s)

which contradicts ag € A. )

(2) When t < ro, I,(f,a) < oo for all a € B\E(0,t). Substituting o in (1)
by t, taking ag € A,s < $ and 35+t < 7y < 1, so that E(ag, 5) N[B\E(0, )]
# ¢, repeating the argument in (1), we get

Ip(fa aO) < 0.

That also contradicts ag € A.
Summarizing Case 1 and Case 2, we see (ii) is true. Ul
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Lemma 4.4. f(z) =2 € Q,o when =1 <p < L=

Proof. When =1 < p < -5, by Proposition 2.1,

I(f.0) = / VI)EC (2 a)d(2)
= [ (=P = )6 (2 a)dA )
(4.11) g/(l—\z|2)G”(z,a)d/\(z)
= [ (1= leul2)PIG (2 00dN(2)

— lea(2)]”
<C’/ T z| dv(z).

n+1 np|z|2(n 1)p

Fixed 79 € (0,1), when |z| < 7, we have

(1 —laf)(A = |2

1_"7@1(2)‘2: |l—<2 a>|2
(1—JaP)(1— |2P) _ 21— ap)
R G P | ER R -y e
4 2
< 1_77%(1 — |al?).

Since p < -5,2n— 1 —2(n — 1)p > —1, let M = max{(1 —r2)~("*1=) 1},
we get

1 — Jia(2)[?
d
/|z|<’ro (1 _ |Z|2)n+17np|z|2(n—1)p U(Z)

4(1 — |al?
(4.12) < (WM/ _dv(z)
(L=78)  Jiaiere 2207
_ 8”(1 - ‘a|2)M/TD r2n71*2(n—1)pdr
1-— T’(Q) 0

= M;(1—|a]*) < o0

Whenn22,p>”T_l,np—n>—1and1—np<0,and

1 - Jou(2)P
f TRt
/ 1_ Z‘ np n( ‘a|2)d’0(2)

|1 — (a,z)|?
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(1 — [

1 a \a| B |1 —{a,z) |n+1+(np n)+(1— np)dv(z),
thus by Proposition 1.4.10 of [13],
1 — |@a(2)]” >
(4.13) /B(l e dv) < (0 [al)Ma,

where M, is a positive constant.
By (4.11), (4.12) and (4.13)

1 — |pa(2)]?
Ip(f7 CL) <C (/Z|ST0 +/z|>ro> (1 — ‘Z|2)n+17np‘z|2(n71)pd’U(Z)

(4.14) < OM(1— |a]?) +C L= Ipa(2)) dv(2)

soro (1= [2 217|220

< CMl(l o |a’2> + C / ((1 — ’(pa(z)P) dU(Z)

rg(n—l)p B 1— ‘z|2)n+1—np

< C(M; + M)(1  [af?).

Let |a| — 1 in (4.14), then we can get the conclusion. [l

Lemma 4.5 (Lemma 3 of [18]). Suppose X is a linear space of holomor-

phic functions in B with a complete seminorm || -||. Assume that X satisfies

the following conditions:

(1) X contains a nonconstant function;

(2) fope X and | fop| =|f|l whenever f € X and ¢ € Aut(B), where
Aut(B) is the group of biholomorphic mappings of B;

(3) (01,...,0,) — f(z1e ... 2z,e") . [0,27]" — X is continuous for
each f in X.

Then X contains all polynomials.

Proposition 4.6. About By, the following are equivalent:
(i) f € By;
(i) f € Qpo, for 1 <p< M55

)
(iii) ‘lim Jp(f,a) =0, for 1 <p < oo;
)

lim [V f(2)] =

|z|—1

(iv

Proof. By Proposition 2.1 of [9]
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Noting A|f]?(z) = 4|V f(2)? and checking the statement in Definition 3.1
of (9],
feBy & lim Qf(z) =0,

|z|—1

we get (1) < (iv).

(i) & (ii). In order to utilize Lemma 4.5, let X = Q0. - [ = | - [lq,-
By Theorem 3.3, it is easy to see that || - ||, is a M-invariant seminorm on
Qp0- Let us come to prove the completeness as follows.

Supposing {f.} C Qpo and {f,} is a Cauchy sequence in || - ||¢,, Theorem
3.3 asserts that there exists f € @), so that

(4.15) Tim ||f — fullg, = 0.

For any given € > 0, there exists a positive integer N so that when n > N,
have

I:D(fn - fva’) <&,
for all @ € B. By the triangle inequality in the proof of Theorem 3.3,

[1,(f, )] < [L(fx, @)]'? + [L(f = fx, @)]'/?
< [L(fr, @)]'? + 2.
Since fn € @0, |lilm1 I,(fn,a) =0, ie. for the above € > 0, there is a r < 1,
such that when |a| > r, have I,(fy,a) < €. Therefore when |a| > r,

[Ip(f7 a)]1/2 < 61/2 + 61/2 _ 261/2.

Since ¢ is arbitrary, we get |li‘rn1 I,(f,a) =0, and so f € Q. Hence | - [|g,
al—

is a complete seminorm on @, o.
Condition (1) in Lemma 4.5 is given by Lemma 4.4, and Condition (2) is
easy to verify. Now let us verify Condition (3). Let

Usf = f(z1e, ..., 2,e").

First we prove that for f € By,sup(1 — |2|?)|V.(Usf — f)| — 0 when 6§ — 0.
z€EB

For any given € > 0, since f € By, there exists 7o € (0,1), such that

(4.16) (1= 2PV fl <e,
when |z| > 7. Denoting 2% = (21€", -+ | 2,€") = (20, | 2), since
0 of

—Upf(2) = e’

6’
82’]‘ 82]-
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hence

IVa(Usf)| = [V f].
For all 0 € [0, 27]",|2°| = |z|, therefore

(4.17) (L= [zP)IV(Uaf)l = (1= [°P) IV fl <e,
for |z| > 7. By (4.16) and (4.17),

sup (1= [2[*)[V.(Usf — £)]

[z|>70

(4.18) < sup (1= [2)(IV=(Us f)| + V1)

[z|>70

<2, VO elo,2x]".

When |z] < ro,Upf — f uniformly converges to 0 (when # — 0), and so
|V.(Usf — f)| uniformly converges to 0 (when § — 0), which means that for
any given € > 0, there exists 0 > 0 so that when |6,| < 0, we have

(4.19) IV.(Uaf — f)| <&, Vze E0,r).
Therefore when [0;| < §, by (4.18) and (4.19),

sug(l — 2|V (Usf — f)| < 2¢,
zEe
which leads to

gimsup(l — 2|V (Usf — f)| = 0.

—0.¢eB

_n_
n—17

Proposition 3.6 asserts that when 1 < p <
2*)I V. f], thus

| fllq, is equivalent to sup(1—
z€B

tim Uy — fllo, = 0.

It means that Condition (3) in Lemma 4.5 is satisfied.
By Lemma 4.4 and Lemma 4.5, @), ¢ contains all polynomials. From the

completeness of || - ||g, on @, we know that @, contains the closure of
polynomials in || - [|g,. In [16], It was proved that By is just the closure of
polynomials in || - ||5. Because of the equivalence of || - ||z and | - ||, (when

1 <p< "), we get Q0 D By, which shows (i) = (ii).
By Lemma 3.1, (ii) = (iv). By (i) & (iv), we get (i) < (ii). Using the
same method it can be proved that (i) < (iii). O

Lemma 4.7.
(i) feVMOA & lli|m1 Ji(f,a) = 0;
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Proof. (i) Theorem 5.1 of [4] asserts that for f € H? f € VMOA < pu; is a
vanishing Carleson measure. And Theorem 2.1 of [4] asserts that

oy is a vanishing Carleson measure <« |lilm M(ps,a) =0,
: al—1

where
_ (1 —lal*)" 2 2
M(pg,a) = iu— s (VI = R Pu(:)
= [ VIR e aN)
Therefore

f€VMOA & lim / 7 7(2)1P(1 = |ga(2)[2)"dA(z) = 0.

la|—1

(ii) By Theorem A of [5], we know that for f € H?

| 191G 0 = [ If - (0o

n—+1

By Lemma 4.3 of [5], for f € H?, there exist positive C; and Cy, so that

CillfIp < / 7 = FO)Fdo < ol
where || f|2, = n+1/ ¥ £(2)P(1 = |2?)"dA(2). Hence

c, / VF(2)(1 = |2P)mdA(z) < / VF(2)2G (2, 0)dA(=)
<G [ DFEP - dA)

Substituting f in the above by fog,, and using the M-invariance of |V f(z)]?
and dX, we get

Cljl(fa (I) < Il(fa a) < Czjl(fa a).

By (i),
f € VMOA < |li‘m1 Ii(f,a) = 0.

That is QLO:VMOA. D
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Proposition 4.8. For0<p<1,f € Q,o < Ili‘m1 Jp(f,a) =0.

Proof. By Lemma 3.1,
Jp(fa) < CL(f, a),
thus
fe@po= ‘llli‘r_r}l I(f,a)=0= é}g}l Jp(f,a) =0.

On the other hand, suppose |lilm1 Jp(f,a) =0, then

1—Jpa(2)? <1 and 0<p<1= Ji(f,a)<J,(f a),

thus

‘li‘ml Jp(foa) =0= |lilm1 Ji(f,a) =0.
By Lemma 4.7,
(4.20) lim I;(f,a) = 0.

|a]—1

By the property of G(z,a), there exists 6 € (0,1) so that G(z,a) > 1 for
lpa(2)| < 8, and G(z,a) < C(6)(1 — |pa(2)]?)" for |pa(z)| > 8. Therefore for
0 < p <1, we have

L(f.0) = [ 191267 (= a)aA(2)
= [ VPG )

+ IVf(2)PG?(2, a)dA(2)

lpa(2)[26
<[ VIEPGE @)
l¢a(2)|<6
+CO) [ TP pul2) ) mdAG)

lpa ()26

S Il(fv (I) + C(é)Jp(fv a)'

By (4.20) and the hypothesis, we get

lli‘m1 I,(f,a) =0.

The conclusions about @, are summarized as follows:

Theorem 4.9. Q, o have the following properties:

(i) When 0 < p < ™1 orp > 22 Q,0 are trivial. When =% < p <

= Qp,0 are nontrivial (containing at least one nonconstant function).
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(11) QPLO g QPQ,O f07ﬂ O < P1 S D2 S 1.
(if) Q10 = VMOA.
(IV) Qp’o =B fO’f’ l<p< ﬁ
Proof. (i) can be obtained by Lemma 4.4, Proposition 4.3 and (i) of Theorem
3.8.
(ii) can be proved by Proposition 4.8.
(iii) is just Lemma 4.7.
(iv) follows from Proposition 4.6. |

Corollary 4.10. For f € H(B),1 <p < "5, [ € Qpo if and only if Hy is
compact.

Proof. 1t follows from Theorem D of [3] and (iv) of Theorem 4.9. u

5. Appendix.

In the unit ball B, we define p(z,w) = |¢.(w)| for z,w € B, where ¢, €
Aut(B), cf. Section 2.2 of [13].

Property.
(1) p((2),¥(w)) = p(z,w), whenever 1 € Aut(B), and z,w € B;
(2) p(z,w) is a metric in B.

Proof. (1) Supposing a = 9 ~*(0), by Theorem 2.2.5 of [13] we know that
there exists a unitary matrix U so that ¢ = Up,. Thus

1= [p((2), p(w))]* = 1 = |py(z) (Y (w)) [
(1 - [9=)H)A — [$w)?)
11— (@), pw)*

Since
(1 —{a,a))(1 = (z,w))

1= (pa(2), pa(w)) = (1—{(z,a))(1 — (a,w))’

thus

1= [p(¥(2), 9 (w))]*

_ (A= aP)A = o?) (A —fal’)(X —[wf) 1 =(za) |1 —{a,w)]”
1= (za)f? 1=(w,a)f  [1={a,a)[* 1 = (z,w)]”

_ AP —fwl) e

- |1—<Z,’U)>|2 =1 ’SOZ( )|

=1- [p(z,w)]Q.
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Therefore

(5.1) p(¥(2), Y(w)) = p(z, w).

(2) By the definition of ¢, (w), we get |p.(w)| = |¢w(2)|, then p(z,w) =
p(w, z). We can also get

p=(w)] =0 & p.(w) =0 & 2z =w,

thus
plz,w) =0 2z =w.

It is clear that p(z,w) > 0. From now on we are going to prove the triangle
inequality, which means

(5.2) p(x,y) < p(z, 2) + p(2,y)

whenever x,y, z € B.
First we prove (5.2) for a special case: z =0 and = = (r,0,... ,0). Letting
lyl =t,y = (y1,--- ,Yn),y1 = s€’’, then (5.2) becomes

(5:3) p(,y) < p(x,0) +p(0,y) = [z + [y| =7 + 1.
(5.3) is equivalent to

2 (1 - tz)(l - 7”2)
o |1 —rse®|?

1—[p(3:,y)} 2 1—(7”—|—t)2,

where
|1 —rse? =1 +1r?s® — 2rscos¥.

Then (5.3) is equivalent to
(5.4) rt? + 2t +rs?[(r +1)> — 1] — 2s[(r +t)* — 1] cosf > 0.

Denoting the left side of (5.4) as f(r,t,s,cosf), then (5.3) is equivalent to

(5.5) f(r,t,s,cos0) >0, Vr,tel0,1), s€[0,t], cosd € [-1,1].
Case 1. (r +t)* > 1. In this case, we get f ., < 0. Then
(5'6) f(,r’ t’ S7COSG) Z f(’r7 t’ S’ 1)’

where

flrt,s,1) =rs®[(r +t)* — 1] — 2s[(r + )% — 1] + rt* + 2t.
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If r and t are regarded as parameters and s as a variable, then f(r,t,s,1) is
—2[(r+t)*-1] _ 1 -1
2r((r+t)2—-1] ~ r :

Thus for s € [0,¢] C [0,1], f(r,t,s,1) is monotone decreasing in s, and this
fact means

a parabola opening upwards whose symmetric axes is —

f(,r7t7 87 1) 2 f(,r7t7t7 1)

(5.7) t4 —2(r +t)* + rt(r + ).

Let h(r,t) =4 —2(r +t)> + rt(r + t)?, then for r,t € [0,1), we have

B! (r,t) = (r+t)(t* +3rt — 4) <0,
R(r,t) = (r +t)(r* + 3rt — 4) < 0.
Therefore
h(r,t) > h(1,t) > h(1,1) = 0.
By the above expression, (5.7) and (5.6) we know (5.5) is true for (r+t)* > 1.

Case 2. (r +t)*> < 1. In this case, we can get f. ., > 0. Then
(5.8) f(r,t,s,cos0) > f(r,t,s,—1)
where
flrt,s,—1) = rs®[(r +t)> — 1] + 2s[(r +t)* — 1] + rt* + 2t.

If r and ¢ are regarded as parameters and s as a variable, then f(r,t,s,—1)
2[(r+)2 -1 _
2r[(r+t)2—1]
—1 < 0. Thus for s € [0,¢] C [0,1), f(r,t,s,—1) is monotone decreasing in s,

which leads to

is a parabola opening downwards whose symmetric axes is —

f(rt,s,—1) > f(r,t,t,—1)
(5.9) =rt*[(r+t)> — 1] + 2t[(r +)* — 1] +rt* + 2t
= (rt* +2t)(r +t)* > 0.

By (5.8) and (5.9) we know (5.5) is also true for (r +¢)* < 1.
Combining Case 1 and Case 2, (5.5) is always true, and so (5.3) is true

for x = (r,0,---,0). Given any = € B, there exists a unitary matrix U so
that U, = (r,0,---,0). By (5.1) and (5.3),

p(may) = p(vaUy) = p((T707 T 70)7Uy)
<r+ Uyl = |z + yl.
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For any z € B, by the above expression and (5.1), we get

p(x,y) = ple=(2), p=(y))
<Jp=(2)| + vz ()]
= p(z,z) + p(2,y).

O

Remark 5. The same conclusion in one complex variable may be found
in [8], but the method in [8] is difficult to extend to several variables. The
proof in this appendix utilizes efficiently the M-invariance of p.
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