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ON QUASICONFORMAL HARMONIC MAPS

LUgEN-FAlI TaAM AND TOM Y.-H. WaAN

It was proved by the authors that given a quasiconformal
harmonic diffeomorphism F on H?, there is a neighborhood N
of the class F represented by F in the universal Teichmiiller
space such that if H € A, then the boundary map of H can
be extended to a quasiconformal harmonic diffeomorphism on
H?, i.e. the class H can be represented by a quasiconformal
harmonic diffeomorphism. More precisely, it was proved that
if F is a quasiconformal harmonic diffeomorphism on H?, and
if G is a quasiconformal map on H? such that the dilatation of
G is small enough, then there exists quasiconformal harmonic
diffeormophisms with the same boundary data with F oG and
G o F. The purposes of this paper is to study the higher di-
mensional generalization to this result and related problems.

0. Introduction.

In [W], the second author showed that quasiconformal harmonic diffeomor-
phisms on H? can be parametrized by bounded holomorphic quadratic dif-
ferentials on H?. This gives a map from the space of bounded holomorphic
quadratic differentials on H? into the universal Teichmiiller space. It was
conjectured by Schoen [S] that the map is a bijection. The conjecture of
Schoen can be rephrased as follow: Every quasi-symmetric map on St can
be extended uniquely to a quasiconformal harmonic diffeomorphism on the
two dimensional real hyperbolic space H?. Here a quasi-symmetric map on
S! can be defined as the boundary map on the unit disk in C of a quasicon-
formal homeomorphism, see [B-A]. The uniqueness part of the conjecture
was proved by Li and the first author [L-T 3]. As for existence, the problem
is still open. However, there are many partial results. For example, it was
proved by Li and the first author in [L-T 3] that existence part of Schoen’s
conjecture is true for C* diffeomorphisms on S'. For more partial results,
see [C-T, L-Wg, Wg] for example.

There is one important fact for harmonic map in two dimensions which
is very likely not be true in higher dimensions. Namely, if a harmonic map
on H? is such that the boundary map is a homeomorphism on S', then the
harmonic map is itself a diffeomorphism. In a recent paper, Li and Wang
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[L-Wg] study a larger class of harmonic maps which seems more natural
in the higher dimensions. Before we go further, let us introducing some
definitions.

Definition 0.1. Let u be a map from a metric space M to another metric
space N:
e v is said to be a rough-isometry if there exists positive constants a and
b such that for all z, y € M

(0.1) a tday(x,y) — b < dy(u(z),u(y)) < ady(z,y) +b.

e 1 is said to be a pseudo-isometry if there exists positive constants a
and b such that for all z, y € M

(0.2) a tdy(x,y) — b < dy(u(z),u(y)) < ady(z,y).

e 1 is said to be a quasi-isometry if u is a homeomorphism and there
exists positive constant a > 0 such that for all x, y € M

(0.3) a”tdu(z,y) < dy(u(x), uy)) < ady(z,y).

It is obvious that a quasi-isometry is a pseudo-isometry and a pseudo-
isometry is a rough isometry. Pseudo-isometries have been used by Mostow
[M] in the proof of strong rigidity of locally symmetric spaces. Note that
while a pseudo-isometry is Lipschitz continuous, a rough-isometry may not
even be continuous. On the other hand, if u is a rough-isometric harmonic
map on H", satisfying (0.1), then u(B,(r)) C By)(ar+b). By the estimate
of energy density for harmonic maps by Cheng [C], u has bounded energy
density and hence u is a pseudo-isometry. By [M], u is then surjective.
By the results of [M] again, u can be extended to a quasiconformal map
on S"! which is identified with the geometric boundary of H". Rough-
isometric harmonic maps have been studied in a recent paper [L-Wg] of Li
and Wang. They generalize the conjecture of Schoen to the following: Ewvery
quasiconformal map on the geometric boundary of a rank-1 symmetric space
of noncompact type can be extended uniquely to a harmonic rough-isometry.
In [L-Wg], the uniqueness part of the conjecture is proved.

In this paper, we will discuss quasiconformal harmonic maps on H" for
n > 3. A quasiconfomal map on H" is a rough-isometry, see [P]. Hence
our results will be related to Li-Wang conjecture on hyperbolic space of
dimension greater than two. We will prove that given a quasiconformal
harmonic diffeomorphism F on H", there is a Ky > 1 such that if G is a
Ky-quasiconformal map on S"~!, then there is a pseudo-isometric harmonic
map on H" with the same boundary data as G o F'. If, in addition, F is a
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quasi-isometry, the same conclusion is true for boundary data F o G. These
results can be considered as generalizations of the results in [T-W] for H?
to higher dimensions. As mentioned before, in [L-T 3], it was proved that
any C! diffeomorphism on S"~! can be extended to a harmonic map F on
H" which is C' up to the geometric boundary. Such a map may not be a
diffeomorphism, and in particular, may not be quasiconformal. However, we
will prove that such a harmonic map is a pseudo-isometry and in fact it is
a quasi-isometry near infinity (see Definition 3.1). We will also prove that
one can find pseudo-isometric harmonic maps with the same boundary data
as F'o G and G o F respectively, for any K,-quasiconformal map G on S"71,
provided Ky > 1 is small enough. Note that in this case, Ky does not depend
on F', while in the previous case of quasiconformal harmonic diffeomorphism,
the number K, depends on the map F.

One can get more information on those harmonic maps. In [W], the sec-
ond author proved that a harmonic diffeomorphism on H? is quasiconformal
if and only if it has uniformly bounded energy density. In this case, the
harmonic map is actually a quasi-isometry. In high dimensions, the situa-
tion is more complicated. However, we will prove that the harmonic maps
constructed above are actually quasi-isometries, provided K, > 1 is even
smaller, and the given map F' is a quasi-isometry to begin with. In the case
of harmonic maps which are C! up to the boundary, the ‘nearby’ harmonic
maps are also quasi-isometries near infinity.

In particular, if we choose the given map to be an isometry, we can con-
clude that if G is a Ky-quasiconformal with Ky > 1 small enough, then G can
be extended to a quasi-isometric harmonic diffeomorphism on H". By the
uniqueness theorem in [L-Wg], we see that every quasiconformal harmonic
map on H" with small quasiconformal constant must be a quasi-isometry.
This is a partial generalization of the result in H? by the second author [W].
In fact, using other method, we will give an explicit estimate for the quasi-
conformal constant K so that every Kjy-quasiconformal harmonic map on
H" is a quasi-isometry. We should made precise the meaning of the quasi-
conformal constant K here since there are several equivalent definitions for
quasiconformal mappings with slightly different meaning of the quasiconfor-
mal constant (i.e. the maximal dilatation). Note that all other results in
this paper do not depends on the specific choice of the definition of K,. We
choose the following:

Definition 0.2. A smooth positively oriented homeomorphism F' from the
unit ball B™ in R™ onto itself is said to be a K-quasiconformal map, if for
all z € B", |[dF||"(z) < KJ(x) and J(z) < K {{(dF)(z)}", where

1dF[(z) = max |dF (z)(D)],
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and
((dF)(x) = min |dF(z)(V)|.

|v]=1

The paper is organized as follows: In §1, we will study some basic prop-
erties of the Douady-Earle extensions [D-E] on the unit ball in R" of qua-
siconformal map on S"~! which will be useful in later sections. In §2, and
83, we will construct pseudo-isometric harmonic maps with boundary data
which are near some given harmonic maps. Finally, in §4, we will discuss
the properties of the harmonic maps constructed in the previous two sections
and study some properties of general quasiconformal harmonic maps.

Added in proof: The first part of Theorem 2.6 for quasi-isometric harmonic
maps is also obtained by Hardt and Wolf [H-W]. The case of isometries is
obtained by D. Yang [Y] independently too.

1. Estimates on Douady-Earle extension.

In this section, we will give estimates on the derivatives of Douady-Earle
extension [D-E]| of quasiconformal self maps on S"~'. We first fix our no-
tation. Let 6;, 1 < ¢ < m, be a local orthonormal coframe of H™ and
05, 1 < 1,7 < m, be the connection forms. Similarly, let w, and w,g,
1 < a, B < n, be local orthonormal coframe and the corresponding connec-
tion forms of H". For a smooth map F' : H™ — H", one define the energy

density of F' by

e(F) = (£
where f* is given by F*(w,) = Y., f0;. The Hessian of the map F', denoted
by f2%, is defined by

777

(1.1) YIS0 =dfr =Y [0+ > fIF (wsa),
7 7 5

and we write [V2F|> =37, . (f%)? for its norm. Finally, the components of
the tension field of F' is defined by 7*(F) = >, %, 1 < a < n, and its norm
by |7(F)| = (Z.(r))"*.

The Douady-Earle extension [D-E] is a conformally natural extension for
homeomorphisms from unit sphere onto itself. The construction is as follows.
First, they define the barycenter B(u) of a probability measure p on S"*
with no atoms as the unique zero of the hyperbolic gradient of

1 1— |z|?

hu(x) == log du(u), zeB",

|z — ul?
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where B" is the open unit ball in R”. Then they define the extension £(y)
of p : S"t — S"1 to B" by

E(p)(x) = B(ps(n.)), =€ B™

In the formula, ¢.(n,)(E) = n.(¢p~'E), for all Borel subset £ C S"~*, and
7, is the hyperbolic harmonic measure on S"! given by

(e = S [ (Y o),

where dw and w,,_; are the standard measure and volume on S™!.
The main results concerning the high dimensional (> 3) case are collected
in the following;:

Theorem 1.1 (Douady-Earle [D-E|). Let H(S™ ') (n > 3) be the set of
homeomorphisms from S™~* onto itself. Then & is a mapping from H(S" )
into C=(B",R") NC(B",R") satisfying:

() For any € H(E™), E(@)lsrs = .

(ii) Let Isom(H") be the isometry group of B™ with respect to the Poincaré
metric, then &€ is equivariant under Isom(H™), i.e. for all v, o €
Isom(H"),

E(yopoa)=yol&(p)oo.

(iii) The mapping & : H(S"') — C=(B",R") N C(B",R") is continuous,
where H(S"™') and C(B™,R") have the uniform topology, C**(B",R")
has the C* topology, and C>(B™, R™")NC(B",R™) has the induced topol-
ogy regarded as the diagonal of the product space with product topology.

Proof. Please refer to the final section of [D-E] for the proof. |

In order to apply the Douady-Earle extension to the existence of harmonic
maps, we need estimates on the gradients and the Hessian of £(¢) when ¢
closes to conformal, namely, ¢ is a K-quasiconformal mapping with K closes
to 1. More precisely, we have:

Proposition 1.2. Let (5((,0)3) and [V2?E(p)| be the Jacobian matriz and

the norm of the Hessian of E(p) with respect to orthonormal frames of the
Poincaré metric respectively. Then for any € > 0, there exists K > 1 de-
pending only on € and n such that if ¢ is K-quasiconformal, then

(i) (Tukia) E(p) : B™ — B" is a quasiconformal homeomorphism and

(1+e)7 d(z,y) < d(E(p)(2),E(P)(y)) < (1 + €)d(z,y)
for all x,y € B,

where d s the Poincaré distance in B™.
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(i)

Jik

$Z (Zg(so)fé"(w)f - 5jk> < €,

and
(iii)
|V25(gp)| < €.

Proof. (i) is proved in [D-E] by Tukia. Actually the proof works for (i)-(iii).
To be precise, let

o (- BPIdE@ )l
ale)(@) = b oy
o (= BPIdE@) )]
Bl = sup e ’

and

Alp) = JZ (Z E(p)E() ) |

Jik i

We note that (i) follows from the statement that for any e > 0, there
exists K > 1 depending only on ¢ and n such that

(1+e)7' <alp) <Blp) <lte
provided that ¢ is K-quasiconformal. Hence all statements (i)-(iii) can be
regarded as estimates of the derivatives of £(¢p).

Then we observe that for all v and o € Isom(H"),

a(yopoo)=a(p)oo, fyopoo)=p(p)oo,

Alyopoa) =A(p)oo,
and
[V2E(yopoo)| =|VE(p)| oo

Therefore we only need to estimate these quantities at one point (for all
normalized boundary data) to obtain the uniform bounds. More precisely, we
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only need to show that there exists K > 1 such that, if ¢ is K-quasiconformal
and fixes the points e;, —e;, and e, then

(146" <a(p)(0) < B(p)(0) <1+e,

A(p)(0) <,
and
[VZE(9)](0) <,
here {ey,...,e,} is the standard ordered basis of R".

Suppose on the contrary that it is not true, then there exists a sequence
of ¢; of K;-quasiconformal mappings from S"~! onto itself fixing e;, —ey,
and e,, with K,, — 1 such that

a(p)(0) < (1+e) " <1,
Ble;)(0) = 1+e>1,
Ap;)(0) = >0,

or

[V2E(7)[(0) = € > 0.

Then by compactness, we have a subsequence ¢;, converges to an element
g € Isom(H™) in H(S"!'). By Theorem 1.1 and that g is an isometry, we
have

1> (1467 > lim a(p;,)(0) = a(g)(0) = L,

1< 14e< lim B(p,)(0) = Bla) (0) = 1.
0< e < lim A(p;,)(0) = Ag)(0) = 0

k—oo

or
0<e< lim [V2E(g;,)1(0) = [V2E(g)[(0) =0,
which are contradictions. |

Remark 1.3. All the above results hold in two dimensions. In fact, if
n = 2, we have a stronger result that the extension () is quasi-isometric
with respect to the Poincaré metric, and hence quasiconformal, provided
@ is quasi-symmetric. No smallness assumption on the dilatation of the
boundary maps is needed.
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2. Construction of pseudo-isometric harmonic maps (I).

In this and the next section, we are going to use the results in §1 to construct
pseudo-isometric harmonic maps with certain given boundary data at the
geometric boundary of the hyperbolic space. We will generalize the results in
[T-W] for H? to higher dimensional hyperbolic spaces. Our main purpose is
to prove the existence of harmonic extensions for quasiconformal maps on the
geometric boundary of H™ which are near (in certain sense) to those already
known to have harmonic extensions. In this section, we will consider those
boundary maps which are near to a boundary maps having diffeomorphic
quasiconformal harmonic extension. In the next section, we will consider
other kind of boundary maps which are near to a C' boundary map with
nonvanishing energy density. First, we will give some crucial estimates for
the composition of maps. Since composition of maps is not commutative, we
have to consider two different cases. In fact, the results are slightly different
from each other.

Lemma 2.1. Let F be a harmonic map from H™ to H™. Then for any

point x € H™ and r > 0, there is a constant C' depending only on m, n, r
and supp_(,y e(F) such that [V*F[*(x) < C.

Proof. Since it is easy to see that F(B,(r)) C Bpu)(p) with p =
rsupg () ve(F) and F is harmonic, the lemma follows from the harmonic
map equations and the interior Schauder estimates. L

Lemma 2.2. Let F' be a harmonic map from H™ to H” and G be a quasi-
isometry on H™ such that, for some € > 0,

2
IT(G)| <€ and Z <nggf - jk) <¢,

IVIRANE

where g/ are components of dG with respect to some local orthonormal cofra-
mes. Then, for any x € H™ and r > 0, there is a constant C; depending
only on m, n, r and supg_(, e(F) such that

|7(F o G)(x)] < Che.
In particular, if ' has bounded energy density, then
|T(F o G)| < Che,

with C1 now depends only on m, n and upper bound of the energy density of
F.

Proof. Let f* be the components of dF' with respect to some local orthonor-
mal coframe on the target and the same local orthonormal coframe on do-
main which gives ¢g/. And also let 7* be the corresponding components of
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the tension field of F o G. Then, by Lemma 2.1 and the assumption that F
is harmonic,

|Ta| = Zf]qgu Z ]kgzgz
1,3

i3,k

IS @ g (zgzgf—@k.)
7 7,k i
< 016,

for some constant C; depends only on m, n and the local upper bound of
the energy density of F. [l

Lemma 2.3. Let F be as in Lemma 2.2 and G be a quasi-isometry from
H" to H® such that
V2G| < e

for some € > 0. Then

IT(Go F)|(z) <e-e(F)(z), VreH™.

Proof. Let [, g5, and g, be the components of dF', dG and the compo-

K3

nents of the Hessian of G with respect to some local orthonormal coframes
respectively. Then, since F' is harmonic,

« B,,i

(G o F)l(z) = | > (Z g5rai+ > ggyfﬁf”)

a Byt

<e€-e(F)(x).

= > (Z ggvfff?)

O

Lemma 2.4. Let G be a map from H™ to itself such that for some ¢ > 0
(and in some orthonormal coframes),

(o) <



368 LUEN-FAI TAM AND TOM Y.-H. WAN

Then for any map F : H™ — H", we have
e(FoG)(z) > (1 —e€)e(F)(r), VreH™.

Proof. By a straight forward calculation,

2
m

e(FoG)x)= Y (D fid

1<a<n \ j=1

1Zi<m
— ara j k
= § fj £ 9i9;
1<a<n
1<i,j,k<m
m
_ a fo J k )2
= E fjfk 591‘91*3‘1@ + E (f)
1<a<n =1 1<a<n
1<j,k<m 1<i<m

> (—e+ 1)e(F)(x).

Similarly, the same calculation gives

Lemma 2.5. Let G be a map from H™ to itself such that for some € > 0
(and in some orthonormal coframes),

JZ (Zgé*g;* - %)2 <e

By o

Then for any map F : H™ — H", we have
e(GoF)(z) > (1 —e€)e(F)(x), VreH™.

Now we are going to prove that if a quasi-conformal map on S"~! has
a quasi-conformal harmonic extension to H™, then ‘nearby’ quasiconformal
maps on S"~! also have harmonic extension which are pseudo-isometries.

Theorem 2.6. For any quasiconformal harmonic diffeomorphism F on
H", there exists a Kq > 1 such that if G is a Ky-quasiconformal map on
S*=1, then there is a pseudo-isometric harmonic map H from H" onto H"
such that H = G o F on S~ L. If in addition, F is a quasi-isometry, then
there is also a pseudo-isometric harmonic map H from H" to H" such that
H=FoG onS".

Remark 2.7. It is easy to see that if we put F' equal to the identity map
of H™, then we have the existence of pseudo-isometric harmonic extension to
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H" for every quasiconformal map on S"~! with small enough dilatation. In
fact, we have a stronger result that the extension is quasi-isometric provided
that the dilatation is small enough (perhaps smaller than that of the previous
statement). We will prove this fact in Corollary 4.2.

Proof of Theorem 2.6. We use an argument as in [L-T 3]. By Proposition
1.2, given € > 0 and with respect to any orthonormal coframes, there is
K, > 1 such that if G is Kj-quasiconformal map on S"7!, then G has a
quasiconformal extension on H", also denoted by G, such that G is smooth
in H" and

\/Zﬂ,’y (Za 9395 — 5B7)2 <€

(2.2) .
i (Sasiai—d) <

and

(2.3) V2G| <e.

By Lemma 2.3, (2.2) and (2.3), we see that the norm of the tension field of
G o F satisfies

(2.4) |7(G o F)|(z) < e€-e(F)(x).

Fixing a point o € H", we can find, for any R > 0, a unique harmonic
map Hp on B,(R) such that Hr = G o F on 0B,(R). We want to estimate
dr(z) = d(Hg(x),GoF(x)) for x € B,(R). In order to do so, we first choose,

for x € H", an orthonormal frame {e;,...,e,} near . Then consider the
minimal geodesic y(t) from Hg(z) to G o F(z) parametrized by arclength
and choose orthonormal frames {f1,..., f.} and {fi,..., f.} near Hr(x)

and G o F(z) respectively such that f, = —/(0) at Hz(z) and f, = 7/(I)
at G o F(x). We may assume that all orthonormal frames are positively
oriented. With these orthonormal frames, we write

and

fori=1,..., n. Then as in [L-T 3], by results of [S-Y, J-K], we have

dr(z)
5

(25) Adg(z) = =|r(GoF)|(x)+ Y ((uf)*(@) + (v])*(2)) tanh

1<i<n
1<a<n-—1
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in distributional sense.

Since F' and G are quasi-conformal, so is G o F'. The quasiconformal
constants of all those GG are uniformly bounded by some constant provided
that we are willing to restrict € small enough, say 0 < e < 1/2. Hence there
is a constant K; depending only on the quasiconformal constant of F' such
that

e(Go F)(z) < KyJ= (),

where J = det(v{") is the Jacobian of the map G o F. Let V;* be the cofactor
of v*. For any n > 0, we have
e(GoF) < K,J=
= e A A
< CKy (|0 v |* oo oy

< K, (nzw RS wn%) ,
=1

i=1

where C is a constant depending only on n. Take > 0 so that nCK; < %,
we have

e(GoF)(x)<Cy ), (vf)(x),

1<i<n
1<a<n-—1

for some constant C, depending only on the quasiconformal constant of F
and n. By (2.5), Lemmas 2.3 and 2.4, we have

Bin(a) 2 ~[7(G 0 F)|(2) + L e(F) (o) - tanin 57
(26) > e(P)a) (—e+ Lo ann 252,

Hence for 0 < e < 1/2, by noting that e(F) > 0, (2.6) and the maximum
principle imply that
dR(:B) S 0367

where C3 = 2C'; depends only on n and the quasiconformal constant of F'. It
is then easy to see that, by passing to a subsequence, Hp converges uniformly
on compact sets to a harmonic map H on H" such that

(2.7) d(H(z),Go F(x)) < Cse.

Since F' is quasiconformal, F' is a rough isometry by [P]. Hence H is also
a rough isometry by (2.7). Finally, by the estimate on the energy density
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of harmonic maps in [C], the energy density of H is uniformly bounded.
Therefore, H is a pseudo-isometry, which proves the first part of the theorem.

If in addition F' is a quasi-isometry, we use Lemma 2.2 to estimate the
tension field of F'o G. Proceed as before, instead of (2.6), we have

1—e¢ dr(x)
c e(F)(zx) - tanh 5

1—e¢ dr(x)
(2.8) > —Che+ G e(F)(z) - tanh 5

Adg(x) > —|7(F o G)|(x) +

where C] is a constant depending only on n and the upper bound of the
energy density of F' as in Lemma 2.2. Since F' is a quasi-isometry, e(F) is
bounded below by a positive constant. Hence we still have a harmonic map
H satisfying (2.7) with a new constant C3 which depends only on n, the
upper bound and the positive lower bound of the energy density of e(F).
This completes the proof of the theorem. |

Remark 2.8. By (2.7), we see that for fixed F', d(H(z),G o F(z)) — 0,

and d(H(z),G o F(z)) — 0 uniformly, as € — 0. It is unclear whether H
and H are quasiconformal or not. We will discuss this problem in §4.

3. Construction of pseudo-isometric harmonic maps (II).

We will consider a situation different from that in §2. It was proved in
[L-T 1]-[L-T 3] that a smooth map from S™! to S"~! with nowhere van-
ishing energy density can be extended to a proper harmonic map from H™
to H™. Moreover, the harmonic maps are C"™% up to the boundary for some
0 < a < 1. Suppose m = n and the boundary data is a diffeomorphism,
then in view of Theorem 2.6, it is natural to ask whether the harmonic map
constructed is a quasiconformal diffeomorphism, or even just a diffeomor-
phism. Unless m = n = 2, the answer is unclear. Hence Theorem 2.6 cannot
be applied to this class of maps. However, from its proof, it is easy to see
that given a harmonic map F', one can construct ‘nearby’ harmonic map if
I behaves well near infinity. Hence we have a result similar to Theorem
2.6 for this case. Before giving the precise statement, we first introduce the
following;:

Definition 3.1. Let F' be a map from a complete noncompact manifold M
to itself. F' is said to be a quasi-isometry near infinity if there is a compact
subset B CC M and constant C' > 1 such that

Cd(x,z) > d(F(z),F(z)) > C 'd(z,%), Vz,7€ M\ B.
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Note that if F' is a quasi-isometry near infinity which is also continuous,
then it must be a rough isometry.

Proposition 3.1. Let F be a proper harmonic map from H" to itself
which is C* up to the boundary when considered as a map from the close
unit ball in R™ to itself. Suppose also that the boundary map of F' is a
C* diffeomorphism on S"~'. Then F is a quasi-isometry near infinity. In
particular, it is a rough isometry.

Proof. Let us first show that F' is a diffeomorphism locally near a boundary
point. For this purpose, it is simpler to do the calculation in the upper half
space model of H". We identify both the domain and target with the upper
half space of R™ endowed with the Poincaré metrics. If we use (xy,...,x,)
and (y1,...,Yn) to denote the coordinates on the domain and target respec-
tively, then the metrics are given by

dst. — (dz')?* 4 -+ + (dz™)? and dst, —

()2

respectively. Then, the components of dF is given by

(dy')* + -+ (dy")?
(yn)?

i y" OxI

with respect to the orthonormal coframes dx*/z™ and dy’/y™. The results
of [L-T 2] imply that

im &= [0 o,
zn—0 L™ n—1
where ¢ is the boundary map, and hence
Iy" e(9)
= 0.
oz n—1 >

We also have

oy’
ox™

These imply that the Jacobian of F' approaches a positive multiple of the
Jacobian of the boundary map ¢ as = tends to the boundary. Since ¢ is a
diffeomorphism, F' is diffeomorphism near a boundary point.

To show that F'is a diffeomorphism onto its image in a neighborhood of the
whole boundary, we use the unit ball model of H". Assume on the contrary

=0, at 2"=0, i=1,...,n—1.
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that it is not true. Then, there exist two sequences {*} and {Z*} such that
b £ ik Yk, 2k — 61 e ST 78 — 6% € S", and F(2%) = F(z*) for all k.
Since F' is a C' near ' and 62, we have ¢(0') = ¢(6?), which implies that
0' = 6%2. Hence, by the fact that F' is a diffeomorphism near a boundary
point again, we see that x¥ = Z* for k large, which is a contradiction.
Hence we have proved that F' is a diffeomorphism near the whole boundary.
More precisely, for any point o € H", there is Ry > 0 such that F is a
diffeomorphism from H" \ B,(R,) onto its image.

Since F' has bounded energy density by construction in [L-T 1]-[L-T 3]
and the Jacobian of F' has a uniform positive lower bound outside B,(Ry)
by the above arguments, the energy density of F~! is uniformly bounded on
F(H™\ B,(Ry)). Hence there is a positive constant a > 0, such that for any
x, y outside B,(Ry),

(3.1) d(F(z), F(y)) = ad(z,y),

provided that the minimal geodesic joining F'(x) and F'(y) lies inside F'(H™\
BO(RO))'

In general, if z, y € H" \ B,(Ry). Let v(t), 0 < ¢ < L be the minimal
geodesic joining & = F(z) and § = F(y). Let t; be the first ¢ such that
v(t) € F(B,(Ry)) and ty be the last ¢ such that y(t) € F(B,(Ro)). And let
x1 and y; be the preimage of v(¢1) and v(t3) respectively, i.e. F(x1) = y(t1)
and F(y;) = y(t2) with z;, y; € 0B,(Ry). Then, by (3.1), we have

d(F(z), F(z1)) = ad(z, 1) and  d(F(y), F(y1)) = ad(y, y1).-
Therefore

d(F(z), F(y)) = a(d(z,21) + d(y, y1))
(3.2) > ad(x,y) — 2aRy.

Finally, to complete our proof, we assume on the contrary that F' is not
quasi-isometric near infinity. Then, there is a sequence of numbers ¢; — 0
and sequences of points {z;} and {y;} — oo such that

d(F(x;), F(y:)) < ed(s,y;).-
Then by (3.1) and (3.2), we have
ad(ml,yz) — QGRO < eid(x,;, y7)

Since €; — 0, d(z;,y;) < 3R, for i large enough, and since F' has bounded
energy density, d(F(x;), F(y;)) < C for some constant C' provided i large
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enough. Note that if o’ is a fixed point in H", then there is R; > 0 such that
H" \ B, (R,) is in the image of H" \ B,(Ry). Since F' is a proper map, and
since d(F(z;), F(y;)) < C, for i large, the minimal geodesic joining F'(z;)
and F'(y;) is contained in F'(H" \ B,(Ry)). So we can apply (3.1) and get

ad(z;,y;) < €d(x;,y;),
which is a contradiction. |

Theorem 3.2. Let F be a proper harmonic map from H™ to H" which
is C1 up to the boundary when considered as a map from the close unit ball
in R™ into the close unit ball of R™. Suppose also that the boundary map
of F is a smooth map from S™~1 to S*~1 with nowhere vanishing energy
density. There exists an Ko > 1, which is independent of F', such that if
G is a Ko-quasiconformal map on S"~' (respectively S™'), then there is
a harmonic map H from H™ into H" such that H = G o F (respectively
H =FoQG) on S™ ' and that sup,c,, d(H(x),G o F(z)) < oo (respectively
sup, ey d(H(z), F o G(x)) < o0). Here G also denotes the Douady-FEarle
extension of G. If in addition, m = n and the boundary map of F is a
diffeomorphism, then H is a pseudo-isometry.

Proof. The proof is similar to that of Theorem 2.6. However we need more
work especially in showing that K is independent of F'. Let us first consider
G o F. As in the proof of Theorem 2.6, for any R > 0, we can find uniquely
a harmonic map Hr on B,(R) with boundary value G o F. We have the
same Bochner type formula for dg(z) = dygn (Hgr(z),G o F(x)). That is, for
x € B,(R), we have (using the same notations as in Theorem 2.6)

dR(ZL') '
2

(3.3) Adg(z) = ~[r(GoF)l(x)+ Y ((uf)*(2)+(vf)*(x)) tanh
1;?5:11
And as before, we want to estimate .7, 32721 (v®)? from below near the
boundary. We will work locally at the origin of the upper half space model
of both the domain and target as in the proof of Proposition 3.1. Note that
the dimensions of the domain and target are m and n respectively which are
not assumed to be equal. Hence the orthonormal coframes which we choose
are now dz'/z™ and dy®/y". Therefore, the components of the differential of
F is given by ff* = %%ﬁ:. In these notations, since F' is C'' up to boundary,

the results of [L-T 2], [L-T 3] imply that near the origin

(3.4) o]+ f1 < Cyz™, for 1<a<n—-—landl<i<m-1,

(3.5) |fr— 1| < Cyz™,
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and
(3.6) ()= (m—1)| < Cyz™,
1Sy

for some constant C depending only for F. Then

1<i<m 1<ism  \1<8<n
1<a<n-—1 1<a<n-—1 - -

e(GoF) Z(Zggff)

i=1

Yo=Y (Z ggff)

m

z(z) (Se)

i=1 \p=1

Here (g§) is the matrix of dG with respect to the corresponding orthonormal
coframes. Then given any 1 > € > 0, by Proposition 1.2, Lemma 2.3, and
2.5, there is a Ky > 1 such that for any Ky-quasiconformal map G on S,
we have

(3.8) |7(G o F)|(z) < ee(F)(x),

(3.9) e(Go F)(z) > (1 —e)e(F)(x),

and

(3.10) \JZ <Xn: 9595 — 557> <e.
By \a=1

Recall that in these inequalities, G denotes the Douady-Earle extension of
the boundary homeomorphism. Hence by (3.4) and (3.6), if = is near the
origin in the upper space model for H™, with ™ < 1,

m—1 n 2 m—1 [n—1 2
Mgl <> n 2]+ Cram
i=1 B=1 i=1 p=1

(3.11) < (m—1)Y (g5)° = (m—1)(gp)* + Crz™
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where Cs, Cg, C; are constants depending only on m, n, and the upper
bound of e(F'). By (3.4) and (3.5), we have, for 2™ < 1

g=1
(3.12) < (g7)* + Cga™,

(Z ggfﬁ) < (i 195.fm] + Igﬁfﬁl)
B=1

where Cyg is a constant depending only on m, n and the upper bound of e(F').
From (3.4)-(3.6), it is easy to see that |e(F) —m| < Cxz™ near the origin for
some constant depending on m, n and F. Hence together with (3.9), (3.11)
and (3.12), we have at z,

1<i<m
1<a<n-—1

Z (v¥)? >e(GoF) — (m— 1)%(93)2 + (m —1)(g")*— (g")*— Coz™
B=1

> (1—e€)e(F) — (m—1) f:(gg)Q — Coz™

B=
>m—me— (m—1)(1+¢€) — Crpz™
>1—Chioz™ — (2m — 1)e,

—

where Cy, C}y are constants depending only on m, n, and F. Combining
this with (3.3) and (3.8), we have the following: For any given n > 0,
there is Ry > 0 depending only on 1 and F such that if R > Ry and
x € B,(R) \ B,(Ryp), then

d
(3.13) Adp(z) > —me — Cyynp + (1 — Cyon — (2m — 1)e) - tanh 7’3

where C}; depends on m, n and F. Note that (3.3) and (3.8) also imply that
for x inside B,(Ry),

(314) AdR(.’E) Z —01267

where (15 is a constant depending only on m, n, and the upper bound of
e(F). It is easy to see that there are constants a, b > 0 such that

Aexp(—avr?+1) < —bexp(—avr?+1) on H™,

— — 2C12 :
where r(z) = d(o,z). If we take Ci3 = s (ax/ T depending only on m,
n, n, and F. Then

(315) A {0136 exp(—av 72 + 1)} S —201267
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on B,(Ry). If we first choose € small so that me/(1 — (2m — 1)e) < 1/2, i.e.
€ <1/(4m—1), and then choose n > 0 small so that 1 —Cjon—(2m—1)e >0
and (me+ C11m)/(1 — Cion — (2m — 1)e) < 1/2, then the equation

z me + C11n
tanh — =
2 1-— 01077 — (2m — 1)6

has a unique positive solution

z =d(e,n) = tanh™" ( me + Cun ) .

1-— Clo’r] — (2m — 1)6

From (3.13), (3.14), and (3.15), we conclude that

(3.16) dr(z) — Czeexp (—a\/ﬁ(x) + 1> < d(e,n).

Hence dg are uniformly bounded. By passing to a subsequence, Hp converges
uniformly on compact subset to a harmonic map H with same boundary data
at infinity as G o F' such that

(3.17) d(H(z),G o F(x)) < Cizeexp (—a\/ﬂ(x) + 1) + d(e, ).

Since the smallness requirement for € so that (3.17) holds does not depend
on F, the K, we obtained is also independent of F'. This proves the first
part of the theorem for the case G o F'.

If in addition, m = n and the boundary map of F' is a diffeomorphism,
then F' is a pseudo-isometry by Proposition 3.1. Hence using the result of
[C] and (3.17), H is also a pseudo-isometry.

The case for F' o (G is similar, we leave the details of the proof to the
readers. Ul

Remark 3.3. Note that from (3.17) and that C)3 depends only on m, n,
n, and F, it is easy to see that

limsupd(H (x),G o F(z)) < d(e,n),

r— 00

uniformly in G and H. Note also that d(e,n) — 0 as € and 7 both tend to
0. We will use these facts in §4.

4. Quasi-isometric harmonic maps.

By [Sa, S-Y, C], if n = 2, then the harmonic maps constructed in Theo-
rem 2.6 are harmonic diffeomorphism with bounded energy density, see also
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[T-W]. In fact, the harmonic maps are quasi-isometries by the result of
[W]. In particular, they are quasiconformal. On the other hand, it was
proved in [W] that any quasiconformal harmonic map from H? onto H? is a
quasi-isometry. However, it is unclear whether these results are still true in
higher dimensions. In this section we will discuss this kind of problems. The
first result in this section is to show that Theorem 2.6 can be sharpened in
some cases. More precisely, we have:

Theorem 4.1. Let F be a quasi-isometric harmonic diffeormorphism on
H™. Then there exists Ko > 1 such that if G is a Ky-quasiconformal map
on S"71, then there are quasi-isometric harmonic maps H and H from H™
onto H" such that H=GoF and H=F oG on S"!.

Proof. We will prove the case for Go F', the other case is similar. Suppose the
theorem is not true for this case, then there exists a sequence K; > 1, K; — 1,
and K;-quasiconformal map G; on S"!, such that each of the harmonic map
H; constructed in Theorem 2.6 with the same boundary value as G; o F' is
not a quasi-isometry for all ;. We again denote the Douady-Earle extension
of G; by the same symbol G; as before. By the construction in Theorem
2.6, Remark 2.8 and the fact that F' is a quasi-isometry, we can find positive
constants a and b such that

(4.1) a'd(z,z) — b < d(H;(z), Hy(%)) < ad(x, T)

for all x, £ € H" and for all ¢. Since H; is not a quasi-isometry, there are
x;, Z; such that

1
From (4.1) and (4.2), we see that

if 4 is large enough.

Fix a point o € H"” and let o; and 7; be the isometries of H" such that
7i(0) = z; and ;0 H;(z;) = o. Consider two sequences of maps u; = o;0H,0T;
and v; = 0;0(G;0F)o7;. Since H; are harmonic and o; and 7; are isometries,
we see that u; are harmonic maps such that u;(0) = o and satisfying

(4.4) atd(z,x) — b < d(u(z),u (7)) < ad(z, 7).

In particular, sup, , e(u;)(x) < oo by the gradient estimate of [C]. Hence, a
subsequence of u;, which will also be denoted by wu;, converges uniformly on
compact subsets of H" to a harmonic map wu.
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For the maps v;, we observe, from Proposition 1.2, that there is a constant
01 > 0 independent of ¢ such that, for all ¢ large enough,

d(Gio F(x),G;0 F(%)) > 6d(z, T),
for all x, & € H". Therefore, from the definition of v;, we also have
(4.5) d(vi(x),v;(Z)) > 61d(x, T).
Now by the construction in Theorem 2.6, see Remark 2.8, we have

lim sup d(H;(x),G,; o F(z)) =0,

100 peHn
which implies that

lim d(u;(z),v;(z)) =0, VreH"

1— 00

Combining this with (4.5), we have for all x, & € H",

d(u(z),u(z)) = lim d(u;(x),u;(Z))

> lim (d(vi(2), vi(Z)) = d(v(2), ui(x)) = d(vi(Z), ui(T)))
So u is a quasi-isometry from (4.4) and (4.6). In particular, there is a positive

constant d5 such that
J(u)(z) = 02

for all x € H"™. Since w; converges to u in the C'*° norm uniformly on compact
subsets of H", for all x € B,(4ab) and i large enough,

(4.7) T(u)(z) > %52.

Note that the Hessian of w; are also uniformly bounded on compact sets,
(4.7) implies that there is 7 > 0 and positive constant d3 such that for all
x € B,(r), wehave

(4.8) d(u;(0),u;(x)) > dsd(o, ),

for large 3.

Now let us consider y; = 7, '(Z;). By (4.3) and the definition of 7;, we
have y; € B,(2ab). By (4.6) and the fact that u; — u uniformly on compact
subsets, if d(o,y;) > r, then we have

(19) (o) ua(y)) > o,
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provided i is large enough. Otherwise, (4.8) implies that
(4.10) d(ui(0), ui(y:)) = dsd(0, y:).

In any case, we have contradiction since (4.2) and the definitions of u; to-
gether imply

(o), () < 5 d(o,0).

Hence the first part of the theorem is proved. The second part of the theorem
can be proved similarly. [l

As we mentioned in Remark 2.7, if we take F' to be the identity map, we
have:

Corollary 4.2. There exists Ko > 1 depending only on n such that if G is
a Ky-quasiconformal map on S"', then there is a harmonic quasi-isometry
diffeomorphism H on H" such that H = G on S" .

Using Theorem 3.2, and Remark 3.3, one can prove a result similar to
Theorem 4.1. We leave the details of the proof to the readers.

Theorem 4.3. Let F' be a proper harmonic map from H" to H" which is
C' up to the boundary when considered as a map from the close unit ball
i R™ into the close unit ball of R™. Suppose also that the boundary map
of F is a diffeomorphism on S"~'. There exists Ky > 1 such that if G is a
Ko-quasiconformal map on S*, then there are harmonic maps H and H
from H" into H" such that H = G o F and H = F o G. Moreover H and H
are quasi-isometries near infinity.

As mentioned before, if n > 3, it is unknown whether a rough isometric
harmonic map, or even a quasiconformal harmonic diffeomorphism, on H"
is a quasi-isometry. However, Theorem 4.1 and the uniqueness theorem in
[L-Wg] on rough isometric harmonic maps give the following:

Corollary 4.4. There exists Ky > 1 depending only on n such that if H
is a rough isometric harmonic map on H" with K,-quasiconformal boundary
data on S, then H is a quasi-isometry. More generally, if F is a quasi-
isometric harmonic map on H", then there is a Ky > 1 such that if H is
a rough isometric harmonic map on H" and H o F~' or F~' o H is a K-
quasiconformal map when restricted on the geometric boundary of H™, then
H 1is a quasi-isometry.

The first part of Corollary 4.4 can be considered as a partial generalization
of the result in [W] for dimension two that a quasiconformal harmonic map is
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a quasi-isometry. On the other hand, if we assume that H is a quasiconformal
map to begin with, then we can get a more explicit estimate of K.

Lemma 4.5. Let F be a K-quasiconformal analytic map from H" onto
itself. Then all critical points (if any) of F are isolated. Moreover, if o is a
critical point of F', then

e(F)(z) = O(d*(x,0)), asx — o,
for some integer k satisfying
2 <k <2K7T —1).
In particular, F has no critical point if K < 2"~ 1.

Proof. It is an easy fact that critical points of analytic homeomorphisms
are isolated. To prove the second part, we first observe that e(F)(z) =
O(d*(x,0)) for some k since F is analytic. To estimate k, we note that
e(F) > 0 implies that if e(F")(0) = 0, thenVe(F) (o) = 0. Therefore, k > 2.

For the other side of the inequality, we may assume, by composing an
isometry of H" to F from the left, that F'(0) = 0. Then since F~! is also
a quasiconformal map from H”" onto itself with the same quasiconformal
constant, we have by the Holder estimate of quasiconformal maps by [F-V]
that

KU/ (=)

(4.11) d(z,0) < C; (d(F(x),0)) ,

for some constant C; and for all  with d(z,0) < 1. Now, from e(F)(z) =
O(d*(z,0)), we conclude that for d(x,0) < 1,

d(F(z),0) < Cod" % (2, 0),
for some constant Cy. Combining this with (4.11), we have
d(x,0) < Cjs (d(:L‘,()))(H%)Kl/(l%> , asx —o.

Therefore, we must have
(1 + k) K1/(1-n) <1
2 f— )

which is the desired inequality.
Finally, the last statement is a direct consequence of above. |

Applying the Lemma 4.5 to quasiconformal harmonic maps, we have
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Proposition 4.6. Let F be a K-quasiconformal harmonic map on H".
Then all critical points (if any) of F' are isolated. Moreover, if o is a critical
point of F', then

e(F)(z) = O(d*(x,0)), asx — o,
for some integer k satisfying
2<k<2Kw1 —1).
Suppose further that K < 2"~ then F is a quasi-isometry.

Proof. Only the last statement need a proof since all others follows easily
from the analyticity of continuous harmonic maps and Lemma 4.5.

For the last statement, it is sufficient to prove that the energy density
is uniformly bounded below away from 0. In fact, if this is true, then the
Jacobian of F' is also uniformly bounded below away from 0, because F
is quasiconformal. On the other hand, we have uniformly upper bounded
for the energy density of F' from the assumption that F is quasiconformal.
Hence F' is a pseudo-isometry. Again combining these two bounds, we see
that the energy density of F'~! is uniformly bounded from above and hence
F' is a quasi-isometry.

We will prove that the energy density is uniformly bounded below away
from 0 by contradiction. Suppose not, then there exists a sequence of points
x; € H", such that e(F)(z;) — 0 as i — oo. Let o € H" be a fixed point and
o; and 7; be isometries of H" such that 7,(0) = z; and o;(F(x;)) = 0. Then
u; = 0; 0o F' o 7; are harmonic maps such that u;(0) = o and e(u;)(0) — 0
as ¢ — oo. Moreover, each u; is a K-quasiconformal map. By [F-V] for
example, see also [V], a subsequence of u;, also denoted by wu;, converges
uniformly to a K-quasiconformal map u on the close unit ball in R”, if we
use the Poincaré disk model for H". It is easy to see that u is also harmonic
with u(o) = o and e(u)(0) = 0. This obviously contradicts the last statement
of Lemma, 4.5. Hence the proof of the proposition is completed. |
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