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COMPUTING THE INFINITESIMAL INVARIANTS
ASSOCIATED
TO DEFORMATIONS OF SUBVARIETIES

RaANDALL F. WESTHOFF

The purpose of this article is to study and describe a
method for computing the infinitesimal invariants associated
to deformations of subvarieties. An interpretation of the in-
finitesimal invariant of normal functions as a pairing similar to
the infinitesimal Abel-Jacobi mapping is given. The compu-
tation of both invariants for certain forms is then reduced to
a residue computation at a finite number of points of the sub-
variety. Applications of this technique include a nonvanish-
ing result for the infinitesimal Abel-Jacobi mapping leading
to finiteness results for low degree rational curves on com-
plete intersection threefolds with trivial canonical bundle and
a generalization of a formula of Voisin for the infinitesimal
invariant of certain normal functions.

1. Introduction.

The problem of understanding the subvarieties of a given projective variety
is one of the central problems in algebraic geometry. If Y is a subvariety
of a projective variety X C P™ and Y is nontrivial in the sense that it is
the not the complete intersection of X with another subvariety of P™, then
in many situations one expects the deformations of Y in X to “generate”
some of the cohomology of X. The cohomology generated by a subvariety
as it deforms is measured by Abel-Jacobi mappings, normal functions and
their infinitesimal variants. Understanding the degree to which deformations
of a subvariety generate the cohomology of a variety can yield information
about the structure of the family of all such subvarieties. (i.e. dimension,
smoothness, etc.)

We begin with a brief discussion of Abel-Jacobi mappings. Let X be a
smooth projective variety of dimension n and let F' be a smooth projective
variety parametrizing a family of subvarieties of dimension d on X. Let
E={Y,z)e FxX:zeY}andlet p: E— F and ¢: E — X be the
natural projections. Then the “cohomological” Abel-Jacobi mapping is the
morphism of Hodge structures of type (—d, —d) defined by the composition

H*(X,C) - H*(E,C) 25 H*2!(F,C)
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where p, the Poincaré dual of p, on homology when E is smooth and is
defined via a desingularization of E when F is not smooth.

With F' as above assume further that the generic subvariety parametrized
by F'is smooth. The tangent space 7ry to F' at a subvariety ¥ € F' maps
naturally into H°(Ny|x), the tangent space to the deformation space of Y’
in X. Then for generic Y in F' there is a commutative diagram

HYQY) 2 mo(Q;)

] |

/\*72dHO<NYIX>* /\*72(17’;71/.

where the map in the top row is identified with the (x — d, d) piece of the
Abel-Jacobi mapping and & is the infinitesimal Abel-Jacobi mapping which
is given by the contraction mapping

O ATHHO Ny x) @ HY QD) — HYQL).

When x = 2d + 1, ® also computes the differential at Y of the Abel-Jacobi
mapping of Griffiths from F' into the (n — d)th intermediate Jacobian of X.
For details see [4].

As Abel-Jacobi mappings measure the cohomology generated by a sub-
variety as it deforms in a fixed variety X, normal functions measure the
cohomology generated by a subvariety as it deforms with X. An infinitesi-
mal invariant of normal functions was first introduced by Griffiths in [7] and
later refined by Green in [6]. Let S = Spec(Cl[s]/s?*). If Y is an algebraic
cycle of dimension d on X and Yj is an infinitesimal deformation of Y in an
infinitesimal deformation Xg of X, then there is a natural pairing

P : HO(NY|XS) ® Hd(QSZ(ng\X) — Hd(le,)

given by contraction. If n € H°(Ny|x,) is the vector field determined by
Ys C Xg, then it is shown in Section 2 that ®(n, -) computes the infinitesimal
invariant of the normal function associated to Yg C Xg. For a related
interpretation of this invariant see [15].

This pairing is similar in form to the infinitesimal Abel-Jacobi mapping
and this observation is exploited to give a general technique for computing
both invariants in Section 3. This construction is a generalization of a con-
struction of Clemens in [4] and reduces the computation of & for certain
forms on X to a residue computation at a finite number of points of Y.
In the sections that follow several applications of this technique are given.
By appealing to a regularity result for space curves in [8], this technique
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is used to prove some nonvanishing results for the infinitesimal Abel-Jacobi
mapping
®: A"PHO(Noix) @ HY(Q% ) — HY ()

associated to certain low degree curves C on varieties X of dimension n.
In particular, it is shown that the infinitesimal Abel-Jacobi mapping is of
maximal rank for low degree smooth rational curves C on complete intersec-
tion threefolds X with trivial canonical bundle. Combining this with the fact
that the infinitesimal Abel-Jacobi mapping is trivial for such C' which deform
generically with X forces H°(N¢|x) to vanish. This yields finiteness results
for low degree rational curves on complete intersection threefolds with trivial
canonical bundle. There has been a great deal of interest in this problem
stemming from some computations of physicists working in string theory.
The mirror symmetry principle allows them to relate the number of rational
curves of a given degree on a generic quintic threefold (or more generally
a Calabi-Yau threefold) to the coefficients of a certain Fourier series deter-
mined by the variation of Hodge structure of some other family of threefolds
with trivial canonical bundle. It would therefore be of great interest to deter-
mine whether there was a finite number of rational curves of each degree on
a generic complete intersection threefold with trivial canonical bundle. For
a nice survey mirror symmetry and its implications in algebraic geometry
see [13].

In the last two sections the formulas for the infinitesimal invariant of a
normal function developed in Section 3 are refined in the case of subvarieties
of hypersurfaces. This leads to a generalization of Voisin’s formula [16]
for the infinitesimal invariant of normal functions associated to algebraic
one-cycles on hypersurface threefolds which are contained in a hyperplane
section.

This work is an expanded version of some results in the authors disserta-
tion completed at the University of Utah. The author would like to thank
Herb Clemens for suggesting these problems and for many helpful conversa-
tions.

2. Normal Functions.

Let X be a smooth projective variety of dimension n and let Xg be an in-
finitesimal deformation of X. Let Y be an algebraic cycle on X of dimension
d. When Y is smooth there is a natural pairing

(2.1) ©: H' Wy xs) © HY(QY [x) — H(QF)

given by contraction. When Y is not smooth this pairing is still defined if
we take a desingularization f : Y — Y of the irreducible components of Y
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and define the normal bundle to Y in Xg by Ny|x, = f*Tx, /7y and replace
Q¢ with Qf in (2.1). This agrees with the usual definition of Ny|x, when
Y is smooth. Let Y5 C Xg be an infinitesimal deformation of Y in Xg given
by n € H°(Ny|x,). The goal of this section is to prove that:

Theorem 2.1.  ®(n,:) computes the infinitesimal invariant of the normal
function associated to Ys C Xg.

The key step in this process will be the computation of H d(QdXJ;1| x). For
simplicity, assume that S is one-dimensional. Then there is an exact se-
quence

0 — Wxixs)" — Qx, [x— Qx — 0

where (N)qxs)* = IX\XS/I.?(\XS = IX|XS = OX -ds g QXS’X and IX|XS is
the ideal sheaf of X in Xg. This induces an exact sequence

(2.2) 0 — Q% 25 QdH | — Qi — 0.

To obtain an explicit description of HY(Q% | x) it will be necessary to find
a nice Dolbeault type resolution of Q%' |x.

Assume that Xg — S comes from a family of smooth projective varieties
X — T where T is a disc in C centered at the origin 0 € C and X = X,.
After shrinking T, if necessary, there is a diffeomorphism ¥ : X x T — X.
The fibers X; of X — T can then viewed as a family of complex structures
on the C* manifold X. From this point of view, Kodaira in [12, Chapter 5],
describes this variation of the complex structure in terms of the Kodaira-
Spencer class of the deformation. Let {U,} be an open cover of X and let
2ty ..., 27 be local holomorphic coordinates on U, for X. Then on each
Uk x T

Uz, 20, t) = (G2, 1), .o, (P (2, 1), 1)

where (}(z,t),...,(P(z,t) are local C> coordinates on X which are holo-
morphic with respect to the complex structure on X;. On each (U;NU) x T,
write (i (z,t) = f} . (Ce(2,t),t). Note that f!, is holomorphic in (g, ..., (¢t
and (}(z,t) is holomorphic in ¢ for all j,k,]. Thus we can write (}(2,t) as a
power series in ¢, (}(z,t) = 2z +tal(z) +--- . The Kodaira-Spencer class of
the deformation is the image of /0t under the Kodaira-Spencer map and
is represented by the d-closed C* vector valued (0, 1) form 6 where

;0
0|Uk = Zej,kaz

Replacing T" by S gives the same set up with all equations taken modulo
t2. We wish to determine the @ operator on Xg in terms of z and s. First

- ®dz, and 0, = —0o} /0%,

i
k
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notice that
It = 0(z), + sa}) = s0aj, = —s Y _ 0 dzl = —s0]y, (z,).

Thus (0 + s0|y,)(¢L) = 0 for each [ and a straight forward computation
shows that a C* function f(z, s) on Uy, x S is holomorphic when viewed as a
function on ¥ (U, x S) if and only if (9 + s0|y, )(f) = 0. Thus 0 + s detects

the holomorphic functions on Xg. Since (},...,(", s are local holomorphic
coordinates on Uy x S = V(U x S), (Qxs|x)|v, is generated by ds and
d¢i =dz, + aids, i =1,... ,n over Oy,.

Let A?7 = AP9(X,C) denote the sheaf of C* (p,q)-forms on X. The
following lemma will enable us to effectively compute H*(Q% | x).

Lemma 2.2. For each p > 1 there is a commutative diagram of fine
resolutions
0 0 0
0 —— Qg{*l N Ap—1.0 L Ar—11 L
l/\ds J{/\ds l/\ds

S/
0 —— D lx —— A10@ APO _9 L prtig gt 9L

l ! l

0 —— QI)’( - AP0 -2 . APt Y ...
| | |
0 0 0

where 0'(( Nds + w) = (0¢C + 0-w)Ads + Ow.

Proof. The commutativity of the diagram is clear and the exactness of the
top and bottom rows is Dolbeault’s lemma. To complete the proof of the
lemma it only remains to be shown that the middle row is exact. Using
the fact that 9> = 0 and 00 = 0 it is easy to check that &’ 0 &’ = 0. By
definition, 0o, = —Y"0:,dz] and 0|y, = 30, koer ®dz] so that d'(d(}) =
J'(dz;, + ajds) = 0. Considering Q% _|x as a subsheaf of A7~ A ds & AP,
it then follows that

O%.|x C ker(A*"° Ads @ AP° 2 A A ds @ AP,
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For the opposite inclusion, let ( Ads + w € AP"YO(U) A ds @ APO(U)
where U is a small polydisc in X and suppose 9'({ Ads + w) = 0. Then
Ow =0 and ¢ = —6-w so that w € QX (U). Let @ be any form in Q% _|x(U)
which restricts to w. Then the image of @ in AP~10(U) A ds & AP°(U) is
0'-closed and of the form ¢’ Ads + w where 0C' = — - w. It then follows
that ¢ — ¢’ € Q% '(U) and (¢ —¢') Ads + & defines an element of Q% _|x (U)
whose image AP~ 0(U) Ads @ AP°(U) is ( Ads + w.

Now suppose that ¢ > 1 and ( Ads + w € AP"H(U) Ads & API(U) is
0'-closed. Then Ow = 0 and ¢ = —0 - w. By Dolbeault’s lemma, there is a
v € AP4~1(U) such that 9y = w. Since 30 =0, I = —0 -9y = (0 - ) so
by Dolbeault’s lemma there is a 3 € AP~%4~1(U) such that 93 =¢ — 6-7.
Putting this together one obtains

d(BANds + ) = (08 + 0-y)ANds + Oy = (Ads + w.

Thus the middle row is also exact. |

Proof of Theorem 2.1. The resolutions of Lemma 2.2 compute the coho-
mology groups of Q%, Q¢!|x and Q. Furthermore, in the long exact
sequence of cohomology groups for the sequence (2.2) the boundary map
HY Q) — H*'(Q%L) is given by contraction with the Kodaira-Spencer
class . Thus a cohomology class w € H*(Q%") extends to a cohomology
class © € HY(Q%'|x) if and only if 6 - w = 0. Lemma 2.2 also shows that in
this case @ is represented by a form —( Ads + w for some ¢ € A%Y(X,C)
with ¢ = 6 - w.
Consider the exact sequence of normal bundles

0— NY\X — NY|XS — NX\XS|Y — 0.

Since s = 0 is the defining equation for X in Xg and s* = 0, then Ny y,|y =
Oy - (0/0s). If Yg is an infinitesimal deformation of Y in Xg given by
n € H°(Ny|xs), then the image of  in Ny x|y corresponds to 9/ds. In
this situation, Ny x, = Nyx ® Nx|xs|y since the obstruction to splitting
the sequence is the image of 9/0s in H'(Ny|x) = Ext'(Oy - (0/0s), Ny |x).
Then locally n =17 + 9/0s for some ' € Ny|x and the pairing

D HO Wy ) @ HYQE ) — HO(0) 25 ¢

takes
new = (n + 9/9s) ® (—=C ANds + w)—>—/§ + /77'00-
Y Y

This is up to a sign the same as the formula given by Griffiths in
[7, pp. 302-307] and completes that proof of Theorem 2.1. I
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3. Computation of the pairings.

In this section a general method for computing both the infinitesimal Abel-
Jacobi mapping and the infinitesimal invariant associated to a normal func-
tion will be given. As we have seen these invariants are both given by
contracting normal vector fields on a subvariety Y C X against forms on
X. The computation of these invariants will be reduced to a residue com-
putation at a finite number of points on the subvariety. This generalizes a
construction of Clemens in [4] for computing the infinitesimal Abel-Jacobi
mapping for curves.

Let X be a smooth projective variety of dimension n embedded in a
smooth projective variety W of dimension m. Let Y be a smooth pro-
jective variety immersed as a subvariety of dimension d in X by a morphism
f:Y — X CW. Let Xg be an infinitesimal deformation of X in an in-
finitesimal deformation Wg of W. Throughout this section S will denote
either Spec(C[s]/s?) or Spec(C). In the later case Xg and Ws will be iden-
tified with X and W respectively. In any case, for £ > 2d + 1 there is a
natural pairing

(3.1) @ A" HO Ny x,) @ HY (Y x) — HY(Qf) = C

given by contraction. When S = Spec(C) this reduces to the infinitesimal
Abel-Jacobi mapping for Y. When S = Spec(C[s]/s?), k = 2d + 1 and YV
deforms with X in Xg this is the pairing that gives the infinitesimal invariant
of a normal function.

Consider the commutative diagram of exact sequences

0 —— Txslx —— Twslx —— Nxgwslx —— 0

(32 l | |

0 —— NY|XS — NY|WS - f*NXS\WS — 0.

The obstruction pu € Ext' (Nx,jws|x, Txs|x) to splitting the top row of (3.2)
determines the obstruction o € Ext'(f*Nxws, Ny|xs) to splitting the bot-
tom row of (3.2) in the sense that applying the functor Hom(Nx g ws|x, - ) to
the top row and Hom(f*Nxgws, - ) to the bottom row gives a commutative
diagram

Hom (N jws |xs Nxgws [x) —— Bxt! (Mg ws |xs Tes|x)

l l

Hom(f* N ws, f*Nxgiws) —— Ext'(f*Nxgjws Ny xs)
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such that u is mapped to o.
We wish to compute ® for forms in the image of the composition

(3.3)
H (9, @ N, Ix) — H' (9%, © T, @ A lx) — -
— H* (%, ® T3 x) — H* (% "Ix)
where each map
i i ®(d—i i ®(i+1 ®@(d—i—1
H (Qlﬁcs ® T, ®NXS(|WS)’X) — ' (Q];fs ® Ty ®Nxiws )’X)
is the boundary map given by cup product with p and the final map is given

by contraction.
Similarly, there is a composition of maps

HO (7 (9, @ N, ) — H' (F9k, @ Nyx, ® FNESL) —
— (0, @ NER)

each given by cup product with o. The commutativity of (3.2) then gives a
commutative diagram

(3.4)
HO (O, @ Nghw,lx)  —— H (f* (%, @ Nws))
! !

d-1 " N d-1
H (O, ® Te, @ N0 1x ) —— HY (£79%, ® Nyixs @ FNE L)

L I
g I

d * d
H (%, 0 T¢x)  —— H (0%, @ Mgk, )
J/ J/@AkideO(NY\XS)
®/\k72d HO N
HO (24 W)
where the final horizontal and vertical maps are given by contraction. This
reduces the computation of ® for forms in the image of (3.3) to a computa-

tion involving objects defined on Y. In particular, this proves the following
generalization of [3, Lemma 1.3].

H(Qy)

Proposition 3.1 If 0 =0 or equivalently the sequence

0 —>NY\XS —>NY|WS I f*NXSWVS —0
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splits, then ® vanishes on the image H°(Q% ® f?s\wJX) in HY(QK |x).

Let Li,..., L, be subline bundles of Nx w,|x and for each i, let 7; C
Ny w, denote the inverse image of f*L; C f*Nx,w,. Then there is an exact
sequence

(35) 0— NY|XS — 7; — f*ﬁl — 0.

The obstruction o to splitting the bottom row of (3.2) then restricts to the

obstruction o; € Ext'(f*L;, Ny|x,) to splitting (3.5). This gives a commu-

tative diagram similar to (3.4) with NV ;?5(?1;:1) replaced by £, ® --- ® L4 and

the vertical column on the right replaced by the composition
H(f* Q% ®Li®--®Ly)) =5 H (f* O, @ Nyixs @ [ (L2® - @ Lyg))

T I HU(f Ok @ M)

Let S; be a subline bundle of 7; whose image in f*Nx w, generically
generates £; and let D; be the effective divisor on Y given by the scheme
theoretic degeneracy locus of the morphism of line bundles §; — f*L;. For
notational convenience, set N = Ny|x,. Let S, = Si(D;) be the sheaf of
sections of §; which are holomorphic except for poles along the components
of D; of order not exceeding the multiplicity of the component. Let 7, be
the subsheaf of 7;(D;) generated by 7; and S; and let N; be the kernel of the
map 7; — f*L;. Then there is a natural map

f*ﬁi—Ni'g'j;

which gives the meromorphic inverse of §; — f*L; and splits the exact
sequence

(3.6) O—>-/\7i_>7~;_>f*£i_>0-
Let 7; € Extl(./\N/; /N, N) be the obstruction to splitting the exact sequence
(3.7) 0—N—N;, — N;/JN — 0.

Applying the functor Hom(f*L;, - ) to the exact sequence (3.7) we obtain
an exact sequence

- — Hom(f* L4, N;) — Hom(f* Ly, Ni/N) 7
Eth(f*ﬁi,N) — Extl(f*ﬁi,j(fi) ...

Since the sequence (3.6) splits the the obstruction o; € Ext'(f*L;, N)
to splitting (3.5) goes to zero in Ext'(f*L;,N;). Then there is a o/ €
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Hom(f*ﬁi,/(/}/j\f) such that 7, o 0] = ;. In fact, o} is represented by the
composition

L — T — T/T = N/N.
Assume that the D; intersect properly so that P = Dy N DyN---N Dy is
a possibly nonreduced set of points and set
Dl =D, +.---+ D,
Ll=r,@ 0Ly
N/NG =N N @ - @ Ny N

fori=1,...,d. Then we have a commutative diagram
(3.8)
H(f(9%,® o HY(f*Q,
£01)) QN ® f*L2)

|~ [

HO(f*QI)f(S® T1 Hl(f*Q];( ® o2

~ _ S 3
NN ® L) N fLB)
I [
H(f*Q% @ -~  HY(fO%® -~ o  HY(f9%®
N AT "N @ N/NB) N
® ® ®
J//\lcf%iHO(N) JV/\k72dHO(N) l/\k—ZdHO(N)
ad (p1) Q¢ (D)
He (Q?,(D[l])*) o' <Q§,(D[2])*) Hd(le/)
where Q¢ (D) is the sheaf of meromorphic d-forms on Y which are allowed
to have poles along the divisors D;, ..., D, but are otherwise holomorphic
and Q¢ (DI)* is the subsheaf of Q¢ (D) consisting of those forms which are
holomorphic along at least one of the divisors D;, ... , D;. The bottom row of

(3.8) can then be identified with the usual residue mapping for meromorphic
d-forms on Y at the points of P

d d
HO < dQY(Zizl Dl) ) Resp C.
Zj:l Q%(Zi#j Di)




COMPUTING THE INFINITESIMAL INVARIANTS... 385

Fori=1,...,d, let s; be a nontrivial meromorphic section of §; and let
5; be the image of s; in f*£;. Then it follows that ¢, € Hom(f*L;, N;/N) is
represented by

If w e HY(Q% x) is the image of @ € HY(Q%_ |x ® £; ® --- ® L) under
the map given by (3.3) and n € A*"2¢H°(Ny|x,) then combining the above
results we find that

(3.9) O(n,w) = ZResp (77 A S; N = ALINN f*&))

1...Sd

where the sum is taken over all points p in the support of P = D; N Dy N
.-N Dy.

A geometric method of obtaining such a setup in the case when Xg has
codimension one in Wy is to take d subvarieties Z; C Wy each containing
Y in its smooth locus such that dim Z; = dimY + 1 and the intersections
Z; - Xg =Y +Y; have the property that Y; intersects Y properly along a
divisor D; whose support is contained in the smooth locus of Y. If ./\/y| Z;
is invertible for each i, then in the above construction we can take L; =
Nxgwslx, Ti = Nyyws and S; = Ny |z, for each i. If Ny |z, is not invertible
then S; can be taken to be any invertible subsheaf of Ny| z,- This construction
also works if the Z; are only defined in a first order neighborhood of Y in Wy
which amounts to choosing d global sections s; of Ny‘WS and taking S; to be
the subline bundle of Ny, generated by s;. In fact, it was these examples
that initially motivated the above construction.

In the case when S = Spec(C), k = n and the pairing ® given by (3.1) is
the usual infinitesimal Abel-Jacobi mapping we can produce sections of 2%
via the isomorphism

This isomorphism is given locally as follows. Let p be a meromorphic section
of A" Ty whose image p in A™ "Ny is not zero. Then the isomorphism
given by (3.10) can be viewed as contraction with p/p. If we choose a
different p, then the results of the two contraction will agree where they are
both defined. This gives a convenient way to produce local representatives
of forms in H°(Q%). Similarly, local representatives of forms in H°(f*(Q%))
can be obtained by contracting sections of HO(f*(Qf @ A" "Nxw)) against
p/p where p is now any meromorphic section of A™ " f*7y;, whose image p
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in A™7" f*Nxw is not zero. Consider the commutative diagram
HO(Q% ®/\m_an\W ®£[1]) Em— Ho(f*(Q% ® /\m_an|W ®£[1]))
HO(Q ® L) — HO(f(2 @ LM)).

If w € HY(Q% %) is the image of @ € HO(Qf @ A" "Nx;w @ L) under the
composition

(3.11) HO(Q5 @ A™ "Ny @ L) — HO(Q% @ £M) — HY(Q )

and n € A" 2 H°(Ny x) then (3.9) can be rewritten

(3.12) d(n,w) = Res, (77 Nsah-Asihp f*@)

Sl...sdp

where the s; and §; are defined as before and p is any meromorphic section
of A" "Ny yw = A" "(f*Tw /Ty) whose image p in A" " f*Nxw does not
vanish at any of the points p € P.

4. Nonvanishing results for Ky nef.

In this section we will use the results of Section 3 to prove some nonvanishing
results for the infinitesimal Abel-Jacobi mapping for low degree curves on
projective varieties X with nef canonical bundle Kx. These results depend
on the regularity theorem for space curves of Gruson, Lazarsfeld and Peskine
in [8]. Let w denote the natural map A" 2H°(Ng|x) — H°(A"?Ngx).

Theorem 4.1. Let X C P™ be a smooth projective variety of dimension
n with Kx nef and let f : C — X C P™ be a smooth curve of genus g
and degree d on X with deg(N¢x) < 0. Assume that X is a divisor on a
smooth variety Z C P™ such that N¢|z is generated by global sections and
V% @ Nxjz = Ox (k) for some positive integer k with d < k + 2. Then the
infinitesimal Abel-Jacobi mapping ® : A""2H®(Ng|x)/kerw — H*(Q% )*
18 injective.

Proof. In the construction of Section 3 take £ = Ny z € Nyxpn. Then (3.5)
is replaced by the exact sequence

0 — Ngix — Neyz — f*Nxjz — 0.

By our hypothesis, HO(ng &® /\mian‘]pm X Nx‘z) = HO(QSL( X Nx‘z) =
H°(Ox(k)) and thus can be identified with a quotient of

{GQ: G e S*)



COMPUTING THE INFINITESIMAL INVARIANTS... 387

where S* is the set of homogeneous polynomials of degree k on P™ and
Q= "(~1aydvg A~ Aday Ao Aday,

is a nonzero global section of Qp}. (m + 1) = Opn. Denote by we the image
of GO in H'(Q'% ') under the mapping defined by (3.11) for each G € S*.
Fix an n € A" 2H°(N¢|x) whose image in H°(A""2Ng|x) is nonzero. By
our hypothesis, deg(N¢jx) < 0 so that Mg x cannot be semipositive . If we
denote by CT‘ « the subsheaf of Ny generated by its global sections, then

NC| 7 is semipositive implies that the exact sequence
(4.1) 0 — N /Ngix — Nejz/Neix — f'Nxjz —0

cannot split. In this situation, there is a global section s € H°(N¢)z) whose
image § € H°(f*Nx|z) is not zero and a simple point p; in the zero locus
of 5 such that n A s does not vanish at p;. To see this pick s so that § has
distinct zeros and does not vanish at any of the zeros of 1. Since (4.1) does
not split there is a point p; in the zero locus of § such that s is not zero in
the geometric fiber of (Ngjz /N x) at pi. Since n € A" "?H°(N{, ) does not
vanish at p;, then n A s will not vanish at p;. Let [ = deg(f*./\/X|Z) and let
P2, .. ,p be the other zeros of 5. Let p be any global section of A" "N¢pm
whose image p in A™ " f*Nxpn does not vanish at any of the p;. Then
(3.12) can be rewritten

B(n,we) =3 Res,, (”A;ﬁ” - f*(GQ))

for any G € S*. By construction n A s A p defines a global section of
AL Ngpn which does not vanish at p;.

Thus to complete the proof of the theorem we need to show that it is
possible to pick G € S* such that G vanishes at every p;, except p; and does
not vanish at p;. Since C is smooth of degree d < k + 2, then by the main
result of [8] the natural map

H(Opw (k)) — H*(Oc(k))

is surjective. Since deg(Ngjx) = —Kx -C +2g —2 < 0, then Kx - C >
2g — 1. Also note that by the definitions of k and I, Kx - C' = dk —I. Thus
dk — (I—1) > 2g. Since S* cuts out a complete linear system on C of degree
dk and dk — (I — 1) > 2g, then it follows from the Riemann-Roch theorem
that we can choose G to vanish at any [ — 1 points of C' and not vanish at

P1- U

Let X C P™ be a complete intersection of m — n hypersurfaces Yi,...,
Y,,—, in P™. For each j, let k; denote the degree of Y; and let Z; = N,.,Y.
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Then X has dimension n and when X is smooth the canonical bundle of X
is isomorphic to O(>" k; —m —1). We call such an X a complete intersection
of type (ki,... ,km_n) in P™. For complete intersections, Theorem 4.1 has
the following form:

Corollary 4.2.  Let X be a generic complete intersection of type (ki,... ,
km—n) inP™ such that Kx is nef or equivalently >~ k; > m+1. Let f : C —
X CP™ be a smooth curve of genus g and degree d on X and assume there is
an i such that d < Y kj—m~+1+k;, dim+1->"k;)+29—2 < 0 and N¢|z, is
generated by global sections. Then ® : A" 2H°(N¢|x)/ kerw — H(Q% ')
18 injective.

Proof. Since X is a generic complete intersection we may assume that Z; is
smooth. Then the deg(Nx z,) = k; and Q% @ Ny z, = Ox (X kj—m—1+k;).
Also notice that deg(Ne|x) = —Kx-C+29—2 =d(m+1-Y k;)+2g—2 <0
so that all the hypotheses of Theorem 4.1 are satisfied. [l

Remark. When the canonical bundle of X is not necessarily nef the basic
argument, of Theorem 4.1 will still go through with some modification. For
example, it can be shown that if X is a smooth hypersurface of degree m
in P m>4and f:C — X CP™is a smooth rational curve of degree
d < m+1 such that the global sections of N¢|x generate a subsheaf of rank
> m— 3 then the infinitesimal Abel-Jacobi mapping is nonzero. For this and
related results see [17].

5. Rational curves on K-trivial complete intersection threefolds.

Let C be a smooth curve on a smooth threefold X. Then there is an exact
sequence

(51)  H(Tx) — H'Nepw) — H' — H(Tx) > H'(Wep)

where H' is the first hypercohomology group of the map 7y — N¢x and

classifies the first order infinitesimal deformations of the pair (C, X). When

C is rational and X has trivial canonical bundle, the map ¢ can be identified

with the infinitesimal Abel-Jacobi mapping via the commutative diagram
HY(Ty) —*— H'Nep)

1§ ll Serre duality

HY(Q%) —— H°(Nex)"™
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When C' deforms generically with X to first order the mapping H' —
H'(Tx) of (5.1) is surjective and the infinitesimal Abel-Jacobi mapping must
vanish. This gives the following vanishing result.

Lemma 5.1.  Let X be a smooth threefold with trivial canonical bundle.
If C is a smooth rational curve on X, then C' deforms generically with X to
first order if and only if the infinitesimal Abel-Jacobi mapping is zero.

If X is a smooth complete intersection threefold with trivial canonical
bundle, then it is easy to check that X is a complete intersection of type (5),
(2,4), (3,3), (3,2,2), or (2,2,2,2). For the generic (5) and (2,4) complete
intersection, the Z; in Corollary 4.2 can be taken to be P* and a smooth
quadric fourfold respectively. Then Nz is then generated by global sections
since Z; is a homogeneous space. For the remaining cases the arguments
of [5, Lecture 21] show that when C' deforms generically with X there is
an ¢ such that Nz, is generated by global sections. Combining this with
Lemma 5.1 and Corollary 4.2 gives the following finiteness result for smooth
rational curves on such X.

Theorem 5.2. Let X be a generic complete intersection threefold with
trivial canonical bundle. Then X has only a finite number of smooth rational
curves of degree d if
(i) d <7 and X is of type (5)
) d<6 and X is of type (2,4)
(iii) d <5 and X is of type (3,3)
) d<4 and X is of type (2,2,3) or (2,2,2,2).

This result in the case of quintic threefolds was originally proven by Katz
in [11] and recently strengthened by Johnsen and Kleiman in [10], and Nijsse
in [14] to d < 9. A similar result for complete intersection threefolds was
also obtained independently by Huybrechts in [9]. Huybrechts method only
yields the result for d < 4 in the (2,4) complete intersection case.

Let S be the moduli space of all smooth complete intersection threefolds
of one of the types (5), (2,4), (3,3), (2,2,3), or (2,2,2,2) and let S, , denote
the set of smooth threefolds X in S which admit a smooth rational curve
of degree d with normal bundle N¢jx = O(a) ® O(—a — 2). Then Sy, is a
locally closed, possibly empty, subvariety of S for each d and a > —1.

Theorem 5.3. If d is as in the statement of Theorem 5.2, then the codi-
mension of Sq, n S is > a+ 1.
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Proof. Let X be a smooth threefold in S;, and let C' be a smooth rational
curve on X with Ngjx = O(a) @ O(—a — 2). By Theorem 4.1, for d in
the above range the infinitesimal Abel-Jacobi mapping ® : H*(N¢g)x) —
HY(Q%)* is injective. Then its dual ¢ is surjective and since H°(7x) = 0
the sequence

0 — H'(Ngjx) — H' — HY(Tx) -2 H' (Ngix) — 0

is exact. Since H'(N¢jx) = H°(N¢)x) and so has dimension a+ 1 the image
of H' in H'(7x) has codimension a + 1. Thus C' deforms to first order over
a codimension a + 1 subset of the tangent space to X in S. Since the rank
of H°(N¢|x) can only drop as C' moves generically with X, this shows that
Si.. has codimension > a4+ 1in S. 1

These results will also be valid for low degree rational curves on any
smooth threefold X with trivial canonical bundle if one can show that X is
a divisor in some smooth variety Z satisfying the hypothesis of Theorem 4.1.

6. Some computations for hypersurfaces

In this section we will apply the results of Section 3 to obtain some formulas
for the infinitesimal invariant of normal functions associated to subvarieties
of hypersurfaces. There is an added difficulty in applying the results of Sec-
tion 3 in the case when S = Spec(C|s]/s?) in that the cohomology groups
H'(Q%'|x) are more difficult to compute. Let X be a smooth hypersur-
face of degree m in P"*!,n > 3 defined by a homogeneous polynomial F.
Then F + sG defines an infinitesimal deformation X C P2t! of X for any
homogeneous polynomial G of degree m. Let xy,... ,x,.1 be homogeneous
coordinates for P"*! and let F; denote the partial derivative OF/dz; for
i=0,...,n+1. Set:

S = the graded ring C|xo, ... ,Z,11]/(F)

J = the homogeneous ideal generated by Fy, ..., F, 1

R = S5/J, the Jacobian ring of F

5¢,J R* = the ath graded piece of S, J, R respectively.
Let Q = Qpnir = > (=1)'zydag A -+ Adx; A -+ Adw,yq and for each J =
(toy--- ,14),%; € {0,... ,n+ 1}, let Q; = 9/0x;, — -+ — 0/0x;, — Q and
F; =F,, - F;,. Then  is a nonzero global section of Q"L (n+2) 2 Opnis
and since X is smooth U = {U;} where U; = {F; # 0} is an open cover X.
In [1], it is shown that R@*D™="=2 can be identified with the primitive Cech
cohomology group H(U, Q% *)° = H*(Q% *)° via the map

H ¢ Rlethm-—n-2 __ | wyg = {HQJ/FJ}|J|=a+1-
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Lemma 6.1.  The sections of H(QV%_ ® Ox(dm))/H*(Q% " ® Ox(dm))
are in one to one correspondence with
{H c R(d+1)7rL—n—2 -GH =0 in R(d+2)m—n—2} .
Furthermore, if GH =Y. K; F; for some K; € S@+Um=n=1"¢pep

{,FI&)Z — ZKijJ‘/\dS}
F;

defines a Cech 0-cycle in HO(Q%_ ® Ox(dm)) corresponding to H.
Proof. In the long exact sequence in cohomology for the exact sequence

0 — Q' O0(dm) 2% Q% _|x © O(dm) — Q% @ O(dm) — 0,
the boundary map H°(Q% ®O(dm)) — H (% '@0O(dm)) takes { HQ;/F;}
to the 1-COCYC1€ {GHQL]/FIFJ} Asin [1], {GHQZJ/FZFJ} =0in IV{I(Q}_1®
O(dm)) if and only if GH € J@+)m=n=2_ Now suppose GH = 3 K, F}; €
Jd+2)m=n=2 Tt follows from the identity

0 = dF A (Ql,i,j /\dS) = Fleﬂ' ANds — F;;Ql,j ANds + EQi,j A ds

that
5 { ZKlQl,i A dS} _ {KZ(EQZ,]' — Fleyi) N dS} _ {ZKZEQL,] A dS}
F; FF; FiF;
B FiF} B E )
Thus {(HQ; — Y K;Q;; Ads)/F} defines a Cech cocycle in HO(Q%_ ®
Ox(dm)). |

Let Y be a smooth variety of dimension d immersed as a subvariety of
X by a morphism f:Y — X. If H € S@tUm =2 and GH = Y K,F; €
J@+Dm=n=2"then by Lemma 6.1, {(HQ; — Y. K;Q;,; Ads)/F;} defines a
Cech O-cycle in HO(Q%_ ® Ox(dm)) = H°(Q% ®N§5\Pg+l‘){)' Denote by

wp, k. the image of this Cech 0-cycle in H4(Q% % x). We wish to compute
@ A"THHO Ny xg) © HY Q% x) — HY(QY)

for such forms wpy k.. Let sq,...,s4 be global sections of Ny‘Pngl whose
images 51,...,5, € H(f* XG‘P2+1) have the property that the zero loci D;
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of s, intersect transversly at a reduced set of points P. Then by (3.9), if
n € A" H Ny x,)

(6.1)
NSa /oI HQ; — S K Ad
O(n,wh ) = ZResp (77 s_d — 51, £ < ZF. 3°%, 5))

8184

where the sum is taken over all points p € P.
Consider the exact sequences

*
0 e TY — f %gi»l — NY‘IP2'+1 — 0,

0— OY — f*O]P’"+1(1)n+2 D Oy — f*%ngl — 0.

If Bo, ..., Buy1 € H(f*Opn+1(1)) and ¢ € H°(Oy ) = C, then the above exact
sequences show that s = 3 3;0/9z;+¢0/0s defines a section of H° (./\/'Ylpg+1).
Let V' denote the subspace of H O(Ny\Pg“) given by all such s. It follows
that s = Y 3;0/0x; + c0/9s € H°(Ny|x,) if and only if the image of s in
Ho(f*NXG‘Pngl) is zero or equivalently > 3; f*F;+cf*G = 0 when considered
as an element of the graded ring A = ©,HO(f*Opn+1(k)). For notational
convenience we will set g = f*G, f; = f*F;, etc.
Notice that if we take p = 0/0x;, then

(g) = (HQ = YK Ads) = f <HQ - ZFf(ij’iAd‘S).

If p =3 6;0/0x; +cd/ds € VN H*(Ny|x,) and g # 0, then it can be
verified that p — f*(HQ — > K;Q; Ads) = 0. As in Section 3 it then
follows that if p € VN H®(Nypr+1) and the image p of p in H(f* Ny, pn+1)
is nonzero, then p/p — f*(HQ — Y K,;Q; Ads) is a local representative of

{HQZ — EKij,i A ds

- } € B ® Ox(dm)).

Thus we may take p = 9/0s and rewrite (6.1) as

(62) ®(n,wi) = Res, (07 Asah Aoy A k0/0r;) = f*Q>

95154

whenever p = g does not vanish at any of the points p € P.

The formula (6.2) has a rather nice interpretation when ¥ = C is a
rational curve on a hypersurface threefold X. In this case C' is defined by a
morphism

f([a,b]) = [ao(a,b),...,a4(a,d)]
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where each «; is a homogeneous polynomial of degree d in a,b, the homo-
geneous coordinates for P*. A variant of an argument in [2] for the reduced
case shows that in this case H° (NCUP% ) can be identified with

{3 8;0/0x; +cd/ds : B; € H(Op:(d)),c € C}
" (Ha)a + U (0)p)0/0z; : 1,1 € HOY(Opi(1))}

where (a;), and (o), are the partial derivatives of «; with respect to a and
b respectively. If n € H°(Ngx.), then n = > ~;0/0z; + 0/0s for some
Yos - -+ y7a € H(Op1(d)) satisfying > v, f; = —g. If s =" 3;0/dx;, then

(n A2 8:0/02; NS kid/0w)) = [0
= Z Z sign(ijlmn) v, 8k (ado, — a,dog,)

i,j,l m<n

= (1/d) Z Z sign(ijlmn) viBiki ((qm)s(an)a — (an)p(@m)a)(bda — adb)

7,7, m<n

= (1/d) det(M)(bda — adb)

where M is the 5 X 5 matrix

Yo ot Va

Bo - P

M = ko - ky
(ao)b : (a4)b

Then (6.2) can be rewritten as

B(n,w i) = (1/d) 3 Res, (det<M><bda — adb) )

g(>> Bif +cg)

where the p are the distinct zeros of g. Similar formulas can be derived for
the infinitesimal Abel-Jacobi mapping for rational curves on hypersurfaces.

7. Some reduction results after Voisin

Let X be a smooth hypersurface of degree m in P"™! defined by a homoge-
neous polynomial F' and for each homogeneous polynomial G of degree m
let X C P4 be the infinitesimal deformation of X defined by F + sG. Let
Y be a smooth variety of dimension d immersed as a subvariety of X by a
morphism f : Y — X. Assume further that the image of Y is contained
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in a smooth hyperplane section Z = X NP™ of X. By a change of coordi-
nates for P"*! we may assume that P* = {z,; = 0}. Denote by F’,G’
the restrictions of F, G to P™. If Y deforms to first order with X in X and
remains in a hyperplane section, then after a change of coordinates for P&t
we may assume that the deformation of Y lies in Zg C P%, where Zg is
defined by F’ + sG'.

In [16], Voisin shows that when X is a threefold and Y is an algebraic
one-cycle which deforms with X in a fixed hyperplane, the infinitesimal
invariant of the resulting normal function can be related to the infinitesimal
Abel-Jacobi mapping for Y € Z = X NP3, The following theorem is a
generalization of this result for arbitrary n and d with n > 2d + 1.

Theorem 7.1. With the above assumptions and notation, let n €
A2 HO(Ny 7)) and assume nf € H°(Nyz,,) represents the deformation
of Yin Zg,. If H is a homogeneous polynomial of degree m(d+ 1) —n — 2
and GH =3 K;F}; for some homogeneous polynomials K, then

Sx(nAY,wu k)= (*1)n+d+1‘b2(777WK;+1)

where K, is the restriction of K,y1 to P" and wy k. € Hd(Q’}{Gd|X) and

Wk, € HY Q2 %Y) are defined as in Section 6.

Proof. By (6.2)

Sx(m AN, w k)
MAY NSaN---Nst AN Ek;0/0x;) — f*Qpni
= ZReSpep — —
gSl.--Sd

where ¢ = f*G and sp,...,54 are any global sections of NY‘IPHSLH whose
images S1,...,54 € Ho(f*NXG|Pg+1) have the property that the zero loci
of the §; intersect transversly at a reduced set of points P. If we choose
815 584 € H'(Nyjpy), then 0,7, 51,... , 54 are all sections of Ny g and it
follows that

(77 AN NSgN--Nsp A ija/axj) — f*Qpnia
=AY ANsgN--Ns1) = [ (Ku110/0%051 — Qpnsr).
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Consider the commutative diagram
0 0

l l

0 —— NY\Z E— NYUP‘" - f*NZHP’" — 0

l g

(7‘1) 0 —— NY|ZG/ I NY\]P”SL - f*NZG,\Pg — 0

I

0 —— f*NZ|ZG/ — f*NIP"UP’g

l

0 0
Since Y deforms with X in X¢, then as in the proof of Theorem 2.1 the two
vertical exact sequences in (7.1) split. Referring to (7.1), o' € H*(Nyz,,)
has image 9/0s € Ho(f*anWg). Since the image of 9/9s in Ho(f*./\fzc,“pg)
is g = f*G and the image of 1" in H°(f* Ny, pz) is zero, then it follows that
the image of 7’ under the composition

H°(Ny\z,) — H(Nyjpn) — H°(Nyjpn) — H(f*Nyjpn)

is —g. If we denote by p the image of 1’ in H°(Ny p«), then the image p of
pin H(f*Nzpn) will be —g. Also note that 9/0x,4+1 — Qpn+1 = (—1)"Qpn.
Thus

Sx(nAN, Wi k)
=3 Res,ep ((UAH’ Asah e AsiA Zzgja/ﬁxj) N f*Qpn+1>
g8, - 84
= ZReSpeP ((77 A 77, NSgN--+ A 31) ? f*<f(n+18/8xn+1 — Q]P)n+1))
951 - 54
= (—1)nrdt ZReSpeP <(77 ASgN---AspAp) — f*(KnJrlQIP’"))

510 gdﬁ
— (_1)n+d+1(I)Z(77aUJK;+1)

by (3.12). O

When n = 2d + 1 the infinitesimal Abel-Jacobi mapping for f:Y — Z
is given by pullback

o, HYQL) L HYQL) e
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In this case Theorem 7.1 can be rewritten as

Corollary 7.2 Ifn = 2d+ 1 then with the notation of Theorem 7.1,

Ol i) = (1) [ fron,,.
Y

There are similar results for the infinitesimal Abel-Jacobi mapping asso-
ciated to subvarieties of hypersurfaces which are contained in a hyperplane
section. With the notation introduced earlier, assume that Y is contained
in a smooth hyperplane section Z = X NP" where P* = {z,;; = 0}. As-
sume that Y deforms to first order with Z in X or equivalently there is an
n' € H°(Ny|x) whose image in H°(f*Ny x)is f*L for some L € H*(Ny x) =
H°(O4(1)).

Theorem 7.3 With the above assumptions and mnotation, let n €
AL HO(Ny 7)) and let ' € HY(Nyx) be as above. If H is a homoge-
neous polynomial of degree m(d+ 1) —n —2 , then

(I)X(n A 77/7 wH) = (_1)n+d+1q>Z(n7 wLH’)

where H' is the restriction of H to P* and wy € H* Q%) and wyy €
HY Q%" are defined as in Section 6.

Proof. By (3.12)

/ /\//\s/\/\s/\ N H Qs
q)X(nAnawH):ZReSPEJD((T/ N d - 17p7) f( ]P’+)>

Sl...sdp

where s1,... , 4, p are any global sections of Ny ps+1 whose images 5, ... ,
Sa4,p € H(f*Nxpn+1) have the property that the zero loci of the §; intersect
transversly at a reduced set of points P and p does not vanish at any p € P.
As in the proof of Theorem 7.1 we may choose s1, ... ,Sq4,p € H'(Nypn), s0
that 7, s1,... , sS4, p are all sections of Ny p«. Then by our assumption on »’
and the fact that 0/0z,+1 — Qpnr1 = (—1)"Qpn

MAN NsaN--Nsy Ap) = [ (HQpn+1)
= (=D AsgA---Nsy Ap) = f(LHO/OTy 11 — Qpnir)
= (=1)""* (A sg A Asy Ap) = fH(LHQpn).
Thus
‘I)X(U/\U/awH)

NSg N NsyAp)— f*(LHQpn)
_q)ntd+t R ((77 d 1 )
( ) Z ESpep §1--54p

= (_1)n+d+1q)Z(777wLH’)
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by (3.12). |
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