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BOUNDARY BEHAVIOUR OF H? FUNCTIONS ON CONVEX
DOMAINS OF FINITE TYPE IN C»

Fausto D1 BIASE AND BERT FISCHER

‘We describe the optimal approach regions for a theorem of
Fatou type for H? functions on convex domains of finite type
in C". Moreover we show that the Nagel-Stein phenomenon
also holds in this context.

1. Introduction.

Holomorphic functions of the H? classes on a pseudoconvex domain of finite
type in C? have a boundary limit for almost every point in the boundary
of the domain, provided the limit is taken inside certain approach regions,
whose shape, in the complex tangential direction, reflects the order of contact
with tangential complex hypersurfaces, and therefore changes near weakly
pseudoconvex points [N, S, W81], [N, S, W85], [K72], [Ko69], [S72].

The major difficulties met in the study of pseudoconvex domains of finite
type in C" are the following: The behavior is different in the various complex
tangential directions and the different directions interact. In the context of
convex domains of finite type in C", one can restrict the attention to the
order of contact with complex lines [Mc92], and exploit certain coordinate
systems and polydiscs obtained by extremizing the distance along complex
lines, as in [Mc92], [Mc94], [Mc, S94], [Mc, S96|, which also give some
control over the intermediate directions.

In this paper we describe the natural approach regions for convex domains
of finite type in C", and prove the corresponding theorem of Fatou type
for H? functions. The shape of the natural approach regions depends on
the particular complex tangential direction which is being considered; in
particular, it reflects the order of contact of the boundary with the complex
line in that direction (see the example at the end of Section 3). A suitable
reqularization of the polydiscs studied in [Mc92] is used.

The natural approach regions for the unit disc are the nontangential cones
[F06]. In fact, no rotation invariant family of tangential curves is a region of
convergence for H? holomorphic functions [L27]. In 1984, A. Nagel and E.M.
Stein showed that almost everywhere convergence does indeed hold, for H?
functions, along certain approach regions containing tangential sequences—
as opposed to tangential curves [N, S84]. In particular, the ezotic approach
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regions constructed in [N, S84| are not contained in any of the natural
approach regions, near the boundary.

We show that the natural approach regions defined here for convex do-
mains of finite type in C™ also admit exotic approach regions of convergence.
Recall that, for the unit disc and Euclidean half spaces, one first constructs
an exotic approach region at one point, and then one translates it to nearby
points. The same approach works when the boundary is acted upon by a
group, or by a pseudogroup of diffeomorphisms, which preserve the relevant
family of balls in the boundary [Su86], [A, C92]. These ingredients are
lacking for a convex domain of finite type in C”, since the shape of the balls
changes near weakly pseudoconvex points.

We would like to thank J.D. McNeal for all the insights he shared with
us.

2. Geometry.

Let D cC C" be a smoothly bounded, convex domain of finite type M
defined by D = {r < 0}. Without loss of generality we may assume that
D, := {r < e} is also convex if |¢] < gy for some fixed small positive constant
9. Let S~ := {y € C": |y| = 1}. By dist, (g, A) we denote the distance
from the point ¢ to a set A along the complex line {g+ (v : ( € C}. We also
use the notation ¢, (q,¢) := dist,(q, bD,(g)+<). For each point ¢ with |r(q)| <
£0/2 and each positive number € < g£¢/2 McNeal [Mc94]| constructed special
coordinates z{° centered at g which are related to the standard coordinates
in C" by a unitary transformation. Moreover he defined certain numbers
7i(¢,€) (see Proposition 2.1 for more details) and the polydiscs

P(q,e) :=={z:|2]°| <71(q,e) forall i}.

Using these polydiscs one can define the quasi-distance o(q,p) := inf{e : p €
P(q,e)}. For each direction v one may consider the Taylor expansion of r
about ¢ in the direction defined by v

rig+zv) =r(Q)+ > al,(q)z"z" +O(|z["*).

p+rv=1

Using the quantities
A1(q) = max{lag, (@) p+v =k}
we define

s4(g,¢€) = min{(a/Aij(q))l/k o 1<k< M}
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The following statements are proven in [Mc94] and [Mc, S96].

Proposition 2.1. Using the notation given above we have:
(i) m(q,e) = dist(q,bD, (g +c) and the point where this distance is realized
lies on the positive xi°-axis where z{* = x% + iyi®.

(i) For2 < i <n, 1i(q,e) = dist,,(q,bDy(g)+:), where y; is the direction
given by the zI*-coordinate.

(ili) There exists a constant ¢, independent of ¢ and € such that
c0P(.€) C Dyyyse.

(iv)  (Vitali-type engulfing property.) There exists a constant Cy independent
of p, q and e such that if P(p,e) N P(q,e) # (0 then

P(qa 5) - Clp(pas)'

(v)  (Doubling property.) There exists a constant Cy independent of q and
€ such that
P(q,2¢) C CyP(q,¢€).

(vi) The quasi-distance satisfies
o(p.q) = o(g,p) and  o(p,q) S o(p,7) + o(r, q)-

(vii)  Let ~y; be the direction given by the z{°-coordinate and write vy =" a;;
with a; € C. Then we have

5 (0.0 ~ (3 2L

Ti(Qve)

-1

(viii) Ifp € P(q,€) then
Ti(p,e) = 1i(q,e) for i=1,...n.
(ix) If o is the surface measure on bD then
o (P(w,e) NbD) ~ e 'TI"_, 7, (w, ).

Note that statement (vii) means that even in the intermediate directions
the distance to the boundary of the domain can be controlled by the distance
to the boundary of the polydisc in the ; directions. This fact holds because
of the convexity of the domain. Together with part (iii) it implies us that
these polydiscs are the largest ones that fit inside the domain.

The following lemma is also implicit in [Mc94]. Since it is one of the
basic ingredients in most of the other estimates, we will give the proof here.

Lemma 2.2. We have
d,(q,¢) = s,(q;¢€).
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Proof. Consider the following Taylor expansion

rig+z7)=r(@+ > awz"z"+0(z["") =r(q) + f(2).

p+rv=1

Now 4, (g, €) is the supremum of all positive real numbers c such that f(ce')
< e for all . If we set ¢ = (2M (M + 1))~ 's,(q, ) then we have

M+1

Y4 )Sg,

F(@M(M +1))7"s,(g,€)e”) < (1/2)e + Oe

for e < e (after perhaps shrinking ¢¢). Therefore s,(g,¢) <d,(q,€).
To prove the other inequality we first have to observe that

Z au(q) e

pn+v=~k

Al(q) < (M +1) max

Now let ¢ = (2(M + 1)/ca)s,(q,€), where ¢y, is the constant that appears
in Lemma 2.1 in [B, N, W88] and only depends on M. Then

M +1)/enr)s,(q,€)e”)
= (a10€” + agre ) (2(M + 1)/enr)s4(q.€)

: ( > ”) ((2(M +1)/err)s1 (g, )" + Ollsy (g, )M,

=2 pt+rv==k

Using Lemma 2.1 from [B, N, W88] we get

FU2(M +1)/enr)s, (g, €)e™)
> 2Re (a10€”)(2(M + 1)/car)s,(q,€)

M
+ Cnrr Z Z am,ew(‘“”)

(M +1)/ear)sy (4, €))") + O(]s5(q,€)| ).

Now assume that s,(g,€) is realized by the term (e/A] (¢))*/* with ko >
1 and that the maximum of {|3°, ,_, a..(q)e®* )|} is reached at 6 =
0y. Note that then 6y + 7 also gives this term. So we may assume that
2Re (ajpe”) is nonnegative. Now we get

FU2M +1)/crr)s, (g, €)e™)

6 —v
Z a;we o(p—v)

ptv==ko

> cu ((2(M +1)/err)sy(q.€))*) + Olsy(g,0) ")
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s eu| 3 gt
ptv=Fko

((2(M + 1) /ear)(e/ A7 () F0)* + O(MHH/M)
> 26 + O(eMHYM) > ¢

for all ¢ < gy (after perhaps shrinking £y). If ky = 1 we only have to
estimate the first term, that can be treated in the same way. Finally we
have s,(g,€) > 0,(q,€). u

Together with the numbers 7;(q, €) defined by McNeal we will also consider
the quantities 7, (g, ¢) := dist, (¢, bP(q,€)). Note that

P(g,e)={p:|lp—4ql <7,(q,e) for v=(p—a)/lp—dql}.

It turns out that neither the 7;(g, e) nor the 7,(g,e) are monotonous in the
parameter €. But instead there is some quasi-monotonicity described in the
following lemma:;:

Lemma 2.3. There exists a constant C, independent of q, € and ~ such
that
(i) Tw(q’g) ~ 57(%5)-
(i) For all C and C" with C' > Cymax{CM ,C} we have C1,(q,e) <
7,(q,C’e).
The inequality in (ii) is strict if € > 0.

Proof. Writing v = > a;v;, where ~; is the direction given by the z!*-
coordinate, we see that

nee mm{n%f)} B (max{ngi|a> }> = (2 {Ti&’@ })

Part (i) now follows from Proposition 2.1 (vii) and Lemma 2.2. Note that
in the above equation even the a; depend on € because the coordinates
z{® do. In the definition of s.,(¢,e) the terms A} (w) do not depend on e.
Therefore this gives us fairly explicit expression in e. Part (ii) is then a
simple application of (). L

The polydiscs P(q, ) need not be continuous neither in ¢ nor with respect
to e. We would like to use them to define the approach regions but in this
case these regions would not be open. Moreover it will be important, in the
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proof of Theorem 4.1, that the sets {w : z € A,(w)} are open. Therefore we
use the following two regularizations. Let us define

P'(q,e) := |J P(g.€")

e'<e

and

P"(q,e) := U P'(p,e).

P’ (p,e)>q

Note that these sets are no longer polydiscs but they are related to the
P(q,¢) polydiscs by the following lemma:

Lemma 2.4
(i) There exist constants cs5 and Cs independent of q and € such that

P(q,cse) C P'(q,e) C P(q,Cse).

(ii) There exist constants cg and Cg independent of q and € such that
P'(q,cee) C P"(q,e) C P'(q,Cee).

(iii) ©"(g,p) :=inf{e : p € P"(q,e)} is a quasi-distance equivalent to o(q,p).

Proof. Observe that P’(q,e) contains P(q, cse) for every ¢5 < 1. We know
from Lemma 2.3 (i7) that there is a constant C such that P(q,e) C P(q,Ce)
for all C' > C}. Choosing Cs > C, we see that P(q, Cs¢) contains all P(q,€’)
with ¢’ < ¢ and therefore also P’(q,e). This proves (i). Since P’(gq,e) con-
tains ¢ we have P’(q,cse) C P"(q,¢) for ¢ = 1. Using part (), Proposition
2.1 (iv) and Lemma 2.3 (i) we see that every P’(p,e) which contains ¢ is a
subset of P’(g, Cse) for Cs = C,CM C5/cs. Therefore P”(q, ) is also a subset
of P'(q,Cse). The third part is a consequence of (i) and (i7). |

Now we can use the balls P”(q,¢) to define the family of admissible ap-
proach regions. For every positive number « and every point w € bD we
set

Ay (w):={z€ D :7(z) € P'(w,a|r(2)])},

where 7 is the projection which maps every point in a neighborhood of the
boundary to the nearest boundary point. Observe that A, (w) is a subset of
Ay (w) for a < .

The set A, (w) is open. The proof of this fact is based on the following
property of the balls P”(w,r): If z € P”(w,r), then, for r’ close enough to
r, the ball P”(w, ") contains a small neighborhood of z.
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For the proof of our results we need some more lemmas where the following
set plays an important role. For z € D and a small positive constant k define

Dy (2) := P"(z,k|r(2)|).
Lemma 2.5. If k is small enough then

(Ol = |r(2)]
for all ¢ € Dy(z).

Proof. Tt follows from Lemma 2.4 (i) and (i), Lemma 2.3 (i7) and Proposition
2.1 (Zl’L) that Dk(z) CP(Z, C5CGIC|T‘(Z)|) CCOP(Z, (1/2)|T‘(Z)|) CDT(Z)+(1/2)|T(Z)|
if k is small enough. This means that 7(() < r(z) + (1/2)|r(2)] or |r(¢)| >
(1/2)|r(2)| for all ¢ € Dy(z). To prove the other estimate we first have to
observe that Dy(z) C DN P(z,|r(z)]). If k is small enough this follows as
above. Now we make use of the special coordinates constructed by McNeal
for p =z and € = |r(2)|. According to Proposition 2.1 (i) we know that the
plane x; = 71(2,|r(2)|) is a tangential plane. It follows from the convexity
of the domain that z;(u) < 71(z, |r(z)|) for every uw € bD N P(z,|r(2)|). For
every ¢ € D N P(z,|r(2)|) we know that —7(z, |[r(2)]) < 1(¢) < z1(7(¢))
where 7 is the projection to the boundary along the z;-direction. Using the
well known fact that 71(¢, |r(¢)|) = dist(¢,bD) ~ |r({)| we now get

Ir(O)] < dist(¢,bD) < z1(7(¢)) — 21(C) < 27(2, [r(2)]) S Ir(2)]
which proves the lemma. [l

Lemma 2.6. If k is small enough then:
(i) Dg(z) is a subset of P(C,|r(C)|) for every ¢ € Dy(z). For everyn €
7w(Dy(z)) the one dimensional measure of 7= 1(n) N Dy(2) is bounded
by C7|r(z)|, where C; is independent of k, n and z.

(ii) There exists a constant K independent of z such that w(Dy(z)) C
P (mw(z), K|r(2)|) for all z with |r(2)| < eo/2.

(ili) For every « there exists an o such that z € A,(w) and { € Dy(z)
implies ¢ € Ay (w). The parameter o does not depend on w.

Proof. The first part of (i) follows from the fact that the quasi-distance
between two points in Dy (z) can be estimated by a multiple of |r(z)| and
using Lemma 2.5 also by a multiple of |r({)|. The second part is then
simply the fact that 7= (7(()) is exactly the z;-axis in the coordinate system
constructed with respect to p = ¢ and € = |r(()| using again Lemma 2.5. The
second statement follows from the triangle inequality of the quasi distance
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and the fact that o”(7((),(), 0”((,2) and ¢’ (z,m(z)) can be estimated by
multiples of |r(z)|. The proof of (iii) is similar. After using the triangle
inequality we just have to observe that all of the quasi-distances o (w, 7(2)),
0" (m(z),2), 0"(2,¢) and 0" ({,7(¢)) can be estimated by multiples of |r({)].
This completes the proof. [l

3. The natural approach regions.

Let D and D. be as in Section 2. We say that a function f belongs to H?(D)
if f is holomorphic in D and satisfies

sup /bD |f(Q)|Pdo.(¢) <o for 0<p< oo

—ep<e<0

sup|f(¢)] < oo for p=oc.
¢eD

In this section we will prove that every f € H?(D) has limits along the
admissible approach regions defined in Section 2 for almost every boundary
point w.

First we have to give some definitions. If f € L'(bD) then by M f we
denote the maximal function of f with respect to Euclidean balls. By M" f
we denote the maximal function of f with respect to the balls P”(w,r)
defined in Section 2

M f(w) = sup |P"(w,r) " [ |f(2)ldo(z).
>0 P/ (w,r)
Note that instead of the supremum over all balls centered at w one can also
take the supremum over all balls which contain w.

The following lemma contains the basic ingredient of the proof of the main
theorem (see [ST2]).

Lemma 3.1. Let u € C(D) be a nonnegative, plurisubharmonic function.
Define f := u|bD' For each a > 0 there exists a constant C, independent
of w € bD such that

sup u(z) < C,M"(Mf)(w)
zEAL (w)

for all w € bD.

Proof. First note that the subharmonicity of u implies u(z) < P f(z), where
Pf is the Poisson extension of f. Theorem 3 in [S72] shows that

u(z) < Pf(z) S Mf(m(2)).
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Now we use the fact that the set Dy (z) is a subset of D (see Lemma 2.6
(7i7)) and that there exists a polydisc P(z,cscek|r(2)|) which is a subset of
Dy.(z). Let us denote this polydisc by dj(z). Since |u| is plurisubharmonic
on dj(z) the submean-value property leads to

w1 [ QIvE)

k(2

< (TI7_, 7, (2, esceklr(2)])?)

~

M f(x(C))dV (C)-

Dy (2)
Before we can proceed with this estimate we have to observe a couple of
things. First let us introduce the abbreviation Ag(2) := P(w(z),Clr(z)]) N
bD. Lemma 2.6 (i7) and Lemma 2.4 (i), (i7) tell us that the projection of
Dy (z) belongs to Ac,c,x(2). Since z € A,(w) we have
7(z) € P(w, C5Csa|r(z)]).

Therefore there exists a constant C!, > C4C5;Cs K only depending on « such
that w € Acs (2). By Proposition 2.1 (iz) the (surface) measure of Ac (2)
can be estimated from below by the product c|r(2)| 7' II"_, 7, (7 (2), C’|r(2)])?
and by Lemma 2.6 (i) the (one dimensional) measure of 7~*(7(¢)) N Dy (z)

is bounded by C7|r(z)| for every ¢ € Dy(z). Moreover since z belongs to
P(n(z),C"|r(z)|) Proposition 2.1 (viii) and Lemma 2.3 tell us that

Iy 7, (m(2), Colr(2)])* ~ )7 (2, Colr(2)])* & CAIL_y 7, (2, escokilr (2))7,

where C! only depends on a.
Now we can continue the estimate as follows:

(ﬁ 7 (2, CsCGkIT(Z)|)2> - M f(m(C))dV (¢)

Ac&(z)

S (ﬁ Tu(zv%CekIT(Z)l)z) (=) Mf(t)do(t)
C

< a<ﬁn(ﬂ(2),0;\7“(z)\)2) Ir(2) M f(t)do(t)

v=1 AC& (Z)
1
<Cay [ MI@dolt) £ CaM"OIf)(w)
[Acy (2)] Jag,
which proves the lemma. [l

Theorem 3.2. Let 0 < p < 00, D and A,(w) as in Section 2. If f € H?(D)
then for almost every w € bD the limit

i
o f(z)

exrists.
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Proof. The outline of this proof is exactly the same as in the corresponding
statement for the admissible approach regions for strongly pseudoconvex
domains [S72, pp. 38-40]. The special geometry of the domain is involved
only in the previous lemma. [l

The approach regions A, (w) are essentially the greatest natural family
of approach regions that can be obtained by this method, since they are
build using the biggest polydiscs that fit inside the domain. However it will
be shown in Section 4 that there are exotic approach regions which are not
contained in any of the approach regions A, (w).

Let us give some more details about the admissible approach regions. In
particular we are interested in the shape of A;(w) near its vertex. Consider
a point w € bD, a tangential direction ~y, a small positive parameter b and
let z, be the point in the boundary for which the orthogonal projection to
the tangent space T,,(bD) is exactly w + by. Let h(b) be the distance of
A;(w) to the point z, along the normal direction at this point. Using the
comparability of P”(g,¢) and P(q, <) and that of 7,(g,¢) and s, (g, €) we find
that

h(b) ~ max (A} (w)b").

1<k<M
In other words the shape of the approach region reflects exactly the order of
contact of the boundary with the complex line in that direction.

If we consider the example r(z) = |21]* + |22]* + |23/® — 1 then we get at
the point wy = (1,0, 0)

h=~b* for ~=(0,1,0),
h =~ max(b* cos* t,0°sin’t) for = (0,cost,sint),
h~b® for ~=(0,0,1).

It is also interesting to see how the shape of the approach region changes
if the vertex moves, in particular if the vertex moves to a point with higher
order of contact. Let us consider the points w; := (v/1 —¢%,0,¢). Along the
zy-direction all these points have order of contact 4 and indeed we get

ha~b* for w=w, and 5= (0,1,0).

Now let 7; be the complex tangent direction orthogonal to (0,1,0). The
order of contact along this direction is 2 for every w; with ¢ > 0 and 6 for
wyp. If we compute h then we get (modulo higher order terms in t)

h ~ max (9t4b2, 9t°p°, 9t%b*, 3tb°, b°) for w=w, and =

So whenever ¢ > 0 the first term will be the maximum if b is small enough.
How small b must be depends on ¢t and if ¢ = 0 then the last terms will be
the maximum.
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4. The existence of exotic approach regions.

In this section we prove the following:

Theorem 4.1. Let D be a convex domain of finite type in C™. Let A, be the
admissible approach regions defined in the previous section. Then for each
w € bD there exists a subset L(w) of D, containing w in its closure, such
that: (i) for almost every w € bD, the set L(w) contains a sequence z,(w)
that converges to w and that, for every o > 0, contains a subsequence which
is not contained in A, (w); (ii) for every function f € HP(D), the limit

li
L(w)IEI‘Ilew f(Z)

exists for almost every w € bD. The approach region L(w) contains A,, for
a certain ap.

The dual A,* of A,, defined by
A (z) ={webD:ze A, (w)}, ze€D,
will play an important role in the following two lemmas.

Lemma 4.2. The sets A,"(z) C bD are open and, for every o > 0, there are
positive constants cs(a) and Cs(a) such that for every z € D close enough
to the boundary, there is a ball P"(w,,r.) C bD such that

P'(w,,cg(a)r,) C A" (2) € P"(w,, Cs(a)r,).
In fact, w, = 7(z) and r, = |r(2)|.

Proof. The first assertion follows from the regularity properties of P’ and
P”. As for the second, let C be the constant such that w € P”(u,r) implies
that u € P”(w,Cr). Then

1% (71'(2), g\r(z)|) C{webD: » e A.(w)} C P'(x(2),Calr(2))).
0

We now apply [Ch90, Theorem 11, p. 6-7], that yields a decomposition
of dyadic type of bD, i.e. a sequence of nested partitions of bD in open
sets {Q,}, that are uniformly comparable to balls {P)'} of geometrically
decreasing radius. In particular, let T" be the tree which encodes the in-
clusion relations between the open sets {Q.}, ., of the decomposition, and
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let {P)}, . be the corresponding family of balls P C bD. For x € T let
|z| denote the generation to which x belongs. Then there is a constant h,
0 < h < 1 such that

P} = P"(p(x), hl),

for certain points ¢(z) € bD. Moreover, there are positive constants ag, a,
asz,n such that

P"(¢(x),a0 h1*") € Q, € P"(¢(x),ar h*)
and

o({w € Q, : 0" (w,bD\ Q,) < th!"}) < axt"o(Q,),t >0,z € T.

Lemma 4.3. Fiz a dyadic type decomposition of bD, as above. Then, for
x € T with |x| large enough, there is a point z, € D, such that for each
a > 0 there are constants co(a) and Co(ar), with the property that co(1) = a4
and, for allx € T and o > 0,

P (p(x), cola) H) € A" (2,) € P"(p(), Cafa) hi)

Moreover, the point z, is close to the center of P!, in the sense that the
Euclidean distance between z, and ¢(x) tends to zero as |x| — oco.

Proof. Let v,, be the inner unit normal to bD at w € bD. Recall that there
are constants ¢, C' such that ¢ R < |r(w + Rv,)| < CR, for all w € bD and
R > 0. Define, for |z| large enough,

N a, hlzl
2y = 0(T) + ————Vi(a.
14 ceg(1) (@)

In particular, 7(z,) = ¢(z) and Cs(ll)hm < r(z)| < Eia(ll)hm. Then, by
Lemma 4.2,

p ((P(x)’ CSC(SO([i)alhzl) c Aa*(Zx) c P ((,O(H?), h|m|> )
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Proof of Theorem 4.1.  'We can apply [DB95, Theorem 5.32], by Lemma 4.2
and Lemma 4.3. In fact, Lemma 4.2 says that the approach regions A, form
a natural one parameter family of approach regions, while Lemma 4.3 says

that the embedding x € T' — z, € D is admissible. [l
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