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EQUIVARIANT TORSION OF LOCALLY SYMMETRIC
SPACES

ANTON DEITMAR

In this paper we express the equivariant torsion of an Her-
mitian locally symmetric space in terms of geometrical data
from closed geodesics and their Poincaré maps.

For a Hermitian locally symmetric space Y and a holomor-
phic isometry g we define a zeta function Z9(s) for R(s) > 0,
whose definition involves closed geodesics and their Poincaré
maps. We show that 79 extends meromorphically to the en-
tire plane and that its leading coefficient at s = 0 equals the
quotient of the equivariant torsion over the equivariant L2-
torsion.

1. Introduction.

Let Xt be a compact Hermitian locally symmetric space with universal cover-
ing X of the noncompact type and fundamental group I'. For a holomorphic
isometry gr of Xr we define a zeta function Z97 (s) for R(s) > 0, whose defi-
nition involves closed geodesics and their Poincaré maps. We show that Z9°
extends meromorphically to the entire plane and that its leading coefficient
at s = 0 equals the quotient of the equivariant torsion over the equivariant
L2-torsion. The latter term is a new notion introduced in the paper.

In search of an equivariant Riemann-Roch formula J.M. Bismut [4] and K.
Kohler investigated in [13] the equivariant torsion. The latter gave formulas
expressing the equivariant torsion over P"(C) in terms of special values of
zeta functions. In this paper we will be concerned with equivariant torsion
for Hermitian locally symmetric spaces. It turns out that the equivariant
torsion, or rather a quotient of the equivariant torsion over the equivariant
L2-torsion can be expressed as a special value of a zeta function which is
defined in quasi-local geometric terms, i.e. by data related to closed geodesics
and their Poincaré maps. The L?-contributions will vanish if the isometry
has no fixed points. Our formula may be considered as a Lefschetz formula
in a wider sense. More generally, consider an elliptic complex over a compact
manifold. The eigenvalue zero of the Laplacians gives the cohomology. The
nonzero eigenvalues give the torsion which may be viewed as the analogue
of the Euler characteristic of the complex. The analogue of the Atiyah L2-
index theorem [1] would then be the equality of torsion and L2-torsion. This
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however fails to hold. The quotient, which we express by quasi-local data,
measures the failure. Equivariant L2?-torsion also occurs under the name
'delocalized’ in [15].

This paper deeply relates to [9] where we established such a formula in
the non-equivariant setting, i.e. for the trivial isometry.

To describe the results let X be a Hermitian symmetric space of the
noncompact type, G the connected component of the isometry group of
X and I" a cocompact neat discrete subgroup of the semisimple Lie group
G. Denote by Xt the compact quotient manifold I'\ X. Fix a holomorphic
isometry gr of Xr and a lift g of gr to X. Suppose that g lies in G. The set of
all lifts of gr is given by the coset I'g in G. If gr has fixed points the lift g can
be chosen of finite order. We assume g chosen in such a way. The group I'
acts on the coset I'g by conjugation. Let Ell(I'g) denote the set of all elliptic
I-conjugacy classes in I'g, so a class [vyg] is in Ell(7yg) if and only if g lies
in a compact subgroup of G. Note that Ell(I'g) is a finite set and is nonvoid
if and only if gr has fixed points. Let H be a Cartan subgroup of G of
splitrank 1 and let £ (T'g) denote the set of nonelliptic I'-conjugacy classes
in I'g, whose G-conjugacy classes meet H. Let ¢ be a finite dimensional
unitary representation of the group I'. Since I' is the fundamental group of
Xr this defines a flat Hermitian vector bundle E, over Xy. For vg € I'g
let T, denote the stabilizer in I' with respect to conjugation. If [yg] lies in
Eu(Lg) then the Euler characteristic of the group I',, in the sense of [16] will
vanish. There is however a notion of higher Euler characteristics the first of
which is denoted x, (I',,) and this won’t vanish in our case (see Sec. 3.2).
Let A C H denote the (one dimensional) split torus and choose an ordering
on the roots of (G, A). The number of positive roots ¢(H) will be 1 or 2. Let
n C Lie G denote the sum of root spaces for the positive roots. For £(s) > 0
consider the zeta function given in Weil form:

X, (Iyg) tr e sha
Z§171)¢(8) = exp (_ Z ( 79) 80(’7) ) ’

— —1
[vgl€€u(Tg) det(l (’79) ’n) /‘L'Y!]

where /1., is a certain multiplicity (see Theorem 3.4). Then we show that
the function Z7 , , extends to a logarithmic meromorphic function. In the
case that the order of the isometry gr is 2 we show that Z7 , , extends to
a meromorphic function and satisfies a Riemann hypothesis. If furthermore
gr is fixed point free then ZF , , admits an Euler product expansion.

We will indicate in a special case how this zeta function can be interpreted
as a geometric zeta function. To this end assume that the isometry gr has
order 2 and no fixed points. Then the group I generated by I' and g is
the fundamental group of the smooth quotient X := I"\ X, of which Xr
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is a twofold cover. Thus there is a bijection between the conjugacy classes
in IV and the free homotopy classes of closed paths in Xr.. Each class
contains closed geodesics. Lift those to X. The space of geodesics on X
has a stratification by the rank. The components of the lowest dimensional
stratum correspond to the conjugacy classes of Cartan subgroups of splitrank
one. So the zeta function is defined by all closed geodesics on Xt the lift of
which lies in one component of the lowest dimensional stratum, and are such
that they close in X/ but not in Xr. The action on n can be interpreted as
the expanding part of the Poincaré map and x,(I',,) is the orbifold Euler
characteristic of the union of all closed geodesics in the class [yg] modulo
the action of the geodesic flow.

Now we come to the equivariant torsion zeta function. To keep the results
neat we will assume that G is simple, i.e. X is irreducible. In the case that
the number of roots c(H) is 1 let Z7; , := Z}; | ,(s+d(H)+bo(H)) for certain
explicitly given constants d(H ), bo(H). There is a function Z% , for the case
c(H) = 2 with similar properties. Assume that gr has order 2 and define Z
by the finite product:

Zis)= I Zhe(s),
H/ conjugation
we obtain a meromorphic function on C. We see that the order of Z(s) at
s = 0 equals
dime

X
q(—1)7 | tr(gr|ker Ag,,) —dime Z trr, (vgl ker Ngg) |

q=0 [vg]€EN(T'g)

where A, ., is the Hodge Laplacian in E_-valued (p,q)-forms and A, is
the Hodge Laplacian on X.

We define RY (s) := Z2(s)s™" /c?( X, ) for some explicitly given constant
c9(Xr, ¢) and we obtain the special value

Rg (0) — Tg,hOI(XF7 (70)
’ H[’yg]EEll(Fg) T’i?]?hol(XF)dim ¢

where T} 1,01 is the equivariant holomorphic torsion and Té;?hol the equivariant
holomorphic L2-torsion.

Concerning the restrictions we had to make we can say the following. If we
drop the condition of G being simple we will have to change the definition
of the zeta functions drastically to obtain a similar theory. Dropping the
condition that gr has order 2 results in ZJ not being meromorphic anymore.
Only the logarithmic derivative will be meromorphic then. Nevertheless
interpreting the special value as limit from above will yield the same results
in that case, too.
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Notation.

We will write N, Z,Q, R, C for the sets of natural, integer, rational, real
and complex numbers.

For any Hilbert space H we write B(H) for the algebra of all bounded
linear operators on H.

For Lie groups G, H, ..., we will write gg, ho, ... for the real Lie algebras
and g,b,... for their complexifications.

The convolution product on a Lie group G will be denoted by *. So if f
is a compactly supported smooth function on G and ¢ is locally integrable
then ¢ * f(x) := [, ¢(y)f(y 'x)dy, where dy denotes a fixed Haar measure.

2. Equivariant determinant and torsion.

2.1. Classical.

Let M denote a compact smooth Riemannian manifold and F a smooth
Hermitian vector bundle over M. Let D denote a generalized Laplacian
on F, i.e. D is a second order differential operator with principal symbol
Pp(€) = [€|*Id. We further assume that D is symmetric and semipositive.
(See [3] for general information on such operators.) Now let g be an isometry
of M that lifts to a fibrewise linear isometry of E denoted by the same letter.
Then g acts on sections s of E by the pullback g*s(z) = g~ '(s(gx)). Since g
is an isometry it acts unitarily on the space of L?-sections L*(E). It leaves
invariant the subspace of C'*°-sections. We assume that ¢ commutes with D.

We define the equivariant zeta function of D as

Cg.n(s) = tr(g"(D")™")

for R(s) > 0 and D’ = D|er p)-- The existence of (, p is clear since some
negative power of D’ is of trace class by Weyl’s asymptotic law.
Note that for ¢ = 1 we have

G,0(8) = Cp(s),

the usual zeta function of the differential operator D. Note further that, if
g acts on M without fixed points and is of finite order, say ¢g" = 1 then

1
- ZCgk,D - Cﬁa
nk::l

where D is the pushdown of D to the smooth quotient (g)\M.

We want to show that (, p extends to a meromorphic function on the
entire plane. To this end we consider the heat operator e~*”. It is known
that e *P is a smoothing operator and therefore has a smooth Schwartz
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kernel (z|e~*P|y), which is a section of the bundle FX E*, the exterior tensor
product of E with its dual over M x M with the property that (EXE*), ) =
Home(E,, E,). The operator g*e~*? is also a smoothing operator with kernel
(zlg*e™"Ply) = g~ (gzle " P|y).

The fixed point set M9 of g is a submanifold of M. We have the small
time asymptotics:

oo
_ _ dim M9
trgte ™ ~ E cpth= T
k=0

as t — 0 for some coefficients ¢; which can be expressed as integral over MY
of certain differential forms (see [3, p. 193]). Especially in the case M9 = ()
it follows that tr g*e~'P is rapidly decreasing at ¢t = 0. We are now able to
prove

Proposition 2.1. The zeta function (, p extends to a meromorphic function
on C with poles only at s = (dim M?9/2)—k for k > 0 an integer. The residue
of ;.0 at such a point is ck/F(w — k). In particular, if g is fixed point
free then (, p is entire.

Proof. We have the identity

1 & /

— tsflt * _—tD dt
Cy.0(8) F(s)/o r g'e
for R(s) > 0 and tr ge " = tr ge P — tr (g|ker D). Now split the
integral as [, 4 [°. The second summand converges for all s and thus defines
an entire function. In the first part substitute the asymptotic expansion to

get the claim. [l

Note that by the proposition the zeta function (, p(s) is holomorphic at
s = 0. We define the equivariant determinant of D as

det, (D) := exp(—(; p(0)).

For A > 0 we now consider the operator D 4+ A. The above applies to this
operator as well.

Proposition 2.2. The function X — det, (D + ) extends to a holomorphic
function on C—(—00,0]. We have det, (D) = limy o det, (D + X))\~ t(glker D),

Proof. The differential equation %y pia(s) = —sCypsa(s + 1) implies for

m e N

(;\)m Copaa(s) = (=1)"s(s+1)...(s + m){ypa(s +m+ 1),
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so that for m large enough it follows (Z)™*'(, p4+(0) = 0.

We have logdet,(D+\) = limg_o((y.p4r(s) —(4.0+2(0))/s and the s-limit
may be interchanged with the A-derivation to give

g| Eig(An, D))
A+ A )t

<5)\>m logdety (D + \) = (—1)™"T'(m + l)i trE

From this the first claim follows. For the second replace D by D’. L

To define torsion suppose E comes with a connection compatible with the
Hermitian metric and let A, p denote the Laplacian on E-valued g-forms.
Then define the equivariant torsion of F as

dim M

7,(E) = H detg(Aq,E){I(_l)qH.
q=0

In this paper we will only be concerned with holomorphic equivariant
torsion. So assume M is Kéhlerian, F is a holomorphic bundle and g is
a holomorphic isometry. Then F has a unique connection compatible with
the metric and holomorphic structure and we can define the Hodge-Laplace
Ay qp on E-valued (p,q)-forms. The equivariant holomorphic torsion
is defined by

dimc M

Tg,hol(E) = H detg(Ao,q,E)q(fl)Hl,

q=0

2.2. L2-theory.

We will further be concerned with the L?-versions of the above. So con-
sider now a compact smooth Riemannian manifold X, its universal covering
X and its fundamental group I' C Aut(X). Let Dr be a generalized Lapla-
cian over a smooth Hermitian vector bundle Er over Xr, denote by D and E
the corresponding lifts to X. Now an isometry gr of Xr will lift to an isom-
etry of X written g such that g'¢g~' = I'. Note that ¢ is only determined
up to multiplication by elements of I'.

Choosing a fundamental domain F of the I'-action on X we get an iso-
morphism of I'-Hilbert modules

L*(E) = () ® L*(E|r) = L*(T") ® L*(Er),

where T' acts on L*(I") by right translations and trivially on L?*(Er). Let
VN(T') C B(L*(T")) denote the von Neumann algebra generated by the left
translations (L. )er, then VN (I') coincides with the von Neumann algebra
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of all operators commuting with all right translations. Therefore the algebra
B(L*(E))" of all operators commuting with the I'-action becomes

B(L*(E))" 2 VN() ® B(L*(Ey)).

On the first tensor factor we have a canonical trace functional 7 defined by
(32, ¢y L,) = c. making VN(I') a type II;-von Neumann algebra if T' is
infinite. Tensoring the trace 7 with the usual trace on B(L*(Er)) we get
a trace trp on B(L?(E))". Let T be an integral operator in B(L?(E))"
with smooth kernel (.|T|.) and a fundamental domain F for I'\ X, then a
computation shows

trp(T) = /f tr{x|T|x)dz.

The isometry g acts on L*(F) but it is not I-invariant. Instead it is only
invariant under the centralizer I'; of ¢ in I". But the L*-theory works for I',
as well. So as above we get a trace functional trp, on B(L*(E))"s.

*eftD

Lemma 2.3. The operator g is of trr, -trace class. Its trace is

trr, (g°e™"") =/ trg”(gz|e P |z)da,

g

where F, is a fundamental domain for I';)\X and the integral converges ab-
solutely.

This integral can also be written as the integral over the compact set Xt
of the smooth function

T Z trrHrzle P|z),
T€lglr

where the sum runs over the I'-conjugacy class in [g]r in Aut(X) of g.

Proof. The T-invariance of e~*” amounts to (yx|e *P|yy) = y(z|e P|y)y~1,

so it follows that the right hand side does not depend on the choice of F,.
Now let (u;)ier be a finite partition of unity on Xp, = I\ X, i.e. u; : Xp, —
[0, 1] is a smooth function for eachiand ), u; = 1. The u; can be chosen such
that for any ¢, j € I there is a fundamental domain F, such that no boundary
point of F, maps to supp u;Usupp u;. Let u; be the pullback of u; to X. Since
the @; give a partition of unity on X it is sufficient to consider the operators
(g*e™tP); ; with Schwartz kernel (z|(g*e™P); ;|y) = w;(z)a;(y){x|g e~ P|y).
We will now make the isomorphism L?*(E) = L*(T'y) ® L?(Er,) more explicit.
So let f ® ¢ € L*(T'y) ® L*(E|£,) then the corresponding element of L?(F)
will be - cr f(7)7*¢. The other way round we take ¢ € L*(E) and write



212 ANTON DEITMAR

it as v = 3 o 7(Y,) with ¢, = 15, (771)"y. With T' = (g%e™""), ; we
write

Therefore we conclude trr (1) = tr(¢ — (T'p).), where e is the neutral
element of I'y. But the latter is the operator on E|z, with kernel (.|T|.)|#, <, -
By our assumption this gives a smooth kernel on Er, and the trace in ques-
tion is just the trace of the integral operator thus defined.

We can build a fundamental domain F, out of F by choosing a set of rep-
resentatives (o) for I'/T', and setting F, := (J, 0 F. This induces an isomor-
phism L*(Er,) = L*(I'/T;) ® L*(Er). Using this isomorphism and the traces
on the factors we see that everything boils down to showing that on L?(F|r)
the operator with kernel >°_(.|oge "Po71|.)| £« 7 is of trace class and that its
trace is the aboveclaimed. This kernel can be written 3> i, 7~ (Tz|e™P|y),
where the sum runs over the I'-conjugacy class of g. Now growth estimates
on the heat kernel as in [6] show the absolute convergence of this sum lo-
cally uniformly in x and y and all its derivates. Thus the kernel is smooth
and since Xt is compact, the operator is of trace class and the trace is the
integral over the diagonal, which gives the claim. [l

It is known that the small time asymptotics holds pointwise (compare
[3]) it follows that the trace trp, (g*e 'P) also satisfies a similar asymp-
totics. Unfortunately very little is known about large time asymptotics of
trr, (g*e ). Let

NS,(Dr) = sup {a € R| trpgg*e*tD’ =0(t™*?) as t — OO}

denote the equivariant Novikov-Shubin invariant (compare [10], [14])
of Dr. J. Lott showed that the Novikov-Shubin invariants for ¢ = 1 of
Laplacians are homotopy invariants. J. Lott and W. Liick conjecture in [14]
that the Novikov-Shubin invariants of Laplace operators are always positive
rational or oco. In the situations we are going to consider in the sections to
follow, where X is a globally symmetric space of the noncompact type and
D is a motion invariant operator on X Harish-Chandra’s Fourier transform
of orbital integrals shows that the equivariant Novikov-Shubin invariants are
positive.
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To proceed in the more general setting of the actual section we will have
to assume that NS,(Dr) > 0. We consider the integral

1o R
.00 (5) = F(s)/ " trp,gte P dt,

0

which converges for R(s) > 0 and extends to a meromorphic function on
the entire plane which is regular at s = 0 as follows from the small time
asymptotics. The integral

1 e v 4D
2 pp(8) = F(s)/1 ttrp,gte P dt,

converges for R(s) < NS, (Dr). In this region we define the equivariant
L?-zeta function of Dr as

C;E,Q)Dp(s) = Cgl,DF (s) + CgZ,DF (5).

We define the equivariant L?-determinant of Dy as

d
detf)(Dp) = exp (—

In analogy to the classical case we get:

Proposition 2.4. The function A\ — detf) (Dr 4+ A), A > 0 extends to a
holomorphic function on C — (—o0,0].
We have det” (Dr) = limy o det*) (Dr + A)A~ trro(olker D),

Again assume the bundle Fr comes with a compatible connection and let
A\, By be the Laplacian on Ep-valued g-forms. The equivariant L*-torsion
is by definition:

dim X

= IJ et D

Further, when X again is Kéahlerian, Er holomorphic, A, ; g the Hodge-
Laplacian on Er-valued (p, ¢)-forms then define

dim¢ X

Tg(,2h)01 : H det Aoq Er) a(

_1)q+1
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3. The equivariant trace of the heat kernel.

Now specialize to locally symmetric spaces. Let X be an Hermitian globally
symmetric space without compact factors. Write G for the connected com-
ponent of the group of isometries of X, then G is a semisimple Lie group
that acts transitively on X. The stabilizer of any z € X is a maximal com-
pact subgroup K of GG so that by choosing a base point the space X can be
identified with G/K. Let I' C G be a discrete torsion free subgroup such
that the quotient manifold I'\G is compact. Then I' acts freely on X and so
Xr :=T\X is a compact Hermitian locally symmetric space. Now let gr be
a nontrivial isometry of Xr. Then gr lifts to an isometry g of X such that
in the group of isometries of X we have gI'g~! = I'. We will assume that ¢
belongs to the connected component G of Iso (X). Note that only the coset
I'g in G is determined by gr.

Lemma 3.1. There is a natural number n such that g" € I'. In particular,
the isometry gr of Xt is of finite order.

Proof. Assume to the contrary that there is no n € N with ¢ € I'. So
the group I generated by I and ¢ has infinite index over I' hence IV can’t
be discrete. Let H be the closure of IV then H is a Lie subgroup of G of
positive dimension and so the connected component H° is nontrivial. Since
g normalizes I" so does I'" and hence H. Since I is discrete it follows that H°
actually centralizes I'. Now G also has the structure of an algebraic group
over R and in the present situation the group I' is Zariski dense. Therefore
HPY also centralizes the entire group G which is a contradiction since G has
trivial center. [l

Since I' acts freely on the contractible space X it follows that Xt is a
K(T',1)-space, in particular, I" is the fundamental group of Xr.

The semisimple Lie group G admits a compact Cartan subgroup T' C K.
We denote the real Lie algebras of G, K,T by go, %9, to and their complexi-
fications by g, ¢ t. We will denote the Killing form of g by B. As well, we
will write B for the diagonal of the Killing form, so B(X) = B(X, X). De-
note by py the orthocomplement of €, in gg with respect to B then via the
differential of exp the space pg is isomorphic to the real tangent space of
X = G/K at the point eK. Let ®(t,g) denote the system of roots of (t,g),
let ®.(t,g) = ®(t, ) denote the subset of compact roots and ®,. = ¢ — P,
the set of noncompact roots. To any root « let g, denote the corresponding
root space. Fix an ordering ®* on ® = ®(t,g) and let p» = D cot Fta-
Then the complexification p of py splits as p = p, & p_ and the ordering can
be chosen such that this decomposition corresponds via the exponential to
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the decomposition of the complexified tangent space of X into holomorphic
and antiholomorphic part.

We will consider differential forms with coefficients in a flat Hermitian
vector bundle. Such a bundle E, is given by a finite dimensional unitary
representation (¢, V,,) of the fundamental group I'. More precisely E
INX x Vs where I' acts diagonally and ¢ is the representation dual to .
We want the action of gr on Xt to lift to E,. For this we assume that
09 = ¢, where p?(y) = p(gvg~"). The space of smooth (p,q)-forms with
values in F, may be written as QP(E,) = (C(T\G, @) @ APp, @ ANip_ )&,
where C>(I'\G, ¢) := {s € C®(G,Vy)|s(yvx) = ¢(7)s(x)}. In this setting
the action of g on QP9(E,) is ¢*(s ® py ® p_) = g*s ® py ® p_ where
g9"s(x) = s(gz).

By [2] the heat operator e *~r 7+ has a smooth kernel h{"? of rapid decay
n (C*(G) @ End(APp, @ A%p_))5*E_ For t > 0 let

—tA

dime X

Z q(=1) trha),

where tr means the trace in End(A%_). Then f; acts by convolution from
the left on

LA(I\G. ) = { G = Vils(e) = p(n)s(a), [

NG

I's(x) |* do < 00}

and it follows tr (f,[L*(I\G, §)) = S0 ¥ g(~1)7+" tr (e~ 40 ),

3.1. The equivariant trace formula.

Any smooth function f of rapid decay on G acts by convolution s — sx* f
as a trace class operator on L?(I'\G, @). The space L*(T'\G, ) is a unitary
G-module and as such it decomposes into a discrete Hilbert sum

L*(T\G, 3) = @ Nr o (
el

with finite multiplicities Nr (7).
Therefore the trace of f on the space L*(T\G, @) is >, ce Nro(m) trm(f).
The Selberg trace formula asserts that this trace on the other hand equals

Z vol (T, \G,) O, (f),
(]

where the sum runs over all conjugacy classes [y] in the group I', the groups
I', and G, are the centralizers of v € I" in I and G resp. and O, (f) is the
orbital integral [ |, f(z~'yz)dz.
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On the other hand, g acts on L?*(I'\G, @) by g*s(x) := s(gx) and this
action commutes with *f and the G-action from the right. Therefore, for
7 € (3 the isometry ¢ acts on Homg (7, L*(T\G, )) by a finite dimensional
matrix gr.

Proposition 3.2 (Equivariant trace formula). Assume ¢(gyg~') =
©() for v €T then the trace of the operator g*(. * f) equals

Z trgrl; tro(f) = Z vol (Fvg\Gvg) trsa(’)/)owg(f)a
e [vglr
where the sum runs over all I'-conjugacy classes in the coset I'g and I',, is

the stabilizer of vg in I.

Proof. The left hand side clearly gives the trace of g*(. * f). To understand
this operator, assume s € L*(I'\G, ), then

g (s f)(x) = s* f(gz)
= [ 1 g)sw)ay
= Z/ff(y’lvng(’fl)S(y)dy,

where F denotes a fundamental domain for the I'-action by left translates
on G. This shows that the operator g*(. x f) acts on L*(I'\G, ) as integral
operator with smooth kernel

k(z,y) = fly " vgz)e(y ).

yell

Since I'\G is compact, this is a trace class operator and its trace is given as
the integral over the diagonal, i.e.:

trg(.* f) = /F\G trk(z, x)dz

=3 [ @ tge) tre)de

yel’

=> /FW\G flz™ ygz)de tro(y)

[vglr

= Z vol (I, \Gg) tr (1) Oqg(f).

[vglr
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3.2. The heat trace.

By Lemma 3.1 it follows that the group I generated by I' and ¢ again
is a discrete subgroup of GG. It now may happen that the group I" admits
torsion elements. An element of G is called elliptic if it is contained in a
compact subgroup. Let n € N denote the order of the isometry gr of Xr.

Lemma 3.3. The group IV has torsion elements if and only if some power
gk of gr with 0 < k <n acts on Xp with fized points.

There are torsion elements in the coset I'qg C I if and only if gr itself
acts with fixed points. In that case the lift g can be chosen of finite order.

Proof. Assume I has torsion elements then there is a natural number k < n
and a v € T such that yg* is torsion, hence elliptic, hence acts with fixed
points on X and so gF acts with fixed points on Xr.

The other way round if gk has fixed points on Xr then there is x € X and
v € T such that g*x = vy so that y~'g* is elliptic and since I" is discrete,
~v~1g* is a torsion element.

The second assertion follows by the same proof restricted to the case k = 1.
The fact that g can be chosen of finite order is clear. [l

Any 6-stable Cartan subgroup H of G will split as H = AB where A is
the connected split component and B is compact. The dimension of A is
called the splitrank of H. Let ay denote the real Lie algebra of A and let
as be the positive Weyl chamber as well as AT := exp(ag). We will only
be interested in Cartan subgroups of splitrank one. For any such let £4(I'g)
denote the set of T-conjugacy classes [yg|r such that vg is in G conjugate
to an element h = ab of H with nontrivial split part a. Let further Ell(I'g)
denote the set of elliptic I'-conjugacy classes in I'g. Note that Ell(I'g) is a
finite set and is nonvoid if and only if gr has fixed points on Xr.

For a splitrank one Cartan H = AB choose an order on the set of roots of
(g,a) and let ¢(H) the number of positive roots in the root system of (g, a),
where a = Liec(A). Then it is known (see [9]) that ¢(H) equals 1 or 2.

In [16] we find the notion of Euler characteristic x(I') for a lattice I' in
a reductive group G. It has the property that x(IV) = [[' : I"]x(T') for a
sublattice I C I'. Further, If L has a nontrivial central split component
then x(I') = 0 as is seen by fibre bundle arguments.

If " is torsion free it is of finite cohomological dimension. Letting b,(I")
denote the Betti numbers we then define

cd(D)

Xi (D) = D j(=1) 1y (D).

j=0



218 ANTON DEITMAR

the first higher Euler number of I'.

Recall that a lattice I' is called neat if for 7 € I" the adjoint Ad(vy) €
End(g) does not have a root of unity as eigenvalue. Every arithmetic I" has
a finite index neat subgroup [5].

We are going to need some notation from [9]. At first, to our Cartan
subgroup H = AB there is a parabolic subgroup P of G such that A is a
split component of P, i.e. P has Langlands decomposition P = M AN. Let
m, a,n denote the corresponding Lie algebras over C.

For an element z of G which is conjugate to some A,m, € AM we let [,
denote the length of z, i.e. [, := y/B(loga,). This number is called length
because for v € I' we have that [, is the length of any geodesic lying in the
free homotopy class defined by ~.

Let LM (v, 7) have the same meaning as in [9].

For I > 0 let

Q-

c(H)

)

c(H)
2

by(H) = ( +dim(n) — 1 — z)

where «,. is the real positive root in ®(g,h) and the absolute value comes
from the Killing form. For ¢(H) = 2 let

2B(PM1n)

—— 4+ B "
dm(pyy, ) T D WPan)

dl(H) = \/bl(H)2 +

where M, := M NG, and G = G; x G5 and G is the simple factor of G
containing A. In the case ¢(H) = 1 we finally set

d(H) = \/B(p) = B(pxrcamn) — Boann)-

The twisted trace formula together with the computation of the orbital
integrals in [9] give

Theorem 3.4. Let Xt be a compact Hermitian locally symmetric space
with neat fundamental group T' and universal covering X without compact
factors. Let ¢ denote a finite dimensional unitary representation of I' and
E, the flat vector bundle defined by its dual. Write A, for the Hodge-
Laplace operator on E,-valued (p, q)-forms and A\, , for the Hodge Laplacian
on (p,q)-forms on X. Let gr be an isometry of Xr that lifts to an isometry
g in the connected component of the isometry group of X, then the trace of
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the operator Egi:"(lf X (=17 trgretPoae equals

Xa (Fag) treo(y) e o /4t
Z Z det(l — (79>_1’n) \/m

H/ conj. lyglc€n (Tg) H9

dim(n_)

Z (_1)leftdl(H) LM(yg,/\ln_)
=0

Xa (D) tr(9(v))
: H/%o:nj . [wg]e%;(rg) pg det(1 — (yg)~tn)  Art

c(H)=1

. e—bo(H)lWetd(H)2LG2(

2
e_l(vg>/4t

vg,1)
dimc X

+ Z tro(y) Z q(—1)? trpwe_movq.

[vg]€EN(Tg) q=0

Here piyg := Ly /l(yg)n where (vg)g is the primitive element of I, underlying
the element (yg)™. For unexplained notation we refer to [9].

Proof. In the light of [9] there is only one thing that requires explanation.
That is the occurrence of the Euler characteristic x,(I',,) and the factor
l(vg)z- But these drop out of the volume factor in the trace formula using
the arguments of [7]. u

4. Geometric zeta functions.

Now fix a f#-stable splitrank one Cartan subgroup H = AB. Further fix
a parabolic subgroup P with Langlands decomposition P = MAN. Let
Ky := KN M then K is a maximal compact subgroup of the semisimple
group M. The group B then is a compact Cartan subgroup of M. Let
pas be the positive part of the polar decomposition of the Lie algebra m of
M. Choose an order on the root system ®(m,b) where b := Liec B and let
Pav = Pum+ D pa,— be the corresponding decomposition.

The symmetric space X, := M/K,; injects into X and it inherits the
holomorphic structure if and only if ¢(H) = 2 (Lemma 2.2 in [9]). In that
case we assume the order chosen such that p,;  is mapped to the holomor-
phic tangent space. Assuming ¢(H) = 2 there is to every finite dimensional
representation (7, V;) of K a compactly supported smooth function g, on
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M such that for any & € M we have

dimc X]W

tré(g,) = Y, (=17 dim(Ve ® APppy— ® Vi)™,

p=0

where 7 is the dual to 7 (see Sec 2.4 in [9]).

Independent of the value of ¢(H) there is to every finite dimensional rep-
resentation (o, V,) of the group M a compactly supported smooth function
f» on M such that for any & € M we have

dim X[u

tré(fo) = Y (=17 dim(Ve @ Ap @ V)",

p=0
We now recall

Proposition 4.1. Let y be a semisimple element of the group G. If y is
not elliptic, the orbital integrals O,(f,) and O,(g,) vanish. If y is elliptic
we may assume y € T, where T is a Cartan in K and then we have

tr o(y)|W(t, gy)| Taca;s (Py, @)
G, : Gle, ’

0,(fo) =

for all elliptic y and

B tr 7(y)
)= Gty ey

if y is reqular elliptic. For general elliptic y we have

2 seW (T, K) det(s)@,y* - trmrx

(@) T) = )
W) = 16, Goleyy ey (1= 5

where ¢, is Harish-Chandra’s constant, it does only depend on the centralizer
G, of y. Its value is given in [7], further &, is the differential operator as in
11, p. 33].

Proof. [9]. u

Let G act on itself by conjugation, write g.x = gzg~', write G.x for the

orbit, so G.x = {gzrg~'|g € G} as well as G.S = {gsg~'|s € S,g € G} for
any subset S of G. We are going to consider functions that are supported on
the closure of the set G.(M A). Now let f, be as in the preceding proposition
but with M taking the place of G. The choice of the parabolic P induces an
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ordering on the roots ®(g, a), where a is the complexified Lie-algebra of A.
Let ag denote the positive Weyl chamber and AT := exp(ag).

For ¢ € G and V any complex vector space on which ¢ acts linearly let
E(g|V) C R be defined by

E(g|V) :={|p| : 1 is an eigenvalue of g on V'}.

Let Amin(g|V) := min(E(g|V)) and Apax(am) := max(E(g|V')) the minimum
and maximum. Define

Amill(a‘n)

Aam) = Yo (- Tlg)”

We will construct a function on the set
(AM)~ := {am € AM|X(am) > 1}.

The following properties of (AM)™~ are immediate

1. A+Me” C (MA)N

2. ame (AM)~ =ac At

3. am,a'm’ € (AM)~,g € G with a/m’ = gamg™ = a=d,9g€ AM.
Here we have written M, for the set of glliptic elements in M.

On (AM)~ define the function am + [, by

lom = ;4 log(A(am)).

Here « is the short positive root in the root system ®(a,g). Note that
det(1 — (am)~![n) = 0 implies I,,,, = 0, since then a and m~" have a common
eigenvalue on n. Note that for m elliptic we have l,,, = I, = |log(a)|, the
length of a. The function [ is invariant under conjugation in AM and
smooth on a dense open subset set of (AM)~. Let l,, be a conjugation
invariant smooth function on (AM)~ such that lym =0 = 1, =0 and for
any X in the universal enveloping algebra of a +m and any am € (AM)~
at which [ is smooth we have |Xl,,| < Cx|Xlum| + h(am), where Cy is a
constant only depending on X and h is a function which is rapidly decreasing
(for example, h could be chosen such that all its derivatives are in L').
Further we insist that for m elliptic we have l~am =lom-

For s € C and j € N we define the function ¢/ on (AM)~ given by
gl(am) = I3 el

Choose any smooth 1 : N — R which has compact support, is positive,
invariant under K N M and such that [, n(n)dn = 1.
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Given these data, let ® = ®, ., : G — C be defined by

®(knma(kn)™) = "<”>ff<m>det<1g—g(m>l|n>’

for ke K,ne N, am € (AM)~. Further ¢(g) =0 if g is not in G.(MA)~.

In order to see that ® is well-defined recall first that by the decomposi-
tion G = KP = KNMA every g € G.(MA)™~ can be written in the form
knma(kn)~t. By the properties of (AM)™~ we see that two those represen-
tations can only differ by an element of K N P = K N M.

The invariance of n and of f, under K N M-conjugation shows that & is
well-defined with respect to the K-conjugation. The points am € AM where
det(1 — (am)~*n) = 0 do not produce poles by the construction of g.

We have the following generalization of Proposition 3.1 in [9]:

Proposition 4.2. The function ® is (j — dimn)-times continuously differ-
entiable. For j and R(s) large enough it goes in the twisted trace formula
and we have

ite s tr(p(y))

Nr., () trgf trm(P) = vol (T,,\G.,)OM (f,)22 ,
7; F#p( ) gr ( ) [gh ( Wg\ Wg) n,g(f )det(l—('yg)*1|n)

where the sum runs over all classes [yg|r such that vg is conjugate in G to
an element m.,a., of MAT.

Besides the parabolic P = M AN we also consider the opposite parabolic
P = MAN. The Lie algebra of N is written n. Let V denote a Harish-
Chandra module of G then we consider the Lie algebra homology H.(n, V)
and cohomology H*(n, V). It is shown in [12] that these are Harish-Chandra
modules of the group M A.

Theorem 4.3. Let Xt be a compact Hermitian locally symmetric space
with neat fundamental group I' and universal covering X without compact
factors. Let ¢ denote a finite dimensional unitary representation of I'. Let
g € G with gTg™' =T and ¢(gyg~") = w(7) for all v € T. Fiz a splitrank
1 Cartan H = AB and a parabolic P = MAN. Let (0,V,) be a finite
dimensional representation of M. For R(s) > 0 define the function

L X, (D) tro(m,,) tr‘P('V)l(vg)S —sl
(S) «— [ Y9

L det(T— (19) ) !

H,o,p

[vg9l€€EH (Tg)

where n = ord gr and (vg)y is the primitive element in I',, underlying the

element (yg)" € I'yy. Then LY, , extends to a meromorphic function with
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simple poles on the entire plane. The residue at a point s = X\(H;), X € a*
18

(=1)*™ " N (m) trgr Y (=17 dim(H (8, 7°) ® APpar @ V)3,

el p,q

where (.)x denotes the generalized eigenspace and Hy is the unique element
of ag with B(H) = 1.

Proof. Tt follows from [7] that for T" neat

(D) = | W(g+4:b) | [locar, (Prg: @)
e Livg)p CrglGryg G

vol (T \Gry),

so that the geometric side of our trace formula will be

Z X, (Fhyg) tra(mvg)l(vg)g ljy;le_shg tr(¢(7))
det(1 — (vg)~'[n)

[vglr€€u(Tg)
which is just
i+1
—1)/*?! ﬁ ]+ L9
( ) as H,a,ap(s)'
The rest is analogous to the proof of Theorem 3.1 in [9)]. ]

Proposition 4.4. The residue of Ly, (s) at s = \(H,) is

(=D Nt (glx(m @ n, Ky, O (T\G, ¢) ® &)-»).

For R(s) > 0 define

X, (T.g) tra(my,) tro(y) e st
28 (5) = exp (_ S () ol o) )
[vg]

_ —1
Sy det(l—(v9)7Hn) g
Then the theorem asserts that the logarithmic derivative

)/ 2t

L‘(I]{,O',Lp = (Zgl,a',tp
extends to a meromorphic function on C with only simple poles.

An element g of I'g is called g-primitive if yg = (y'g)*"*! with 4/ € T
and k > 0 implies &£ = 0. If gr has no fixed points then to every ~g there is
a unique g-primitive I'g and k > 0 such that vg = (v/g)**1. Let &5 (Tg)
denote the subset of £5(T'g) formed by the g-primitive classes.

For any y € G let Per(y) denote the set of orders of nontrivial roots of
unity occurring as eigenvalues of the adjoint Ad(y) € End(g), so m > 1 is in
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Per(y) if and only if a primitive m-th root of unity occurs as eigenvalue of
Ad(y). For any subset I of Per(y) let n; denote the least common multiple
of the elements of I.

Theorem 4.5. Let Z} , , be as above and now assume that gr has order
two. Then Z7

Yo €rtends to a meromorphic function on C. The vanishing
order of Z} , ,(s) at s = \N(H,) is

dlm n Z Nr, () trgx Z(_l)p+q dim(H(n, 7r0) ® APpy @ V%)fM

re@ p:q
If furthermore gr acts on Xt without fived points then Zj; , , also admits an
FEuler product expansion:

Zt,0,0(8)

- I I 1I det(1 — e by @ yg|V, ® V)4 (19)
N det(1 — e=25b9y2 ® (v9)?|V, ® Vi )e1(r9)/27

[yg]€EL (I'g) N>0 ICPer(vg)

where Vy ==V, @ SN (n) and ~vg acts on Vy via o(m,) @ Ad™ (vg).
Further ar(vg) = 3 ;o1 (=)0 3 (D gym0 )/ bgrgyns -

In the case that besides the group I' the group I generated by I' and g
also is neat we have Per(yg) = 0 and ag = x, (I'y,)/ yg-

Proof. If gr has order two, so has gft for any 7 and thus the residues of L7, , o
are integers.
The Euler product expansion is gotten as in [8]. |

Now assume ¢(H) = 2 and fix a finite dimensional representation (7, V)
of KM

Theorem 4.6. Let I' be neat and (¢, V,) a finite dimensional unitary rep-
resentation of I'. Let H be a 0-stable Cartan subgroup of G of splitrank 1
with ¢(H) = 2. For R(s) > 0 define

5 X (Tryg) tro() LM (79, )l gy .

L0, (5) =
[vg)€€x (Tg) det(1 = (vg)~"[n)
Then L‘(Iiiorg;( ) extends to a meromorphic function with simple poles. The

residue ofLHW,( s) at s = \(H,) is

=Y Nry(m) trgt > (=1)PT dim(H (7, 7) @ APpar,— @ Vz)3 ™,

rel p.q

where (.)x means the generalized \-eigenspace.
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Proof. The proof proceeds as the proof of Theorem 4.3 gut with g, taking
the place of f,. [l

Again define
T LM —5lyg
Zr] ,0 ( ) = exp ( Z X1( 79) tI‘gO(’)/) (/7977-) € ) .

H,T,p — —
[vg]l€€n (Tg) det(1 — (vg)~'[n) Mg

As before we have L%OW, (Z%° Y /Zwa

H,t,p
Theorem 4.7. Assume that gr has order two. Then ZI‘]{T@ extends to a
meromorphic function on C. The vanishing order of ZHT o at s=\(H,) is
=D Neg(m) trgf D J(=1)" " dim(H(,7) @ Apar— ® Vi)3 ™.
re@ p.q

Proof. As Theorem 4.5. Ul

Extend the definition of ZIg{T »(8) to arbitrary virtual representations of

K in the following way. Consider a finite dimensional virtual represen-

tat10n0§ = @;a;7; with integers a; and 7, € K,;. Then let Zgr()ggo( ) =
IL; Zi 7, o (s)"
Now for ¢(H) = 2 let
dim(n_)
Y
Z1,,(s) H 25 i (8 + di(H) +bo(H)) ™

In the case ¢(H) =1 let
Zi1p(8) = Zip 1 o(s + d(H) + bo(H)).
Proposition 4.8. Assume G is simple, then for A > 0 we have the identity

. —1)at1
dlnﬁX ( detgF(A07q7¢ + )\) q(-1)
)

2
I} gemnrg) det(w) (Do + A

- oI (Zhos (boa) + 3+ dz(H)“‘))(_l)
H/conj. 1=0
splitr/ankJ: 1
c(H)=2
11 Zi 1., (bo(H) + 1/ A+ d(H)?).
H/conj.

splitrank = 1
c(H)=1
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Proof. The equality is gotten by taking the Mellin transform of the expres-
sions in Theorem 3.4. Ul

Let ng be the order at A = 0 of the left hand side of the last proposition.
Then the number ngy equals

dime X
Z q(=1)7" | tr(gr|ker Ao q.p) — dimep Z trr., (vglker Ao g) | -
q=0 [vg]eEL(lg)

Now assume gr has order 2. For H a theta stable splitrank 1 Cartan with
c(H)=2and [ >0 let
11 = O0dsms(ar)an(in) L pin_ (5,
SO
e =— > Neg(m) trgl Y (—1)7 dim(H (8, 7) @ Apar,— ® Ay )5,
re@ p.q

Further, for ¢(H) = 1 let ny , be the order of Z} , (s) at s = by(H)+d(H),
SO

=3 Ne(m) trgl S (=) dim(HY(, ) © APpag)

re@ p,q
We then consider

dimng
C(Xeop)= | [T I d) a1 T (d(H) e |
H,c(H)=2 1=0 H,c(H)=1

We assemble the results of this section to:

Theorem 4.9. Assume that the isometry gr has order two. Then the zeta
function Zj; , extends to a meromorphic function on the entire plane. Let

Z(s) = 11 Z ,(s).
H/conj.
splitrank = 1

Let ng be the order of Z% at zero then Proposition 4.8 shows that the number
ng equals

dim¢ X

Z g(— q+1(tr(gr|kerﬁo,q,<p)—dim<ﬂ > trrw(’Yg|kerAO-q)>'

[vg]€EL(T'g)
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Let RY(s) = Z9(s)s™" /c?(Xr, p) then

[10]
[11]
[12]

[13]
[14]

[15]
[16]

Rg (0) — Tg,hOI(XF7 90) .
’ H[’yg]EEll(Fg) Tﬁgi?hol (Xr)dim ¢
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