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ON CONSTANT MEAN CURVATURE SURFACES WITH
PERIODIC METRIC

J. DORFMEISTER AND G. HAAK

We investigate CMC-surfaces with periodic metric in a
dressing orbit of the cylinder. It is shown, that such surfaces
are always of finite type. Using the periodicity conditions
for the extended frame of a CMC-surface, we develop an al-
ternative approach to the classification of CMC-tori given by
Pinkall and Sterling.

1. Introduction.

In recent years two independent approaches to the construction of CMC-
immersions in R3 were developed. One of them, using finite type solutions of
the sinh-Gordon equation, leads to the classification of CMC-tori by Pinkall
and Sterling [20].

While this approach allowed A. Bobenko [1] to describe CMC-tori explic-
itly in terms of theta functions, it turned out not to be easily adaptable to
the more general situation of CMC-surfaces with umbilics.

The class of CMC-surfaces with umbilics contains the CMC-surfaces of
higher genus, whose existence was proved by N. Kapouleas for arbitrary
genus [17, 16]. Therefore, it proved to be necessary to find a more general
description of CMC-immersions.

Another approach to CMC-surfaces was developed by F. Pedit, H. Wu
and one of the authors (J.D.). It is commonly called the DPW method.
It gives a description of all immersed CMC-surfaces in R?* with or without
umbilics. More specifically, it allows the construction of CMC-immersions
from a meromorphic and a holomorphic function, for which reason it can
be called a Weierstra$} type representation of CMC-immersions. These func-
tions, one of which is the coefficient of the Hopf differential of the surface to
be constructed, are only subject to some simple restrictions [3].

The main problem with the DPW method as opposed to the Weierstrafl
representation for minimal surfaces is the fact, that in spite of the simplicity
of the initial data, it is not easy to extract further geometric information
out of these data. For one point, it turns out to be very hard to impose
restrictions on the symmetries of the surface in R® or on the Fuchsian or
elementary group of the underlying Riemann surface. One of the cases where
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this would be necessary is the case of compact surfaces. In fact, it was
not even clear how to reproduce the results of Pinkall, Sterling [20] and
Bobenko [1] with the DPW method.

In this paper we will solve this problem and reproduce the classification
of CMC-tori using extended frames without referring to the metric, i.e., the
sinh-Gordon equation, explicitly. This result will be proved in a more general
framework, which was developed in [4] by the authors for the investigation
of CMC-surfaces with symmetries in R3. Here we will actually derive a
classification of all finite type surfaces with periodic metric, i.e., surfaces
whose metric is a finite type solution of the sinh-Gordon equation which is
invariant under a group of translations in C. This classification is of course
also implicit in [20].

But first, let us define more precisely, what we mean by a CMC-surface
with periodic metric. Here we follow [4].

1.2. Let ¥ :C — R? be a conformal CMC-immersion of the complex plane
into R3. We further set OAff(R?) to be the group of proper (i.e., orientation
preserving) Euclidean motions in R3.

Definition. Let ¥ : C — R3 be defined as above. Then we define the
following subset Sym(W¥) of C: A complex constant ¢ is in Sym(W), iff there
exists a proper Euclidean motion T, € OAff(R?), s.t.

(1.2.1) U(z+q) =T,(¥(2)) for all z € C.

If Sym(W) # {0}, then we say that ¥ is a surface with periodic metric.
We further define the subset Per(¥) of Sym(¥) by

(1.2.2) Per(¥) = {q € C|¥(z + q) = ¥(z), for all z € C}.

If Per(¥) # {0}, then we say that ¥ is a periodic surface.

From time to time we will also identify the elements of Sym(¥) and Per(¥)
with the corresponding translations, i.e., we will identify Sym(¥) and Per(¥)
with subgroups of AutC, the set of biholomorphic automorphisms of C.

For the investigation of translational symmetries, it is of course enough
to consider only those Riemannian surfaces whose universal cover is the
whole complex plane. Therefore, we will not introduce the more complex
notation of [4]. We collect here some facts about the groups Sym(¥) and
Per (W) which follow from results in [4]. For details and the definition of the
associated family in this context see [4, Sect. 2.5].

Theorem. Let (C, V) be a conformal CMC-immersion. Then the following

holds:

(1) If Sym(V) is nondiscrete, then U(C) is in the associated family of a
Delaunay surface.
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(2) If Sym(W) is discrete and has a nonzero element, then its elements
form a lattice in C with one or two generators.

(3) Per(¥) is always discrete and, if nontrivial, forms a lattice in C with
one or two generators.

(4) If Per(¥) # {0}, then there exists a Riemannian surface M with uni-
versal cover m : C — M and a CMC-immersion ® : M — R3, s.t.
I' = Per(V) is the elementary group of M and ¥ = ® o .

(5) In particular, if Per(V) forms a lattice with two generators, then W(C)
is a CMC-torus.

The paper starts in Section 2 with a short description of the DPW method
for later comparison with other formulations. We will also give the trans-
formation properties of an extended frame under a translation in Sym(V)
as they were derived in [4, Sec. 3.4]. In this section we will work with loop
groups on arbitrary circles C,, 0 < r < 1, which allows for a more general
definition of the dressing action (see also [2, 5]).

In Chapter 3 we consider surfaces obtained by r-dressing [7, 2] from the
standard cylinder:

he(Ne® =794 = P22, \p (2.2, ).

Here A = (1)(1) and F is the (unitary) frame of the surface, while p, and
h,, in a Fourier expansion, does not ontain any negative powers of A\. By a
result of [7] (see also [2]) all CMC-tori can be obtained this way. The main
result of this chapter considers translations z — z+¢ and gives necessary and
sufficient conditions on h, such that the frame F' at z+ ¢ is a z-independent
rotation of F' at z for all z € C (Theorem 3.7, Theorem 3.8). This is
equivalent with the metric of the surface being periodic with period ¢. As
a consequence, in Theorem 3.9 we give necessary and sufficient conditions,
that a CMC-surface, obtained by r-dressing of the standard cylinder by h.,
admits the translation z +— z 4 ¢ in its fundamental group. This describes
all topological cylinders obtained by r-dressing the standard cylinder.

The results of Chapter 3 are phrased in terms of certain even rational func-
tions a?(\?),b%(\?), ¢*(A\?) and meromorphic functions «, 3% on C\ {0}. In
Chapter 4 we consider the hyperelliptic surface C with branchpoints exactly
at the zeroes and poles of odd order of a? and a natural two-fold covering
C’ of C. Tt turns out that all functions involved in the r-dressing, and a
priori only defined on the disk of radius r around A = 0, can be extended
holomorphically to the hyperelliptic surface C or at least to the hyperellip-
tic surface C’. As an application of this extension we show (Theorem 4.9),
that every CMC-surface with periodic metric in the r-dressing orbit of the



232 J. DORFMEISTER AND G. HAAK

standard cylinder is of finite type (for a definition of “finite type” in this
framework see [2, 7, 20]).

In Chapter 5 we start from a hyperelliptic surface C and define «, 52, a2, b?,
c? in a natural way, thus producing a? with only simple poles. In this case,
which is generic for CMC-tori, we reproduce the dressing matrix and thus
are able to describe (generically) all CMC-tori in the r-dressing orbit of the
cylinder (Section 5.8). If g is the genus of C, then our construction yields for
every CMC-torus in the r-dressing orbit of the cylinder naturally a g — 1-
parameter family of tori. This fits well to the purely algebro-geometric
construction of such families of tori as given in [1, 9, 15].

It would be interesting to expand our construction in Chapter 5 to the
“non-generic” case, i.e., to the case where a? does not only have simple poles
and zeroes of odd order.

2. The DPW method.

Let us recall for the reader’s convenience the cornerstones of the DPW
method. For a more detailed reference the reader should consult [6, 5] and
the appendix of [3]. In this section we will follow the conventions of [3]. By
a CMC-immersion we will always understand a conformal immersion of con-
stant mean curvature. For a justification of this restriction, see [4, Section 2].

2.1. Let ¥ : D — R? be a CMC-immersion. Here, D C C is the open
unit disk or the whole complex plane. We take W as a conformal chart and
the metric to be d s? = e*(dx* + dy?), u: D — R. Then

(2.1.1) U= (e 2V, e ¥, N):D— SO(3)
is an orthonormal frame which we normalize by
(2.1.2) Ux=0,y=0)=1.

In complex coordinates z = z + iy, Z = = — iy, we have

1
(2.1.3) (¥, V) = (¥z,¥z) =0, (U2, Uz) = et

Using the definitions
(2.1.4) E=(V..,N), H = 2¢7"(V.2, N)
we get for the second fundamental form

(2.1.5) H:1<<E+E)+He” i(E—E) )

2 i(E—FE) —(E+FE)+ He"
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Thus, H is the mean curvature and therefore constant. The Gau3-Codazzi
equations take the form

1

(2.1.6) Uz + §€UH2 —2e7"|E? =0,
1

(217) Eg == iequ == O7

from the second of which it follows, that E d 2?2 is a holomorphic differential,
the Hopf differential. For |[E| =1 and H = 2 the first equation becomes the
sinh-Gordon equation.

By using the spinor representation J : r +— —%ra, where o is the vector,
whose components are the Pauli matrices, we identify vectors in R?® with
matrices in su(2). This induces an identification of orthonormal frames
with matrices in SU(2) (see [3]) which is unique up to the multiplication
with —I in SU(2). If we identify the frame U/ in this way with a map

(2.1.8) P:D - SU(2),
then the initial condition (2.1.2) is compatible with
(2.1.9) P(0) =1,

which fixes the lift P uniquely. If we define
1 _u
_pip — [ Tau. Ee
(2.1.10) U=P'P, (—;e%‘H ) > :
(2.1.11) V=P'P= (

then the integrability condition
(2.1.12) Us—V,-[U,V]=0

is equivalent to the GauB-Codazzi equations (2.1.6) and (2.1.7).

By the substitution £ — A™2FE, A € S', which doesn’t change the Gauf}-
Codazzi equations, we introduce the so called spectral parameter A. After a
simple re-gauging of the frames (for details see the appendix of [3]) we get
the following form of the now A-dependent matrices U(\) and V' (\):

1 1y—1 u
. Zuz —5)\ Hez
(2.1.13) U(A)_<A1Ee; “1y, )
—tuz —A\Ee %
— 4 7%
(2.1.14) V() = <5AH6; o )
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By integration, i.e., solving

(2.1.15) F'F, =1,
(2.1.16) F'E=V,

using the initial condition
(2.1.17) F(0,\) =1, for all A € S,

we get a A-dependent frame F'(z,Z, ), which coincides at A = 1 with the old
frame P(z,%z). We call this map from D x S* to SU(2) the extended frame
of the immersion W. It should be noted, that by Eq. (2.1.13) and (2.1.14)
the differential of F' has the form

(2.1.18)
a(z,z,\) = A a_i(2,2)dz 4+ ap(2,2) + A (2,%) d z,
(%) = —a1(5,9) .

This map is now interpreted as taking values in a certain loop algebra
A,su(2),.

2.2. For each real constant r, 0 < r < 1, let A,SL(2,C), denote the
group of smooth maps g(A) from C,, the circle of radius r, to SL(2, C), which
satisfy the twisting condition

(2.2.1) 9(=A) = a(g(N)),

where o : SL(2,C) — SL(2,C) is the group automorphism of order 2, which
is given by conjugation with the Pauli matrix

(2.2.2) - (é _01> .

The Lie algebras of these groups, which we denote by A,sl(2,C),, consist
of maps z : C,. — s1(2,C), which satisfy a similar twisting condition as the
group elements

(2.2.3) 2(=)\) = o32(\)os.

In order to make these loop groups complex Banach Lie groups, we equip
them, as in [6], with some H*-topology for s > % Elements of these twisted
loop groups are matrices with off-diagonal entries which are odd functions,
and diagonal entries which are even functions in the parameter A. All entries
are in the Banach algebra A, of H*®-smooth functions on C,.
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Furthermore, we will use the following subgroups of A,SL(2,C),: Let
B be a subgroup of SL(2,C) and A:BSL(2,(C)J be the group of maps in
A,SL(2,C),, which can be extended to holomorphic maps on

(2.2.4) IM ={XNeC;|\ <},

the interior of the circle C,., and take values in B at A = 0. Analogously, let
A, 3SL(2,C), be the group of maps in A,SL(2,C),, which can be extended
to the exterior

(2.2.5) EM ={Xe CPy; |\ >}

of C, and take values in B at A = co. If B = {I} (based loops) we write
the subscript * instead of B, if B = SL(2,C) we omit the subscript for A
entirely.

Also, by an abuse of notation, we will denote by A,SU(2), the subgroup
of maps in A,.SL(2,C),, which can be extended holomorphically to the open
annulus

1
(2.2.6) A = {)\ eCir< A< T}

and take values in SU(2) on the unit circle.

Corresponding to these subgroups, we analogously define Lie subalgebras
of A,sl(2,C),.
We quote the following results from [18] and [6]:

(i) For each solvable subgroup B of SL(2,C), which satisfies SU(2) - B =
SL(2,C) and SU(2) N B = {I}, multiplication

A,SU(2), x A zSL(2,C), — A,SL(2,C),
is a diffeomorphism onto. The associated splitting
(2.2.7) g=Fg,

of an element g of A,SL(2,C),, s.t. F € A,SU(2), and g, € A zSL(2,C),
will be called Iwasawa decomposition. In the following, we will fix the group
B as the group of upper triangular 2 x 2-matrices with real positive entries
on the diagonal.

(ii) Multiplication

(2.2.8) A;,SL(2,C), x AFSL(2,C), — A,SL(2,C),
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is a diffeomorphism onto the open and dense subset A, SL(2,C),-
AfSL(2,C), of A, SL(2,C),, called the “big cell” [21]. The associated split-
ting

(2.2.9) 9=9-9+

of an element g of the big cell, where g- € A SL(2,C), and g, €
AFSL(2,C),, will be called Birkhoff factorization.

Clearly, for arbitrary 0 < r < 1, the matrices U(\) and V() defined above
take values in A,su(2),, and so does a.
We also get:

Lemma. The extended frame F(z,Z,\) of a CMC-immersion can be ex-
tended holomorphically in A to C- = C\ {0}.

Proof. For n € N define K, = {A € C;% < |A| < n}. Then {K,},en is
a sequence of compact subsets of C+, which exhaust C<. For each n € N,
a(z,Z,\), defined by (2.1.18), takes values in the Banach algebra C(K,)
of bounded functions on K, which are holomorphic in the interior of K.
Since also the initial condition (2.1.17) for F'is in C(K,), we get that for
each n € N, the solution F(z,%,\) of the differential equation F~'d F = «
takes values in C'(K,). Therefore, F' can be continued holomorphically in
the A-plane to the open set

(2.2.10) U K. =C.

neN

O

Using the initial condition F'(0,\) = I we thus see, that, for each ra-
dius 7, the extended frame F' is, by restriction to C,, a map from D to
A, SU(2),. We will use this fact to identify the extended frames with ele-
ments of A,.SU(2),.

If F(2,Z,)) is the extended frame of a CMC-immersion ¥, then Sym'’s for-
mula

1 (OF _, i _ .
(2.2.11) J(¥(2,2,)\)) = 55 (%F ' gFosF 1> : A=¢e"
gives a one parameter family of CMC-immersions in the spinor representa-
tion. The original CMC-immersion V¥ is reproduced by setting A = 1. The

whole family ¥, of CMC-immersions is usually called the associated family
of U.
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2.3.  The following result was proved in [6]:

Theorem. Let F : D — A.SU(2),, D C C, simply connected, and let
U, : D — R X € S, be defined by Sym’s formula (2.2.11). Then the
following are equivalent:

(1) For each X\ € S* the map ¥, : D — R? is a CMC-immersion,

(2) The A, su(2),-valued 1-form a := F~*d F is of the form (2.1.18).

The construction of such extended frames is the goal of the DPW method.
To get the so called meromorphic potential from the extended frame we
utilize the Birkhoff splitting: We define the map g_ : D — A SL(2,C), by

(2.3.1) F(z,z,\) =9 (2,Z,\)g:(2,Z,\)

where g, takes values in ASL(2,C),.
The derivative

(2.3.2) E=g-'dg_

is a one form taking values in A sl(2,C),. By a simple calculation using
the definitions (2.1.13), (2.1.14) of U(A) and V(A), it is easily shown, that
&(z,A) is of the form

(2.3.3) £(z,0) = 7! (E?) f?) dz,
f(2)

where F(z)dz? is the Hopf differential and f(z) is a scalar meromorphic
function. The meromorphic potential has poles in the set S C D which
consists of those points z € D, for which F(z,%, ) is not in the big cell. As
a function in A it can be extended holomorphically to CP; \{0}.

2.4.  Conversely, given a meromorphic potential of the form (2.3.3) one
can use the Iwasawa decomposition

(2.4.1) g_(2,2,\) = F(2,Z,\)g+(2,2,\) !

at every point in D to get back a map F' from D to A,.SU(2),.

A simple calculation then shows, that the 1-form a := F~'d F is of the
form (2.1.18). Therefore, F'(z,%,A) defined by Eq. (2.4.1) is indeed an ex-
tended frame.

It should also be noted, that this construction does not depend on the
chosen radius 7: Since the meromorphic potential, and therefore also g_(z, \)
can be continued holomorphically (in A) to CP;\{0}, the extended frame
F(z,Z,A) can be continued holomorphically to C+ = C\ {0}. Therefore, the
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Iwasawa decomposition of g_ at C,. gives always the same F' restricted to
the respective circle C,.. This shows that there is only one DPW-method,
not a whole family of “r-DPW methods”.

2.5. Another construction of interest here is the dressing method. It
allows to construct new CMC-immersions from old ones.

In the loop group formalism the dressing method has a very simple for-
mulation.

Given an extended frame Fj, we take an arbitrary radius 0 < r < 1 and
an element h, of ATSL(2,C), and compute the Iwasawa splitting of h, Fj
at every point in D,

(2.5.1) hy( N Fy(2,Z,\) = F(2,Z, \)p. (2,2, A),

where F' is a new map from D to A,SU(2), and p, is a map from D to
AFSL(2,C),. Here we choose py such that F' satisfies F'(0,\) = I for all
A € S'. Again, an elementary calculation shows, that F is the extended
frame of a (new) CMC-immersion.

Ifg =M1 0 fo

B d z is the meromorphic potential for Fy, then the new

[9)
meromorphic potential £ for F' is given by

(2.5.2) E=\"1 (g é) dz =p'&py +pitdpy.
From this it follows, that £ = FE,, i.e., the Hopf differential is invariant
under dressing.

As in the case of the DPW method it can be easily seen, that for given
h, this construction does not depend on the chosen radius r, as long as
h. is defined on C, and can be extended holomorphically to I'". Thus, if
we denote the dressing orbit of F° w.r.t. r by O,(F°), we have a canonical
inclusion

(2.5.3) O,(F° c 0,.(F°) for0<r' <r<1.

2.6. Finally, we want to state the transformation properties of an
extended frame under a translation in Sym(¥) as they were derived in [4],
Section 3.1-3.3. From here on we will set D = C. For notational convenience
we will also from now on omit the Z-dependency.

Theorem. Let ¥(z) be a CMC-immersion with extended frame F(z,\) and
associated family VU (z), V(z) = ¥y(2).
If ¢ € Sym(W) then F(z,\) transforms under the translation by q as

(2.6.1) F(z+¢,A) = x(g, ) F(z,A)
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where x(q,\) can be extended holomorphically to Cx. For arbitrary 0 <
r < 1, restriction to C, gives a group homomorphism x(-,\) : Sym(¥) —
A.SU(2),, i.e.

(262) X(QI + q2, )‘) = X(QI7 )\)X(Q% )‘)7 q1,42 € Sym(‘l’)

Proof. By Remark 1.2, Egs. (2.6.1) and (2.6.2) follow for A € S* immediately
from [4, Lemma 3.1, Theorem 3.3]. Since, by (2.1.17), x(¢,\) = F (g, \) we
get using Lemma 2.2, that x(g, \) can be extended holomorphically to Cx.
Therefore, restriction to C,, 0 < r < 1, gives x(¢,\) € A, SU(2), and the
rest follows by uniqueness of analytic continuation. [l

As we did already for extended frames, we can, for arbitrary radius 0 < r < 1,
view x(¢, A) as an element of A, SU(2), by restricting it to the circle C,.

2.7.  Using Sym’s formula (2.2.11), we can also easily compute the proper
Euclidean motion 7 in Eq. (1.2.1) from the map x:

J(¥ (2 +q))

— 1 8X(Q7 )\) —1 8F(Z7)‘) —1 -1
=5 (86'9_0 x(q, 1) + XT|0:O “F(2,1) " x(q,1)

- X @ D Do) ) )

2
_ -1 LaX(Qa)\) -1 _ i
=x(¢. DI )™ ~ 55— 55 - x(g, 1) A=e”.
(2.7.1)
Thus, T, is given by
(2.7.2) J(T,(2)) = J(Ry.z + t,)

where the rotation R, is in the spinor representation given by

(2.7.3) J(Ry.z) = x(q,1)J (2)x(g, 1)~
and the vector ¢, € R? is given by

1 ox(gN)
2H 80

1

(2.7.4) J(t,) = lo=o - x(q, 1)

We get the following
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Theorem. Let ¥ : C — R? be a CMC-immersion and let ¢ € Sym(¥).
Define, for 0 <r <1, x(¢q,\) € A, SU(2), as above, then q € Per(¥) iff

Ix(q, A =€)

(2.7.5) x(q,1) ==+I and 50

‘9:0 — 0

Proof. Follows from Eq. (2.7.1). O

From (2.7.1) we immediately get the:

Corollary. LetV:C — R3, F(z,\) and ¥y, A € S* be as in Theorem 2.6.
If F(z,\) transforms under the translation by q € Cx as in (2.6.1), then
q € Sym(¥,) for all X € S*.

Remark. It actually follows from [4, Prop. 3.4], that the group Sym(W,)
of translational symmetries is the same for all elements of the associated
family. The group Per(¥,), however, depends crucially on A as we will see
in Section 3.9.

2.8. For later use we will introduce the following antiholomorphic
involution:
(2.8.1) T\ =X "

Geometrically speaking, 7 is the reflection at the unit circle. For a map g(\)
from a subset of CP; to SL(2,C) we define

(2.8.2) g (A) =g(r(N)) .

Thus, if F € A,SL(2,C), is defined and holomorphic on A", then F €
A, SU(2), is equivalent to

(2.8.3) Fr=F"

For a scalar function f(\) we set

(2.8.4) fr) = f(r(A)).

If f is defined and holomorphic on a 7T-invariant neighbourhood of S*, then
fisreal on S’ iff f* = f.
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3. Translational symmetries.

In this chapter we will give necessary and sufficient conditions for a surface
to be invariant under a given translation z — z + ¢, ¢ € C+. The conditions
will be formulated in terms of certain functions that will be introduced in
the next sections.

The calculations here are similar to those in [4, Section 3.7], with the
exception, that we use here the r-loop formalism recalled in the previous
section from [7]. In [4] these calculations were used to prove, that there are
no translationally symmetric surfaces in the standard dressing orbit of the
cylinder. However, by the result of [7, Corollary 5.3] (see also [2]), every
CMC-torus is contained in the r-dressing orbit of the cylinder.

3.1.  Let F(z,\) be defined by the r-dressing action of h, € AFSL(2,C),
on the extended frame of the (standard) cylinder, i.e.,

(3.1.1) hy(N)e? =D = F(z,0) - py (2, N),

pe(2,A) € AFSL(2,0),, A= (?é) .

We note that e® =24 ig the extended frame associated with the mero-
morphic potential

(01
(3.1.2) €=\ (1 0) dz

and describes the (standard) cylinder. We also note that all functions of z
are defined on C.
The frame F(z, \) transforms under the translation z — z + ¢, g € Cx, as

(3.1.3) F(z+q,\) = Q(q, \)F (2, \ry(q, 2, \),
where

(3.1.4) Qg \) = hye® 9 XDAp

and

(315) r+(q,z,)\) :p+(z7)\)p+(Z+Q7)\)_1‘

3.2. By Theorem 2.6 and Corollary 2.7, we have that ¢ € Sym(V), iff

(321) Q(Q7 )\)F(Z, A)Tﬂ-(q’Z?)‘) = X((L )\)F(Z,)\),
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where

(3.2.2) x(q,A) = F(g,\)

is unitary on S!. From Section 2.8 we thus know
(3.2.3) X (g, A) = x(g, )" for A € C~.

We will derive further conditions on the matrix function y.
The initial condition (2.1.17) together with Eq. (3.2.1) implies

(3.2.4) X=Q- R,
with
(325) R+ (q’ >‘) = ’I"+(q, 07 )‘) € A:_SL(27 (C)U'

Thus, F(z, ) is invariant under the r-dressing transformation with R,
(3.2.6) R (¢, \)F(2,\) = F(z,\)r3(q, 2, ).

Substituting (3.1.1) into this equation and rearranging terms yields
(3.2.7) e_rlZAh;lRJthre’\leA =e pltripieh

Abbreviating w, (A\) = hi'Ryh, and V, (2, \) = e 4plr p, e, this is
(3.2.8) e Huw,(A)ed A = V(2 A).

The Lh.s. of (3.2.8) is

(3.2.9) Z = (exp(—=A"'zad A))w, ().

Thus, (3.2.8) says that Z has a Fourier expansion, where only non-negative
powers of A\ occur. Expanding w, (\) = wg + wi A + woA? + ..., altogether
we have

(3.2.10) (exp(—A"'zad A))(wo + wi X + wod* +...)

does not contain any negative powers of \.

Expanding (3.2.10) as a function of z, a straightforward induction on the
power N of z shows

(3.2.11) [A, wy (M\)] = 0.
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This implies

(3.2.12) Vi(z,A) = Vi (0,) = wi(N).
By the definition of w; we have

(3.2.13) Ry =hywihi'
Substituting (3.2.13) into (3.2.4) finally gives

(3.2.14) X(g,A) = by (N)eX DAy L (N RTHN).

3.3.  This section is a “digression on A”. We consider the matrix

(3.3.1) D_\}é <_11}>

and verify

(3.3.2) DAD™' = o3.
Conjugating (3.2.7) by D yields

(3.3.3) e e 27 e AFSL(2,C),,
where w,; = Dw, D~'. Thus, w, and

(3.3.4) e T et o

are defined at A = 0. If we set
[ W, Wy
(3.3.5) Wy = <711c 11101) ,

then the matrix in (3.3.4) has the form

~ —22" 1tz ~
(3.3.6) < gt wb).
(&

Therefore, if the off-diagonal entries of w, do not vanish identically, then,
for all z € D where w, is defined, the off-diagonal entries of the matrix in
Eq. (3.3.4) have an essential singularity at A\ = 0. Therefore, w, = w. =
0, whence W, commutes with o3 and w, = D~ 'w, D commutes with A,
reproducing (3.2.11).
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The diagonalization (3.3.2) is also useful to represent w, as an expo-
nential. To this end we note, that w, = Dw,D™! is a diagonal matrix
w, = diag(sy,s7"), with s, (\) € Cx for A € I"). The map (") — Cx can
be factored through the universal cover C of C+ by standard topological rea-
sons [11, Satz 4.9], where the covering map C — C is y +— e*. Thus, s, can
be written as s, = exp(f; ), where

(3.3.7)fy : C, — C is odd and has a holomorphic extension to 1.
Undoing the diagonalization of w, we obtain
(3.3.8) w,y = el+A,

Finally, in preparation of applications in the rest of this paper, we discuss
the centralizer C'(A) of A in A, SL(2,C), in some more detail. First we note

(3.3.9) C(A) ={al + BA;a, B € A, o> — 5° =1}.

Here A, denotes the algebra of functions on C, that defines the topology of
the various loop groups considered in this paper.

The identity (3.3.9) is equivalent with the obvious fact, that A is a regular
semisimple matrix.

Conjugation with D transforms A into o3 and C(A) into the centralizer
of o3, i.e., into diagonal matrices. Thus,

(3.3.10) D(al + BA)D™! = diag(a + 3,a — ).

This shows in particular that the eigenvalues of ol + A € C(A) are a+ 3
and a — 3, and also a — 3 = (a+ )7}, a trivial consequence of a? — 3% = 1.

3.4. Next we consider the matrix
(3.4.1) H =l e 20dy,

occuring in the description (3.2.14) of x. From (3.2.11) it follows, that H
commutes with A, i.e. (3.3.9) implies

(3.4.2) H = ol + BA,

(3.4.3) o =3 =1
This implies

(3.4.4) H™'=al — BA.
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Since g # 0, we get from (3.4.1), that H has an essential singularity at A = 0.
From this it follows that

(3.4.5) B 0.

By the twisting condition we also know, that

(3.4.6) a is even in A and 3 is odd in .
Since
(3.4.7) X = h Hh!

is holomorphic for A\ € C+, taking the trace of y and x? yields
(3.4.8) a and 3? have holomorphic extensions to Ct.
We note, that (3.4.1) and (3.4.2) imply

(3.4.9) B has a holomorphic extension to 0 < [A| < 7.

Remark. In general, § will not have a holomorphic extension to C+. How-
ever, if # does have a holomorphic extension to C¢, then H is also defined
on Cr.

Finally, we know from (3.3.8) that w, = exp(fyA). As a consequence,
altogether we have

(3.4.10) H = eP4, p=Xlq¢g— G+ f..

In particular, with f, also p is odd in A.

3.5. It will be convenient to consider the matrices
- . [ab
(3.5.1) S=h Ah, " = (c d) ,
(3.5.2) G—ps=|2 b :
¢d

In view of (3.4.2) and (3.4.7) we thus have
(3.5.3) x=al+8S=al+8
and (3.4.4) implies

(3.5.4) xt=al-pBS=al-8S.
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Since, by Theorem 2.6, x is holomorphic on C+, we have

(3.5.5) a, b, ¢, d are holomorphic on Ct.

Clearly, we have trS = 0 and trS = 0, whence

(3.5.6) d = —a, d = —a.

Also, in view of (3.4.6), the twisting condition for A,SL(2,C), implies
(3.5.7) a,b, c are even in A, a, b, é are odd in .

Two important conditions still need to be evaluated: S* = I and x|s: uni-
tary. The first condition is in view of (3.5.6) equivalent with

(3.5.8) a’ +bc=1.

Since S = B85S, we also have

(3.5.9) a2 +be = 2.

The second condition is in view of Section 2.8 and (3.4.4) equivalent with

(3.5.10) « is defined on C+ and o = o™,

A

(3.5.11) S is defined on C* and $* = —S.
In particular, (3.5.11) is equivalent with

(3.5.12) a* = —a, b= —¢ for A € Cx.

Next we consider the squares of o, 3, a, b, c and a, B, ¢. First we note

(3.5.13) o and 3% are holomorphic on C* and real on S*.

This follows for o? from (3.5.10) and for 3? from (3.4.3). Next, (3.5.12)
implies

(3.5.14) a* is holomorphic on C* and non-positive on S.
Substituting this and (3.5.12) into (3.5.9) gives

(3.5.15) 3% is non-positive on S'.



ON CONSTANT MEAN CURVATURE SURFACES WITH PERIODIC METRIC 247

. A~ ~ . a2 . .
Since @ = fa, we know a* = %a. In particular, a® = §; is meromorphic

on C+ and real on S'. Since a? is by definition also holomorphic at A = 0, it
follows that a? is also finite at A = co. Thus

(3.5.16) a® is a rational function, real and non-negative on S

and finite at 0 and oo.
For b? and c? one argues similarly. E.g. b* = Z—z is clearly meromorphic on
C+ and is also, by the definition of b, holomorphic at A\ = 0. From (3.5.12)

we obtain that (b?)* = (b;z) = ;—22 = ¢? is also holomorphic at A = 0. This
shows, that b? is meromorphic on CP; and thus rational. Altogether we

have shown

(3.5.17) b*> and ¢* are rational and finite at 0 and oo.
Moreover,
(3.5.18) (b*)* = 2.

Next, from (3.5.1) we see that a(A = 0) = 0 and b(A = 0) = ¢(\ = 0)~.

Since a is odd in A, we obtain

(3.5.19) @* has a zero of order 2(2n — 1) for some n > 0 at A = 0,

(3.5.20) b(A=0)c(A=0)=1.
We also note that the relations
(3.5.21) a? = §%a?, »? = 32, & = B2

show that a2, b%, and ¢ can have poles only where (3% has a zero.
Finally, from (3.5.11) we obtain (4b)* = —(8c). Hence (3.5.8) implies

(3.5.22) 8% = 3%’ + b - Bc = FZa® — (8b)(Bb)".

Therefore, on S* we obtain 3%(a? — 1) = |3b|?. Since (? is non-positive on
St by (3.5.15), and 3% # 0 by (3.4.5), we have a®> — 1 < 0. Thus,

(3.5.23) 0<a’(\) <1 for A € S*.

3.6. In the last section we considered the matrix S = hyAh;' =

<CCL Z) and we listed properties of a,b,c,d. In the rest of this paper we
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will characterize ¢ € Sym(¥) in terms of a,b,c,d. Let us denote by A},
0 < r < 1, the subalgebra of those functions in A, which can be extended
holomorphically to I™. Then a, b, c,d € A;. To make sure, that there is also
an h, satisfying (3.5.1), producing F' —and thus W— for which ¢ € Sym(V),
we prove:

Theorem. Let a,b,c,d € A%, 0 < R < 1, where a,d are odd and b,c are
ab

even. Then S = cd is of the form S = h, AhT"' for some 0 <r < R and

h. € AYSL(2,C), iff

(3.6.1) d = —a,
(3.6.2) a®+be =1,
(3.6.3) b(A =0) # 0.

Proof. “=" This direction was already proved in the last section.
“<” Using the matrix D introduced in (3.3.1), we obtain

3.6.4 S=h,Ah. =h. D 'o3Dh7' =Yoo, Y !
( +ANy + +

where

(3.6.5) Y =h,D "

A straightforward formal calculation shows, that

i (Vb Vb (=)0
won v () (0,0

Voo Vb

Clearly, Y is (formally) a matrix of eigenvectors of S. We get for h, =Y D
again formally

(3.6.7) h, (z —25)b (z +275)b ).

NG <(m ta ) —@—rNale—a )~ (@ +a)a

For this matrix to be defined in our setup we need that the diagonal entries
are even in A and the off-diagonal entries are odd in A and that everything
is defined for all 0 < |A| <7, where 0 < r < R is chosen appropriately.
Since b is even and b(A = 0) # 0, v/b is defined in a sufficiently small
neighbourhood of A = 0 and is even there. So what we need to achieve is
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1

that (z — 2~ 1)V is even, (z + 2~ 1)vb is odd, EFe ==z e ig 44d  and

Vb
(I_Iil)_f”fl)a is even, and all these functions are defined on a sufficiently

1

small neighbourhood of A = 0. This is equivalent with: x — x™" is even
and x + 27! is odd and z is invertible in a neighbourhood of A = 0. It is

straightforward to verify, that x = —i,/ }f—i satisfies these conditions. In this
case

1 (1a
(3.6.8) hy = % <O c)

and r is determined by /c. Ul
3.7. Let us collect the necessary conditions we have derived in Sec-
tions 3.2-3.5:

Theorem. Let ¥ : C — R?® be a CMC-immersion with extended frame
F(z,N), s.t. F(z,\) is given by dressing the cylinder under the r-dressing
(2.5.1) with some hy, € AFSL(2,C),. Assume also, that for ¢ € C, q # 0,
F(z+q,)\) = xX(\F(z,)), i.e., ¢ € Sym(¥). Define hy Ah;' = <(ZZ>
Then d = —a and the functions a(\), b(\), and c¢(\) are in A and satisfy
the following conditions:

a) a? b%, ¢ are rational,

b) a is odd in A, b and ¢ are even in \,
c) a’+bc=1.

d) a® isreal on S* and 0 < a®> <1 on S,
e) = ()"

Furthermore, there exists an odd function f, in Af, s.t. with e = cosh(p),
B = sinh(p), p=A"tq— \g+ f,, we have:
a’) «a and (3? are defined on Cr,

b') « and 3% are real on S*,

c') [(? is non-positive on S*,

d’) the functions Ba, Bb, and B¢ extend holomorphically to Cx.
The matriz function x()\) is given by x = ol + Bhy AhL'.

Proof. By the results of the last sections we know for the functions a, b, ¢, d,

defined by S = hy Ah;' = (Z Z):

o d=—a: (3.5.6),

e a? b2 ¢ are rational functions: (3.5.16), (3.5.17),
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a is odd, b and ¢ are even in \: (3.5.7),
a? +be=1: (3.5.8),

e a?isreal on S' and 0 < a? <1 on S*: (3.5.16), (3.5.23),

o 2= (b?)*: (3.5.18).
Since ¢ € Sym(V¥) we have F(z + ¢,\) = x(\)F(z,\) by Theorem 2.6.
Moreover, x(A) = hyePAhl!, where p = A"'q—A\g+f, by (3.4.7) and (3.4.10).
Thus x = ol + S, where o = cosh(p), # = sinh(p) and

e « and ? are defined on Cr: (3.4.8),

e « and ? are real on S*: (3.5.10), (3.5.13),

e 3% is non-positive on S*: (3.5.15).
Finally, a = fBa, b = b, and ¢ = ¢ extend holomorphically to C+ by (3.5.5).
U

3.8. We have seen in Section 3.6 under what conditions on a, b, ¢, and d
ab
cd
a CMC-immersion ¥ via dressing of the trivial solution with A,. In this
section we characterize those a,b,c,d, a, 3 such that a given ¢ € Cr is in

Sym(¥).
Theorem. Let there be given three even rational functions a*(\), b*()\),

and c*(N\), which satisfy the following conditions:
a) a®isreal on S* and 0 <a* <1 on S*,

b) &= (b*)*.
c) There exists an 0 < r < 1, s.t. the restrictions of a*, b*, and ¢* to C,
are the squares of functions a, b, ¢ in A,

we can find an h, € AFSL(2,C),, s.t. = h, Ah;'. This then defines

d) a is odd, b and ¢ are even in A,

e) a’+bc=1.

In addition, with r as in c), we assume that there exists an odd function

fioin AL, 0 < ' < r, such that for p = \"'q — X\g+ f, o = cosh(p),

B = sinh(p), ¢ € C+, we have:

a’) «a and (3? are defined and holomorphic on C,

b') « and * are real on S*,

c') [(3? is non-positive on S*.

d') The functions Ba, Bb, and [c extend holomorphically to Cx.

Then there exists 0 < r"" <1’ and h, € A}, SL(2,C),, such that hy Ah;' =
a b
c—a

= F(z,\)pi(z,A), |\ = 1", we have F(z 4+ q,\) = x(A\)F(z,\), where x =

. Moreover, for the extended frame F(z,\) defined by hye® =294
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ol + Bhy AR is holomorphic on C+ and takes values in SU(2) on S*. In
particular, g € Sym(¥) for the CMC-immersion ¥ associated with F(z, \)
via Sym’s formula.

Proof. Assume, that we have functions a?,b%,¢* and f,,p,a, 3, such that
a)—e), a’)-d’) are satisfied. We first want to apply Theorem 3.6. We set
d = —a and know (3.6.2) by e). Since a,b,c are defined at A = 0 and
since a is odd we have a(0) = 0, whence b(0) # 0. Thus, by Theorem 3.6,
there exists some 0 < " < 7/ < 1 and some h, € A, SL(2,C),, s.t. S =
hyAhT' = (Ccl ba . Next we consider the extended frame defined by the
r-dressing hye® #7294 = F(z,\)p, (2, \) of the cylinder. Recall that we
use in this paper the unique Iwasawa splitting discussed in Section 2.2. We
also set x = hyePh' = al + 3S. From a’) and d’) it follows, that y is
defined and holomorphic on C+. Since with f, also p is an odd function in
A, pA € Ausl(2,C),, whence x € A,.»SL(2,C),. As outlined in Section 3.5,
X is unitary on S*, iff (3.5.10) and (3.5.11) are satisfied. But (3.5.10) follows
from a’), b’), and the first part of (3.5.11) is just d’). The second condition
is (Ba)* = —(Ba) and (Bec)* = —(Bb). To verify this condition we square fa,
B3b, and Bc and obtain ((8a)?)* = (Ba)? and ((Bc)?)* = (6b)?, since 4% and a?
are real by b’), and (¢?)* = b* by b). Hence (Ba)* = +8a and (Bc)* = +[b.
If (Ba)* = Ba, then Ba is real on S' and 3?a® = (Ba)? is non-negative on S*.
But a) and ¢’) imply that $*a? is non-positive on S*. The only possibility
for both conditions to hold is Ba = 0 on S*. But in this case, of course, also
(Ba)* = —fa as desired. For the remaining case we consider e) and obtain
(3% = B%a® + (Bb)(Be). If (Bc)* = +0b, then 2 = %a® + |B¢c|? on S'. Hence
|Bc|* = 3%(1 —a?) implies 5% = 0 or 1 —a? < 0. The first case is not possible
in view of the form of p. The second case yields in view of a), that a®* = 1 on
S!. Hence a = +1 on C, a contradiction, since a(0) = 0. Thus (8¢)* = —3b
as required.

Finally, we show ¢ € Sym(¥). To this end we multiply x = h,y(al +
BA)hT! from the right with h,e® #=*4 and obtain

(3.8.1) hae® T EDA g (O ) AGTDA S
Using the definition of F';(z, ) thus gives

(3.8.2) XN F (2, \ps(2,A) = F(z 4+ q, \)py(z + g, Nel*.
This shows,

(3.8.3) F(z+q,A) = x(\)F(2, )
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since the Iwasawa splitting chosen is unique and y is unitary. [l

3.9. It remains to state the closing conditions Eq. (2.7.5) in terms of the
functions used in Theorem 3.8. These turn out to be of a very simple form.

Theorem. Let U : C — R? be a CMC-immersion in the r-dressing orbit
of the cylinder with associated family {¥,,\ € S'}. Let ¢ € Sym(¥) =
Sym(¥,), ¢ # 0, and x(\) and $*(\) as in Theorem 3.7. Restrict X to S*
and denote by (-) differentiation w.r.t. 6, where A = €. Then for \y € S*
we have:

a) x(\o) = %I iff 5% vanishes at \o.

b) x(Xo) = £I and x'(N\o) = 0 iff 3% vanishes at least to fourth order at
Ao-

Proof. Let us first prove a): Let us define a,b,c and f,,p,«, as in Theo-
b

rem 3.7. Then x = al 4+ (3 (CCL > By ¢) in Theorem 3.7, we have det y =

o — 3% = 1. Therefore, x(\g) = £ implies a(X\g) = 3tr(x(Ao)) = £1 and
(M) = 0.

Conversely, assume [%(\g) = 0 for \y € S'. Then a()\) = +1. By
d) in Theorem 3.7 we have that a? has no poles on S'. By ¢) and e) in
Theorem 3.7, also b? and ¢? are defined everywhere on S'. This shows, that

(3.9.1) B%(Xo)a’(Xo) = B2(Mo)b* (o) = B%(Xo)c*(Xo) = 0.

This together with a(A\g) = £1 implies x(Ag) = £1.
Now we prove b). Let us assume, that x(A\¢) = =1 and x'(A\g) = 0. By
Theorem 3.7 we have

(o' +(Ba)  (BbY
(3.9.2) x—( (Be) a,_(ﬂa),)

Therefore, and by the proof of part a), (8a)* = (%a?, (8b)* = (?b?, and
(Bc)? = [3%¢* vanish at least to fourth order at \y. By c), d), and e) in
Theorem 3.7 we know, that on S* %) ¢?, and a® = 1 — |b*|? are defined and
cannot vanish simultaneously. Therefore, 3% vanishes at least to fourth order
at .

Conversely, assume (3° vanishes at least to fourth order at Ay. Then we
have already shown, that x(\) = I, a(Ag) = £1. By differentiating
a? — (% =1, we get o/(Ng) = £B(X)F (Ng) = 0. Also, a?, b?, and ¢? are
holomorphic on S'. Therefore, $%a?, 3%b2, 3?c? all vanish at least to fourth
order at \g. This shows, that Ba, 8b, B¢ vanish at least to second order at
Ao. From this and (3.9.2), the claim follows. |
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Corollary. Let ¥ and ¥y be defined as in the theorem above and let q €
Sym(¥), g # 0. Then the set Q, = {\ € S*|q € Per(¥,)} is discrete.

Proof. We define p = A™'q — A\g + f;, a = cosh(p) and 3 = sinh(p) as in
Theorem 3.7. By Theorem 3.9 we know, that $? vanishes on the set ,.
Therefore, if €2, has an accumulation point, then the holomorphic function
(3? vanishes everywhere on Cx, contradicting (3.4.5). u

Remark. The corollary does not exclude the possibility that there are
surfaces in the generalized dressing orbit of the standard cylinder, whose
associated family consists entirely of periodic surfaces. The members of the
associated family of the standard cylinder itself, for example, are cylinders
for all A\ € S'. But the corollary implies, that the translations under which
the surfaces are periodic depend on the spectral parameter. In the case of
the cylinder this can easily be checked by a direct calculation.

4. Hyperelliptic curves.

Let ¥ : C — R? be a CMC-immersion in the r-dressing orbit of the cylinder
with associated family {¥Uy; A € S'}. TLe., if F(z,\) is the extended frame
of U, then there exists 0 < r < 1 and h, € AFSL(2,C),, such that F(z, \)
is given by (3.1.1). In this chapter we also assume, that ¥ has a periodic
metric, i.e., that there exists ¢ € Sym(¥) = Sym(¥,), ¢ # 0. As we have
seen in Theorem 3.7 and Theorem 3.8, we can formulate the periodicity
conditions for the metric of a CMC-immersion in terms of scalar functions

. _ b . o
a,b,c given by hy AhT' = ch —a ) These functions are holomorphic in a
neighbourhood I of A = 0. In this section we will introduce a nonsingular
hyperelliptic curve, on which a, b and ¢ can be viewed as meromorphic
functions. From now on, the symbols a, b, ¢, fi,p, o, B refer to the functions

introduced in Theorem 3.7.

4.1. First we define the new variable v = A2, The functions a?*()),
b*()\), and c*(\) are by Theorem 3.7 rational and even. We will regard a?,
b?, and ¢* as rational functions of v. Since by b) in Theorem 3.7, a is an odd
function in A, either a = 0 (which corresponds to the standard cylinder) or
a*(\) has a zero of order 2(2n — 1), n > 0, at A = 0. As a function in v,
a? has therefore a zero of odd order 2n — 1 at v = 0. Let v, ..., v, be the
points in the v-plane where a? has a pole of odd order, and let vy, ... , Ve
be the points in the v-plane away from v = 0 where a? has a zero of odd
order.

Lemma. None of the points v1,... vy € G defined above lies on the unit
circle.
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Proof. We have to show, that a?(v) has neither a pole nor a zero of odd
order on S'. In fact, it doesn’t matter here, if we view a? as a function of
A or v. By d) in Theorem 3.7, we know, that a? has no poles on S'. By c)
and e) in Theorem 3.7, we have (1 — a?)? = [b?|? on S*, which shows that
b?> and ¢* = (b*)* are defined on S* and also, that a?, b, and ¢* cannot
vanish simultaneously on S'. If a? has a zero of odd order at A\, € S!,
then b?(\g) # 0. By d’) of Theorem 3.7, (3a)?® and (3b)? are squares of
holomorphic functions on C+. Thus, the function 5% = (%)2 = (%)2 has
both a zero of odd order and of even order at Ay. This implies § = 0,

contradicting (3.4.5). O
Proposition. Let k,l and vq,... v, be defined as above. Then g =
%(k +1) is an integer and we can order the points vy, ... ,va,, such that
(4.1.1) Vo = T(Van_1), |Van_1] < 1, n=1...,g.

Proof. By Lemma 4.1, we have |vy, 1| # 1 forn =1,... ,k+ . Since a*(v)
is real on S', we have using Section 2.8, that the set B = {v1,... , 44} is
invariant under the antiholomorphic involution 7 : v — =1, Since 7 has no
fixed points off the unit circle, we get that B consists of pairs (v, 7(v,)).
This shows, that k + [ is even, whence g = %(k + 1) is an integer, and that

we can order {v,...,vs,}, such that (4.1.1) holds. u
In the following we will order the points vq,. .. , 15, always such that (4.1.1)
holds.

Consider the algebraic equation
(4.1.2) ©? :I/H(l/—l/k).

Theorem. The plane affine curve C defined by (4.1.2) can be uniquely
extended to a compact Riemann surface C of genus g. The meromorphic
function v : C — C eatends to a holomorphic map w : C — CPy of degree 2.
The branchpoints of © are the roots of u? and the point oo.

Proof. The proof follows immediately from [19, Lemma II1.1.7] since p? has
odd degree. O

In other words, (4.1.2) is a (nonsingular) hyperelliptic curve, obtained by
compactifying the plane affine curve C = C\ { P4}, where P,, = 77 '(c0) € C
is a single point.
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Remark. 1. The rational functions a?, b? and ¢? in Theorem 3.7 are defined
in terms of the extended frame F(z,\) of W. lLe., they are defined for the
whole associated family, not only for W. Therefore, also the hyperelliptic
curve C is associated to the whole family {W,; A € S'}. This corresponds to
the fact that Sym(¥) = Sym(¥,).

2. In Proposition 4.4 it will be shown, that a(v) = v/a?(v) can be lifted
to a nonconstant meromorphic function on C. It determines the complex
structure of C uniquely (see [10, 1.1.6], [11, Satz 8.9]).

4.2.  OnC =C\{Py}, v and u are holomorphic functions. Every point
P € C\ {Px} is determined uniquely by the values of v and p at P and
can thus be identified with the pair (v(P),u(P)). Formally, we will also
write P, = (00,00). In this notation we get 7(v, u) = v. Let us define the
hyperelliptic involution I on C by

(4.2.1) I(v, p) = (v, —p).

A point on C is a branchpoint iff it is mapped by 7 to a branchpoint on
CP;. Clearly, the branchpoints of C are precisely the fixed points of I, i.e.,
the points (14,0), k =1,...,29, P, = (0,0) and P,..

Using the representation of C given in [19, Chapter III] it is easy to see
that the functions p and v~ are local coordinates on C at Py and P,
respectively. It will also be convenient to use the coordinate A = A(v, 1) on

C at Py given by A(v,u) = p/ (H?il(u - Vj)) *. In view of the definition of
C we clearly have the relation \> = v near P,. In particular, since vo I = v
we obtain Aol = +\. The fact that A is injective finally implies Aol = —A\.

Using the change of coordinates (v, ) — (v, ur=¥+1) and the defining
relation for C we can define similarly a coordinate A\~! near P, such that
A2 =vtand Atol=-\""

Let us investigate the set of meromorphic functions on C. By [19], Propo-
sition 1.10, every meromorphic function on C can be uniquely written as

(4.2.2) fvop) = fi(v) + fa(v)p,

with two rational functions fi, fs.

Remark. It is clear from the representation (4.2.2) of meromorphic func-
tions on C, that each rational function f;(v) can be lifted to a meromorphic
function on C by setting f(v,u) = fi(v). Clearly, then f ol = f for such a
function.

Conversely, if f : C — C is meromorphic, then it can be identified with a
rational function f;(v) iff fo(v) = 0 in (4.2.2), i.e., iff it satisfies fo I = f.
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We will frequently use this identification of rational functions in v with I-
invariant meromorphic functions on C.

4.3. Let us define
(4.3.1) S=7"'8" ={(v,p) eC;ve S'}.

The set S is connected if g is even, and has two connected components if
g is odd. Since S is contained in C, we can identify it with a subset of C2.
Using the antiholomorphic involution 7 : v — 7! defined in Section 2.8, we
define the map & : C\ {Py} — C\ {P,} by

(4.3.2) G (v,p) — %, <i><g+1) (ﬁ Vj> %u

=1

We will choose the sign of the square root such that the points on S are
fixed by &.
The following is well known (see e.g. [9, 15]):

Theorem. The map & defined by (4.3.2) can be extended to an antiholo-
morphic involution 6 on C, which preserves the points of S C C.

Furthermore, 6 commutes with the hyperelliptic involution and leaves in-
variant the set of branchpoints of C.

Proof. Using Theorem 4.1 it is easily checked, that ¢ defines an antiholo-
morphic involution on C \ {P,} By using the coordinates p and pw~(¢+V
near Py and P,, respectively, we get 6(u) = cofi, co = ( ?il 1/]-)2, in lo-
cal coordinates, whence ¢ extends to an antiholomorphic involution & on C,
which maps P, to P,. By the choice of the square root in (4.3.2), ¢ fixes
the points on §. & clearly commutes with I. If P is a branchpoint of C,
then I(P) = P. Therefore, I(6(P)) = 6(I(P)) = 6(P) and 6(P) is also a
branchpoint. Thus, & leaves invariant the set of branchpoints of C. |

For a scalar function on C we also define
(4.3.3) ff=foo.

Since, by Proposition 4.3, & fixes the points of S, we get

Lemma. Let f be a meromorphic function defined on a &-invariant subset
of C which contains S. Then f is real on S iff f* = f and [ is purely
imaginary on S iff f* = —f.

4.4.  Let us now investigate the properties of a? w.r.t. C.
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Proposition. The rational function a® defined in Theorem 3.7 is of the
form

(44.1) a2(v) = F) 12 (w),

where [ is rational and defined at v = 0. The function a = fu is a mero-
morphic function on C, which satisfies

(4.4.2) aol=—a
and
(4.4.3) a* = a.

Proof. By the definition of 42, the quotient Z—z is rational and has only poles
and zeroes of even order. Therefore, it is the square of a rational function
f(v). Since a* has a zero of odd order at v = 0, f(v) is defined at v = 0.
By (4.2.2), a = fu is a meromorphic function on C. Since a? is real and
non-negative on S, the function a = Va2 takes real values over S* on C,
whence, by Lemma 4.3, (4.4.3) holds. Furthermore, aol = —fu = —a
and (4.4.2) holds. u

Lemma. Let ¢ be a meromorphic function on C. Then ¢ is antisymmetric

w.r.t. the hyperelliptic involution I, i.e. poI = —o¢, iff d(v,n) = f(v)u,

where f is a rational function. Furthermore, in this case the following holds:

1. Locally around Py, ¢ is an odd meromorphic function of the local coor-
dinate .

2. The product ¢pa can be identified with a rational function of v on CP;.

Proof. The equivalence statement follows immediately from the representa-
tion (4.2.2) of meromorphic functions on C. Now consider ¢y = ¢ o A7V,
where A=Y denotes the inverse of the local coordinate map A around P,.
Noting that 4.2 implies Ao I o A("Y(2) = —z, we obtain ¢¢(—2) = ¢olo
A (2) = —¢g(2), and therefore 1. holds.

Finally, by (4.4.2), we have that ¢a is invariant under I, whence, by
Remark 4.2, can be identified with a meromorphic function (¢a)(v) on

CP;. U

4.5. Let us also define the Riemann surface C' on which /a?()\) is
meromorphic. To be precise (see [19, Lemma IIL.1.7]), let C" be the hyperel-
liptic curve associated with the plane affine curve C’ defined by the algebraic
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equation
(4.5.1) i =TI - v+ vm).

The holomorphic function A extends to a holomorphic map «’ : ' — CP,
of degree 2.

As for C, we will identify the points of C’ which don’t lie over A = oo with
pairs (A, ft). It should be noted, that C' has no branchpoints over A = 0 and
A = oo since a® has, as an even function of ), a zero of even order at 0. In
particular, (7')~(c0) consists of two different points P{) and P®. By P”
and PO(Q) we will denote the two covering points of A = 0. Clearly, A is a
local coordinate around Po(l) and PO(Q) and A\™! is a local coordinate around
P and PP,

Every meromorphic function f on €’ is of the form [19, Proposition 1.10]

(4.5.2) FOVE) = i) + (Vi

with two rational functions fl and fg.

Remark 1. Let I'(A\, i) = (A, —fi) be the hyperelliptic involution on C’.
As in Remark 4.2, we will use the representation (4.5.2) to identify ratio-
nal functions of A with I’-invariant meromorphic functions on C’. For the
understanding of the rest of the paper it will be helpful to investigate the
relations between C and C’. In preparation of this we introduce the notation
C,, C, Py, C for the v-plane, the projective v-plane and Cy, = C, \ {0},
respectively. Similar notation will be used for the A-plane. We define

(453) Po C)\ P1 I (CV Pl, po(A) = )\2.

Remark 2. 1. For similarly defined functions on C, and Cf we will use
the same notation pg.

2. In the rest of the paper we will carefully state where functions, 1-forms
etc. are defined. Notation, like py, will be used for several closely related
maps, 1-forms etc.

3. If g is a map defined on C,, then “g on C,” means g o pg. Similarly,
if § is a 1-form on C,, “0 on C,” means p;d, the “pullback of § relative to
po” . Similar conventions will be applied to various other maps.

Before investigating the relation between C and C’ we introduce some more
notation

(4.5.4) m:C—C,P;



ON CONSTANT MEAN CURVATURE SURFACES WITH PERIODIC METRIC 259

where 7 is the extension of (v, u) — v as stated in Theorem 4.1. Similarly
we will use

(4.5.5) ' :C"— C,\P;.

Note that 0 and oo are branchpoints for = but not for =«’.
Next we consider the map

(4.5.6) p:CyxC; —C, xC,, p(\, 1) = (V) \ih).

Also recall the definition of the antiholomorphic involution & on C given
by (4.3.2). Similarly we have an antiholomorphic involution 6" on C" defined
on C'\ {PV, PP} by

2g

(4.5.7) GO =[x A (Huj) i

Jj=1

Theorem. The map p, restricted to C', extends to a surjective and holo-
morphic map p : C' — C. Moreover, podé’ = Gop and pol = Top
holds.

Proof. Let (X, i) € C'. Then p(\, i) = (X%, \1) satisfies

(4.5.8)  (A\)? — \? _U(X“ —v;) = A2 (,12 - H(V - uk)) =0.

Conversely, if (v, u) € C*, then (\/7, ﬁ) € C, x Cj satisfies

(4.5.9)

(5) ~ o= vmmo+ v = i =TI =) =0

Jj=1 Jj=1

If (v,u) € C, v =0, then p = 0 and p(0, fip) = (0,0), where fio is chosen
such that (0, /i) € C'. Since for every point of C either v or p is a local
coordinate, it is easy to verify that p : C' — C is holomorphic. Finally, let
P = (\(2), ji(z)) denote the points in a neighbourhood of one of the points
above 0o on C’. Then, by [19, Chapter III], this point is described in C' by
P = (A(2) " u(2)A(2)79 1) where we have 4g = 2¢g' + 2, thus ¢’ = 2g — 1.
Then p(P) = (A(2)72, fu(z)A(z)~9 ~2). In the chart around P, € C this is

(4.5.10)  (A(2)%, A(2)A(2) 77 2(A(2) 7)) = (A(2)%, A(2)A(2))-
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This shows, that p extends to a surjective holomorphic map from C’ to C.
The last statement is a straightforward computation. [l

Corollary 1. The following diagram of surjective holomorphic maps is
commutative.

(4.5.11) “'l lﬂ
C,P, 2 C, P,

As a consequene of the Theorem above we can lift every function on C to a
function on C’' via composition with p. This applies in particular to mero-
morphic functions. Denoting by M(C) and M(C’) the fields of meromorphic
functions on C and C’ respectively, we obtain the:
Proposition. a) The map p: M(C) — M(C'), p(f) = fop is an injective
homomorphism of fields.

b) A function f' € M(C') is in the image of p iff

(45.12) P = /O )

Proof. a) Straightforward.
b) If f’ is in the image of p, then

(4.5.13) /(A i) = (f o p)(N, 1) = FN*, AR) = fi(N*) + f2(N*) A,

where we have used (4.2.2). A comparison with (4.5.2) now shows

f1(3)
F2(N*)A,

from which (4.5.12) follows. Conversely, assume that f'(A\ g) = fi(\) +
f4(N) 1 satisfies (4.5.12). Then f] is even and f; is odd in A and we can find
functions f; and f; of ¥ = A? such that (4.5.14) and (4.5.15) hold. Obviously,
['=fopfor f=fi+ fap € M(C). H

(4.5.14) £V
(4.5.15) J40))

Corollary 2. The function a*(\) on Cy is the square of a meromorphic
function on C'.

Proof. By Proposition 4.4, a?(v) is the square of a meromorphic function on
C. By the proposition above, we know that ¢ = a o p is meromorphic on
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C'. Moreover, aol' =aopol =aolop=—aop= —a, where we have
used (4.4.2). This implies that (@)? descends to the meromorphic function
(@)?(\) = a*(\?) on C, by Remark 4.2. |

Remark 3. 1. The diagram 4.5.11 naturally induces also diagrams, where
the projective spaces are replaced by C, and C, or by C§ and C,.

2. Each of the surjective maps of any of the above diagrams induces an
injective map on the level of meromorphic functions via composition.

4.6.  Let us define the non-compact Riemann surfaces
€' =C\{Py, P} and C" ="\ (R, B?, P, PP}

We already know, that a is meromorphic on C’ and C, and therefore also on
C*. Now we prove the following important result:

Theorem. The functions o and B are holomorphic on C*. The functions
b =02 and ¢ = /2 are meromorphic on C' without poles over 0 and cc.

Proof. We know by a’) and d’) in Theorem 3.7, that Sa, «, and (% are
even functions in A, which are defined and holomorphic on Ct. Therefore,
after replacing A\? by v Remark 4.2 applies and the functions above can
be identified with I-invariant holomorphic functions on C*. Since also a is
meromorphic on C, we have that § = % is a meromorphic function on C*.
Since the square $%(v) is holomorphic on C+, 3 has no poles on C*, which
shows that § is holomorphic on C*.

Applying (4.5.11) we pull back g from C* to a holomorphic function (also
denoted by ) on C"*. Furthermore, 3b and (¢ are odd functions of A\, which
are defined and holomorphic on C¢. Thus, 8b, B¢, b = % and ¢ = % are
meromorphic on C’*. Since, by Theorem 3.7, b(\) and c¢()\) are in A}, they
can be continued holomorphically to A = 0 on CP;. By e) in Theorem 3.7,
the same holds for b and ¢ around A = oco. Since A is a local coordinate
around Po(l) and PO(Q) and A\7! is a local coordinate around P{)) and P{?), the
functions b and ¢ can be extended holomorphically to these points, which

finishes the proof. [l

Proposition. With (-)* defined in Section 4.3, we have

(4.6.1) of = a, g =-p on C* and on C'",
(4.6.2) b*=con(,

(4.6.3) aol=aand ol =—03 onC",
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(4.6.4) aol'=a and Bol =—p onC",

(4.6.5) bol=—-bandcol=—conC.

Proof. By b’) in Theorem 3.7, as functions on C+, o and (3* are real on S*,
i.e., if we identify o and % with holomorphic functions on C*, then they
are real on S defined in (4.3.1). Thus, by Lemma 4.3, * = « holds. By
¢’) in Theorem 3.7, 3% is non-positive on S*. Therefore, the holomorphic
function 8 on C* is on S the square root of a non-positive real function.
Hence, (3 is purely imaginary on §. This implies 8* = —f3, by Lemma 4.3.
The statement on C’* follows from this since p intertwines 6 with &' by

Theorem 4.5. To verify (4.6.2) we use again the representation b = % on
C’" and (3.5.12) and obtain b* = (5;*)* = % = ¢. The first relation in (4.6.3)
is clear, since « is defined on Ct. For the second we use [ = % and
obtain 3ol = % = —% = —[3, since fa is defined on C;, and (4.4.2)
holds. (4.6.4) follows from (4.6.3) since p intertwines I with I’. Finally,
bol = (,4;{2;1 = —% = —b. and similarly co I = —c. Ul
4.7. Let us pause to collect some of the implications of Theorem 4.6.
By (3.3.2), the matrix S = hy AR} = (CCL _ba> can be written as

(10 -1
(4.7.1) §=h,D7 (| | Dh3t.

The entries of S are all meromorphic functions on C’. By linear algebra
over the field M(C’) of meromorphic functions on C’, we get that there exist
nonzero elements x4 of M(C’)?, written as column vectors, such that Sz, =
+x,. These vectors are unique up to multiplication by elements of M(C’).
They define a two-dimensional vector-bundle over C’, the “eigenbundle” of
S over C'. If we fix them by requiring that

(4.7.2) (2 (N),z_(N)) =h (\)D™'  for [N <7,

then they define a lift of A, to a matrix function with entries meromorphic
on C'.

Since, by (3.4.7) and (3.3.10), the matrix xy = ol + Bh, Ah;' can be
written in the form

_ g fa+p 0 -1
(4.7.3) x=nh.D ( 0 a—ﬂ)Dh+’
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we see, that the branchpoints of C' are points, where the eigenvalues of y
coincide, i.e., where x fails to be regular semisimple.

4.8.  The next two sections are a digression on finite type surfaces.

Let ¥ : C — R? be a CMC-immersion with extended frame F(z, A\) which
is generated by r-dressing the cylinder with A, € AFSL(2,C),. Let Z be
the abelian Lie-subalgebra of all ¢ € A,sl(2,C),, such that

e [C(A),A]=0forall A € C, and

e ( can be extended to a meromorphic function on I") which has pre-

cisely one pole at A = 0.

Remark 1. By the discussion in Section 3.3 and the tracelessness of the
elements of A,sl(2,C),, we can write each ( € Z uniquely as

(4.8.1) C(A) = o(MA,
where ¢ € A, is odd in A, and has precisely one pole at A = 0.
Let F': C — A,SU(2), be an extended frame in the r-dressing orbit of the

cylinder. Thus, there is h, € A}SL(2,C), and p; : C — AFSL(2,C),, such
that

(4.8.2) F=h,e® =94, (2 )7L
For each ¢ € Z we define

4.8.3 ho#¢=U"th e™

( ) + + )

where U € A, SU(2), is determined by the Iwasawa decomposition (2.2.7),
such that hy#¢ € AfSL(2,C),. The action of ¢ on hy descends via (3.1.1)
to an action on the frame F":
(4.8.4)

F#( = (h+#C)€(xlz_AE)Ai5+(Za A= U_1h+€(xlz_/\z)A+<(k)Z5+(Z, A7

where p, : C — ASL(2,C), is chosen such that F#¢( € A,.SU(2), and
(F#0)(0,0) = 1.

Our definition of Z and the associated action on the r-dressing orbit of
the standard cylinder are obtained from the definitions in [2, Section 4] for
the special case of harmonic maps into SU(2)/U(1). By [2, Prop. 4.1], we
have:

Lemma. 1. Egs. (4.8.3) and (4.8.4) define an action of Z on the r-dressing
orbit of the cylinder which is compatible with the linear structure of Z. In
particular for (,{' € Z,

(4.8.5) F#(C+ () = (F#QO#C = (F#C)#C.
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2. If ¢,¢' € Z, such that { — (' can be extended holomorphically to 1",
then F#( = F#('.

In other words, each ( € Z generates a “higher flow” on the set of CMC-
immersions in the r-dressing orbit of the cylinder by

(4.8.6) Flz,t,\) = F(2, \)J#(t0), teR.

For each t € R, Sym’s formula gives a new associated family of CMC-
immersions with extended frame F'(z,f,A). These higher flows commute
by (4.8.5).

Remark 2. 1. The extended frames F#( and F(z,t,\) all satisfy the
normalization condition (2.1.17).

2. Using (2.1.13)-(2.1.16) and the equivalence of (2.1.12) and (2.1.6),
(2.1.7), we see, that (4.8.3), (4.8.4) and (4.8.6) also defines an action on the
set of real valued solutions u(z,%) of (2.1.6). Since E = 1 for all surfaces
in the r-dressing orbit of the cylinder, we get by setting H = —2, that
this defines a hierarchy of commuting flows of the integrable sinh-Gordon
equation.

4.9. We say, that the flow defined by ¢ € Z acts trivial on an extended
frame F' in the dressing orbit of the cylinder, iff

(4.9.1) F(z,t,\) = Up(t)F (2, \)Up(t) for all t € R,

where Uy(t) € U(1) is a A-independent unitary matrix. By [4], Corollary 4.1,
this is equivalent to the fact that the associated families ¥(z,¢, \) and ¥(z, \)
defined by F(z,t,\) and F(z,\) = F(z,0,\), differ only by a proper Eu-
clidean motion in R3. Clearly, the set Z’ C Z of elements which generate
trivial flows, is a linear subspace of Z.

Definition. A CMC-surface in the r-dressing orbit of the cylinder is of
finite type iff the subspace Z’ of trivial flows has finite codimension in Z.

Let ¢ € Z'. Then, by [4, Corollary 2.6], all surfaces generated by the (-flow
have the same metric. Therefore, using Remark 2 in Section 4.8, we see, that
( generates a trivial flow of the sinh-Gordon equation, i.e., u(z,z,t) = u(z, %)
for all t € R. In [2, Theorem 4.2] it was shown, that the conformal factor
u(z,z) associated to a CMC-immersion V¥ is a finite type solution of the
sinh-Gordon-equation (for a definition see [20] or [7]) iff ¥ is of finite type
in the sense of Definition 4.9.

In [20] it was shown, that for a surface with doubly periodic metric, in
particular for CMC-tori, the conformal factor u is a finite type solution of the
sinh-Gordon equation. For more general CMC-surfaces with periodic metric,
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e.g., for CMC-surfaces which are topological cylinders, this is in general not
true. However, for surfaces in the r-dressing orbit of the cylinder, we have
the remarkable:

Theorem. Fvery CMC-surface with periodic metric in the r-dressing orbit
of the cylinder is of finite type.

Proof. Consider a CMC-surface ¥ : C — R?® with periodic metric defined by
r-dressing the cylinder with h, € AFSL(2,C), and the hyperelliptic curve
C defined in Section 4.1. Then, by Proposition 4.4, the diagonal entries of
S = hyAhT' are meromorphic on C.

For arbitrary ( € Z we write ( = qg()\)A, where g% is odd and meromorphic
on I" with a pole only at A = 0. If qg()\) and (;AS’()\) have the same principal
part at A = 0, then for ¢ = ¢(\)A and ¢’ = ¢/(\)A, ¢ — ¢’ is holomorphic on
I, Therefore, by Lemma 4.8, ¢ and ¢’ generate the same flow. Thus, to
show that ¥ is of finite type, it is enough to construct a trivial flow for all
but a finite dimensional space of principal parts of qAS

If N > g+ 1, then the function

(4.9.2) d(von) = vV

is by (4.2.2) meromorphic on C, has only a pole of order 2N — 1 at P, and
is otherwise holomorphic. Obviously,

(4.9.3) dyol =—¢y.

We define

(4.9.4) Sy = PN — O,

where (-)* was defined in Section 4.3. Then ¢y is a meromorphic function

on C with a pole of order 2N — 1 at P, and P,,, which is holomorphic on C*
and satisfies

(4.9.5) ¢nol=—oy,

and

(4.9.6) N = —on,

since (-)* is an involution which, by Proposition 4.3, commutes with I.

By (4.9.5) and Lemma 4.4,

(4.9.7) ¢na is a rational function on C, P,

and an even rational function on Cy P;.
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By (4.9.6) and Proposition 4.4, ¢ ya satisfies
(4.9.8) (pna)* = —¢pna on C, Py and on Cy P;.

By the arguments above, Proposition 4.4 and Theorem 4.6, the functions
®y,a,b,c,a and 3 an all be considered being defined on C'*. By writing
onb = L(pya), dyc = %(nga), using (4.9.7) and b) and d’) of Theo-
rem 3.7, we get that ¢nb and ¢yc are odd meromorphic functions on Ci.
By writing ¢xb = g(nga), ¢nc = £(¢pna), we see that ¢b and ¢yc can be
extended meromorphically to A = 0. Furthermore, by (3.5.12), (4.9.8) and
Proposition 4.6 we have
. (B . —Bb

= W(@va) = —fﬁa(@va) = —¢nb.
In particular, ¢ b and ¢yc can be extended meromorphically to A = oo,
whence

(49.9)  (dn0)

(4.9.10) ¢nb and ¢yc are odd rational functions on C, P;.

Since a?, b* and ¢? are rational functions of v, we can choose a polynomial
o(v), ¢(0) # 0, such that ¢*a?, $*b? and p*c? are holomorphic on Ct. Then
p* is a rational function with a pole only at v = 0. If we define

(4.9.11) 0= 3@

then the function ¢(v) is rational, real on S* and ¢, p?a®, P?b* and @*c?
have no poles on Ct,. We set ¢y = p¢pn on C*. Then, since ¢y has no poles
on C*, (4.9.7) and (4.9.10) yield

(4.9.12)
qg ya is an even rational function of A, which is holomorphic on C*,

(4.9.13)

qAS ~b and quc are odd rational functions of A, which are holomorphic on C*.
Furthermore, since ¢ is real on S*, (4.9.8) and (4.9.9) give

(4.9.14)
(QENCZ)* = —ona, pne= —(Qng)* on G and on Ci.

By (4.9.12) and (4.9.13), the matrix function

" ¢ANCL ¢ANb
-J. NS )\ = ~ ~ y
(4 9 15) ((25 )( ) ( c NCL>



ON CONSTANT MEAN CURVATURE SURFACES WITH PERIODIC METRIC 267

is rational and holomorphic on C and satisfies the twisting condition (2.2.1).
In addition, by (4.9.14), (¢S)* = —¢S, i.e.,

(4.9.16)

¢nS is in the Lie algebra A,su(2), and extends holomorphically to Cx.

The functions ¢ and ¢ constructed above are independent of N. As in
Remark 4.2, we identify ¢ with an I-invariant meromorphic function on C.
Let k € N be the degree of the polynomial @(v). Then, since ¢(0) # 0, ¢
has a pole of even order 2k, at FPy. We can choose the polynomial ¢ such
that x is minimal.

The function éNa is rational and even in A and has no poles on C+. Since,
by Proposition 4.4 and Lemma 4.4, a(\) € A' is odd, we get that ¢y (\) =
% is an odd meromorphic function on I, which, since ¢ is holomorphic
on C'*, has only a pole at A = 0. Therefore, by Remark 1 in Section 4.8,
¢ = g%NA € Z defines a higher flow acting on the periodic surface W. The
pole of dn(A) at A = 0 is of degree 2(k+N)—1. Since k < oo is independent
of N and since N can take all but a finite number of integer values, it only
remains to show, that each of the gZ; ~ generates a trivial flow.

We have

(4.9.17) hoe'NA = b e!NApTh, = etnSh, |

By (4.9.16), for all t € R, the matrix U(t, \) = €'*¥S is in the twisted loop
group A,.SU(2), and can be extended holomorphically to A € C+. This yields
ho#(tdnA) = Up(t)hy with some unitary A-independent matrix Up(t), by
the uniqueness of the Iwasawa decomposition. Thus, by (4.8.4) and (2.1.17),
F(z,t,A) = Upg(t)F(z, \)Uy(t)™", and the flow generated by (y = ¢yA is
trivial. This shows, that Z’ has at most codimension k+ g < oo in Z. Thus,
VU is a finite type surface. [l

Remark. Theorem 4.9 can also be obtained from more general results for
integrable systems. We want to outline, how this works:

By G, 0 < r < 1, we denote the group of maps from C, to SL(2,C) which
satisfy (2.2.1) and can be continued to holomorphic functions on I\ {0}.
For 0 < ' <r <1, let pl, : G. — G, be the restriction of maps. Using
these homomorphisms of Lie groups, define G, as the direct limit of the
groups G, for r — 0. Let G C G, be the subgroup of maps which extend
holomorphically to A = 0 and let G; be the subgroup of maps which can
be continued holomorphically to A = oo and take the value I € SL(2,C)
there. Clearly, G NG, = {I}. As was proved in [14, Section 2.2], the
multiplication map defines a diffeomorphism of G; x G4 onto an open, dense
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subset of Gy. By arguments similar to those in [18] one can show, that G
admits a second splitting: Let G C Gy be the subgroup of maps which can
be continued holomorphically to C+ and take values in SU(2) on S'. Then
multiplication G x g0+ — Gy is a diffeomorphism onto. Since the extended
frames are, by Lemma 2.2, all in G] and since the dressing action depends
only on the equivalence class of hy in G, we can use the group G, with the
splittings above, instead of A,SL(2,C),, 0 < r < 1, to construct all CMC-
immersions in the r-dressing orbit of the cylinder. Also, the generators ¢ of
the higher flows in Section 4.8 can, by the second statement in Lemma 4.8,
w.l.o.g. be chosen such that e’ € Gy for all ¢ € R. Finally, to merge both
splittings into one, we can use the classical double construction presented
in [13, Kapitel 4.2] (compare also the analogous construction for the groups
A, SL(2,C), presented in [7, 18, 2, 5]). From this, the group G, can be
recovered by a real reduction similar to the one used in [7] and [2]. With these
settings, our description of solutions of the sinh-Gordon equation fits into the
framework of [14] and Theorem 4.9 can be obtained from [14, Theorem 4.16].

However, for the reader’s convenience, we have presented above a direct
proof of Theorem 4.9.

5. Algebro-geometric description of surfaces with periodic metric.

For a CMC-immersion with periodic metric, we defined in Section 4.1 a
nonsingular hyperelliptic curve C. In this section, we will show, that C
allows us to express the periodicity conditions for CMC-immersions stated
in Theorem 3.7 and Theorem 3.8 in terms of algebro-geometric data.

If the CMC-immersion ¥ under consideration does not only have a peri-
odic or doubly periodic metric, but even a compact image in R?, i.e., if ¥ is
a CMC-torus, then we will reproduce the classification of CMC-tori in terms
of algebro-geometric data as given in [20] and [1].

We would like to point out that this classification refers to the generic
case. As mentioned in the introduction, a discussion of the singular tori
would be very interesting.

5.1. We will first reformulate the statement of Theorem 3.7 in terms
of algebro-geometric data. We start with the same assumptions as in Sec-
tion 4: Let ¥ : C — R® be a CMC-immersion, such that Sym(¥) contains
a nontrivial element ¢ € C+. Then we define the hyperelliptic curve C as in
Section 4.1.

We introduce a standard homotopy basis for C which is adapted to the
o-symmetry of C stated in Proposition 4.3. Let a1,... ,a,,b1,... ,by, g the
genus of C, be a canonical basis of H,(C,Z), such that the intersection num-
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bers are given by
(511) a;a; = 0, blb] = 0, aibj = 51’]’7 Z,] = 1, 50

For the cycles a;, we choose (see [10, VII.1.1], where a; < b; compared to
our conventions)

(5.1.2) ar =Y — I oy,

where , is a curve joining the branchpoints over v, _; and vsy,, which sat-
isfies & 0o v = —v. Then

(513) Io Ay = —ag
and
(514) oo ap = —ag,

since & and I commute. lL.e., the cycles a;, are up to orientation invariant
under 6 and I. In addition, we can choose b, such that

g
(5.1.5) Goby=by—ar+ Y _aj.

J=1

5.2. Now we investigate the function p € A, defined in (3.4.10). It is an
odd meromorphic function on I C C,. In general, p cannot be continued
to a meromorphic function on C*. However, the differential dp = p’d A can.
For this we note that a = cosh(p) and 3 = sinh(p) on I \ {0} C C, by
Theorem 3.7. Then, since a®> — 3> =1,dp=adf — Bda.

Let a and 3 be the holomorphic functions on C* defined in Theorem 4.6.
Then we define the 1-form

(5.2.1) w=adf—pFdaonC".
Clearly,
(5.2.2) w is a holomorphic 1-form on C*.

Lemma. a) In the local coordinate X = A(v, ) around Py, we have w =
p'(A)dA.
b) p*d X = 7" dp, where dp is defined on C.

Proof. a) The local coordinate (v, u) around P, € C is the inverse map of

(5.2.3) A= (A A(N) = (A AL(N),
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where fi(\) = (H?il()\ — V) (A + \/E))E Therefore, a) follows from b).
But p*w = a(A)d(Bop) — (Bop)da()) and o p = (i‘?:” = %, where
we have used the definition of § in Theorem 4.6. For small A\, however,

(Ba)(X) = B(AN)a(N), whence Sop = [(A) and p*w = p'(A) d A follows. Since
in the coordinates under consideration, 7#'(A\, i) = A, (7')*dp = dp(A) =
p'(A)dA. |

Theorem. The differential w is a meromorphic Abelian differential of the
second kind on C which is holomorphic on C*. It has poles of second order
at Py and P.,. In local coordinates around Py and P, it is of the form

(5.24) w=—g\2dA+s,()\), s; locally holomorphic around Py,

(5.2.5

w=gA\ ") 2d(A") +5_(N), s_ locally holomorphic around Ps,.
Furthermore,
(5.2.6) /w:0, k=1,...,9.

The differential w is uniquely determined by these properties. In addition,
we have

(5.2.7) 6w =—w.

Proof. From (5.2.2) we know that w is a holomorphic 1-form on C*. The
local description of w at P, shows that w has a meromorphic extension to
p,.

By Proposition 4.6 and (4.3.3), o6 = @ and 306 = —(. This yields
6*da=da,6*dg3 = —d 3. Equation (5.2.7) now follows from (5.2.1). Since
w is meromorphic around P, it can by (5.2.7) also be continued meromor-
phically to P, = 6(F). This shows, that w can be extended to an Abelian
differential on C.

Locally around Py, A is a local coordinate on C. We have, by (3.4.10),
that

(5.2.8) w(\) = dg(;) A (_A_2q - dfgix)> i\
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where f, and therefore also s, = (—q+df27/(\’\)) d ) is defined and holomorphic

around A = 0. This proves (5.2.4). Locally around P.,, (5.2.4) and (5.2.7)
yield

(5:29)  w=-6"w=-6"(—gATdNF+5) =g\ d(A ) s

where s_ = —6*s, is locally defined and holomorphic around P,,. This
proves (5.2.5). Since A7! is a local coordinate around P, on C, this also
shows, that w has poles of second order at P,, and F,, and that the residue
of w vanishes at either singularity, whence it is an Abelian differential of
the second kind. As such, it is by [10, Prop. II1.3.3] uniquely determined
by (5.2.4)—(5.2.6).

To finish the proof, it therefore suffices to verify (5.2.6). To this end we
rewrite (5.2.1) using o® — 3% =1 as

_ d(a+p5)

(5.2.10) "

=d(In(a + 3)) on C*.

Since a + 3 is a holomorphic function without zeroes on C*, we thus obtain
that the integral of w over a closed cycle on C* is always an integer multiple of
27i. In particular, each such integral is purely imaginary or zero. By (5.1.4)
and (5.2.7), we have

(5.2.11) /w:—/ w:—/ 6*w:/wz/w.

Thus, the integral over a; is real. This is only possible if the integral van-
ishes. |

Let ©; be an Abelian differential of the second kind on C which is in local
coordinates around P, given by

(5.2.12)
0, =—-(A"1H"2d(A") + alocally holomorphic differential around P,

and is holomorphic on C \ {P,}. Such a differential exists by [10], Theo-
rem I1.5.1]. It is unique up to addition of a holomorphic differential on C.
Thus, see [10, Corollary I11.3.4], if we normalize 2, by

(5.2.13) /£h=Q k=1,...,q,

then €2 is determined uniquely by (5.2.12) and (5.2.13). By (5.1.3), the
differential
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has also vanishing a-periods and a single pole at F,. It is given in local
coordinates around Py, by

(5.2.15)
Q= —A"2d A+ alocally holomorphic differential around P,.

Since Abelian differentials are uniquely determined by their a-periods and
the principal parts at the singularities [10, Prop. I11.3.3], we have

In addition I*€2; and —€); have the same pole divisors and both
satisfy (5.2.13) and (5.2.12). Therefore,

Let us define

bk bk

From (5.1.5) it follows, that

b b Gabi by

By collecting the results above, we get:

Proposition. The integrals Uy of €2, over the b-cycles satisfy

(5.2.20) Im(qUy) = mmy,, my, € Z, k=1,...g.

Proof. By (5.2.16) and (5.2.19), we have
(5.2.21) / w = —qUy, + qU, = 2ilm(qUy,).
by

As in the proof of Lemma 5.2, we use the fact that the integral of w over
a closed cycle is an integer multiple of 27i. This together with (5.2.21)
proves (5.2.20). u

5.3.  Next we investigate the closing conditions in Theorem 3.9. Since 3% is
an even function in )\, we can write it as a function of v = \2. By Lemma 4.1,
a*(v) has no zero of odd order on S*. Therefore, by d’) in Theorem 3.7, also
3 = (59 Y1as no zeroes of odd order on S'. As a function of A, 3% has a

a
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zero of order 2n, n > 0, at Ay € S! iff as a function of v it has a zero of
order 2n at vy = A\2. Since v is a local coordinate around every point on S,
we have that (3% has a zero of order 2n at v, iff 8 has a zero of order n at
each of the two covering points of vy on C. We have proved the following:

Lemma. Let \y € S and let P, and P, be the two points on C, such that

v(Py) = v(P,) = \2. Then we have

a) (3%(\) vanishes at \o iff 3 vanishes at Py and P.

b) [%(X\) vanishes at least to fourth order at X\ iff B vanishes at least to
second order at Py and P;.

Since B(Py) = —f(P1), we have that in both statements of Lemma 5.3 we
can replace “and” by “or”. We can restate Theorem 3.9 in terms of w:

Theorem. Let U : C — R? be a CMC-immersion in the r-dressing orbit
of the cylinder with associated family {¥,,\ € S'}. Let ¢ € Sym(¥) =
Sym(¥,), ¢ # 0, and let x be defined as in Theorem 3.7. Let C be the
hyperelliptic curve defined in Section 4.1 and let w be the Abelian differential
on C which is uniquely defined by Theorem 5.2. For Ay € S denote by
Pi(Xo) and Py(\o) the covering points of vy = A3 on C. Then the following
are equivalent:

1. g€ Per(V,,).

2. (8 vanishes at least to second order in Pi(\g) and Pa(Xg).

3. The form w has a zero at Pi(\g) or Py(\g) and there exists a curve vy
on C* connecting Py(\o) and Py(X\o) such that

(5.3.1) /w =2mim, m € Z.
vy

Proof. 1.<2. follows from Theorem 3.9 and Lemma 5.3.
2.=3. Using (5.2.10) we get for each curve on C* connecting P; and

Py =I(P,):
(6:32) [ w=1(a+B)If =In((a+)(P) ~Inl(a+ B)(P)

where we have continued In(a + ) analytically along ~. Since (P;) =
/B(PQ) - 07

(5.3.3) / w = In(a(Py)) - In(a(P,)),
Y
which by (4.6.3) is an integer multiple of 27i. Thus, (5.3.1) holds. In addi-

tion, if § vanishes to second order at P; and P,, then also d 8 vanishes at
both points. Therefore, w = ad 8 — Sd « has a zero at P, and Ps.
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3.=2. Let v be a curve on C* connecting P; and P, for which (5.3.1)
holds. Then by (5.3.2) we get

(5.3.4) (= B)(Pr) = (a+ B)(Pr)

from which with Proposition 4.6 3(P;) = —3(P,) = 0 follows. If in addition
w(P;) = 0, then since B(P;) =0, we get a(P;) =1 and d 3(FP;) = 0. Thus 3
vanishes to second order at P, and therefore also at P. O

Remark. 1. It follows immediately from (3.1.1), that
(5.3.5) F(z,—A) = F(—=z,\),

i.e., Uy and W_, differ only by a coordinate transformation. This explains,
why the conditions 2. and 3. in Theorem 5.3 are invariant under the substi-
tution A\g — —Ag.

2. The proof of Theorem 5.3 shows, that in the third statement of the
theorem, “there exists a curve v on C*” can be replaced by “for all curves ~
on C*”.

5.4. If ¥ is a periodic CMC-immersion with associated family {U; A €
S'}. then by Remark 2.7, ¢ € Sym(W,) for all A € S*. In Sections 4.1, 5.1
and 5.2 we have introduced a nonsingular hyperelliptic curve C, a canonical
homotopy basis a1, ... ,a4,b1,...,b, € Hi(C,Z) and an Abelian differential
Q; of the second kind on C. If ¢ € Sym(¥), then these data satisfy Proposi-
tion 5.2. If for some Xy € S, ¢ € Per(¥,,), then in addition the statement
of Theorem 5.3 holds. In the special case that U,, is a CMC-torus, we get

Theorem. Let ¥ :C — R? be a periodic CMC-immersion with associated
family {U ;X\ € S'}. We define the nonsingular hyperelliptic curve C as
in Section 4.1. Assume, that ¥y, is a CMC-torus. Let q¢; = 3Y; + i1 X,
j = 1,2, be the generators of Per(¥,,). We introduce a homotopy basis
Qy,...,04,b1,...0,, the Abelian differential Qy and U, = oy + if as in
Sections 5.1 and 5.2. Then there exists a curve v on C* connecting the points
Pi(Xo) and Py(Xg) for which v(Pi(N\g)) = A3, such that for X,,Y1, X5, Y5,
ag, Bk, k=1,...,9, defined above and cy,cy defined by

1
(541) c + iCQ = - / Ql-
2 Y

1. The matriz

1 X1 }/1 261 a1,...,H
5.4.2 — e
( ) 2 <X2 Yz) <—202 —B1,.., =By

has integer entries and
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2. Q vanishes at Pi(\g) (and therefore also at Py(\o)).
Proof. Let ¥,, be a CMC-torus, such that ¢; and ¢, generate Per(¥,,). If

we define ay, By, k= 1,..., g, as above then by Proposition 5.2 we have for
j=1,2

— 1
(5.4.3) mmy, = Im(q;Uy) = §(onzk - Y;06),

where m, € Z. This shows, that the last g columns in the matrix product
of (5.4.2) have integer entries.
In addition, if we set V' = fv Q1, then by Theorem 5.3, we get for j = 1,2:

(5.4.4)
2iIm(q; V) — GGV + q;V = 2i(X;c1 — Yjeo) = 2mim;, m; € Z.

This shows, that the first column of (5.4.2) has integer entries, proving the
first part of the statement.

Finally, by Theorem 5.3 and (5.2.16), we get that —q;Q; + ¢Q; and
— 3 + 2, vanish at P()\) or P»()\g), and therefore, by (5.2.17), at both
points. Since g; and ¢, are linearly independent as vectors in R2, it follows
that Q; vanishes at P;()\). Ul

Remark. This reproduces the conditions (6.13) and (6.14) of [1] for CMC-
tori.

5.5. In the last two sections we have reformulated the necessary con-
ditions of Theorem 3.7 for periodic surfaces in terms of algebro-geometric
data on C. For CMC-tori, the result is the same as in [1, Theorem 6.1], as
expected. It remains to construct periodic surfaces from algebro-geometric
data.
We start with the following data:
1. Let g € Nandlet vp,_y € C, Kk =1,...,g, be mutually distinct, such
that 0 < |V2/€,1| <1,

2. let g € G-
Define the nonsingular hyperelliptic curve C by

2g

(5.5.1) pr=v H(V — V), Vo =Tt b, k=1,...,g.

k=1

Then ¢ is the genus of C and C has no branchpoints over the unit circle.
For this surface, Theorem 4.1 holds. The surface C admits the involution
¢ defined in (4.3.2). As in Section 4.3, we define for a scalar function f on
C, f* = fodo. We denote by Py and P,, the branchpoints of C over v = 0
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and v = co. We also define a standard homotopy basis a1, ... ,a4,b1,... , by,
such that (5.1.4) and (5.1.5) hold. Let €y be the uniquely defined Abelian
differential on C which is holomorphic except at P,, and satisfies (5.2.13)
and (5.2.12). We also define Q, by (5.2.14). We denote the integral of ),
over the cycle by, by U,,.

We now assume, that with these definitions the equation

(5.5.2) Im(qUy) = mmy,, my € Z, k=1,...9,

is satisfied. From these data we will construct a family of CMC-immersions
which are periodic w.r.t. translation by q.
For later use we also introduce the hyperelliptic curve C’ defined by

(5.5.3) ﬁ A= Vi) A+ V).

The discussion in Sections 4.2—4.5 applies to C and C’. In particular, we have
the local coordinate A = A(v, 1) at Py on C (see also the proof of Lemma 5.2).

5.6. Next we define the Abelian differential w by (5.2.16). By the
definition of € and 2, it satisfies (5.2.7) and (5.2.6). It has poles at P, and
P,.. Its behaviour at the singularities is given by (5.2.4), (5.2.5). Let I be
the hyperelliptic involution on C. Since —I*w also satisfies (5.2.4)—(5.2.6),
we have

(5.6.1) I'v=-w.

We define the multi-valued holomorphic function p on C* = C\ {Fp, Py} by

(5.6.2) p(v,p) = / w,
()

where (v, ) is a curve connecting the branchpoint over vy with (v, ).
By (5.2.6), (5.5.2) and (5.2.21), p is at every point of C* defined up to an
integer multiple of 27i. Moreover, every branch of p is locally meromorphic
at each point of C*. The functions

(5.6.3) a = cosh(p), B = sinh(p)

are holomorphic and single-valued on C*. Clearly, a®> — 32 = 1 on C*.
By (5.6.1), we have modulo 2miZ:

(564)  (poD)(vp) = / e / W) = pp),
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where we have chosen (v, u) = I o y(v,—u). By (5.2.7), we have modulo
2miZ:

(5.6.5)
@oamm:/’ w=/ (W@:—/. w=—p(v,p),
Y6 (v,1)) y(v,u1) y(v,1)

where we have chosen (v, u) = 6 o y(6(v, ). This shows, that p* = —p
modulo 27iZ. Therefore, we get

(5.6.6) o = a, pr=-p3
and
(5.6.7) aol =a, Bol=—0.

Thus, a and 3? project down to holomorphic functions a(v), 8*(v) on Ct
which are real on S*. Pulling back w,p, @ and 8 from C* to C'* and from Cx
to C%, respectively, yields holomorphic functions «(A) and 32()), which are
real on S* in view of (5.6.6). Moreover, (5.6.7) and (5.6.6) show, that a and
(3? are even on C and that 3 is non-positive over S' by Lemma 4.3.

The function p on C’* can be written locally near one of the points on
C' above A = 0 in the form p(\) = A 'q — A\g + f;, where f, is locally
holomorphic at A = 0 and, by (5.6.5), an odd function of \.

We collect these results in the following:

Lemma. With the notation of Section 5.5 we have: Let 0 < ry < 1 be such
that C' has no branchpoints over I, Define

(5.6.8) P = [ (- + g5 ),
'Y(V’/‘)

where y(v, p) is an arbitrary curve joining (v1,0) and (v,u) on C. Then p
is a multivalued function on C unbranched over v € 1) . Every branch of p
can be identified with an odd meromorphic function on X\ € I") which is of
the form

(5.6.9) p(A) = A""g = AT+ f4(N),

where f,()\) is odd in A\ and holomorphic on I\ i.e., f, € Al . If we define
a(A) = cosh(p(N)), B(A\) = sinh(p(N)), then o and (8 satisfy the conditions
a')-c') of Theorem 3.8. Furthermore, 3 vanishes at all branchpoints of C,

(5.6.10) B(vg,0) =0, k=1,...,2g.
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Proof. Tt only remains to prove (5.6.10). But this follows immediately
from (5.6.7) since the branchpoints are fixed points under the hyperellip-
tic involution I on C. L1

5.7. It remains to construct rational functions a?(\), b?(\), ¢*(\), such
that the conditions a)-e) and d’) of Theorem 3.8 are met. We will first
construct a?(\).

If the genus g of C is odd, we define

(5.7.1) a*(v) = <H I/2k1> V9 U(l/ — )"

If g is even, we choose an arbitrary v, € S* and define

(5.7.2) a*(v) =1y (H U2k1> v v —1p)? U(V — )

We note, that in both cases a? is a rational function with a zero of odd order
at v = 0 and simple poles precisely at the points v, k =1,... ,2g. A simple
calculation gives

(5.7.3) @) (v) = a2 1) = a*(v).

In addition, @ has no zeroes of odd order different from v = 0. In particular,
since a2 is real on S! with at most one zero on S!, it is either non-negative
or non-positive on S'. Therefore, there exists a real constant 0 < A < oo,
such that 0 < a?(v) < Aor —A < a*(v) <0 for all v € S*. Let us define the
rational function

(5.7.4) ai = ed?,

where € = £1 is chosen such that a is non-negative on S*.

Proposition. Let C, C’, f and 0 < rq < 1 be defined as in Lemma 5.6.
Then a2(v) constructed above is a rational even function of \, which is real
and non-negative on S*. Furthermore, aj(\) restricts to the square of an
odd holomorphic function ag(\) € A}, such that (Bag)(A) can be extended
holomorphically to an even function on C¥.

Proof. We have already shown, that a? is rational in v = A\? and therefore
an even rational function of A\. From (5.7.3) and (5.7.4), it follows, that a2
is real and non-negative on S*. Since a2 has only a zero of odd order at
v = 0 and only poles of odd order at vy, k = 1,...,2g, its square root ag
is a meromorphic function on C, which satisfies ag o I = —agy. It has simple
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poles precisely at the branchpoints of C* and has zeroes of odd order at
P, and P,,. Applying the usual identifications between functions on ("),
functions on a patch of C’ above I") and functions in a neighbourhood of P,
on C, and also using Lemma 4.4 we conclude that ag is an odd holomorphic
function of A on 1" i.e., ay € A} . In addition, since 3 is holomorphic on
C* and, by (5.6.10), vanishes at the branchpoints of C*, the function fay is
holomorphic on C* and, by (5.6.7) invariant under I. Therefore, Saq projects
down to an even holomorphic function (Bag)(A) on Cr. u

In the following, for x € R we denote by [z] the greatest integer less than or
equal to x.

Lemma. LetC, C', 3 and 0 < ro <1 be defined as in Theorem 5.6. Let

v) be a rational function which is holomorphic on Cx, real on S*, and has
fw)

a pole of order at most [ggl] at v = 0. Let us define a} as above and set
a? = f2a2. For each such f, a® is an even rational function of \ which is real
and non-negative on S*. Furthermore, the restriction of a* to C,,, the circle
with radius ro with center X = 0, is the square of an odd function a € A} .

In addition, Ba extends to an even holomorphic function (Ba)(\) on Cx.

Proof. By Proposition 5.7, the functions f2, a2 and therefore also a? are even
rational functions of A\, which are real and non-negative on S'. In addition,
the restriction of af to C,, is the square of an odd function ay(A\) € A .
Thus, since f is even in ), and since f2a? has no poles on 1), the restriction
of a® to C,, is the square of the odd function a(\) = f(N)ag(\) € At.
Furthermore, f, Bay and therefore also Ba = f - (Bay) are even holomorphic
functions of A on C. Ul

Theorem. Let C, C', B and 0 < ro < 1 be defined as in Theorem 5.6.
Then there exists at least a real g-parameter family of even rational functions
a*(N), such that

a) a®isreal on S* and 0 < a*(v) <1 forve S,

b) the restriction of a* to C,, is the square of an odd function a(\) € A}

707

c) (Ba)(N) can be extended to an even holomorphic function on Cr.

Proof. By Lemma 5.7, to each rational function f(r) which is real on S,
holomorphic on C+, and has a pole of order at most [%} we can construct
an even rational function a?(\) which satisfies b) and c¢), is real and non-
negative on S' and has no poles on S'. Thus, we can always normalize a?
such that a?(v) < 1 for all v € S*. Then also a) is satisfied.

Since f is real on S, we have, by Section 2.8, f* = f. Therefore, f has

the same pole order at ¥ = 0 and v = co. As a consequence, with m = [92;1],
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fis of the form A= (rg +m A+ ...+ 7 A AN ) +to+ 8 A+ ..+, A™. This
implies that f is defined by 2[97_1] + 1 complex parameters. After imposing
the reality condition there are still 2[251] 4 1 real parameters left free, which
determine the chosen admissible function f completely. If g is odd, then
2[41] = g—1. If g is even, then 2[%}] = g—2. In the case that g is even we
have the additional freedom to choose a zero vy € S* of a2. Altogether, in

both cases this gives a real g-parameter family of functions a?, which satisfy

a)—c). |

5.8. It remains to construct the even rational functions b and ¢?, such
that all conditions of Theorem 3.8 are satisfied.

Lemma. Leta*(\) and 0 < ro <1 be as in Theorem 5.7. Then the equation
(5.8.1) > (b*)* = (1 —a?)?,

has a solution b*(\) which is rational, even in X\, and its restriction to C,,
is the square of an even function b(\) € A} . Furthermore, we can choose
b* such that b* and (b*)* both have either a simple zero or a simple pole at
each of the branchpoints vy, ... v, of C and no other poles or zeroes of odd
order.

Proof. With a? also 1 — a? is rational, even in )\, and defined and real on S*.
Furthermore, 1 — a? has no zeroes on S'. By reordering the branchpoints
Vl,... Uy, if necessary we can assume that a® has simple poles at vy, ... , vog
and zeroes of odd order at vox1,... , Vs, Where g — [-‘77_1] < K < g. Here,
the lower bound for the number of poles of a? follows from the maximum
number 2[£}] of zeroes of the rational function f in Lemma 5.7. We write

I (v =) (v )

5.8.2 1—a?=
(582) T Y P T

; 7 ER,

— 1
where {l/](-l),VJ(-l) } are the zeroes of 1 — a®. Since (1 — a*)(A = 0) =

(1 -a?)*(\ = 00) = 1, we have n; = K and V](l) #O0forall j=1,...,n.
Define

®)?
(V_Vk ) V=

(5.8.3) b’ = ﬁ

then a straightforward computation shows that there exists a positive real
constant &, such that (1 —a?)? = §(b?)(b?)*. If we define b* = /50 then b?
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is rational and satisfies (5.8.1). Also, b? has a simple pole or a simple zero
at each of the points v4,... ,15, and no other poles or zeroes of odd order.
The function (b?)* is up to a complex constant given by

1\ 2
_ M
K <l/ Z/k > g V— Uy
(5.8.4) II !
i

v —= V2k:71)(V - VZk) =K1 v—= V2j717

and has therefore also simple poles or simple zeroes at v4,... 15, and no
other poles or zeroes of odd order.

Since b? has no poles and no zeroes of odd order in I("0), its restriction to
C,, is the square of a function b(\) € A . Since we have written b in terms
of v, it is clear that b2 is an even function on C,. Thus, b()\) is even or odd.
Since b* does not vanish at A = 0, we get that b(A = 0) # 0 whence b(\) is
even. U

Proposition. Let C and q be defined as in Section 5.5. Define functions
fr €A, 0<rg <1, p=A"qg—Ag+ fr, a =cosh(p), 8 = sinh(p) as in
Lemma 5.6. Furthermore, let a®*(\) be defined as in Theorem 5.7. Then there
exist two even rational functions b*(\), ¢*(\), such that all the conditions of

Theorem 3.8 are satisfied for some v’ =1 = rg.

Proof. By Lemma 5.6, there exists 0 < rq < 1, such that the functions f,,
p, a and [ satisfy Conditions a’)—c’) of Theorem 3.8 for ' = ry, where the
maximal radius ry is determined by the surface C. By a),b) in Theorem 5.7,
each function a? constructed in Theorem 5.7 satisfies Conditions a) and c)
of Theorem 3.8 for r = ry. Furthermore, by c¢) in Theorem 5.7, ($a)()\) can
be extended holomorphically to C+. We define the even rational function
b*(\) as in (5.8.3) and use Condition b) of Theorem 3.8 to define ¢?. Clearly,
c?()) is an even rational function which has the same pole divisor as b* and
a? and only zeroes of even order. Since ¢ has no pole and no zero of odd
order on I its restriction to C,, is a function ¢(A) € A . This function is
even or odd in \. Since b? does not vanish at A = oo, ¢2(A =0) # 0 and c is
an even function in A. This shows, that Condition c¢) and d) of Theorem 3.8
are satisfied. By (5.8.1), b’c? = (1 — a?)%. We choose the sign of the square
roots b and ¢ of b* and ¢?, such that bc = 1 — a?. Then also Condition e) of
Theorem 3.8 is satisfied.

By Lemma 5.8, b? and ¢? have either a simple pole or a simple zero at
each branchpoint vy, ... ,vs,. Since 32 is holomorphic on Ct, and vanishes at
each of the points vy,... s, 3*b* and %c¢? are holomorphic functions on
Cx. Furthermore, since by Theorem 5.7, 3%a? is the square of a holomorphic
function on C, the zero of 3* at each branchpoint is of odd order and (3?
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can have no further zeroes of odd order on Cx. Thus, $*b? and 3%c? have no
zeroes of odd order, whence are squares of holomorphic functions #b and Se
on Cx. U

Theorem. Let C be defined as in Section 5.5. Choose a homotopy basis
ai,... 04, by,... b, and the Abelian differential 1y as in Section 5.5, such
that (5.5.2) holds for some q € C+. Then there exists 0 < rq < 1 and a real
g-parameter family S¢ of CMC-immersions, such that each such immersion
U € Sc lies in the ro-dressing orbit of the cylinder, ¢ € Sym(WV), and the
hyperelliptic curve associated to W in Section 4.1 is C. The family S¢ depends
only on C, not on the chosen solution of (5.5.2).

Proof. By Theorem 5.7 and Proposition 5.8, to each hyperelliptic curve C and
constant ¢, satisfying the conditions of Section 5.5, there exists 0 < rg < 1,
functions f, € A%, p = X"q¢— Ag+ fy, o = cosh(p), § = sinh(p), a*, V?,
c?, such that all assumptions of Theorem 3.8 are satisfied for ' = r = ry.
From Theorem 5.7 we know that there exists at least a g-parameter family of
such data. Therefore, by the statement of Theorem 3.8, there exists a real g-
parameter family S¢ of CMC-immersions, such that each ¥ € S is generated
by dressing the cylinder with some h, € A}, SL(2,C), with 0 < r” < ry and

hy AR = a b . Since all functions a?® constructed in Theorem 5.7 are

squares of a meromorphic function a on the same hyperelliptic curve C, they
all yield the surface C under the construction in Section 4.1.

The construction of a?, b*> and ¢? in Sections 5.7 and 5.8, depends only
on C not on the constant ¢. IL.e., if there are two constants ¢;, ¢o € C< both
satisfying (5.5.2), then for both constants we get the same 0 < ry < 1 and
g-parameter family of matrices h, € A, SL(2,C),, " < ry. Therefore, the

family S¢ doesn’t depend on the chosen solution ¢ of (5.5.2). [l

Corollary. LetC, 1, q € C and ¥V € S¢ be given as in Theorem 5.8 and

define w by (5.2.16). For X\g € S denote by Pi(\g) and Py(\g) the covering

points of vy = A3 on C. Then the following are equivalent:

1. ¢ € Per(¥,,),

2. w has a zero at Pi(\g) or Py(\g) and there exists a curve v on C* con-
necting Pi(Xo) and Py(Xo), such that [ w =2mim, m € Z.

Proof. By Theorem 5.8, ¢ € Sym(¥) = Sym(W,) for all A € S, and the
curve defined for ¥ in Section 4.1 coincides with C. Thus, the equivalence
follows immediately from Theorem 5.3. [l

5.9.  Theorem 5.8 together with Corollary 5.8 allows us to classify periodic
surfaces in terms of algebro-geometric data: If ¢ € Per(¥,,), ¢ # 0, then
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Per(V,,) # {0}, and, by Theorem 1.2, there exists a Riemann surface M
with universal cover m : C — M and elementary group I' = Per(V,,) such
that Uy, = ® o 7 defines a CMC-immersion ® : M — R3. In particular,
if Per(W,,) is generated by only one translation, then M is topologically a
cylinder. If there exist two linearly independent translations in Per(¥,, ),
then M is topologically a torus. By part 3. in Theorem 1.2, these are the
only possible cases. As a special case we get:

Theorem. Let C, )y and U, be defined as in Section 5.5. If there exists a
real constant ¢ € [0,2m), such that

(5.9.1) Re(Uy,) sin(¢) — Im(Uy,) cos(p) = 0, k=1,...,g9,

then the associated family of each ¥ constructed in Theorem 5.8 contains a
Delaunay surface.

Conversely, if W(C) is in the associated family of a Delaunay surface,
and if C and U, are defined as in Sections 4.1 and 5.2, then there exists
¢ € [0,27), such that (5.9.1) is satisfied.

Proof. 1f Uy, is real, then for all real ¢ € C, (5.5.2) is satisfied with m;, = 0,
k=1,...,g9. Thus, Sym(¥) contains the one-parameter subgroup R C C.
By Theorem 1.2 this implies, that W is in the associated family of a Delaunay
surface.

Conversely, if U(C) is a Delaunay surface, then, by [4, Lemma 2.15],
Sym(V) contains a one-parameter subgroup generated by some ¢y € Cr,
lgo| = 1. If we write gy = €’ then (5.5.2) holds for all ¢ of the form ¢ = re'?,
r € R. Thus, Im(e*U,) =0 forall k = 1,... , g, which gives (5.9.1). u

5.10.  Let us again consider the case of CMC-tori.

Theorem. LetC, Q, Uy, k=1,...,9, and ¢t = q € C= be given as in
Theorem 5.8. Assume that there exists a second constant gz € Cr, linearly
independent of ¢, such that also for g Fquation (5.5.2) is satisfied. Let
Ao € S' and choose an arbitrary curve v in C* connecting the two points
Pi(Xo) and Py(Xo), such that v(P;i(N\o)) = A2. Define X,,Y1, Xo,Ys, ag, B,
k=1,...,g9, ci,co as in Theorem 5.4. If 1. and 2. of Theorem 5.4 are
satisfied, then there exists 0 < rq < 1 and a real g — 1-parameter family 7c of
CMC-tori in the ro-dressing orbit of the cylinder, such that for each ¥ € 7¢,
qi1,92 € Per(\I/)

Proof. Using the calculations in Section 5.4, we see, that the last g columns
of (5.4.2) are integer iff (5.5.2) holds for ¢; and for g,. Therefore, by Theo-
rem 5.8, there exists a real g-parameter family S of CMC-immersions, such
that qi,¢; € Sym(¥) = Sym(W,) for all ¥ € S¢ and all A € S'. Since all
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elements of the associated family of a CMC-immersion have the same sym-
metry group, there is at least a g — 1-parameter family of associated families
{Uy; A € S*}, such that ¢; and ¢, are in Sym(¥,) for all A € S'. From Corol-
lary 5.8 we get that the first column of (5.4.2) is integer iff Condition 2. of
Corollary 5.8 is satisfied. By (5.2.17), we have Q;(P,) = —4(P;). Therefore,
), vanishes at P, iff it vanishes at P,. Now we define w; and w, for ¢; and
q2 by (5.2.16). If Q;(P;1) = 0, then also, by (5.2.16), wi(P;) = ws(P1) = 0.
This shows, that for both, ¢; and ¢, the conditions in Corollary 5.8 are
satisfied, i.e., q1,q2 € Per(¥,,). Le., there exists a g — 1-parameter family
72:{\1/)\0;\1/:\1/1680}. |:|

In [9], existence of such families of CMC-tori was proved for arbitrary even
genus g > 1. The result was extended to Riemann surfaces of odd genus
in [15].

Remark. 1. In the case g = 1, the differential 2; can be easily computed
explicitly: Since £2; has a pole of second order at P, we know ; = %J’b dv.
Writing this in the coordinate A and comparing with (5.2.12), we see a = 3.
The function b will be determined from the condition (5.2.13). For this we
represent the cycle a; by the straight line connecting the points v; = re®
and v, = r~!e!®. Then it is straightforward to compute

(5.10.1) / Q) =e'? \2/;E(\/1 —02) + dibyre T K (VT — 12),

where K and F denote the complete elliptic differentials of the first and
second kind (see e.g. [12]). Now [, €, =0 yields

e B(v/1—1?)
C2r K(H/1—r2)

If our choices would lead to a torus, then by Theorem 5.4 we would need to
have €(Ag) = 0 for some point Ay € S'. But this equivalent with |[b] = 1
which, in view of our formulas, is equivalent with

E(WI=7?)
FK(VI 1)

But the left hand side is always > 1 for 0 < r < 1, producing a contradiction.

2. If we only want to produce Delaunay surfaces from hyperelliptic curves
of genus 1, then we start as above and consider ;. The coefficients a and b
are determined as above. However, we do not need to require 4 (P;(Ag)) =0
for some A\, € S! as above, but only (5.9.1). Since g = 1, this is only one

(5.10.2) b=

(5.10.3) =1.
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equation for U;. Obviously, this equation is solvable. Thus in the case
g = 1 our construction produces a family of Delaunay surfaces, indexed by
0 < r < 1 and the scale factor of a® in our construction. For a thorough
investigation of the case g = 1 see [20, Chapter 8].

3. It is well known, that there are only two one-parameter families of
Delaunay surfaces, the unduloids and the nodoids [8]. Thus, the discussion
of Delaunay surfaces above also shows, that the g-parameter families con-
structed above can contain many congruent surfaces. It would certainly be
interesting to further investigate this question.

5.11.  In Section 5 we have reproduced the algebro-geometric description
of CMC-tori [1, 20] using the r-dressing method. It is important to note,
that our starting point differs from the one in [20] and [1].

Pinkall and Sterling started with the observation, that the metric of a
CMC-torus is a finite type solution of the sinh-Gordon equation. Thus, as
follows from the Krichever construction of finite type solutions to integrable
systems, there is a hyperelliptic curve associated to each CMC-torus. How-
ever, the analytic construction of this surface from a finite type solution is
not unique. Actually, for each trivial flow of a given finite type solution, there
is a, possibly singular, hyperelliptic curve. The ambiguity of the definition of
the hyperelliptic curve introduces an additional level of complication in the
analytic description. While Pinkall and Sterling restricted their attention to
nonsingular hyperelliptic curves, Bobenko [1, Appendix| gave an argument
why CMC-tori belong generically to nonsingular curves.

Our approach is more geometric in the sense, that we start directly from
the periodicity conditions of the extended frame of a CMC-immersion. In
Section 4, we introduced a hyperelliptic curve C, which is directly derived
from the periodicity conditions on the extended frame of a CMC-immersion
with periodic metric. By Theorem 4.9, if the metric of a CMC-immersion
in the r-drssing orbit of the standard cylinder is periodic, then it is of finite
type, and our hyperelliptic curve C coincides with one of those used in the
Krichever construction. However, by definition, the hyperelliptic curve cho-
sen in this paper is always nonsingular. We thereby circumvent the problem
of dealing with singular curves.

Of course, there still remains the question, if the construction in Sec-
tions 5.5-5.8 gives all CMC-tori.

Let ¥ : C — R?® be a CMC-torus. Then, by [7, Corollary 5.3], ¥ is in
the r-dressing orbit of the standard cylinder for some 0 < r < 1. Hence,
by Theorem 3.7, there are rational functions a?, b? and ¢?, satisfying certain
conditions, such that ¥ is obtained by r-dressing with h, € A,SL(2,C),,
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a b

where hy Ah' = c—a

> . Moreover, by Theorem 5.4, there is a nonsingular

hyperelliptic curve C such that a? is the square of a meromorphic function
on C.

Conversely, if we start from a hyperelliptic curve C as in Section 5.5, then
the construction in Section 5.7 and Section 5.8 gives only functions a?, b2
and ¢? with simple poles. It is easy to check, that the construction gives in
fact all rational functions a?, b?, ¢? with only simple poles, which have the
properties stated in Theorem 3.7.

The question, if this is enough to get all CMC-tori, leads to a statement
analogous to the one made in the appendix of [1]:

Conjecture. Let ¥ : C — R? be a CMC-immersion, which is obtained by
dressing the cylinder with hy € AfSL(2,C), for some 0 < r < 1. Define

hi AT = ab If U(C) is a CMC-torus, then the function a?(\) is
+ c—a

rational and has generically only poles of first order.

We would think that this is likely to be true. In this case, generically, to
each hyperelliptic curve C there would exist either no CMC-torus or, up to
finitely many choices, precisely the g — 1-parameter family of CMC-tori 7¢
constructed in Theorem 5.10.

We would expect that the understanding of singular tori —if they exist—
will provide the technical tools to answer these questions.
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