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CELLULAR DECOMPOSITIONS FOR NESTED HILBERT
SCHEMES OF POINTS

JAN CHEAH

In this paper, we study the smoothness, tangent spaces,
structure and homology groups of various “nested” Hilbert
schemes parametrizing nests 7; C Z, C ... C Z,, of zero-
dimensional subschemes on smooth quasiprojective varieties.

0.1. Basic notation.

Suppose that X is a quasiprojective scheme defined over the complex
numbers. We denote the Hilbert scheme parametrizing zero-dimensional
subschemes of length n (n > 1) of X by Hilb"X. A nested Hilbert scheme
is defined to be a scheme of the form

Zoa(X) = {(Z2, Zay o0 Z0) : Zi € Hilb™ X
and Z; is a subscheme of Z; if i < j},

where the symbol n is used as a shorthand for the m-tuple (nq,na,..,n,,).
This shorthand will be used throughout the paper. There is, of course, no
loss of generality in assuming that n; < ny < ... < n,, when we study
such a space. The construction of the spaces Z,(X) as schemes is a simple
modification of the construction of Hilb"” X found in [Gr], [Kol] and [Mum]
(see [Ch1] for details).

We also consider the reduced scheme parametrizing zero-dimensional sub-
schemes of length n (n > 1) of a smooth variety X concentrated at some fixed
point P. If X has dimension r, this scheme can be identified with the reduced
scheme parametrizing zero-dimensional subschemes of length n of A™ con-
centrated at the origin and is hence denoted by Hilb™ (A", 0). Alternatively,
Hilb™(A",0) agrees with the reduced scheme of Hilb"(Spec (C[[z1,x2,. .. ,
x,]])), the Hilbert scheme parametrizing subschemes of length n of Spec
(C [[#1,x2,...,x,]]). As before, one can consider nested Hilbert schemes of
the form

Zo(A,0) := {(Z1, Za, ..., Zn) : Z; € Hilb™ (A", 0)
and Z; is a subscheme of Z; if i < j}

and these nested Hilbert schemes are referred to as the “punctual” nested
Hilbert schemes.
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Except where otherwise stated, we restrict our investigations to the nested
Hilbert schemes on smooth connected quasiprojective varieties. (By a va-
riety, we mean a seperated reduced scheme of finite type over C.) The
assumption of smoothness is a real condition which is necessary for the ar-
guments we employ but connectedness is assumed only for convenience; there
is no loss of generality since the Hilbert scheme of points of a variety is the
product of the Hilbert schemes of points of its components.

0.2. Summary of results.

If C' is a smooth curve, Hilb™C' is isomorphic to the n** symmetric product
of C, which is a smooth variety; in fact, any nested Hilbert scheme Z,(C)
is smooth because it is a product of symmetric products of C' (see, for ex-
ample, [Ch1], Chapter IV, Corollary 2.3). If S is a smooth surface, all the
Hilbert schemes Hilb™S are smooth [Fo], as are nested Hilbert schemes of
the form Z,,_; ,,(.S), which are of much interest in Donaldson theory [Tik]. It
is also well-known that whenever X is smooth, the schemes Hilb?2X, Hilb3X,
Z12(X) and Z;3(X) are smooth [Elen-LeB].

In fact, we prove here that if X is a smooth quasiprojective r-dimensional
variety, the nested Hilbert scheme Z,(X) is smooth precisely when either
(0.2.1)

(a)r<1 or

(b) =2 and Z,(X) is equal to Hilb"X or Z,_; ,(X) for some n or
(c) r >3 and Z,(X) is equal to one of the spaces

Hilb! X, Hilb?X, Hilb*X, Z, 2(X) or Zs4(X).

th

In Chapter I, we show that a singular point can be constructed on any
nested Hilbert scheme not included in the list above. Ellingsrud and Strgm-
me’s C*-action on Hilb"P? [E-S] can be generalized in an obvious way [§3.1]
to give a C*-action with isolated fixed points on any nested Hilbert scheme
Zn(P") and we check in §3.2 that all of the fixed points on the nested Hilbert
schemes which satisfy (0.2.1) are smooth points.

By studying this C*-action on Hilb"P? and applying a theorem of Bialyni-
cki-Birula, Ellingsrud and Strgmme obtain cellular decompositions of the
spaces Hilb"P? Hilb"A? and Hilb"(A? 0), enabling them to compute the
Borel-Moore homology groups of these spaces and to deduce that they co-
incide with the Chow groups; we may likewise obtain [§3.3] cellular decom-
positions and study the homology groups of all the smooth nested Hilbert
schemes on affine and projective space as well as of the corresponding punc-
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tual nested Hilbert schemes

(0.2.2)
Za(AY)0), Hilb"(A%0), Z,_1.,.(A%0),
Hilb?*(A",0) (= Z,2(A",0)), Hilb*(A",0) and Z,3(A",0).

Whereas Ellingsrud and Strgmme count the dimension of the “positive part”
of the tangent space at each of the C*-fixed points of Hilb"P? by the use of
some exact sequences, we actually write down [§2.5 and §2.6] an explicit
weight basis for the tangent space at each of the C*-fixed points of Hilb"[P?
and Z,,_1 ,(P?).

Moreover, just as the C*-action on Hilb"(IP?) can be chosen [G61, G62]
so that the resulting cellular decomposition of Hilb"(A?,0) is a union of cel-
lular decompositions of its Hilbert function strata, one can obtain [§3.4] cel-
lular decompositions of the “Hilbert function strata” of the punctual nested
Hilbert schemes listed in (0.2.2). Indeed, the geometry of these spaces closely
resembles that of the Hilbert function strata of Hilb"(A? 0). For exam-
ple, each Hilbert function stratum of Z,_;,(A%0) is [§3.4] an irreducible
smooth variety and its intersection with the closed subset of Z,_;,(A?,0)
parametrizing pairs of subschemes defined by homogeneous ideals is an irre-
ducible smooth projective variety.

With an appropriate interpretation of the word “homology”, all our results
apart from some in Section 3.4 remain valid over any algebraically closed
base field k. In the last part of Section 3.4.b (the part following Figure
10), we list some results from [Iar| about the Hilbert function strata of
Hilb™(A?,0) which are proved for algebraically closed fields k of characteristic
zero (or for which char k > n). These results are then used in Section 3.4.c
to study the Hilbert function strata of the punctual nested Hilbert schemes
Z,_1.,(A%0). While it is still true that each Hilbert function stratum of
Z,_1.,(A%0) has the cell decomposition described in Proposition 3.4.15.2
when the characteristic of k is finite, it does not follow from our argument
that it is a smooth space. We also do not know whether the associated space
of homogeneous ideals is smooth or if it has a cellular decomposition.

The cellular decompositions obtained here for the punctual nested Hilbert
schemes are used in the sequels to this paper [Ch2] and [Ch3] to calculate
the virtual Hodge polynomials of all the smooth nested Hilbert schemes on
X (and of related varieties such as the universal families over some of these
nested Hilbert schemes) in terms of the virtual Hodge polynomial of X for
any smooth quasiprojective variety X.

This paper is part of my thesis [Chl] written under the guidance of Bill
Fulton. Thanks go also to the referee for his many helpful remarks.
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0.3. Description of contents.

In Chapter I, we prove that if X is a smooth r-dimensional quasiprojective
variety, the nested Hilbert scheme Z,(X) is singular unless it satisfies (0.2.1).

In Chapter II, we study certain C*-actions on the nested Hilbert schemes
on A" which satisfy (0.2.1). In particular, we construct explicit weight basis
for the tangent spaces to these schemes at the C*-fixed points. The results
obtained in this chapter are needed in Chapter III. The cases Hilb"”A? and
Zp_1.(A?) are the most involved and take up the bulk of the chapter.

In Chapter III, the nested Hilbert schemes which satisfy (0.2.1) are shown
to be smooth. We look at C*-actions on all the smooth nested Hilbert
schemes on P” to obtain cellular decompositions for these spaces, for the
smooth nested Hilbert schemes on A" and for the corresponding punctual
nested Hilbert schemes.

A consequence of the existence of cellular decompositions for these spaces
is that the cycle maps between their Chow groups and their Borel-Moore
homology groups are isomorphisms. In particular, there is no odd homology
and the homology groups are all free. The number of cells of each dimension
or, equivalently, the Betti numbers of the punctual nested Hilbert schemes
listed in (0.2.2) are computed in Section 3.3; the number of cells of each
dimension of the smooth nested Hilbert schemes on affine and projective
space can be read off from formulae which we obtain in [Ch2| and [Ch3].

Lastly, in Section 3.4, we study the “Hilbert function strata” of the punc-
tual nested Hilbert schemes listed in (0.2.2) and obtain cellular decomposi-
tions for these spaces.

0.4. Essential facts about Hilbert schemes.

Connectedness. In [Fo], Fogarty shows that Hilb™(A",0) is connected
and deduces that Hilb" X is connected when X is a connected quasiprojective
scheme. It is reasonably straightforward to adapt his proof to show that all
the spaces Z,(A",0) and Z,(X) are likewise connected (details can be found
in [Ch1]).

Tangent spaces. If X = Spec R, there is a canonical isomorphism between
Hompg (I, R/I) and the tangent space to the Hilbert scheme Hilb" X at the
point representing the subscheme of X associated to the ideal I [Gr].

One checks easily that the tangent space to Z,, ,,(X) at the point corre-
sponding to the pair of ideals (I, I5) is canonically isomorphic to Ker (¢—1)),
where

¢ : Hompg(I1, R/I;) — Homg(I>, R/I;) and
1/1 : HOmR(Ig, R/Ig) — HOmR(Ig, R/Il)
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are the obvious maps and
(¢ — ) : Hompg (I, R/1,) ® Homg(Iz, R/I3) — Hompg(Iy, R/1)

is defined by letting (¢ — ¥)(f1, f2) = ¢(f1) — ¥(f2).
Similarly, the tangent space to Z,(X) at the point corresponding to the

m-tuple of ideals (I, I, ..., I,) is canonically isomorphic to ,Q,Ker (@i —
i<j

i ;) o m; j), where
T ke:élHomR(Ik, R/I,) — Hompg(I;, R/I;) & Homg(I;, R/1,)
is the projection map, and where
¢i; » Homg(I;, R/I;) — Homg(I;, R/I;) and
i - Homp(l;, R/1;) — Homg(I;, R/1;)
are the obvious morphisms.

Chapter I. Towards the classification of the smooth nested
Hilbert schemes of points.

In this chapter, we prove the following;:

Theorem. If X is a smooth r-dimensional quasiprojective variety, the
nested Hilbert scheme Z,(X) is singular unless it satisfies (0.2.1).

The converse is proved in Section 3.2.

We need only consider the case when X is A" since any point of Z,,(A") has
a neighbourhood in the classical topology which is analytically isomorphic
to a neighbourhood of some point of Z,(X). The theorem is, therefore, a
consequence of the four following lemmas.

Lemma 1.1. Ifr > 2 and m > 3, the nested Hilbert scheme Z,(A") is
singular.

Lemma 1.2. Ifr > 2 and no—ny > 1, the nested Hilbert scheme Z,,
s singular.

(A7)

1,2

Lemma 1.3. Ifr > 3 and n > 4, the nested Hilbert scheme Z,_1 ,,(A") is
singular.

Lemma 1.4. Ifr >3 and n > 4, the Hilbert scheme Hilb" (A") is singular.

Let Hilb,A" denote the open subset of Hilb"A" consisting of n distinct
points and let p,, denote the projection from Z,(A") to Hilb™”" A". Then, the



44 JAN CHEAH

nested Hilbert scheme Z,(A") is a connected scheme with an open subset
Py (HiIbZA") of dimension rn,,. Thus, to show that a given nested Hilbert
scheme Z,(A") is singular, we need only show that it has a point at which
the dimension of the Zariski tangent space is larger than rn,,.

1.1. Proof of Lemma 1.1.

First of all, we show that Z; 5 3(A") (r > 2) is singular by constructing a
point Q1 = (Z1, Zs, Z3) on Zy 2 3(A") at which the tangent space has dimen-
sion greater than 3r. Let Z;, Z, and Z3 be the subschemes of A" associated to
the ideals of C [z, 2o, ... , .|, [ = (x1, 20, ... ,2,), [y = (x1%, X9, 3, ... ,T;,)
and I3 = (212, 0129, 5%, 23, ... , T,).

We call the generators of I; given above its canonical generators. If « is
a canonical generator of I; and 3 is an element of R/I;, there exists at most
one R-module homomorphism from I; to R/I; which takes a to § and all the
other canonical generators of I; to zero; when such a homomorphism exists,

we denote it by (a+— 3).
The (3r + 1) elements of Hompg (I, R/1;) ® Hompg (I, R/13) ® Hompg(Is,
R/Ii’))v

(xp—1, 2p—1, ap—1 ) for3<k<r,(z2—1, 20—1, 2129 — 271),
( 0, xp— a1, xp—xy ) for3<k<r ( 0 0, w1x20—>x2),
( 0, 0, g xe ) for3<k<r ( 0, 0, 2 2g ),
( O, IE12I—>I1,SC1 = T )7 ( O, T — T, 0 ),
( 07 07 '—>£C2 )7 (1'1 = 17 07 0 )7

are, by direct calculation, linearly independent elements of the tangent space
to Z123(A") at Q1 = (Z1, Za2, Zs).

Next, we show that given any nested Hilbert scheme Z,(A") with r > 2
and m > 3, we may construct a point (J, on it at which the tangent space
has dimension greater than rn,,. Let P, P,,..., P, _3 be distinct points

of A"~ {0}. For 1 <i<3,let k; =n; —iand let Z = Z; U (61P2> while
‘7:

ki
for 3 <i<m,let k; =n;, —3 and let Z] = Z3 U (‘U1Pi)' We check that
=
Q2 = (Z1,Zs, ..., Zy) is a point of Z,(A"). Denoting the tangent space to X
at the point P by Tp x, we have Ty, z,ar) = 14,2, 557 P < ESTP Ar>, SO

the dimension of Ty, 7, (ar) is greater than rn,, as required.

1.2. Proof of Lemma 1.2.
We retain the notation of the previous section and start by showing that
when r > 2, the tangent space to Z; 3(A") at the point Q3 = (Z1, Z3) has
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dimension greater than 3r. We do so by checking that the 37 + 2 elements
of Hompg (11, R/1,) ® Homg(I3, R/13),

(0, xp—xy ) for3<k<r ( O, .%'1.’132|—).7J2),

( 0, Tp—xe ) for3<k<r ( O, r—»xl ),
(zp—1, zp—1 )for3<k<r( O 2oy ),
(0, x12 =), (xy — 1, 0 ),
(0, z?’—umx ), (zg—1, 0 ) and
(0, zxor—>11 ),

are, in fact, linearly independent elements of the tangent space to Z; 5(A")
at Q3 = (21, Zs).

Then, we show that given any nested Hilbert scheme Z,,, ,,,(A") with r > 2
and ny, — ny > 1, we may construct a point ()4 on it at which the tangent
space has dimension greater than rns. Let P, Ps,...,P,,_3 be distinct

~ ni—1 ~ no—3
points on A"~ {0}, let Z; = Z; U ‘1U1 P; and let Zy = Z3 U ‘2U1 P;. Then,
J= J=
Qs = (Z1,25) is a point of Z,, ,,(A") and Tq, z, ., s is isomorphic to

1ng (A7) 18 greater than

no—3
TQq, 2, 5(am) @ ( 269 ijAr>, so the dimension of Tg, ~
, iz :

rny as required. L1

1.3. Proof of Lemma 1.3.

First, we show that Zs 4(A") (r > 3) is singular by constructing a point
(Y1,Ys) on Z3 4(A") at which the tangent space has dimension greater than
4r. Let Y; and Y; be the subschemes of A" associated to the ideals J; =
(212,252, 21T, T3, ... ,x,) and Jo = (112,192, 13%, 2100, T1 T3, To3, Ty, T,

,x,) of Clzy,xq,...,x,.]. We call the generators of J; given above its
canonical generators. Then, with the notation of Section 1.1, the elements

of Hompg(J1, R/J,) ® Hompg(Ja, R/ J5),
( a1, ri—1 ) ford <i<r (a2 x1, 22— 21 ),
(zi—x, z—x ) ford<i<r( 0, x1x3»—>x3),
(wi— g, xp—oxy ) ford<i<r 0, IEQ.ZUg'—)ZL‘g),
( 0, xi— a3z ) ford <i<r ( 0, 23 ),
( L1 F T, L1l > T ), ( T3 = L1, 0 )a
( 1$2'—>J327$1x2'—>$2 ), ( T3 — Ta, 0 );
( xl — T, — X ), ( 0, — X3 ),
( 2% g, T ay ), ( 0, 2+ x5 ) and

(551 = Ta, 3312'—’332 ),

are 47 + 1 linearly independent elements of the tangent space to Z3 4(A") at
(Y1,Y3).
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If P\, P,,.., P,y are n — 4 distinct points on A"~ {0}, then ((Yl U

n—4 n—4
'U1Pi)’ <Y2 U 'U1Pi)) is a point of Z,_1,(A") at which the tangent space
JI= JI=

has dimension greater than nr. Ul

1.4. Proof of Lemma 1.4.

We start by showing that for r > 3, the tangent space to Hilb*A" at Y,
has dimension greater than 4r. In fact, with the notation of the previous
sections, the homomorphisms

(x;—1) for 4<i<r, (z;—x3) for 4<i<r,
(w;—x) for 4<i<r, (z°—x;) for 1<4d,5<3,
(xi>xp) for 4<i<r, (wu;—xz;) for 1<i#j<3,

are 47 + 3 independent elements of Hompg(J2, R/ J2).
It remains to show that whenever » > 3 and n > 4, the Hilbert scheme
Hilb” A" has a point at which the tangent space has dimension greater than

nr. If Py, P,,..., P,_4 are distinct points of A"~ {0}, then (Yz U nL_JfPJ> is
‘7:
such a point of Hilb™A". O

Chapter II. The tangent spaces at the fixed points of various
nested Hilbert schemes on affine space under certain actions of
the one-dimensional torus.

The action of C* on R = C [zy, x4, ..., x,] given by
(2.0.1) tox=tlz;, for1 <i<r

induces an action of C* on Hilb”A", and hence on Z,(A"), as C* permutes
the ideals of R of colength n. We restrict our attention to C*-actions with
(f1, fhay ooy pir) € Z7 lying outside the hyperplanes mypg +mopio+ ... +m i, =
0 for which (mq,ms,...,m,) is an r-tuple of integers between (—2n — 1) and
(2n + 1) and for which not all the m;s are zero.

A fixed point of Hilb”A" is a C*-invariant ideal I of R of colength n while
a fixed point of Z,_;,(A") is a pair of invariant ideals (I, I5) such that Iy
contains Iy, the colength of I; is n — 1 and the colength of I, is n. An
invariant ideal I of colength n is generated by monomials in the z;s; there
are exactly n monomials in the z;s which are not in I and they form a basis
of R/I over C.

Most of this chapter is concerned with investigating the action of C* on the
tangent space T at a fixed point I of Hilb™ A" and on the tangent space T at a
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fixed point (I, I5) of Z,,_1 ,(A"). Again, we use the canonical representations
T =Hompg(I,R/I) and T = Ker(¢ — ).
If C* acts on a vector space V, we denote by V' the part of V' where the
weights of C* are positive. Here, we calculate
(1) the dimensions of the tangent spaces at the C*-fixed points of various
nested Hilbert schemes, and

(2) the dimensions of their positive parts when the action of C* on R
defined in (2.0.1) satisfies 0 < py1 < po < -+ < p, and p;/p; > 0
whenever j > i.

In Chapter III, (1) is used to demonstrate the smoothness of these spaces

while (2) is used to obtain cellular decompositions for the associated punctual

nested Hilbert schemes.

2.1. The tangent spaces at the fixed points of Hilb?A".

Let I; be the ideal of R generated by z;? and the z;s for which 1 < k <r
and k # i. There are exactly r fixed points on Hilb?A" corresponding to the
ideals Iy, I, ..., I,., these being the only ideals of colength 2 generated by
monomials. We will call the r generators of I; described above its canonical
generators.

We wish to describe 2r elements f1, fo, ..., fr, 91,92, .., 9, of Homg(I;,
R/I;) which take all but one of the canonical generators of I; to zero. If
k # 1, let f;, take z;, to 1 and let g, take x;, to x;; let f; take ;2 to 1 and let
g; take x;% to x;. It is easy to check that:

Proposition 2.1.1. The tangent space Hompg(I;, R/I;) to Hilb®> A™ at the
fixed point I; has dimension 2r, having the set {fi,gr : 1 < k < r} as a
weight basis.

Proposition 2.1.2. If the action of C* on R defined in (2.0.1) is such
that 0 < py < po < ++- < W, and Z—’ > 0 whenever j > i, then the part of
Hompg(I;, R/I;) where the weights of C* are positive has dimension i — 1.

Proof. We have only to count the number of basis elements of Hompg(I;, R/I;)
described in Proposition 2.1.1 where the weights of C* are positive. In fact,
the weight of C* is positive exactly at the g,s for which £ <7 — 1. [l

2.2. The tangent spaces at the fixed points of Hilb3A".

For 1 <i<r,let jzi be the ideal of R generated by z;® and the x;s such
that 1l < k<randk #d;forl <i<j<r, let IA” be the ideal generated by
22, 2,2, 2;x; and the ;s such that 1 <k <r, k #i and k # j. The I;s and
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the fm-s are exactly the fixed points of Hilb?A” and as before, we will refer
to the generators described above for each of these ideals as its canonical
generators.

First, let us look at the tangent space HomR(IZ, R/I) to Hilb*A" at the
fixed point I,. We can describe 3r elements fi, fa, ..., frs 1,02, -+ Grs B,
ha, ..., h, of Homp(I;, R/I;) which take all but one of the canonical gener-
ators of I to zero If k #14, Iet fk take x; to 1, let gr take x;, to T and let
hk take z, to z;2; let f take z;® to 1, let g; take x;® to x; and let h take ;3
to x;2. Again, we check that:

Proposition 2.2.1. The tangent space HomR(L, R/I) to Hilb® A" at the
fized point I, has dimension 3r, having the set {fk,gk, hy :1<k< r} as a
weight basis.

Proposition 2.2.2. If the action of C* on R defined in (2.0.1) is such
that 0 < py < po < -+- < W, and 771 > 0 whenever j > i, then the part of

Hompg(I;, R/I;) where the weights of C* are positive has dimension 2(i — 1).

Proof. The weight of C* is positive exactly at the gys for which k <1 —1
and at the hys for which k£ <17 — 1. ]

We now turn our attention to the tangent space Homg(I,,, R/I;;) to
Hilb*A" at the fixed point f” As before, let us describe 3r elements
Fisfoseoo s fos G13G2, -+« s Gy Psho, .. by of Hompg(I; j, R/1; ;) which take all
but one of the canonical generators of I jtozero. If 1 <k <r k#iand
k # j, let fk take x;, to 1, let gk take x, to x; and let hk take Ty to T3 let
§; take z;2 to z;, let h; take z;2 to x;, let g; take z;% to x;, let h take x>
to x;, let f; take z;z; to z; and let f; take x;x; to ;. Once more, we can
verify that:

Proposition 2.2.3. The tangent space Hompg( ”,R/I”) to Hilb® A" at
the fized point I, ; has dimension 3r, having the set {fk,gk, by 1<k< r}
as a weight basis.

Proposition 2.2.4. If the action of C* on R defined in (2.0.1) is such
that 0 < p1q < po < --- < p, and ’” > 0 whenever j > i, then the part of

Homp(I; ;, R/1I; ;) where the wezghts of(C* are positive has dimension i+j—2.

Proof. The Aweight of C* is positive exactly at the gis for which £ < i —1
and at the hys for which £ < j — 1. [l
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2.3. The tangent spaces at the fixed points of Z; 5(A").
Let M be the maximal ideal of R generated by all the x;’s for which
1 <k <r and let I; be the ideal described in Section 2.1. There are exactly
r fixed points on Z; 5(A"), the i" fixed point being the pair of ideals (M, I;).
For 1 < k < r, let f, € Homp(M, R/M) take x; to 1 and all the other
x;s to zero. Also, let f, and g, € Hompg(l;, R/I;) be the homomorphisms
described in Section 2.1. As usual, we check that:

Proposition 2.3.1. The tangent space to Z, 2(A") at the fized point (M, I;)
has dimension 2r, having the set {(0,g) : 1 <k <r} U {(frrfr) 1<k <
rk# 4} U{(f,,0)} as a weight basis.

Proposition 2.3.2. If the action of C* on R defined in (2.0.1) is such that
0< g < po <--- < iy and Z—J > 0 whenever j > i, then the part of the
tangent space to Zy2(A") at the fized point (M, I;) where the weights of C*
are positive has dimension i — 1.

Proof. The weight of C* is positive exactly at the (0, gy)s for which k <
1 — 1. [l

2.4. The tangent spaces at the fixed points of Z,3(A").

With the notation of Sections 2.1 and 2.2, the fixed points of Z, 3(A") are
the pairs of ideals (I, fz) for which 1 < i < r, the pairs of ideals (I;, f”) for
which 1 < i < j <r and the pairs of ideals (I}, fi,j) for which 1 <i < j <r.
As always, it is tedious but straightforward enough to verify the following:

Proposition 2.4.1. The tangent space to Z,3(A") at (I;, I;) has dimension
3r and is the subspace of Hompg(I;, R/Ii)EBHomR(fi, R/INZ) spanned by (fi, §:),
(9:,0), the (fu, fu)s for which k # i, the (g, gr)s for which k # i and all of
the (0, hy)s.

Proposition 2.4.2. If the action of C* on R defined in (2.0.1) is such that
0< g < po <--- < iy and Z—J > 0 whenever i < j, then the part of the

tangent space to Z3(A") at the fived point (I, I,) where the weights of C*
are positive has dimension 2(i — 1).

Proof. The weight of C* is positive exactly at the (g, gr)s for which k <i—1
and at the (0, hy)s for which k£ <i — 1. O

One checks easily that:

Proposition 2.4.3. The tangent space to Zy3(A") at (I;,1; ;) has dimen-
sion 3r and is the subspace of Homg(I;, R/1;) @ Hompg(1; j, R/1; ;) spanned
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by (O,fi), (95,0), the (fk,fk)s for which k # i, the (gi, gr)s for which k # j
and all of the (0, hy)s; the tangent space to Zy 5(A") at (I;,1; ;) has dimen-
sion 3r and is the subspace of Homg(I;, R/1;) & HomR(fiyj,R/fi’j) spanned
by (O,fj), (9:,0), the (fr, fr)s for which k # j, the (g, g)s for which k # i
and all of the (0, hy)s.

Proposition 2.4.4. If the action of C* on R defined in (2.0.1) is such that

0< g <pg<---<p, and Z—” > 0 whenever i < j, then:

(1) The part of the tangent space to Zy3(A") at the fized point (Ii,fm-)
where the weights of C* are positive has dimension i + j — 2.

(2) The part of the tangent space to Z,5(A") at the fived point (I;, 1, ;)
where the weights of C* are positive has dimension i + j — 2.

Proof. (1): The weight of C* is positive exactly at the (g, gx)’s for which
k <i—1 and at the (0, iLk)7S for which k£ < j — 1.

(2): The weight of C* is positive exactly at (g;,0), at the (0, hz)s for which
k <i—1 and at the (gx, gx)s for which k£ < j — 1 and k # i. [l

2.5. The tangent spaces at the fixed points of Hilb"A?.

In the next couple of sections, we will be dealing with the case r = 2. To
avoid a proliferation of subscripts, we denote z; by = and x5 by y.

If the ideal I corresponds to a C*-fixed point of Hilb”AZ, it is generated
by monomials and we can represent it by a Young diagram with n boxes
whose i*" row has min{j : y'z7 € I'} boxes. In fact, this gives us a one-to-one
correspondence between the fixed points of Hilb”A? and the set of Young
diagrams with n boxes.

Ezample. The ideal I = (25 yx*, y*2?,y°) is represented by the diagram

1 x | X 2 X

R
A

|
I

x| g g

8’.})( H‘PXI I
\\fx

< |, |« agu‘aqlgc
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As in the example above, we can regard the boxes of our Young diagram
as a subset of the boxes representing N x N, with the box representing a pair
(7,7) € N x N containing the monomial y’z’, so that monomials outside the
Young diagram are in I and monomials in the Young diagram form a basis
of R/I over C.

If we look at the Young diagram of an invariant ideal I, the “corners” of
its complement, that is the shaded boxes in the picture above, represent the
unique minimal set of monomials that generate I and we will call them the
“canonical generators”.

To describe an R-homomorphism f : I — R/I, we need only specify the
elements to which f takes each of the canonical generators. Since C* acts on
Homp(I, R/I), it should be possible to find a weight basis of Homz (I, R/I).
For f € Hompg(I,R/I) to be an element of pure weight, f must take each
canonical generator to a scalar multiple of some monomial modulo 1.

Let us first look at the subset S of Hompg(I, R/I) consisting of elements of
pure weight which take canonical generators either to zero or to monomials
modulo I. If A denotes the set of canonical generators of I and B denotes
the set of monomials not in I, then every element f € S is specified by a
map from A to B.

| ]

—

Elements of A Elements of B

Figure 2.

In fact, since f € S is required to have pure weight, it moves any two
canonical generators in A which it does not take to zero by the same hori-
zontal and the same vertical translations.

If o €« Aand B € B, let Sop = {f € S: f(a) = f}. The set S,z
could well be empty since although every map from A to B can be extended
to a C-linear map from I to R/I, not every map specifies an R-module
homomorphism. For example, if I = (2®, y*z,y*), the set S,s, is empty.
When S, s is not empty, let f, s be the unique homomorphism in S, 3 which
takes the largest number of canonical generators to zero.
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We wish to construct a basis of Homz(I, R/I) consisting of elements of
the form f, 5. First, we have to set up yet more notation.

Let us label the canonical generators «g, a1, as, ..., a,, as we go down the
picture and for 0 < j < m—1, let p,; denote the vertical distance between o
and a4 while for 1 < j <m, let ¢; denote the horizontal distance between
aj and a;_;.

gy

Figure 3.

For any o = o, € A, let P, be the subset of B which consists of the
elements b satisfying
(1) b lies to the left of «,
(2) y"bel,
and let @), be the subset of B which consists of the elements b satisfying
(1) b lies above a,

(2) zbel.

Ezample. For the ideal I = (2°, yz*, y*z?, y°), we have

3]
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Lemma 2.5.1. If € P, or f € Qa, then S, 5 # 0.

Proof. In fact, let us explicitly construct the homomorphism f, 3 defined
earlier.

Suppose first that 8 € P,. This means that § must lie ¢ squares to the
left and p squares below o = a4 for some natural numbers p and ¢, that is
to say 3= a (4). If we let

q

yp
l:max{i:()gigt, ai() q"EI},
xrd

then f, s € S is given by

0 if 0<14<l,
a; (4 if 1<i<t,
J6] if 7 =1¢,
0 if t<i.

Next, suppose that 5 € .. Then, 3 must lie ¢ squares to the right and

p squares above o = «; for some natural numbers p and ¢ or equivalently,
8= a(j—;'). If we let

xq
l:min{i: 0<i<t, ai<>ypiel},
yp

then f, 3 € S is given by

0 ifo<i<t
3 if =t

faplas) = o (;—) if t<i<lI,
0 if 1 <.

O

Lemma 2.5.2. If 5 € P,UQ, and ' € Py UQu, fop = forp implies
that (a, 8) = (o', ).

Proof. Suppose that § € P,. Then, 8 must be situated to the left of «.
Also, if f, g(a’) is not zero, its position relative to o’ is the same as the
position of 3 relative to a. Since f, 3 = for,3, Wwe know in our case that
fap(@) = farp(a) =, so [ lies to the left of o’ and ' must be in P,
rather than Q.
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As € P, and f, 3 is not zero at o, o' cannot lie to the left of . On
the other hand, as ' € P, and f., g is not zero at «, a cannot lie to
the left of /. The only possibility is that a and o' are in fact one and
the same canonical generator. Moreover, § and 3’ are also equal because
B = fap(@) = fap(a) = farp(a)=0"

An analogous argument works if we start by supposing that 8 € Q..

U
Lemma 2.5.3. The set {fos:a € A and B € P, UQ,} has 2n elements.

Proof. Let || M]| denote the cardinality of the set M. By Lemma 2.5.2, we
have

[{fap:a€Aand B € P, UQ.Y|
= |{(a,8) s € A and B € P, UQ.}]
=Y {(e,8) : B € P,UQLY]

a€cA

= > P UQal-

a€cA

Since P, and @, are clearly disjoint, ||P, U Q4| = ||Pal| + ||Qa|| and hence,

{fas:a€Aand BE€P,UQuH = D |Pull + D |1Qall = n+n = 2n.

acA acA
U

Proposition 2.5.4. The tangent space Homp (I, R/I) to Hilb" A? at the
fized point I is of dimension 2n, having the set T = {fos:a € A and f €
P,UQ.} as a weight basis.

Comment. Though the first part of the proposition is well-known [Fo|, we
give an independent proof here.

Proof. First, we show that the homomorphisms f, 3 in the set 7 are linearly
independent. Assume for contradiction that there exists linearly dependent
elements in the set 7. Then, there must exist linearly dependent elements
of the same weight and we can write

(2.5.1) Jai, 5, T A2 foiyp, Tt NS5, = 0.

Either every 3;, is in P% or every f3;, is in Q% . Let us suppose that the first
case holds since the argument needed if the second case holds is, as always,
exactly analogous. We may also assume that ¢; > iy > --- > 7,. Because
fai,.p:, (i) = 0 for all j > 2, Equation (2.5.1) implies that fs, s, (o) =0
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but this is a contradiction since we know that f,, s, (@;,) = B; from the
definition of f., g, -

It only remains to show that the set 7 indeed spans Homgz(I, R/I). As
Hompg(I, R/I) is spanned by homomorphisms of pure weight, we need only
show that any f € Hompg(I, R/I) of pure weight is in the span of 7. We
argue by induction on the number n(f) of canonical generators not taken by
f to zero. The base step of the induction is trivial because if n(f) = 0, then
f is just the zero-homomorphism.

Now, suppose that we are given f € Homg(I, R/I) of pure weight with
n(f) > 0 and that any g € Hompg (I, R/I) of pure weight with n(g) < n(f)
is known to be in the span of 7. Since f is of pure weight, we know that
either
(1) 7 =max{i: f(a;) # 0} is less than m and a scalar multiple of f(«,,)

is represented by an element of B to the left of o, or

(2) re =min{i: f(a;) # 0} is greater than zero and a scalar multiple of
f(a,,) is represented by an element of B above «.,.

In the first case, we may assume without loss of generality that f(«,,) is a
monomial and since f(a,, 1) = 0, we know that y*1 f(«,,) € I and f(a,,) €
P,,, . This means that fam Flany) 1810 7. Moreover, since (f — fam f(a"'l))
is an element of pure weight satisfying n(f — fa,, f(a.,)) < n(f), it is in the
span of 7 and consequently, so too is f.

Not surprisingly, the second case where 5 is greater than zero and a scalar
multiple of f(c,.,) lies above «,., can be dealt with in a completely analogous
way. U

Proposition 2.5.5 (Ellingsrud-Strgmme). If the action of C* on R =
C[z,y] defined in (2.0.1) is such that 0 < py < po and ﬁ > 0, the part of
the tangent space T to Hilb™ A? at the fized point I where the weights of C*
are positive has dimension (n — d) where d = min{i : x* € I}.

Proof. The weight of C* is positive at the f, s for which 8 € P, and f3 lies
on a lower row than «. Thus, if we let R, denote the subset of P, consisting
of monomials lying on the same row as «, we have

dimT* = SR = S IRul =1 — D |IRa|

a€cA a€cA acA

and it only remains to show that >, ., [[Ra| = d. Since R,, consists of the
¢;+1 elements to the left of a;, > o4 [|Rall = Xoit0 ¢i41 = d as required. (See
picture below.) u
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Figure 5.

2.6. The tangent spaces at the fixed points of Z, ,,(A?).

Suppose (I, I,) is a fixed point of Z, ;,(A?), I, is a fixed point of
Hilb" 'A? and I, is a fixed point of Hilb”A? so we obtain as in Section
2.5 a pair of Young diagrams, one sitting inside the other.

Figure 6.
Let By denote the set of monomials not in I;, let B, denote the set of
monomials not in I, let A; = {ag, ay,...,a,} be the canonical generators
of I; and let Ay = {ag,),... ,a.} be the canonical generators of I. As

before, generators which involve higher powers of  come earlier in the list.
Since the ideal I; has length n — 1 and the ideal I, has length n, the Young
diagram of I, consists of adding to the Young diagram of I; one of the boxes
which represents a canonical generator of I;. Let us suppose that «y is this
monomial which is contained in I; and not I,. There are essentially three
different cases:

Case 1. p, =1 or g, = 1 but not both.

Here, s = m, o, ¢ A; and o) = «o; if 0 < i < s and 7 # k. In some of the
proofs to come, we have to subdivide this case into two cases, the Case 1la
where ¢, = 1 and the Case 1b where p, = 1.
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Case2. (k=0,po>1)or (k=m,qgn,>1)or (0<k<m,p,>1,q,>1).

Here, s =m +1, o, and aj_, are not in Ay, o = o; if 0 <i <k —1 and
o =a; 1 itk+2<i<s.

Case 3. Both p, =1 and ¢, = 1.

Here,s=m—-1,a,=a; f0<i<k—1land o = ;4,1 it k <i <s.

Recall from Section 0.4 that Ker(¢—1) is the tangent space to Z,,_1 ,,(A?)
at (I;, ). Each of the maps ¢, and (¢ — 1) preserves the action of C* on
the spaces involved.

Let W be the subset of Hompg(Iy, R/I;) consisting of the elements of
pure weight which take the canonical generators of I, either to zero or to
monomials in By. Then,

Lemma 2.6.1. The vector space Homg(Iy, R/I1,) is generated by the ele-
ments in WW.

Proof. Since Hompg(I, R/1;) has a weight basis, it can be generated by ele-
ments of pure weight, so we need only show that any f € Hompg(I2, R/I;) of
pure weight is in the span of WW. We know that f necessarily takes the gen-
erators of I, to scalar multiples of the monomials in B;. As in Proposition
2.5.4, we argue by induction on the number n(f) of canonical generators in
A, not taken by f to zero. The base step of the induction is trivial because
n(f) = 0 implies that f is just the zero-homomorphism.

Now, suppose that we are given f € Hompg(I, R/1;) of pure weight with
n(f) > 0 and that any g € Hompg(I2, R/I;) of pure weight with n(g) < n(f)
is known to be in the span of W. If r = max{i : f(«]) # 0} and r, =
min{i : f(a)) # 0}, one can check that either
(1) 7 < s and a scalar multiple of f(a;. ) is represented by an element of

B to the left of a;. or

(2) 72> 0 and a scalar multiple of f(c. ) is represented by an element of
B, above a, .

Let us consider just the first case since the other case can be dealt with in
exactly the same way. By multiplying f by a scalar if necessary, assume that
f(ai. ) is represented by a monomial in B;. Since f(a;. ;) =0, f(al. ) yPn
is in the ideal I; and f(a; ) does not lie in a higher row than o] unless

/
_ / Y / _ ’ o
k=r+1za,  =y™ma,,a. =y o, and 2y f(or ) = a;. . We can

easily check that the second situation cannot arise, so f(al ) = al (%) for
some natural numbers p and q. )
Let | = max{i : 0 < i < 1, af (%) x% € I} and define f €
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Homg(Iy, R/1;) by

0 if 0<i<l,
a(%) if 1<i<rg,

i (x
f(a;.l) lf 7::7"1,

0 if ry <7 <s.

Clearly, f is in the span of W and so too is (f - f ) since it has pure weight
and satisfies n(f — f) < n(f). Therefore, f itself is in the span of W as
needed. L1

Lemma 2.6.2. The map
(¢ — ) : Homg (I, R/11) ® Homp(Iy, R/I2) — Homg(ls, R/1))
18 surjective.

Proof. As Im¢ C Im(¢ — ¢) and Imyp C Im(¢p — 9), we need only show
that Im¢ and Im together generate all of Hompg (I, R/1;). Notice that the
elements f of W which are in Im 1 are characterized by the property that
for all i, f(c;) is p; — 1 units above oy, if and only if f(a; ) is ¢j, — 1 units
to the left of .

Let U; be the subset of W consisting of homomorphisms f with the prop-
erty that f(oj,,) is ¢j,; — 1 units to the left of oy, but f(o) is zero; let V;
be the subset of W consisting of homomorphisms f with the property that
f(a}) is p; — 1 units above oy, but f(al, ;) is zero.

To complete the proof, we have to look at each of the Cases 1a, 1b, 2 and
3 separately.

Case la. Here, we have

VZ#Q) if 0<i<k-—2,
U; # 10 if k<i<s—1 and
V,=0and U; =0 if i=k—1.

If 0 < i< k-2, let F; denote the unique member of V; which takes the
largest number of canonical generators in A, to zero while if £ <i <s—1,
let F; denote the unique member of If; which takes the largest number of
canonical generators in A, to zero.

One sees easily that all the F;s defined above are linearly independent
since they have different weights and it is also not hard to check that any
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element of W can be generated by Imi together with these F;s. Therefore,
we obtain

i=0
i#k—1

(2.6.1) HomRa%R/n)—Im¢@><i§ u@).

Now, observe that if 0 < ¢ < k — 2, F} is equal to ¢(f,, ) for some 3 € P,,
and if £ <i < s—1, Fj is equal to ¢(f,,,, ) for some 3 € Q,,, ,. Hence,
each of the F;s is in Im¢ and Homg(l2, R/1;) is indeed generated by Im
and Imdg.

Case 1b. Here, we have

Vi #0 if 0<i<k-—1,
U # 0 if k+1<i<s—1 and

With the F;s defined as before, we can again check that

i
and that the F;s are in Im¢.

Case 2. Here, we have

V£ 0 if 0<i<k-—1,
U, # 0 if k+1<i<s—1 and
V,=0and U, =0 ifi==k.

Once more, we construct homomorphisms F;s in Im¢ so that

(2.6.3) Homp (Lo, R/1;) = Imy & (f@;m)) .

i=
ik
Case 3. Here, we have

Vl#@ if 0<i<k—2,
U; #10 if k<i<s—1 and
ViZQ)andUiZQ) if i=k—1.
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So, we repeat the process yet again to obtain homomorphisms Fjs in Im¢
with

(2.6.4) Homp (Lo, R/1;) = Imy) & ( jél <Fi>) .

=0
itk—1
[l

Proposition 2.6.3. The tangent space Ker(¢p — ) to Z,_1 ,(A?) at the
fized point (11, I5) has dimension 2n.

Proof. Denoting the canonical generators of I, by «g,af,... o as before,
we can define a homomorphism G; € Hompg(I, R/I;) (for 0 < i < s) which
takes o to oy and all the other canonical generators of I5 to zero. It is easy
to check that such G;s form a basis for Kerv and thus, the dimension of
Kery is equal to s + 1.

From the exact sequence

0 — Ker (¢ —v¢) — Homg(I1, R/1;) @ Homg (I, R/I5)
p— Homg(ly, R/1,) — 0,

we obtain
(2.6.5)
dim(Ker(¢ — ¢)) =2(n — 1) + dim(Im ¢) + (s + 1) — dim(Hompg (1>, R/I1))

and from (2.6.1), (2.6.2), (2.6.3) and (2.6.4), we observe that
(2.6.6) dim(Hompg(I2, R/1;)) — dim(Im ¢) = s — 1.

The required result is now immediate from Equations (2.6.5) and (2.6.6).

O

Proposition 2.6.4. If the action of C* on R = C|x,y] defined in (2.0.1)
is such that 0 < p1 < ps and 5—? > 0, the part of the tangent space T' to
Zp-1.(A?) at the fized point (I, I5) where the weights of C* are positive has
dimension n — d where d = min{i : x* € I,}.

Proof. With the homomorphisms F;s in Hompg(I5, R/I;) defined as in the
proof of Lemma 2.6.2 and the homomorphisms G;s in Ker ¥ defined as in
the proof of Proposition 2.6.3, let F' denote the number of F;s having positive
weight and let G denote the number of G;s having positive weight. Then,
from the exact sequence

0 — Ker (Qb - T/J) — I’IOl’IlR(Il7 R/I]_) D HOI’I]R(IQ, R/IQ)

E— HOHIR(IQ,R/Il) — 0
=y
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and the decompositions (2.6.1), (2.6.2), (2.6.3) and (2.6.4), one has
(2.6.7) dim(7")* = dim(Hompg(I,, R/I,))" + G — F.

It is easy to check that if k£ = 0, the dimension of (Hompg (I3, R/I1))T isn—d
and G is equal to F' while if k& > 0, the dimension of (Homg(Iy, R/I;))" is
n—d—1 and G is equal to F' + 1. In both cases, we obtain from Equation
(2.6.7) that (T”)* has dimension n — d. u

2.7. The tangent spaces at the fixed points of Z,(A!).

For 1 < i < m, let I; be the ideal of R = C[x] generated by z". Then,
the m-tuple (I, I, ..., I,) is the unique fixed point of Z,(A') under the C*-
action described in (2.0.1). Recall that the tangent space T}, to the space
Zn(A') at the point (I, I, ... , I,,) is canonically isomorphic to the subspace

DKer (91, = tiy) opiy) of © Homp(L, R/L,).

Proposition 2.7.1. The tangent space Ty, at the unique point of the space
Zn(AY) fized by the C*-action has dimension n,y,.

Proof. We use induction on m. The base step involves checking that the
tangent space Homg({z"), R/(z")) to the Hilbert scheme Hilb"A® at the
point (z™) has dimension n. The inductive step involves checking that

(fi, foy ooy fm) is in Ty, if and only if (fi, fo, ..., frne1) 1800 1oy piy n s
and f,, (") is equal to

Ny — N —1+1 N, — 1 N, — Mo —
QAo '+ a1 r ' +oot T +x 1<7

where ( satisfies ( = f,,_1(z"~*) in R/I,,_; and the a;’s are complex num-
bers. |

Similarly, we can verify that:

Proposition 2.7.2. If the action of C* on R = C[z] defined in (2.0.1) is
such that > 0, then (T,)" =

Chapter III. Cellular decompositions for various nested Hilbert
schemes.

In [E-S], Ellingsrud and Strgmme describe cellular decompositions for the
spaces Hilb"P?, Hilb"A? and Hilb"(A?,0) by applying the results of Bialyni-
cki-Birula [B1, B2] to a torus action to the natural action of a maximal
torus of SL(3) on Hilb"P2.
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We wish to look similarly at cellular decompositions defined by a torus
action to the natural action of a maximal torus of SL(r+ 1) on the schemes
Zn(P"), Zn(A") and Z,(A",0) in all the cases where Z,(P") is smooth.

More precisely, we look at the torus actions on the schemes
(3.0.1)

Hilb>P", Hilb’P", Z,5(P"), Zo3(P"), Hilb"P?, Z, ,.,.(P?) and Z,(P")

for arbitrary r and n. Whereas Ellingsrud and Strgmme quote the smooth-
ness of Hilb"(P?), which is proved by Fogarty in [Fo], we start by proving
that each scheme Z,,(P") in the list (3.0.1) is smooth by showing that the
tangent spaces to all of its fixed points under the torus action have the same
dimension rn,,.

By the theorem of Chapter I, there are no smooth nested Hilbert schemes
on projective space except for Hilb'P" and those listed in (3.0.1). Given
an arbitrary smooth r-dimensional quasiprojective variety X, we know that
any point on Z,(X) has an analytic neighbourhood which is isomorphic to
a neighbourhood of some point on Z,(P"). Hence, in fact, we have:

Theorem 3.0.1. If X is a smooth r-dimensional quasiprojective variety,
then the nested Hilbert scheme Z,(X) is smooth if and only if it satisfies
(0.2.1).

Following Ellingsrud and Strgmme, the cellular decompositions which we
obtain for the smooth nested Hilbert schemes on affine and projective space
as well as for the corresponding nested Hilbert schemes listed in (0.2.2) are
used to study the Borel-Moore homology groups and the Chow groups of
these spaces.

Before we begin, let us recall a result which is fundamental in this chapter.
Following Fulton ([Fu], Example 1.9.1), we say a scheme X has a cellular
decomposition if there is a filtration X = X,, D X,_.1 D ... D Xo D> X_; =
() by closed subschemes with each X, \ X;_; a disjoint union of schemes
U, ; isomorphic to affine spaces A™i. The U, ;s are called the cells of the
decomposition.

Theorem 3.0.2 (Bialynicki-Birula, [B1, B2]). Let X be a smooth pro-
jective wvariety with an action of C*. Suppose that the set of fized points
{Z1,...,2,} is finite and let X; = {x € X : limy_otx = x;}. Then,

(1) X has a cellular decomposition with cells X,

(@) T.X, = (T, X)".

Remark. Let X be a smooth projective variety with an action of a torus
G, and suppose that the set of fixed points is finite. Then, GG induces a linear
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action on the tangent space to each fixed point. Any linear representation of
G splits up in a direct sum of one-dimensional representations corresponding
to characters of G. Let {xi1,x2,...,Xq} be the set of all characters of G
occuring in the tangent spaces to the fixed points and let 7 : C* — G be a
one-parameter subgroup. Then, the set of fixed points of the induced action
of C* is the same as the set of G-fixed points if and only if y ;o7 are non-trivial
characters of C* for all j =1,2,...,q. In particular, for “general” 7 chosen
outside ¢ given hyperplanes in the lattice of one-parameter subgroups, we
get an action of C* on X with the same set of fixed points as the action of
G on X.

3.1. An action of an r-dimensional torus on Z,(P").

From now on, we fix a system of coordinates Yj,Y7,...,Y, of P". Let
G C SL(r + 1,C) be the maximal torus consisting of all diagonal matrices.
We denote by Ag, A1,..., A, the complex characters of G such that g =
diag(Mo(9), A1(g),-.. , Ax(g)) for all g € G. Then, G acts on P" via ¢.Y; =
Ai(9)Y; and on points [ag : a; : ... : a,], this action is given by glag : a; : ... :
a,] = No(9) a0 M(g) tay o A(g) tan).

The fixed points are clearly Pp = [1 : 0 : 0 : ... : 0], P, = [0 : 1:
0:..:0,..., P, =00:0:..:0:1. For0 < i <r, let F; =
(Py, P1y... ,P)~{(Po,Pr,...,P,_y). Here, (P, P, ..., P;) denotes the linear
span of the points Py, Py, ..., P;. Then, F; ~ A’ and the F}s define a cellular
decomposition of P".

The one-parameter subgroups 7 : C* — G inducing this cellular decom-
position are those of the type 7(t) = diag(t“°,t*",... ,t* ) where wy < wy <
<o <w, and wy +wy +we + - +w, =0.

The action of G on P” induces naturally an action of G on Z,(P").

For any (Zy,Z3, ..., Zy) in Zu(P"), we can write each Z; uniquely as a
disjoint union

(311) Z7 :Z170UZ11UUZ1,T,

where Z; ; is a subscheme of P" supported in Fj. Given any m x (r + 1)

matrix (n;;)1<i<m of non-negative integers with Y27 n;; = n; for 1 <
0<5<r

i < m, we define S(n;;) to be the subset of Z,(P") parametrizing m-tuples
(Z1,Zs, ..., Zy,) of subschemes of P" such that length (O, ;) = n; ;. Clearly,
the nested Hilbert scheme Z,(P") is a disjoint union of such S(n; ;)s.

If the point (Z1, Zs, ... , Z,,) of Z,(P") corresponds to a fixed point of this
action, then each Z; is a subscheme of P” whose support is contained in the
set of fixed points {Py, Py, ..., P.} of G. Hence, if Z; is written as a union
of subschemes as in Equation (3.1.1), the subscheme Z; ; is supported in P;.
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For each j, (Z1;,Z2;,... , Zy ;) is an m-tuple of subschemes of P" supported
at the point P; and it corresponds to a G-fixed point of Z,, | . ... .., (P7),
where n; ; = length (Oy, ).

Lemma 3.1.1. The action of G on Z,(P") has only finitely many fized
points.

Proof. A point (Zy,Zs, ... ,Z,) of Z,(P") is fixed if and only if each of the
Z;s is a fixed point in Hilb™P". A point of Hilb™P" is a fixed point if and

only if the corresponding ideal I in C[Yp,Y:,...,Y,] is invariant under G,
which is the case if and only if I is generated by monomials. These ideals
obviously form a finite family. O

3.2. The smoothness of the nested Hilbert schemes listed in (3.0.1).
First, we prove a lemma which reduces the problem of showing that a given
nested Hilbert scheme Z,(P") is smooth to counting the dimensions of the
tangent spaces at its G-fixed points. As remarked earlier, these are the same
as the fixed points of Z,(P") under the action of C* induced by a sufficiently
general one-parameter subgroup 7 : C* — G.

Lemma 3.2.1. If there is a C*-action on Z,(P") with isolated fixed points
and the tangent space at each fized point has dimension rn,,, then Z,(P") is
a smooth irreducible variety of dimension rn,,.

Proof. The dimension of the tangent space at any point of Z,(P") is less
than or equal to rn,, because if there is a point P at which the tangent
space has dimension greater than rn,,, t.P must approach a C*-fixed point
whose tangent space has dimension greater than rn,, as t — 0, contradicting
the hypothesis of the lemma.

Let HilbZ[P" denote the open subset of Hilb"P" parametrizing n distinct
points and let p,, denote the projection from Z,,(P") to Hilb™P". Then, the
closure U of U = p,,~'(Hilb,"P") is a component of Z,(P") of dimension
rNy,. It is clear that the tangent space at any point on the component U
has dimension rn,,.

The nested Hilbert scheme Z,(P") has no other component since if it had
another component, this component would meet U by the connectedness of
Zn(P") and the tangent space at any point where these components met
would have dimension greater than rn,,. [l

Consider a G-fixed point (2, Zs,...,Z,) on a nested Hilbert scheme
Zn(P7).  With the notation of (3.1.1), let T; be the tangent space to
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Zny sms g mm.; IP7) at the G-fixed point corresponding to the m-tuple (Z, ;,
Zs gy s Zm ;) of subschemes of P concentrated at P;. Then, the tangent
space to Z,(P") at (Z,Zs, ..., Zy) is isomorphic to the direct sum of the
T)s.

Let s = (s1,82,...,8;) and n = (ny,na,...,n,,) be two increasing se-
quences of non-negative integers. We say that s < nif k < m, n; —s; <
ng — Sy < ... < np— 8, and for any 1 < ¢ < k, s; < n;. To study the
tangent spaces at the G-fixed points of Z,(P"), we need only look at the
nested Hilbert schemes Zg(P") for which s < n and study the tangent spaces
at their G-fixed points which correspond to m-tuples (Z,,Z,... ,Z,,) of
subschemes of P" concentrated at a single point of P". For any such m-
tuple (Z1,Zs, ... ,Z,), the Z;s are contained in a G-invariant affine space
A”. Hence, to show that the tangent spaces at all the G-fixed points of
Zn(P") have dimension rn,,, we only have to show that whenever s < n,
the tangent spaces at all the G-fixed points of Zs(A") have dimension 7sj.
In fact, the G-fixed points of Z5(A") are the same as the points of Zs(A")
fixed under the action of C* induced by a sufficiently general one-parameter
subgroup 7 : C* — G and such a C*-action on Zs(A") is described in the
first paragraph of Chapter II. Recall that for a sufficiently general C*-action
of this type,

(1) The tangent space to Hilb?A"™ at any C*-fixed point has dimension 2r
[Prop. 2.1.1];

(2) The tangent space to Hilb*A"™ at any C*-fixed point has dimension 3r
[Prop. 2.2.1 and Prop. 2.2.3];

(3) The tangent space to Z;o(A") at any C*-fixed point has dimension 2r
[Prop. 2.3.1];

(4) The tangent space to Zs3(A") at any C*-fixed point has dimension 3r
[Prop. 2.4.1 and Prop. 2.4.3];

(5) The tangent space to Hilb"A? at any C*-fixed point has dimension 2n
[Prop. 2.5.4];

(6) The tangent space to Z,,_; ,,(A?) at any C*-fixed point has dimension 2n
[Prop. 2.6.3];

(7) The tangent space to Z,(A') at any C*-fixed point has dimension n,,
[Prop. 2.7.1].

It follows that:

(1) The tangent space to Hilb?P" at any G-fixed point has dimension 27;
(2) The tangent space to Hilb*P" at any G-fixed point has dimension 3r;
(3) The tangent space to Z; o(P") at any G-fixed point has dimension 2r;
(4) The tangent space to Z, 3(IP") at any G-fixed point has dimension 3r;
(5) The tangent space to Hilb"P? at any G-fixed point has dimension 2n;
(6) The tangent space to Z,,_; ,(P?) at any G-fixed point has dimension 2n;
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(7) The tangent space to Z,(P') at any G-fixed point has dimension n,,,.
Hence, we deduce from Lemma 3.2.1 that:

Theorem 3.2.2. Ifr and n are arbitrary non-negative integers and n s
an m-tuple of increasing non-negative integers, the schemes

Hilb® P", Hilb® P", Z, ,(P"), Zy3(P"), Hilb" P2, Z,_1,(P?) and Z,(P')

are smooth.

3.3. Cellular decompositions for the smooth nested Hilbert sche-
mes on affine and projective space and for the corresponding punc-
tual nested Hilbert schemes; the homology groups of these spaces.

For any complex variety X, let H,(X) be the Borel-Moore homology of
X (homology with locally finite supports). By the i*® Betti number b;(X),
we shall mean the rank of the finitely-generated abelian group H;(X) and
by the Poincaré polynomial P(X), we mean the polynomial >, by (X) z*.
As usual, A.(X) is the Chow group of X and cl : A.(X) — H.(X) is the
cycle map. If X is compact, the Borel-Moore homology of X agrees with
the usual singular homology.

Proposition 3.3.1. Let X be one of the smooth nested Hilbert schemes on
affine or projective space or one of the corresponding punctual nested Hilbert
schemes listed in (0.2.2). Then, the cycle map cl : A (X) — H.(X) is an
isomorphism and in particular, the odd homology vanishes. Furthermore,
both groups are free abelian groups and the rank of Hax(X) is equal to the
number of k-cells in the cellular decomposition of X .

To prove Proposition 3.3.1, we need the following proposition from Chap-
ter 19.1 of [Ful].

Proposition 3.3.2. Let X be a scheme with a cellular decomposition.
Then, for 0 <i < dim X,
(i) Haia(X) =0,
(ii) H(X) is a Z-module freely generated by the classes of the closures of
the i-dimensional cells,

(iii) The cycle map cl: A (X) — H.(X) is an isomorphism.

Proof of Proposition 3.3.1. Let Z,(P") be a nested Hilbert scheme in the list
(3.0.1). Since Z,(P") is smooth and projective [Gr], we may apply Theorem
3.0.2 to the action of any sufficiently general one-parameter subgroup of G
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on Z,(P") so that Z,(P") has a cellular decomposition and we can apply
Proposition 3.3.2.

As described in Section 3.1, the nested Hilbert scheme Z,,(P") is a disjoint
union of subsets of the form S(n; ;). Let 7 be any one-parameter subgroup of
G respecting the cellular decomposition {Fy, F1, ... , F,.} of P". Then, ast —
0, 7(t)(Z; ;) approaches a subscheme supported in P;. In other words, any
point in S(n; ;) approaches a fixed point in S(n; ;). Since the cell of Z,(P")
associated to the fixed point P is exactly the set {x € P : lim; ,ot.x = P},
S(n; ;) is the union of the cells of Z,(IP") associated to the fixed points in
S(n; ;).

In particular, as Z,(A") is isomorphic to

00...0 ne
00...0n,

it has a cellular decomposition and Proposition 3.3.2 applies to it.
Similarly, since the punctual nested Hilbert scheme Z,(A",0) is isomor-
phic to the set

N, 00...0

it too has a cellular decomposition and Proposition 3.3.2 again applies.

O

Next, we calculate the number of cells of each dimension and the Betti
numbers of the nested punctual Hilbert scheme listed in (0.2.2).

Theorem 3.3.3. Ifr and n are arbitrary non-negative integers and n is

an m-tuple of increasing non-negative integers,

(1) 32,(No. of i-cells in Hilb*(A",0)) v’ = S7—1 o7,

(2) S.(No. of i-cells in Hilb®(A",0)) v = 2120 02 + Ygoyoic, 077 =
Yo<icj<r—1 VY,

(3) >.(No. of i-cells in Z53(A",0))v" = Z;:Ol v+ 2> ocicj<ri vt =
Sito Tiso v,

(4) L2 Xi(No. of i-cells in Hilb (42,0)) v't* = T, (1=pber )
[E-S],
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5) Yooy Yi(No. of i-cells in Z;,_ 1, (A2,0)) vit*
k=1 :

= () (I (=tor))

(6) >°.(No. of i-cells in Z,(A',0)) v = 1.

Corollary. If r and n are arbitrary non-negative integers and n is an
m-tuple of increasing non-negative integers,

) P(Hilb*(A7,0)) = 3275, 2%,

(2) P(HIb*(A,0)) =377 0124Z +2 o<icj<r— , 2%049) = o<i<j<r— | 22009,
(3) P(Z25(A7,0) =310 2 + 2 01 jep0 270 =500 350 2204,
(4) ZO:O P(Hﬂbk(Aza )) Hk 1 (m)

(5) S0 P(Zeaa(A0) = (=) (T (oo ) )

(6) P(Za(A',0)) =1.

Proof of Theorem 3.3.3. All the subschemes of P" corresponding to the
points in

ny 00...0
N, 00...0

are contained in the affine space C[Y;/Yy, Y2/Yy, ... ,Y,./Yo]. We put z; =
Y;/Y, for 1 <i <r. Define a one—parameter subgroup 7 : C* — G by 7(t) =
diag(t“e,t*,... ,t*"), where wy < wy < -+- < w, and wo+w; +---+w, = 0.
In fact, we may assume that wao > 0 whenever r > j >4 > 1. Pick a cell

U from the cellular decomposmlorf of Z,(P") defined by 7 contained in

ne 00...0
n, 00...0

We want to compute its dimension. The cell U corresponds to a fixed point of
G on Z,(P") inside Spec C[Y; /Yy, Y2/ Yy, ..., Y, /Yo|=SpecClzy, xa, ... ,z,],
hence to a nest of invariant ideals I; D I D ... D I, in Clzy,zq,... ,x,].
According to Theorem 3.0.2, dim U = dim T, where T is the tangent space
to Z,(P") at this fixed point.

Thus, we are reduced to calculating the positive parts of the tangent
spaces at the fixed points of Z,,(A") under the action of C* described in the
first paragraph of Chapter II. The assumptions that wy < w; < -+ < w,
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and ;=% > 0 whenever r > j > i > 1 translate to the assumptions that
0< g < prg <+ < iy and%>>0wheneverr2j>i21.

Proof of (1). Recall from Section 2.1 that Hilb*(A") has r C*-fixed points
I, I, ... ,I.. By Proposition 2.1.2, the positive part of the tangent space to
Hilb?(A") at I; has dimension (i — 1).

Proof of (2). Recall from Section 2.2 that the C*-fixed points of Hilb®(A")
are I;(1 <i<r)and I, ;(1 <i<j<r). By Proposition 2.2.2, the positive
part of the tangent space to Hilb?(A") at I; has dimension 2(i — 1) and by
Proposition 2.2.4, the positive part of the tangent space to Hilb*(A") at fmv
has dimension (i + j — 2).

Proof of (3). Recall from Section 2.4 that the C*-fixed points of Z 3(A")
are (I, )1 <i<r), (I, [, ;) A<i<j<r)and (I;,[;;)(1 <i<j<r).
By Proposition 2.4.2, the positive part of the tangent space to Z,3(A") at
(I, I;) has dimension 2(i — 1) and by Proposition 2.4.4, the positive part of
the tangent space to Zo 3(A") at (I;, I; ;) or (I;, I; ;) has dimension (i +j —2).

Proof of (6). By Proposition 2.7.2, the positive part of the tangent space
to Zn(A') at the unique C*-fixed point has dimension 0.

Proof of (4). Recall from Section 2.5 that the C*-fixed points of Hilb*(A?)
correspond to the partitions of k. By Proposition 2.5.5, the positive part
of the tangent space to Hilb*(A?) at a C*-fixed point has dimension (k — d)
where d is the largest part of the corresponding partition. Let p(k,[) denote
the number of partitions of & whose largest part is {. Then,

> (No. of i-cells in Hilb*(A%,0)) v't* = Z Z p(k, k — i) tho’

0 i=0 k=0 i=0

H ( t’“v’“ 1)

NE

>
Il

Proof of (5). Recall from Section 2.6 that the C*-fixed points of the space
Zx—1.1(A?) correspond to the partitions of k — 1 “sitting inside” partitions of
k. By Proposition 2.6.4, the positive part of the tangent space to Z_; (A?)
at a C*-fixed point has dimension k — d, where d is the largest part of the
partition of k.

A partition of k consisting of s; copies of i is said to be a partition with
m steps if the set {i € N* : s5; # 0} has m members. Clearly, there are
exactly m partitions of kK — 1 which are subpartitions of any given partition
of k with m steps. Hence, if Afn,z denotes the number of partitions of k£ with
m steps whose largest part is equal to k — [, the cellular decomposition of
Zi-1,6(A%,0) studied in this section has exactly (3°,, mAZL, ;) I-cells.
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From the discussion above, we need only show that

(3.3.1) (1 _ttv) (;ﬁ 1—751%“) =) (Z mAlfml) 'tk

k,l m

A sequence of natural numbers s = (sg, 1, S2, ...) is said to satisfy condition
(x)k,, if exactly m of its terms are non-zero, Y2 s; = k—land > ;2 is; = L.
We can associate to any such s a partition of k£ with m steps whose largest
part has size k — [ by adding a part of size k — [ to the conjugate of the
partition of [ consisting of s; copies of i, as illustrated in the figure below.

e
| partition of &
L]

Figure 7.

In fact, any partition of k& whose largest part has size k — [ arises in this
way so that there are exactly A, ; sequences s satisfying condition () . If

ad 1
PRI { Y B
o 1 — thtl(zy)
it is not hard to check that the coefficient of u™t*(zy)! in p(u,t,z,y) is the
number of ss satisfying condition (*)* , and hence,

m,

plu,t,z,y) = > A u™(zy)'t".
m,k,l
Differentiating both sides with respect to v and setting v = 1, we obtain
Equation (3.3.1) as required. u

3.4. Cellular decompositions for the Hilbert function strata of
various punctual Hilbert schemes.

In [G61] and [G62], cellular decompositions are obtained for the Hilbert
function strata of Hilb™(A? 0). This section contains straightforward mod-
ifications of Gottsche’s arguments to obtain cellular decompositions for the
“Hilbert function strata” of the other punctual Hilbert schemes which we
have been studying. Let us first review some of the notation and results
established in [G61] and [G62].
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3.4.a. Background and some small cases.
Let A = C[[zy, xa, ..., x,]] be the ring of formal power series in r variables
and let M = (z, s, ..., x,) be the maximal ideal of A.

Definition. Let I C A be an ideal of colength n. The Hilbert function
of I is the sequence T'(I) = (t;(I));>o of non-negative integers given by
t:(I) = dimp(M*/((I N M*) + M), If T = (t;)i>0 is a sequence of
non-negative integers, of which only finitely many do not vanish, we put
IT| =Y, t;. The initial degree d of T is the smallest ¢ such that t; < ("*/71).

Let A; = M'/M" and I; = (M'NI)/(M"™* N1I). Then A; is the
space of forms of degree i in A and I; the space of initial forms of I (i.e.
the forms of minimal degree among elements of I) of degree i, and we have
t;(I) = dimg(A;/1;).

The Hilbert function gives us a stratification of Hilb™(A),.q ~ Hilb™ (A", 0).
Definition. Let T' = (¢;);>0 be a sequence of non-negative integers with
|T| = n. Let My C Hilb™(A),.q be the locally closed subscheme (with
the reduced induced structure) parametrizing ideals I C A with Hilbert
function T'. Let Ly C My be the closed subscheme (with the reduced induced
structure) parametrizing homogeneous ideals I C A with Hilbert function 7.
Let pr : Mty — Lt be the morphism which maps an ideal I to the associated
homogeneous ideal (i.e. the ideal generated by the initial forms of elements
of I). The embedding Ly C My is a natural section of pr.

IfT=(T,T,,...,T,) is an m-tuple of sequences of non-negative integers
satisfying |T;| = n;, we may define

My = Z,(A",0) N (Mg, x Mgy, X -+ x Mz, ) and

m

LT = Zn(AT7O) m (LT1 X LTz X X LTrn)'

Again, there is a morphism pt : Mt — Lt for which the embedding Lt C
My is a natural section. The Mys which are non-empty stratify Z,(A",0)
and are called its Hilbert function strata.

Examples.

(1) Zn(Al,O) == M(l) == L(l) == point.

(2) If’l" Z 1, Hllb2(AT,0) - M(l,l) — L(l,l) ~ ]P)((M/MQ)*)

(3) If T 2 2, HﬂbS(AT’O) = M(LQ) @] M(1,171). Here, M(l)g) = L(l)g) iS
isomorphic to the Grassmannian Grass(2, M /M?) parametrizing codi-
mension 2 vector subspaces of M /M?, while M 1,1 is a locally trivial
A" '-bundle over L ;1) ~ P((M/M?)*).

(4) Ifr > 2, Z2,3(AT70) = M(1,1),(1,2) U M(1,1),(1,1,1)- Here, M(1,1),(1,2) =
L(11),01,2) is the flag variety in Grass(1, M/M?) x Grass(2, M/M?),
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while M 1),1,1,1) is a locally trivial A" '-bundle over L 1)1,1,1) ~

P((M/M?)7).
Suppose that Z,(P") is smooth. Then a general one-parameter subgroup
7:C* = G;t — diag (t"*°,t*,... ,t*r) for which wy < w; < -+ < w, and

wo +wy + - - - +w, = 0 induces a cellular decomposition of Z,(P") where the
closed subset

Za(A",0) ={(Z1,Zs,... ,Zy) € Zu(P") . Z; is supported at the point Py}

is a union of cells. The next lemma asserts that if, in addition, the one-
parameter subgroup 7 satisfies n,, (w; — wo) > (N, — 1)(w; — wy) whenever
r > j >4 > 1, then each of the Hilbert function strata of Z,(A",0) is
itself a union of cells. An example of such a one-parameter subgroup can be
constructed by letting wy = —rn,, — 3 (r—1)r and by letting w; = n,, +j —1
when 1 <5 <.

Lemma 3.4.1. Let Z,(A",0) be one of the punctual nested Hilbert schemes
listed in (0.2.2). Let C* = G;t — diag (t¥o,t%1,... ,t%") be a general one-
parameter subgroup of G satisfying wy < wy < --- < w,., wotwr+---+w, =0
and N, (w; — wo) > (N — 1)(w; — wy) whenever v > j > i > 1. Let
T = (11,Ts,...,T,) be an m-tuple of sequences of non-negative integers
satisfying |T;| = n;. Then,

(1) My is a union of cells of the cellular decomposition of Z,(A",0) induced

by T,
(2) pr: My — Lt is equivariant for the action of C*.

Proof. The proof is a straightforward modification of Goéttsche’s proof of
parts (a) and (b) of [G61, Lemma 2.3]. u

Moreover, if Z,(A",0) is one of the punctual nested Hilbert schemes
Hilb*(A",0), Hilb*(A",0), Z53(A",0) or Z,(A',0),

then we have already seen that any Lt is itself a smooth projective va-
riety. It is clear that if (Iy,ls,...,I,,) is in Ly, then for any t € C*,
(r(t) 11, 7(t) I, ... ,7(t)L,) will also be in Ly. So, C* acts on Ly and we
can apply Theorem 3.0.2 to this action, yielding a cellular decomposition for
Lt. Since the action of C* on L+ is the restriction of the action of C* on
M, the cells of Lt are the intersection of the cells of My with L.

We wish to calculate the number of i-cells in each of these Mrs and Ls.
Since Z,(A',0) = My = Lgy = point and Hilb*(A",0) = My =
L(1,1), there is no work to be done in these cases. For the spaces Hilb*(A",0)
and Z53(A",0), it is not hard to check that, when r > 2,
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Proposition 3.4.2. (1) The punctual Hilbert scheme Hilb®(A”,0) is a
disjoint union of the Hilbert function strata M 11y and Mg o). If 7:C* — G
s a one-parameter subgroup of G satisfying the hypothesis of Lemma 3.4.1, it
induces cellular decompositions of M(1,1.1y, M2y, La,1,1) and L 2y described
by

%

(b) Z(No. of i-cells in M 2))v' = Z piti1

i 0<i<j<r—1

r—1
(c) Z(No. of i-cells in L1 1)) v' = Z v' and
i=0

r—1
(a) Z(No. of i-cells in M 11y)v" = v (Z vi> ,
=0

i

(d) Z(No. of i-cells in L(LQ))Ui — Z Vi1

i 0<i<j<r—1

(2) The punctual nested Hilbert scheme Z,3(A",0) is a disjoint union of the
Hilbert function strata M 1y,1,1,1) and M 1y,a,2). If 7: C* — G is a one-
parameter subgroup of G satisfying the hypothesis of Lemma 3.4.1, it induces
cellular decompositions of M 1y,1,1,1), Maay,,2), La,a,1, and La gy a2
described by

r—1
(a) Z(No. of i-cells in M(l,l)_,(lyl,l))vi =" ! <Z vi> ,
i=0

(b) Z(No. of i-cells in M 1y,1,2)) 0" = Z (v 4 i),

i 0<i<j<r—1

r—1
(c) Z(No. of i-cells in L1 1),1,1,1)) 0" = Z V' and
=0

(d) Z(No. of i-cells in L1 1y,1,2)) v = Z (CREREELEN)

i 0<i<j<r—1

3.4.b. The Hilbert function strata of Hilb"(A? 0).

In the case of Hilb"(A?,0), many results about the varieties My and Ly
have been obtained in [Br], [Iar], [G61] and [G62]. Let us just list some of
these results here.

Proposition 3.4.3 ([Iar, Prop. 1.6, Thm. 2.11, Thm. 2.12, Thm. 3.13)).
(1) Mz and Lt are non-empty if and only if to = 1 and t; < t;_1 for all
1 > d, where d is the initial degree of T .
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(2) Mz and Lt are smooth and irreducible. Ly is projective of dimension

dim (Ly) = D (tj1 = t; + 1)t — 1)
j>d
(3) pr: My — Ly is a locally trivial fibre bundle in the Zariski topology,
whose fibre is an affine space A™T) of dimension

1 1
n(T) =n — Z(tjfl — tj + 1) <2tj1 + itj — tj+1> .

jzd

Under a C*-action on Hilb"(A?,0) induced by one of the one-parameter
subgroups described in Lemma 3.4.1, Ly is C*-invariant. Since Ly is smooth
and projective, one obtains by Theorem 3.0.2 a cellular decomposition for
L7 and since the C*-action on Ly is a restriction to Ly of the C*-action on
My [Lemma 3.4.1.2], the cells of Ly are the intersections of Ly with the cells
of My in the cellular decomposition of Mr described in Lemma 3.4.1.1. The
number of é-cells in both Ly and My can be expressed in terms of Young
diagrams.

Recall that to each partition of n, we may associate a Young diagram with
n boxes. Each box of the Young diagram can be represented by a pair of
non-negative integers as illustrated in the following picture:

(0,0) (0,1) (0,2)
(1,0) (11 1)
Figure 8.

The diagonal sequence associated to the Young diagram I' is T'(I") =
(to(T),t1(1),...), where t,(T") := |{(I,k) € T : I + k = i}|. So, it is the
sequence of numbers of points on the diagonals of I'.

Ezample. For the Young diagram I' in Figure 8, we have ¢((I') = 1, t;(I") =
2, tQ(F) =2 and tl(F) =0 for ¢ Z 3.

Let (u,v) € I'. Then, the hook difference h,_,(I") is
huo(T) ={(u,l) €T : 1l > v} — {(k,v) €T : k> u}|.

In other words, h,, ,(I") is the difference between the number of points in I'
in the same row to the right of (u,v) and the number of points in the same
column below (u,v).
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Ezample. For the Young diagram I' below, the hook differences h, ,(I") are
given by

o0 |1 l Y ]
1 -1
(@) O
o
Figure 9.

Theorem 3.4.4 ([G62, Thm.2.2.7]). Let T = (t;)i>0 be a sequence of non-

negative integers with |T| = n. Then, we have for X = Ly and X = My:-

(1) X has a cellular decomposition; the map A.(X) — H.(X) is an iso-
morphism and H,(X) is free.

_ . T(D)=T;
b2i<MT) - ‘{F * ) {(u,v) €T hy o (T)€{0,1}} =n—1i }‘ ’
(3) .
T(T)=T;
bai(Lr) = HF L {(u,0) €T o (D) =1} =i H :

In particular, the Euler numbers are

X(Mr) = x(Lr) = [{T": T(T') = T}|.

In fact, Gottsche shows that if I' is the Young diagram associated (see
Section 2.5) to the invariant ideal I of C [z, y]| = [Y1/Y), Y2/Y;] corresponding
to a C*-fixed point of Hilb"(A?,0) C Hilb"(A?) = Hilb"(Spec C [z, y]), then
I'lies in Lpry C Mypry and the dimension of the positive part of the tangent
space to Hilb"(A?) at I is equal to

(3.4.1) n—|{(u,v) €T : h, () €{0,1}},

while the dimension of the positive part of the tangent space to Ly at [
is equal to

(3.4.2) {(u,v) €T : hyo(T') = —1}].

Gottsche points out that under the canonical isomorphism identifying the
tangent space to Hilb™(A?) at I with V' = Homg(I, R/I), where R = C [, y],
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the tangent space Vi to My at I is identified with the homomorphisms which
preserve or increase degree and the tangent space Vj to Ly at [ is identified
with the homomorphisms which preserve degree. We have

Vo i \4
Tangent space to (C Tangent space to (_ Tangent space to
Ly at I Mr at I Hilb™(A%) at T
U U U
Tangent space to Tangent space to Tangent space to
cell of Ly C cellof My cell of Hilb™ (A?)
containing I at [ containing I at I ™ containing I at I
Vo© vt vt

Let us rephrase the situation in the language of Section 2.5. Recall that
Hompg (I, R/I) is generated by the subset S consisting of elements of pure
weight which take canonical generators of I either to zero or to monomials
modulo I. A homomorphism in S moves any two canonical generators not
taken to zero by the same horizontal and vertical translation.

Note 3.4.5.
(i) Vj is the subset of V' generated by the homomorphisms f in & which
take any canonical generator a for which f(a) # 0 to a box in the
diagonal containing a or to a box in a larger diagonal.

(ii) Vp is the subset of V' generated by the homomorphisms f in S which
take any canonical generator « for which f(a) # 0 to a box in the
diagonal containing a.

(iii) V47 is the subset of V generated by the homomorphisms f in S which
take any canonical generator « for which f(a) # 0 to a box in the
diagonal containing « lying in a lower row than « or to a box in a
larger diagonal.

(iv) V% is the subset of V generated by the homomorphisms f in S which
take any canonical generator a for which f(a) # 0 to a box in the
diagonal containing « lying in a lower row than a.

Before turning to the case Z, 1, (A% 0), we also need to look more closely
at the work [Iar| of Iarrobino; we present here some of his methods and
results in the language of this paper. The only point that might lead to
confusion is the fact that Iarrobino uses the ordering of monomials 0 < 1 <
y<x<y?®<yr <z?<.. whereas we use the ordering 0 <1 <z <y <
7% < 1y < y? < ... in keeping with the rest of our work. The reader will
have to swap the symbols x and y around when referring to [Iar].

Let I'r be the unique Young diagram which has diagonal sequence T" and
satisfies

j>1 and (i,j5) elr = (i+1,j—1) €'



CELLULAR DECOMPOSITIONS FOR NESTED HILBERT SCHEMES OF POINTS 7

let Ir be the C*-fixed point in Ly C My corresponding to this Young di-
agram. If d is the initial degree of T, the ideal Ir has d + 1 canonical
generators. For the rest of this chapter (unlike in Chapter II), we will label
the canonical generators ag, oy, ... ,aq from left to right, as in the picture
below.

Ezample. T T = (1,2,3,2), I is the ideal generated by
ap =y, oy =z, ap = 2%y and oy = 2.

I'r is the diagram

As

Li

Figure 10.

With respect to a fixed system (u = ax + by,v = cx + dy) of parameters,
let P((u,v),T) be the set of monomials u/v’ for which (7, 7) € T'z. Let

Mp((u,0),1) = {f €Mr:1IN (o?%cféi?ffr%)) = {0}}

and let

Lo = {T € Lr: I (o5t ) = {04}

With respect to our chosen system (z,y) = (Y1/Ys, Y2/Ys) of parameters,
the set Mp((zy),m) (resp. Lp(y),m)) is exactly the cell of My (resp. Lr)
associated to the C*-fixed point Ir.

Proposition 3.4.6 ([Iar, Prop.3.2]). Let N =3 t;(j+1—1t;). Then, any
ideal I € My fails to be in Mp((z,y—ax),m) for at most N values of a.

Remark 3.4.7. ([Iar, 3.A]). It follows that given any N + 1 distinct
points ag, ay,...,an in C, the set {Mp((z y—a;z),m) : 0 <7 < N} is a finite open
cover of Mp. This cover is connected because the C*-fixed point I lies in
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each of the open sets Mp((z,y—a,2), 7). Likewise, Ly has a connected cover
consisting of finitely many open sets which are isomorphic to Lp((sy),1)-

From now on, fix our system of parameters to be (z,y) = (Y1/Ys, Y2/Ys)
and write P(T) for P((x,y),T).

The Young diagram I'r is identified with the set of monomials not in I
by letting the (i,5)" box correspond to the monomial z7y’. Recall (see the
definition preceeding Figure 4 in Chapter II) that there is a set of monomials
P, in I'7 associated to each canonical generator a of Ir. Let

Y, :={0 € P,, : fa., 3 preserves or increases degree},
Es:={0B € P,, : fa. s preserves degree},

Ay :={yeTlr~T,: degree v > degree a,} and
Ay :={yeTr N E,: degree v = degree a,};

let
T ={(s,0): €T}, =E={(s,0): 8 €E},
A={(s,0): €A} and A={(s,0): 5 € As}.

Since {fa, 5 : (s,0) € T} is a basis for the tangent space to My at Ir and
{fa.p : (s,8) € E} is a basis for the tangent space to Ly at Iy, we know
that

dim My = |Y| and dim Ly = |Z|.

Proposition 3.4.8 ([Iar, Lemma 2.4, Prop. 2.5, Lemma 2.7, Prop. 2.8]).
(1) For each point (asg)sper in AY™Mrthere is a unique sequence
(ds,8)(s,8en so that the ideal generated by the polynomials

fs = ag + Z as,ﬁlg + Z dS,BIB

BETs BEA,

is in Mpry. We can thus associate an ideal I(asg) to any point (as )
in A M1 - the polynomials f, are known as the standard generators
of this ideal. For each 3 € A, d; s is a polynomial function of the a,
for which t < s and B € Y.

(2) The map from AY™ M7 to Mp ) which takes (asp)s,per to I(asg) is
an isomorphism of varieties.

(3) For each point (asg)spe= in AY™ LT there is a unique sequence
(ds,8)(s,8yen S0 that the ideal generated by the polynomials

fs = as + Z as,ﬁﬁ + Z ds,B/B

BEEs BEA,
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is in Lpr). As before, this enables us to associate an ideal I(as ) to
any point (asp) i AY™ L7 and again, we call the polynomials f, the
standard generators of this ideal. For each 8 € A, ds 5 is a polynomial
Junction of the a, . for whicht < s and v € Z,.

(4) The map from AY™ L7 to Ly which takes (asg) s pyes to I(asg) is
an isomorphism of varieties.

(5) The inclusion map of Lpry in Mpry and the restriction of the pro-
jection map pr from Mpry to Lpry are given in coordinates in the
obvious way. In particular, Mpy = Lp) X AT,

3.4.c. The Hilbert function strata of Z,_;,(A%0).

Finally, we turn to the case Z, ;,(A%0). We consider Z, ;,(A?%0)
under a C*-action induced by one of the one-parameter subgroups described
in Lemma 3.4.1. Any fixed point of the action is a pair of invariant ideals
(I, 1) of Clz,y] = C[Y1/Y0,Y2/Ys] satisfying I; D Io; it corresponds to a
pair of nested Young diagrams (I';,T'y) as shown in Figure 6.

Since any non-empty Hilbert function stratum My, 7, must contain such
a C*-fixed point I € Ly, 1,, we have the analogue of the first part of Propo-
sition 3.4.3: Given a pair of sequences (T1,T2) = ((t5,t1,... ), (t3,13,...,))
with |T1| =n — 1 and |T3| = n, My, 1, and Ly, 1, are non-empty if and only
if
(1) Forje {1,2},t) =1andt, <t/_, for all i > d), where dJ is the initial

degree of Tj,
(2) There exists some i for which ¢} + 1 = ¢2.

Consider the Young diagram I'; and draw a diagonal line £ through the
box representing the monomial & which is in I; but not in I,. Mark with the
symbol ¢ any box representing one of the canonical generators of Iy; mark
with the symbol x any box which lies simultaneously in the same column
below some ¢ and in the same row to the right of some other ¢, as illustrated

in the following picture.
| £
o
L3l

o[\ ]

IBE

Figure 11.
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Let 0o (I'1,I'y) (resp. x*(I';,I'2)) be the number of symbols ¢ (resp. x) on
the diagonal £ or on a smaller diagonal than £; let o(I'y,I'y) (resp. *(I'1,I's))
be the number of symbols ¢ (resp. x) on the diagonal £; let oo™ (I'y, T'y) (resp.
**T(I';,T'3)) be the number of symbols ¢ (resp. *) on the diagonal £ in a
row higher than & or on a smaller diagonal than £; let o*(I'y,T'y) (resp.
*T(T';,T'3)) be the number of symbols ¢ (resp. %) on the diagonal £ in a row
higher than a.

Lemma 3.4.9. Suppose that (I1,15) € Ly, 1, C My, 1, is a C*-fized point
on Z,_1,(A?,0) and (T'1,Ty) is the associated pair of Young diagrams.
(1) The dimension of the tangent space to Mr, 1, at (I1,15) is equal to

dim ]\4’1"1 + OO(Fl,Fg) — **(Fl,rg);
(2) The dimension of the tangent space to Ly, 1, at (I1,15) is equal to
dlm LT1 + O(Pl,rg) — *(Pl,rg);

(3) The dimension of the positive part of the tangent space to My, 1, at
(11, I5) is equal to

dim (Tll(MTl))+ + ooh (1—‘1,1"2) —— (Fl,rz);

(4)  The dimension of the positive part of the tangent space to L, 1, at
(I1, I5) is equal to

dlm (le (LTl))+ + <>+(F17F2) — *+(F1,F2).

Proof. We will just prove the first part of the lemma here as the proofs of
the other parts are completely analogous.
Recall from Lemma 2.6.2 that we have an exact sequence

0 — Ker (¢ —¢) — Homg(I1, R/I;) ® Homg(ls, R/I5)
2% Homp(I, R/1,) — 0.

Let Hompg(I, R/11) (resp. Ker) be the subspace of Hompg(I, R/I;) (resp.
Ker ) consisting of homomorphisms which preserve or increase degree. Re-
stricting the exact sequence above to the homomorphisms which preserve or
increase degree and applying the first part of Note 3.4.5, we have
(3.4.3)

0— T(Il,IQ)(MTl,Tz) — 17, (Mr,) ® Tr,(Mr,) — Hompg (I, R/I;) — 0.
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From Equations (2.6.1), (2.6.2), (2.6.3) and (2.6.4), we can express
Hompg(l5, R/I;) as a direct sum decomposition

Homp (I, R/ 1) = Tm ¢ & (&(F)).

We check that the number of homomorphisms F; which preserve or increase
degree is equal to x = (I'1,I'y). Hence,

(3.4.4) dim Hompg(Iy, R/I,) = dim T, (Mr,) — dim Kervy + % (I'1,I'y).

Recall also that we constructed a basis {G;} for Ker in the proof of
Proposition 2.6.3, It is easy to see that the number of homomorphisms G;
which preserve or increase degree is equal to ¢ ¢ (I'y,I'y), and so

(3.4.5) dim Ker¢ = oo (I'y,I').

The dimension of the tangent space to My, 1, at (11, I>) can now be computed
from the exact sequence (3.4.3) together with the Equations (3.4.4) and
(3.4.5). O

Let £; be the i*" diagonal and let I' be a Young diagram. We define o;(T")
(resp. %;(I")) to be the number of symbols ¢ (resp. *) lying on L;.

Lemma 3.4.10. Let I' be a Young diagram with the diagonal sequence
T(F) = (t07t1; t2, ) Then,

0 ifi =0,

(ti—l - tz> - (ti_Q — ti—l) Zf’L Z 2.

Proof. We use induction on the number of boxes n in the Young diagram
I'. When n = 1, the lemma is clearly true. So, let us assume that I' has n
boxes, where n > 2, and that the lemma holds for any Young diagram with
less than n boxes.

If T(T') = (to, t1,ta,...), let & = max{i:t; # 0} and let IV be any Young
diagram sitting inside I' with the diagonal sequence

T(F/) = (t07t1’t27 “ e ,tk,l,tk - 170, O, )

One can verify, say by considering the cases listed in the beginning of Section
2.6, that

(3.4.6)
0i(T) — %;(T) = 0;(T") = %;(T") if0<i<kork+2<i,
o (T) — *4(T) = op(T) — % (") — 1,
Ok 41 (D) = %11 (T) = 01 () = Hpa (T7) + 2,
Opr2(I) = Hpppa(I) = Oppa(I') — rpg2 (1) — 1.
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For each j, we obtain by induction an expression for ¢;(I") —*;(I") in terms
of the diagonal sequence {¢;}. Plugging this expression for ¢;(I") — x;(I')
into the relevant equation in (3.4.6) then yields the required expression for
0;(T') — x;(T") in terms of the diagonal sequence {t;}. u

Following [Iar], we define Mp(7,) p(r,) and Lp(z,) p(r,) to be the sets
MP(Tl),'P(TQ) = {(11712) € ]\4'11177"2 . Il c MP(Tl) and IQ € MP(TQ)}

and

LP(Tl),'P(T2) = {(Il,IQ) c LTl,Tg : Il S L’P(Tl) and Ig € LP(TQ)}

respectively.
We observe as before that Mp(r,)p(1,) is exactly the cell of My, 1, associ-
ated to the C*-fixed point (Ir,,Ir,), while Lpr) p(r,) is the set

{(Il,Ig) S LT17T2 H 11_1)18 (tI17tI2) = (IT17IT2)} .

The argument of Remark 3.4.7 shows that My, , (resp. Lp, 1,) has a
connected cover consisting of finitely many open sets which are isomorphic

to Mp(r),pery) (resp. Lpry),p(1))-

Proposition 3.4.11. Every Hilbert function stratum My, 1, of
Z,_1.,(A%0) is smooth and irreducible. If we write Ty = (to,t1, ... ,tg_1,tx,
tit1,..) and Ty = (to,t1,... ,tr_1,tx + 1, t141,...) and let d be the initial
degree of T, then we have

dim My, 7, = (n—1) = Y (tj1 —t;)(t1 —t; +1)/2 + (te1 — tr).

j=d

Proof. 1t is clear that My, 1, is smooth and irreducible as it has a connected
cover of finitely many smooth open subsets. To obtain the formula for its
dimension, observe that

dlm MTl,TQ == dlm ]\4]11 + (tk,1 - tk)
by Lemma 3.4.9.1 and Lemma 3.4.10, while

dim My, = (n—1) = > (t;1 —t;)(tj1 — t; +1)/2

j=d

by Proposition 3.4.3. Ul



CELLULAR DECOMPOSITIONS FOR NESTED HILBERT SCHEMES OF POINTS 83

Proposition 3.4.12. The space Ly, 1, is an trreducible smooth projective
variety. With the notation of Proposition 3.4.11, the dimension of Ly, 1, is
equal to

(347) > (i —ty+ 1)t — i) + (beer — b — 1) = (frea — 1)

j=d

Proof. 1t is clear that Ly, 1, is a closed subset of the projective variety Lz, X
Ly,. Since Ly, 1, has a connected cover consisting of finitely many open
subsets isomorphic to Lp(r,)p(r,) and since the set

Ly pry = {11, 1) € Ly, z,  lim (¢.1, 8.05) = (Iry, I, ) }

is obviously connected, we need only show that Lp(1)p(r,) is a smooth
variety whose dimension is given by expression (3.4.7).

Let d be the initial degree of Tb; let {ag,a1,... a4} (resp. {ag,aq,...,
&;}) be the set of canonical generators of Iy, (resp. Ir,) labelled as in
Figure 10. Let Z, (resp. Z,) be the set of elements § in P,, C T'z, (resp.
P;. C I'y,) for which the homomorphism f,, s (resp. fa, 3) preserves degree
and let £ = {(s,8) : B € Z,} (resp. == {(s,0) : f € Z,}). By Proposition
3.4.8.4, Lp(r,) (resp. Lp(r,)) is an affine space whose point with coordinates
(as,8)(s.p)ez (resp. (dsp) (s 5)cz) represents the ideal I(as ) (vesp. I(dsp))-

There are three cases to consider: the case where d = d < k, the case
where d = d + 1 and the case where d = d = k.

Case 1. d=d < k. Recall that if fy, f1,... , f4 are the standard generators
of I(as ), then
fs =, + Z ASﬁ/Bv
BEP(T1)

where A, 3 is a polynomial in the a; , for which ¢ < s and v € Z; in the case
where 3 € Z;, A; 3 = as g, and in the case where deg 3 # deg «;, A, 3 = 0.

To each pair consisting of a point (a,,3) in Lp(r,) and a (t,—1 —t, —1)-tuple
(kp)ty<p<tr ., We associate an ideal J((as ), (k,)) of C[x,y] as follows. If fj,
fi,..., fa are the standard generators of I(a,s), let J((asg), (k,)) be the
ideal generated by the polynomials f), fi,..., f;, where

fi if i < ty,
tr—1
r— Yfu = Z Qg5 /9 f if & = t,
fi - J=tk41
fi+kiftk iftk<i<tk_1,
fi if i >t .
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Writing a, as z°y's and letting m, = l,_; — [,, we have:

Lemma 3.4.13. Forty_ 1+ 1 < r <t o, there is a polynomial g, in the
coordinates a, 3 and k, such that

ymrfr - 33‘fo1 = gr((as,ﬁ)7 (kp)) ftk m0d<ftlk+17 cee 7f7£—1>'

We will return to the proof of this lemma when we are done with proving
Proposition 3.4.12.

Define H to be the closed subvariety of Lp(r,) x At -1~ satisfying the
equations

(3.4.8) gr((asg), (kp)) =0 for tp1+1<r <ty

We claim that if ((as ), (kp)) lies in H, the pair of ideals ((asg), J((as,3),

(kp))) is in Loz, pry):
(1) It is clear that J((asp), (kp)) is contained in I(as); in fact, we have

(J((as,0), (kp)), fu.) = I(as,p)-

Since z f;, and yf:, are both in J((ass), (ky)), either J((asg), (k,)) =
I(asp) or J((asp),(ky)) € Ly,. (To see that xf;, is in J((asg), (kp))
requires a short argument analogous to the proof of Lemma 3.4.13.)

(2) That J((asp), (kp)) is in Lp(r,) is then a consequence of the following
lemma, which we will prove later.

Lemma 3.4.14. If ((asp),(k,)) € H,

oo f o F O (T ) = {0} for any 7 < d.

Regarded as a point in Lp(z,), the ideal J((as ), (kp)) has coordinates
(@s ) specified by

Asaﬁ lf s < tk:;
tr—1
Abpry — Z Ay a; 1yAi if s = t,
a 5= J=tk+1
: Asp+ kA, s if tp <s<tp_1and B # ay,,
ks lf tk < s < tk—l a,nd 5 = atku
Asp ift, , < s.
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Therefore, the locus of such pairs of ideals (I(asg), J((asz), (ky))) is the
closed subvariety Y of Lpr)pr) C Lpmr) X Lpmr,) consisting of points
whose coordinates ((as ), (as,3)) satisfy the equations

gr((as,ﬁ)v (dp,atk)) =0 for tk—l +1 <r< tk—27

together with the equations

(3.4.9)
s = Asp for s < t, and § € Z,,
tr—1 ~
&Sﬁ = Atk,ﬁ/y o Z Atk’aj/ijﬂ for s =), and B € =,
J=tk+1
As,p = As,p + Qs,a, Aty 8 for tp, < s <ty_; and B € Z, N {ay, },
as,5 = Asy for t,_; < s and f§ € Z,.

Because the morphism from H to Y associating the pair of ideals (I(as ),
J((asp), (kp))) to the point ((ass),(k,)) in H is an isomorphism, we know
that every component of Y has dimension at least

(3410) dim LT1 + (tk—l - tk - 1) - (tk_g - tk—1)~

On the other hand, by Lemma 3.4.9.2 and Lemma 3.4.10, the tangent
space at any C*-fixed point of Ly, 1, has dimension

(3411) dim LT1 + (tk,1 - tk - 1) — (tk,Q — tkfl).

Since the closure of the C*-orbit of any point of Ly, , must contain one of
these fixed points, no tangent space to Lz, 1, can have a larger dimension.
This, together with (3.4.10) implies that Y = Lpp,) p(r,) is @ smooth variety
whose dimension is given by expression (3.4.11). By Proposition 3.4.3.2,

dim Ly, = Y (o1 —t; + 1)t — tj21),

jzd
50 (3.4.11) is equal to (3.4.7) as required.

Case 2. d = d+ 1. This case can only occur when d = k = t;,. Hence,
(tg—1 —tp — 1) — (tg—2 — tx—1) = 0 and we are required to demonstrate that
Lp 1), p(1y) is a smooth variety whose dimension is equal to that of Lr,.

This follows because we can show as in the previous case that the pro-
jection map @ : Lp(r,),p(1,) — Lp(r) is surjective and we know by Lemma
3.4.9.2 and Lemma 3.4.10 that the dimension of every tangent space to
Lp ), p(1y) is no more than the dimension of Lp(r).
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Case 3. d=d = k. Again, a similar but simpler argument to that in Case
1 shows that the projection map @ : Lp ) p(r,) — Lp(r) is surjective with
each fibre having dimension at least t;_; — t,. This, together with Lemma
3.4.9.2 and Lemma 3.4.10, yields

dim Lp ). p(ry) = dim Lpry) + (tp—1 — tr)

as needed. |

Proof of Lemma 3.4.13. The procedure for obtaining the polynomial

gr((asp), (ky)) is as follows:

(1) Write By = y™ f, — 2fr—1 88 2 onomials 114 (@s,8) 75 then, eliminate
monomials divisible by «,._; from FE; by subtracting from E; a suitable
multiple h,_; f/_; of f/_, to obtain Ey = Ey — h,_1 f]_;.

(2) Having obtained F;, eliminate monomials divisible by «,_; from E;
by subtracting from F; a suitable multiple h,_;f,_, of f!/_, to obtain
Ein=Ei—h.if] ;.

(3) After r —t;, — 1 steps, we obtain F,_,,. E,_,; lies in the linear span of
P(Ty) and «y,, and satisfies

—1

Erftk = ymrfr - l‘frfl mod <ft/k+1’ R 7/*—1>'

The process produces polynomials Gz and ¢ in the coordinates a, g
and k, so that

Brw = gfu + 3 Ga
BeP(Ty)
Since E,_;, and f;, are both in I(as ) and I(as5)N (ligfa;(;%n) = {0},

the polynomials Gg are identically zero and E,_,, = gfi,.
U

Proof of Lemma 3.4.14. If (f{, fi,..., fi)N (112?71;:;:)[1) # {0}, there must
exist some

deg B=k
BEP(Th)

in the ideal generated by f§, fi,..., f/. This is clearly not possible if r <,
since the polynomials fg, fi,... , f{, all have degrees larger than k.
We proceed to prove the lemma by induction on r. Suppose that

v oo fiveoe s Fi) 0 (M5 ) = (0)
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and assume for contradiction that
.. linear span
(i) Fos Fis s F 0 (Mincs) # {0)

Case 1. ty, <r <ty_;. For (ii) to hold, there must exist complex numbers
Its, Ag and A such that

r—1
My + D NaB=Ff+ D wf
deg B=k s=tr+1
BEP(Th)

As all terms in the above equation apart from f! are divisible by 3!, we
have a contradiction.

Case 2. r =t;_;. The same arguments lead to a contradiction.

Case 3. t_y < r < t;_o. For (ii) to hold, there must exist complex
numbers \g, polynomials h, and a polynomial h of degree m, such that

r—1
foo+ D XB=hfl+> h.fl.
deg B=k 5=0

BeP(Th)

Since y'*-' divides the left hand side of the equation as well as the sum
S hef!, it must also divide hf!. In particular, h = \y™ and

r—1
fot D2 XeB = Ny™fl—afll) + Mafl + ) Sl
deg B=k s=0

BeP(Th)

However, the fact that the point ((as ), (k,)) lies in H implies that

ymrfr — T Jr-1 S <f(/)7f{7 ) 7{—1>7

so we obtain

ftk + Z )\ﬁﬁ € <f(;7f{7 7f7£—1>7

deg B=k
BEP(T1)

contradicting (i).

Case 4. r > tp_5.  Again, for (ii) to hold, there must exist polynomials h
and h,, and complex numbers Ag such that

r—1
fo. + Z AsBB = h(y™ f, —xf_1) + Zhsf;'
deg B=k s=0
BEP(T1)
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To obtain a contradiction as before, it only remains to check that

ymrf'r' - xfr—l € <ftk71?ftk—1+17 s 7f7“—1>‘

This can be done by using the same elimination procedure seen earlier in

the proof of Lemma 3.4.13:

(1) Write By =y f, —xfr_1.

(2) Having obtained F;, eliminate monomials divisible by «,_; from E;
by subtracting from FE; a suitable multiple p,_;f,._; of f._; to obtain
Ein=FEi —pr_ifri-

Observe that all the monomials occuring in each of the F; lie in the (r+1,_,)"

diagonal. Since r + [,._; < k, there are no monomials occuring in E; which

are divisible by «; for j =0,1,2,... ,%,_1 — 1. Hence, F,_,, 4, already lies
in the linear span of P(T}) and satisfies

ET*tk—hLl = ymTfr - :L‘frfl m0d<ftk—1? ftk—1+17 cee va71>'

So B4, 41 = 0 and y™f, —xfr—q isin (fi,_,, fie_y41s--- , fr_1) as re-
quired. [l

Since Ly, 7, is smooth and projective, any C*-action on Ly, 7, induced by
one of our C*-actions on Z,_; ,(A? 0) gives rise to a cellular decomposition
of Ly, r, by the theorem of Bialynicki-Birula. The cells of Ly, 1, are the
intersections of Lz, 1, with the cells of Mr, r,.

Proposition 3.4.15. Let X be the Hilbert function stratum My, r, of

Z,_1.,(A%0) or the related smooth projective variety Ly, r,. Then,

(1) X has a cellular decomposition; the map A.(X) — H.(X) is an iso-
morphism and H,(X) is free.

(2) The Betti number by;(Mr, 1,) is equal to the cardinality of the set of
pairs of Young diagrams (I'1,T'y) for which

(T(T,), T(T2) = (T1,T,) and

(n—=1)—{(u,v) € Ty :hy (1) € {0, 1} }+00H (T, Ta) =k ([, T2) = 4.

(3) The Betti number by;(Lz, 1,) is equal to the cardinality of the set of
pairs of Young diagrams (I'1,T'y) for which

(T(Ty), T(T9)) =(T1,T>) and

[{(u,v) €Ty : by o([1) = =1} + 0" ([, Ty) — ([, 1) = i.
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In particular, the FEuler numbers are

X(Mrz, 1,) = X(Lr, 1,) = [{(T'1,Tg) : Ty C Ty, T(T;) = T3}

Proof. This follows from Theorem 3.0.2, Lemma 3.4.9.3, Lemma 3.4.9.4,

Equation (3.4.1) and Equation (3.4.2). O
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