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MODEL RIGID CR SUBMANIFOLDS OF CR DIMENSION 1

AL BOGGESS, LAURA ANN GLENN AND ALEXANDER NAGEL

The following three classes of models of rigid submani-
folds of higher type with CR dimension one are discussed: 1)
A tube-like model that only depends on the real part of the
holomorphic tangent coordinate; 2) a radial model that de-
pends on the modulus of the holomorphic tangent coordinate
and 3) a free model. The first and third models have a Lie
group structure which is analyzed. A characterization of the
hull of holomorphy of the first two models is presented along
with a partial result on the hull of holomorphy of the third.

1. Introduction.

The analysis of function theory on domains or submanifolds of C" often first
requires the understanding of function theory on simpler model cases. A
classic example of this is the work of Folland and Stein [F'S] which shows
how the Siegel upper half plane and its boundary can be used as a model
for general strictly pseudoconvex domains and strictly pseudoconvex hyper-
surfaces. More recently, boundaries of Siegel domains which are defined by
quadratic polynomials can be used as models for the determination of the
local hull of holomorphy and the description of reproducing kernels on a type
2 submanifold of C" (see [BN1], [BN2]). The success of the Siegel domains
in modeling more general cases stems from the fact that the leading terms
of the Taylor expansion of the defining functions for a type two submanifold
are precisely the defining functions for the boundary of a Siegel domain.

In this paper, we discuss models that are appropriate for submanifolds of
higher type. The analysis of the most general submanifold of higher type
is complicated. Here, we focus on the simpler class of rigid submanifolds of
higher type where the dimension of the holomorphic tangent space at each
point is one. For this class, we discuss three models: A tube-like model that
only depends on the real part of the holomorphic tangent coordinate; a radial
model that depends on the modulus of the holomorphic tangent coordinate;
and a free model which is the most general of our models. As we show, the
tube-like and free models have a Lie group structure that are generalizations
of the Lie group structure for the boundary of a Siegel domain.
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An important part of the theory of CR submanifolds is the phenomenon
of CR extendability. For example, Baouendi, Rothschild, and Treves [BRT]
have shown that CR functions on CR submanifolds of finite type always ex-
tend to a wedge. We show be example that the notion of wedge extendability
does not behave well under restriction. If U C V C M are open subsets of
a CR submanifold, it may happen that every wedge of extendability for U
may be disjoint from any given wedge of extendability for V. Our example
suggests that rather than linear wedges, it is more natural to study regions
which are invariant under certain non-isotropic dilations. We do this for the
model examples, and show how the models can approximate a general rigid
CR submanifold.

For the tube-like model, we show that its polynomial hull is the same
as its convex hull. This is a special case of some recent results of Boivin
and Dwilewicz (see [BD]) which state that the hull of holomorphy of a
tube-like CR manifold is its convex hull (i.e. the analogue of Bochner’s
Tube Theorem for open sets, see theorem 2.5.10 in [H]). In one direction,
this result generalizes results in [BN1] and [BN2] that show the hull of the
boundary of the Siegel domain is its convex hull. Less information is available
for the hulls of the radial and free models. Perhaps the most interesting
result in this paper indicates how much we do not know about the hull of
the free case. We prove an estimate for analytic discs with boundary in
the free model that implies that the set of images of analytic discs with
boundaries in the free model is strictly smaller than the convex hull of the
free model. This result raises interesting unanswered questions concerning
the exact nature of the hull of this simple model.

The paper is organized as follows. Section 2 reviews the basic definitions
of rigid submanifolds and type. The third section reviews the definition
of CR function and wedge extendability, and presents an example which
shows the limitations of this notion under restriction. Section 4 contains a
description of our three models and we show how a general CR manifold with
CR dimension one can be modeled by the free model. Section 5 discusses the
Lie group structures on the ultra-rigid and free models. Section 6 discusses
the process of approximation of general rigid CR manifolds by complex linear
images of the model manifolds. The polynomial hulls of the tube-like model,
the radial model, and the free models are discussed in Sections 7, 8 and 9,
respectively.

2. Rigid CR submanifolds of CR dimension 1 and of finite type.

Our object of study is the class of rigid CR submanifolds M C C” of finite
type and of CR dimension 1. We describe this class in terms of local coordi-
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nates in the following way. Suppose n = d+1 and let ® = (¢y,... ,¢4) : C —
R? be a smooth mapping. Write points in C x C? as (z,w) = (z,wy, ... ,wq),
and we write z = z + 1y, w; = u; + w;. A CR submanifold M C C** is
rigid and has CR dimension 1 if locally there are coordinates so that M has
the form

M = {(z,w) € C x C*| Re(w) = ®(2)}
(2.1) ={(z,w) ECx C|u; = ¢;(z) = ¢p;(x+wy) 1<j<d}

Note that M is rigid because we can choose defining functions for M that are
independent of the coordinates {vy,...,v4}. For a more intrinsic definition
of rigid submanifold, see Baouendi, Rothschild, and Treves [BRT].

In terms of these coordinates, the complexified holomorphic tangent bun-
dle of M is spanned (over the ring of smooth, complex valued functions on
M) by the vector fields L and L where

(2.2) —+ Z%’“ O ad T —+228¢"

8wk

8

The totally real tangent bundle to M is spanned (over the ring Of smooth,
complex valued functions on M) by the vector fields {;%,...,52}. The

) 81)(1

complexiﬁed tangent bundle TC(M) is therefore spanned by L, L, and

{81}1 Tt 8vd
Note that
— Py, d d 1929y
@3 LL=22 5520 {awk an "2 5202 By,

Write L = L*! and L = L~!. Then for any N-tuple {i;,--- ,ix} of plus and
minus ones, we have the following formula for the iterated commutator of
length N + 2

d a+3 2 z
ERNIZRERSHIZANIA RS EP) ypcasey LA 2y FC)

Here « is the number of plus ones and ( is the number of minus ones in
the sequence {ii,--- ,ix}. Thus the Lie algebra generated by L and L is

spanned by the vector fields {L, L, [L,L],...,[L, L] ...} where
d
— anr,B 82¢k(z) 0
2.5 L I|d = ( ) 9
(2:5) L, L] ; 0220%z° \ 020z ) Ovy’

and [L, ] = [L, ).
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For p € M, let L)(M) be the vector subspace of Tf(M) spanned by L
and L, and for j > 2, let £I(M) be the vector subspace of Ty (M) spanned
by L and L and all Lie brackets [L, L]*® with a + 8 < j — 2. Clearly,
dime £7 (M) < dimg £371(M). Following Bloom and Graham [BG], we say

that (mq, ..., my) with m; < m; < 400 fori < j are the Hérmander numbers
for M at p if
(2.6) m; = inf{ j | dimg £ (M) > 2 +i}.

M is said to be of finite type m at p if LI"(M) = TF(M), but L' (M) #
T7(M). In this case m = mg < +00.
For any integer N we can write

(2.7) ¢i(z) = > al 4(20) (2 = 20)" (Z— %)’ + EX (2, 20)
a,B<N
where, since the functions ¢, are real valued, ag,ﬁ(zo) = a%va(zo), and

|E% (2, 20)] < Cn |z — 20|N*!. Moreover, this error estimate is uniform for
p = (20, wp) in a compact subset of M.

For each p = (zp,wp), we can make a biholomorphic change of variables
(depending smoothly on p) such that the Taylor polynomial of degree N of
each ¢; has no “pure terms”; i.e. that

(2.8) af;’ﬂ(zo) =0 ifeithera=0o0r 3=0.

(See Boggess [B, 7.2, Theorem 1].) In particular, we may assume that at
the point p = (2o, wp), the space L1(M) is spanned by {2, Z}. Let Y;(z)
denote the subspace of C? generated by the set of vectors

ooth 0%P )
{82“825 (&z@z) (Zo)}, 0<a+pB<y—2.

Under an obvious identification, the space £ (M) is spanned by {, £} and

the space Y;(zp). Thus M is of finite type m at a point (2o, wp) if and only if
the collection of vectors { o217 (Z2=0)) 0 < a4 <m—2},span C%. In

0z20z° \ 020z
terms of the Taylor coefficients of the functions ¢, M is of finite type m at a
point (2o, wo) if and only if the vectors (als, ... ,als), 2 < a+f < m, span

C?. Note that for a rigid manifold of CR dimension one with coordinates
chosen so that the functions ¢, have no pure terms, the Hérmander numbers
at the point p = (zq, wy) are just the degrees of the leading order terms of the
Taylor expansions of the ¢} s (assuming that they are arranged in increasing
order).
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The type and dimensions of the spaces ﬁ{ZO,wo)(M ) may vary from point
to point due to changing linear relations between the vector fields [L, L](*9).
We are interested in constructing examples where this does not happen. It
is convenient for us to consider a slightly different set of vectors. Set

0 P (=0)
Z(z0) = {&zaazﬁ ( 0207

It is clear that M is of finite type at z, if and only if the span of Z;(z,) = C*
for some j. In fact, if M is of type 2m at zq, then Z,,(20) = C¢, and if
Zm(20) = C?, then M is of type 2m at z.

Definition 2.1. M C C%! is an m-free rigid generic CR submanifold
of CR dimension one if the vector fields {[L,L]*?, 0 < a,8 < m — 1} are
linearly independent (i.e. no relations exist between these vector fields), and
they span C<.

In Section 4, we shall describe a model manifold F;, which is m-free and
of type 2m.

)e@d, 0§a§j—1,0§ﬂ§j—1}-

3. CR Extendability, Wedge Extendability, and an Example.

A function or distribution on a generic CR submanifold M C C" is a CR
function if it is annihilated by all tangential vector fields of type (0,1). In
the special case of manifolds of CR dimension 1 as discussed in the last
section, this simply means that the function or distribution f satisfies L(f) =
0. In many cases, CR distributions are the boundary values on M (in an
appropriate sense) of holomorphic functions defined in open sets @ C C"
which contain M in its boundary.

In particular, it is a special case of a theorem of Baouendi, Rothschild and
Treves [BRT] that if M is a generic rigid CR submanifold of C", every CR
function defined in a neighborhood of a point p € M of finite type extends
holomorphically to a wedge. In the context of Section 2, this means the
following. Let I' be an open convex cone in R%. For any ¢ > 0, let ' be
the elements of I' of length less than e. Let V' C M be an open set. Then a
wedge Wre (V') with edge V' C M is the set of the form

(3.1) Wre(V) = {(z,w) € C*"' | Re(w) —®(2) =u €T, (z,w—u)€V}.

A precise statement of a special case of the theorem of Baouendi, Rothschild
and Treves is the following:

Theorem [BRT]|. Suppose that 0 € M is a point of finite type, and that
U is a neighborhood of 0 in M. Then there is a cone I' C R%, an open
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neighborhood V.C U of 0 in M, and an € > 0 such that every CR function
defined on U extends to a holomorphic function on Wre(V).

This result gives an important result on CR extendability. However one
difficulty with the notion of wedge-extendability is that is does not behave
well as one shrinks the open set U. Unlike the case of hypersurfaces, shrink-
ing the open set U does not necessarily lead to shrinking of the wedge of
extendability. Instead, the wedge of extendability may ‘rotate’ as the open
set shrinks. We give an example of this phenomenon for a rigid CR subman-
ifolds of CR. dimension 1.

Ezxample 3.1. Let
(3.2) M ={(z,wy,wy) € C*| Re(w;) = [Re(2)]*>, Re(ws) = [Re(2)]*}.

Given an open set U containing the origin, choose any cone I', parameter ¢ >
0 and open subset V C U on which we have wedge extendability according
to [BRT]. Then there exists an open set U C V containing the origin so
that every cone I' on which we have wedge extendability for U is disjoint
from the cone T

To see why this is so, note that the region of extendability of CR functions
from an open subset V' C M is always contained in the linear convex hull
of the set V. Thus the above example follows from the following simple
observation:

Lemma 3.2. Let M; = {(z + 1y, 2> + 1y, 2* +1ys) € C*| |z| < §}. Let M
denote the linear convex hull of Ms. Then if (21, 2, 23) € ]\Zf(;, it follows that

(Re[z2])? < Relzs] < 8% Re[zy).

Proof. Let 27 = (x; 4+ whj, %7 + waj, 2] +1ys;), 1 < j < N be N points
of M;s. Let A; > 0,1 <35 < N satisfy Z;V:l Aj =1 and let (21, 20,23) =
Z;\le )\j(z{',zg,zg). Then

which proves the lemma. [l
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To demonstrate the assertion in example (3.1), let U be any open set
containing the origin on M. Then the cone for wedge extendability for U
must be given by

2

for some o and . If we then choose § so that 62 < «, and let
U ={(z+w,2* +ws 2" +us) € V|]|z| <4},

then Lemma 3.2 shows that the cone for wedge extendability for U must be
disjoint from I.

This example suggests that the concept of wedge extendability, which
involves isotropic cones, may not give the optimal results on CR extend-
ability. Rather, the example indicates that CR extendability takes place in
non-isotropic cones which reflect different homogeneities in directions which
require different numbers of commutators. Since in general these directions
can vary from point to point, we study certain model examples where this
cannot happen.

4. Three Classes of Model Submanifolds.

In this section, we introduce three classes of model CR submanifolds: Tube
models, T,,, radial models, R,,, and free models, F,,.

4.1. Tube-like models T,,.
The simplest model for a CR manifold of finite type with CR dimension
one is the tube model, T,,, which is defined by

(4.1.1) T, ={(z1,22,--- ,2m) € C"| Re(z;) = [Re(z1)), 2<j<m}.

For this simple model, we have re-labeled the coordinates from Section 2
(with z; playing the role of z and z; playing the role of w;_1). T), is a real
submanifold of C™ of real dimension m + 1 and real codimension m — 1. If
we write the coordinates as z; = x;+1y;, then there is a unique (up to scalar
multiple) global holomorphic tangential vector field on T}, given by

0

+ Zj (Rez ) ™! —

(4.1.2) L 5

:8721

Jj=2

In particular, T, is a CR submanifold of C™ of CR dimension 1. An easy
calculation shows that the Hormander numbers of T,, at the origin are
(2,...,m) and the type of T,, at the origin is m. In Section 5, we shall
describe a Lie Group structure on 7,, for which L is left invariant. There-
fore, all points of T}, have the same Hormander numbers and type.
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4.2. The radial model, R,,.
The radial model, R,,, is defined by

(42.1) R, ={(z,wi,wa,...,w,) € C™| Re(w;) =|z]¥, 1<j<m}.
The generator for the holomorphic tangent bundle of R,, is

0 + 2 Z k‘z’“_lzki.
k=1

4.2.2 L=—
( ) 0z owy,

This submanifold of C x C™ has real dimension m + 2 and real codimension
m. The Hérmander numbers for R,, at the origin are (2,4, ...2m). However,
the Héormander numbers for R,, change as the point changes (for example, if
m = 2, the Hormander numbers change from (2, 4) at the origin to (2,3) away
from the origin, as the reader can easily verify by computing [L, [L, L]]). This
means that there is no Lie group structure (z-w) on R,, which is holomorphic
in w.
4.3. The free model, F,,.

In discussing this last class of examples, it is convenient to identify the
complex space, (CmQ, with the space, MS, of m x m matrices with com-

plex entries. There are two natural ways of splitting MC into “real” and
“imaginary” parts. The first way is to decompose a matrix W € ME as

W =Re(W) 41 Im(W)

where the i, j** entry of Re(W) and Im(W) is the real and imaginary parts,
respectively, of the i, j'" entry of W. The second way involves a decomposi-
tion into Hermitian parts. For W € ME, let

ROW) = S (W +17°),
(W) = 5 (W — W),

Clearly, R(W), S(W) belong to the space, H,,, of Hermitian m x m matrices
and

W =R(W) 4+ :I(W).
Note that for scalar (m = 1), R(W) = Re(W) and (W) = Im(W). These
two ways of decomposing W are related by a nonsingular, complex linear

change of coordinates. In fact, let w;;, and wu;x, 1 < j,k < m, be two sets of
coordinates for MS and define the map Q : MS — ME by u = Q(w), where

m

ujj:wjj 1§]§m7
Wik + Wy .

jk ! 5 E 1< <k<m,
Wi — W

wj = — 8 1<k<j<m
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It is an easy exercise to show that

QoR=ReoQ
QoS =ImoQ.

Thus, in the case of a rigid manifold M given by

M = {(z,w) € C x C™|Re(w) = ®(2)}
we shall often rewrite the defining equation for M as

M = {(z,w) € C x ME|R(w) = ®(2)}

where, now, ® is a smooth map from C to H,, and is related to ® by the
equation ® = Q o .

We now turn to the definition of the model. Define &, : C — H,, by

2Z 2Z% ... zZ™

22Z 2272 ... 22z™
(4.3.1) Dy(z) =

2™Z ZmE2 ... ™™

The m-free model, F,, is defined by
(4.3.2) E, ={(z, W) €C x M_ |R(W) = ®y(2)}.

Note that we are using the second way of presenting a free manifold that
is discussed at the beginning of this section. Using the change of variables
u = Q(w), we can re-write the defining equations of F,, as
(4.3.2)

Re(2'7%), for1<j<k<m
F, =< (zu;]) € CxC™ | Re(u;i,) = 4 |2|%, for1<j=k<m

Im(27z%), for1<k<j<m
We shall usually work with the defining equations given in the original pre-
sentation of F,, in order to avoid having to deal with the separate cases of

j < k and j > k. Written out in components, the m? defining functions for
F,, are

1 )
ij(Z,w) = §(wjk +Ekj) —ZzF =0.

The space of (1,0)-vectors is spanned by the vector field

0 = , 0
_ - Jj—1zk
(4.3.3) L= g + j 211 2§27z o

Wik
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Thus
(4.3.4) Z 2§ k21 2T,
7,k=1
where
0 0
(4.3.5) T, =

a@k]‘ 8wjk'

Note that Tj(p,) = 0 for all j, k,l,m, so the vectors {T};} belong to
the complexified tangent space to F;, at every point. These vectors are also
linearly independent, and so the vectors {L,L,... ,Tj,...}, 1 < j,k <m,
span the complexified tangent space to F,, at every point.

Let us write L** = L and L' = L. For an N- tuple {i, - ,ix} of plus
and minus ones, let @ and § denote the number of plus ones and minus ones,
respectively. If o < m — 1 and 8 < m — 1 then the iterated commutator is
given by

(4.3.6) B
(L L, [ [ L, L)) ] )

i B s
QZ Z 1)‘(k—ﬁ—1)!zj z T

i U —a—
= [L,L]™7.

Note, the commutator does not depend on the order of the L%’s. The Lie
algebra generated by L and L is spanned by the vector fields {L,L,...
[L,L]*P ...} with0<a<m-1,0<8<m-—1.

Proposition 4.3.1. F,, is an m-free rigid submanifold of type 2m.

Proof. Tt suffices to show that the set of m*-vector fields [L, L]*" 0 < o, 3 <
m — 1 are linearly independent. Suppose there were complex constants c, g
and a point zy so that

m—1
anﬂLLaB(Zo) 0.
a,B=0
It follows that
7j—1

S - j' k! j—l—a=k—1-p
Z ZZ ) (k‘ ,6—1) 20 20 Ca,p T]k:O
=0

j=1k=1 | a=0
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Since the collection of {T};} is linearly independent, we must have

j—1k-1

ZZ J! k! L-l-azk=1-8 . _
Gj—a-D(k—3—-1)1"7" 0 op

a=0 =0

for 1 < j <mand 1 < k < m. This is a homogeneous system of m?
equations in the m? unknowns {c,s}. In fact, it is really a “triangular”
system with non-zero entries along the diagonal. Thus setting j = k = 1,
we see that cpo = 0. For any ay, 3y suppose by induction that c,3 = 0 if
either « = ag and 8 < Gy or @ < oy and 3 < fy. Then the equation with
j=oap+1and k= 3y + 1 shows that c,,3, = 0. This shows that the vector
fields [L, L]** are linearly independent, as desired. O

5. The nilpotent Lie group structures of 7,, and F,,.
When m =1

Ty = Fy = {(21,22) € C*|Re(z2) = [Re(21)]*}.
It is easy to see that this set is biholomorphic to the set
H' = {(w1,w,) | Re(ws) = [w|*}

under the change of variables w; = z; and wy, = 2z, — 22. It is well known
that H' carries the structure of a nilpotent Lie group, the Heisenberg group.
The object of this section is to show that the classes of models T;, and F,,
also carry nilpotent Lie group structures which are compatible with their
complex structure, and which generalize the case m = 1.

5.1. The group structure for 7,,.

In this section, we define a product z - w for z,w € C™ x C™ which is
holomorphic in w in such a way that 7;,, becomes a closed Lie subgroup. We
motivate the definition of the product as follows. We write z = (z1,...,2m,)
and w = (wyq,...,w,). As with the product on the Heisenberg group, we
want the first component of the product z - w to be z; + w;. Therefore,
we set z-w = (21 + wy, 2, C3, ..., Cy) Where the ¢; must be chosen so that
z - w belongs to T, provided z,w € T,,. This means that we should require
R(cx) = (R(21) + R(w1))* 2 <k < m. Expanding this equation, we obtain

k—1

R(cx) = (Rz)" <>§Rzl “(Run ) | + (Rwy)*.

j=1
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If z and w belong to T,,, then Rz; = (Rz;)? and Rw; = (Rw,)’, and we
obtain

k—1

%(Ck) = %(Zk) + (Z (j) %(Zk_j)%(’w]')) + %(wk)

j=1

Since we wish z - w to be holomorphic in w, we set

(5.1.1) z-w = (21 +wi,C2,C3, ..., C)
where
=
(5.1.2) cp = 2 + wi + (j) R(zp—j)w;.
=1

Lemma 5.1.

(1) Under the product -, C™ is a Lie Group.

(2) For each fized z € C™, the map w +— T,(w) = z - w is a nonsingular
complex affine (and hence biholomorphic) map from C™ to itself.

(3) The set T, is a closed Lie subgroup and the vector field L given in
equation (4.1.2) is a left invariant vector field. The Lie subalgebra of
the group T,, is the Lie algebra generated by the vector fields L and L.

Proof. To show (1), we first establish the associative property. We denote
the k" coordinate of z-w by (z-w). Applying the definition of the product,
we have

(2 (w- ) =[50 + wp +u] + 5 (’“) Rz, )w;

=1 \J
=t
+ Z < ,)%(zkj)uj
i=1 \J
-1/
+ Z <l>§R(wk_1)ul
=1
y
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On the other hand, we have

((Z'w)'u)k:[zk+wk+uk]+-

Il
—_

Il
_

+
M7}
/\/_;/\
I N N~— " ~—_—
=
N
>
d
I
~

> .
|

1
k—2k—1-1 k k—1
+ (l) ( . )?R(zk_l_j)ﬂ?(wj)ul.
=1 j=1 J

It suffices to show the two double sums on the right sides of the above
expansions are equal. To equate these double sums, make the substitution
j" = j+1in the index of summation in the double sum for ((z-w)-u);. Then
switch the order of summation. This completes the proof that the product
- is associative.

Note that the origin is the identity element for this multiplication. An easy

computation shows that the inverse of (21, ..., z,) is the point (wy,...,w,,)
where

=1
(5.1.3) Wy = —2 — Z (]) R(2)p—jw;

j=1

This completes the proof of (1). The proof of (2) is easy and left to the
reader.

For (3), we showed that T, is closed under the product - as part of the
motivation and derivation of the formula for this product. Therefore to show
T,, is a closed Lie subgroup, it suffices to show that the inverse of a point
z € T,, also belongs to T,,. This is easily seen by showing that the point
w = z~! given above satisfies the defining equations, Rw, = (Rw;)*, for M
provided z satisfies these equations.

Now, we show that the vector field (4.1.2), L = 8%1 + 20 g (R ) a%j
is left invariant under the action of the group. This means that we must
show that the differential of the map T, : T,, — T,, sends the vector L at
the point w to the vector L at the point z - w; or in other words, we must
show L,{foT.} = L...,{f}. We first show this to be true for w = 0. At the
origin, the vector L is just 5. We have

o
ow
of(2)
aZl

Lol foT.) = o (o)} loma = 304 3 RGI ) = L)),
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The case for nonzero w, now follows from the associativity of the group
action (i.e. T, 0T, = T,.,). Indeed, using what we just proved for w = 0,
we have

LUJ{f © Tz} = LO{f o Tz o Tw} = LO{f © Tva} = sz{f}

as desired. |

5.2. The group structure for F,,.

Now, we define a product (2, A) - (w, B) on the space C x MS which is
holomorphic in (w, B) in such a way that F,,, becomes a closed Lie subgroup.
This product will be a generalization of the product on the Heisenberg group
(the case m = 1). We shall motivate the form of the product in a similar
manner to the motivation given for the formula for the product on 7,,. Let
(2, A), (w, B) be elements of C x MS with

Q11 - Aim bii -+ bim
A= - = and B = :
Am1 *° Amm bml T bmm

As with the Heisenberg group, we wish the first component of (z, A) - (w, B)
to be z +w. So we set (2, A) - (w, B) = (2 +w, C) where C is the matrix

Ci1 ~ Cim

C =
Cm1 """ Cmm

which must be chosen so that (z + w, C) belongs to F,, if (2, A) and (w, B)
belong to F,,. In order for (z +w, C) to belong to F,,, the j, k' component

—k
of R(C) must be set equal to (2 +w)’(z + w) . Expanding this equation, we

obtain
R(C)ji = (zj +§:1 (‘;) zjfwé> (zk +> <7kj> z’“’“w’”)

) ) k J ] )
— iz 4l Z < >Zkrwr —l—?k Z (;) A=t

r=1 r (=1
ik
+> (‘2) (f) At

If (2, A) and (w, B) belong to F,,, we have R(A);x = 272" and R(B), =
ww”. We observe that the second term on the right is the conjugate of the
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third term with j replaced by k. Moreover, the first and fourth terms are
Hermitian. Thus for general (z, A) and (w, B) set

(5.2.1) (z,A) - (w,B) = (z+w,C)
with

L (5 [k j—t sk—r ' (j j—t, | =k
(5.2.2) cjk:ajk—l—;; o7 E ber + 2 ZZ:; g |2 W

It is now an easy exercise to show that if (z, A) and (w, B) belong to F,,
then R(C),r = (z + w)/ (2 + w)k.

Lemma 5.2.
(1)  Under the operation -, the space C x ME is a nilpotent Lie group.

(2)  For each fived (2, A) € C x ME the mapping
(w,B) = T,y (w, B) = (2,A) - (w, B)

is a nonsingular complex affine (and hence biholomorphic) mapping of
C x ME to itself.

(3) The set F,, is a closed Lie subgroup. The Lie algebra of the Lie group
F,, is the same as the Lie algebra generated by the left invariant vector
fields L and L defined in Section 4.3.

Proof. We first sketch the proof of (1). The associative property is established
by an argument that is similar in spirit to the proof that the product on 7,,
is associative, so we shall leave it as an exercise. As in the tube-case, the
identity element is (0,0). It is easy to show that the inverse of (w, B) is the
point (z, A) where z = —w and the j, k'" element of A is given by

(5.2.3) aj = —2(—1)"w" Z; (2) (—1)7 !
J k j—ltk—r,  j—l—k—r
E <€> <7“> (—1) w T W by,

J
=1 r=1

This completes the proof of (1). The proof of (2) is easy and left to the
reader.

For (3), we motivated the formula for the product - so that F,, is closed.
We leave it as an exercise to show that if (w, B) belongs to F,,, then its
inverse, (z, A) given above, also belongs to F,,.
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It remains to show that the vector field (4.3.3),

in: jZJ 15 ki
jk=1

awjk

is left invariant under the group action. This means that we must show that
the differential of the map T{; a) : F,,, — F, sends the vector L at the point
(w, B) to the vector L at the point (z, A) - (w, B). Using the associativity of
the group action, it suffices to show this for (w, B) = (0,0). At the origin,
the vector L is just ‘9 . We have

Lo{T (2.0 f(w, B)}(w,B)=(0.0)

- i{f((z,A) - (w, B))}H(w,5)=(0,0)

8f 6f z,A) 0
+ Z %{Cij(w,B):(O,O)

Py owj,

where c¢;y, is the j, k-entry of the matrix C resulting from the product (z, A) -
(w, B) = (z + w,C). We therefore obtain

of(z, A)

of
Lo{T (2.4 f (w, B) }(w,B)=(0,0) = G -2z A4) + Z A Ow,p,

7,k=1

In view of the formula (4.3.3) for L, this expression is just L. a){f}, as
desired. This completes the proof of (3). |

6. Approximation by the models.

In this section, we show how a general rigid CR submanifold with CR di-
mension one can be approximated by a complex linear image of the model
F,,. Let M be a smooth rigid CR submanifold with CR dimension 1 given
by

M = {(z,w) € C x C*| Re(w) = ®(2)}

where ® : C — R? is smooth. We suppose that M is of finite type at
most 2m at the origin where m > 1 is an integer. We write ¢;(z) =

> e <m ai”@ 2%° + FJ (2), where a s = aﬁa € C, and EJ is an error
term of order m+ 1. Put E,,(z) = (El (2),...,E%(2)). As in Section 2, we
assume aé p = 0 if either a = O or 3=0.T he finite type hypothesis means
that the set of vectors {(a}s,aZ,...,a%;) € C1 <a<m,1 <8< m}

span C¢.
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Define the complex linear map ¥ : MS — C? by writing ¥ = (¢y, ... , %),
where

(6.1) ([was]) ZZ swas 1<j<d.

The finite type hypothesis implies that the mapping ¥ is surjective. We
have

(6.2) Sl =S al

m m
:ZZ aﬁwﬁa
a=1 =1

a=1p8=1

and hence Re(y;(W)) = ¢;(R(W)). Thus

(6.3) U: H, —RcCL

Set

(6.4) x = {[A] € Hy | 0([A)) = 0}.

Let M be the image of the model submanifold F,, under the complex linear
mapping (I x U)(z, W) = (2, U(W)). If (2, W) = (2, Po(2) + 1Y) € F,, then
for 1 <5 <d,

66)  Re(wy(W)) = 5 (RIW]) = (o= ii L7

Thus M is also a rigid CR submanifold of C**', and is given by

(6.7) M = {(z,w) € C™ |Re(w) = ¥ o &y(2)}
where @, was defined in (4.3.1). Note that because
(6.8) D(2) —Vody(2) = E,(2)

the manifold M is tangent to the original manifold M at the origin to order
2m. Define a map j : M — M by setting

(6.9) J(z,@(2) +:1V) = (2, Vo ®g(z) +2 V).

Next we show that we can also “free” the manifold M by adding variables.
Let {A4t1,. .., Apz} be a basis for X, and let @}, 5 denote the a, B entry of
A; for d+1<j<m? Set

(6.10) M = {(z,wl,... s Wiy Wiy 1y« v, Wpp2) € ctm? ’

Re(wj):{qﬁj(z) for1<j<d }}

Sy algzoZ ford+1<j<m?
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It is easy to show that M is an m-free generic CR submanifold of CR di-
mension 1. We let II : C x C™ — C x C? be the projection map onto the
first d + 1 coordinates (glven by (z,wi,...,wy)). Clearly, II maps M onto
M. Welet U : H,, — C™ be the map analogous to ¥ whose j*" coordinate
is

(6.1) ([wags]) zm:i al, swep 1< j<m.

Let M = (I x O)(F,,), and let j : M — M be defined as in (6.9). We have
proved the following.

Proposition 6.1.  Given a rigid CR submanifold M C C x C? of CR

dimension 1, with 0 € M and of finite type at most 2m at 0, there is an m-free

manifold M c C*™* g holomorphic projection map 11 : C x Cc™ — C x C4

and complez linear maps I x U : Cx C™ — CxC? and I x U : C x C™ —

C x C™ such that the following holds.

(1) (I x W){F,} = M is a complex linear image of the model F,, and it
approrimates M to order m at the origin.

(2) (I x ®){F,} = M is a complex linear image of the model F,, and it
approzimates M to order m at the origin.

(3)  The following diagram commutes:

M M= (I x B)(F,)

[n [n

M —L— M = (I x U)(F,,).

In principle, we can now use this approximation technique to transfer
information about the model manifolds to information about a general rigid
manifold. A typical example of this would be information about the local hull
of holomorphy of M, or questions about local extendability of CR functions.
This is because such questions are often studied by means of analytic discs,
and these discs behave very well under the approximation scheme described
above. We quickly review the notion of analytic discs.

Suppose M is a submanifold of C". Fix a number 0 < o < 1 (« equal to
1/2 will do). Let D denote the open unit disc in C with coordinate . An
analytic disc with boundary in M is an analytic map A : D — C” such that
A is of class C* (Hélder continuous with exponent «) up to the boundary of
D and such that the image of the unit circle under A belongs to M. By the
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maximum principle, the polynomial hull of any set M is contained in the
set of images of analytic discs with boundaries in M. By re-parameterizing
an analytic disc, it suffices to consider the set of “centers” of analytic discs.
Thus we define the disc set for M, denoted by Disc (M), as
(6.11)

{z€C"|z=A(¢=0) for some analytic disc A with boundary in M}.

Consider the special case of a rigid manifold, M defined by M = {(z,w) €
C x C%Re(w) = ®(2)}. If an analytic disc A = (f,g) : D — C x C? has
boundary in M, then f and g must satisfy the equation

Re(g(¢)) = (f(¢))  for |¢[=1.

Conversely, given an analytic function f : D — C which is of class C'* up to
the unit circle, then the above equation uniquely determines the real part
of an analytic function g on D. Using the Hilbert transform, the imaginary
part of g is uniquely determined up to an additive constant y € R™. Note
that the real part of g belongs to the class C'™ and since the Hilbert transform
is continuous in the C* norm, Im(g) will also be of class C* up to the unit
circle. Therefore, an analytic function f : D — C of class C* up to the
unit circle and a vector y € R, generate an analytic disc A = (f,g) with
boundary in M such that Im(g({ = 0)) = y.

Now let f be an analytic function on the unit disc D which is of class
C“ up to the unit circle, and let y € R%. Let § € R™ be the vector whose
first d entries are given by y and all other entries are 0. Then f and y
generate analytic discs A = (f,g) and A = (f, ) for the manifolds M and
its approximation M. (Due to the high order of tangency, if f is small,
the two discs will in fact be very close to each other and we can estimate
the difference between g and g.) Similarly, f and § generate analytic discs

A= (f,9) and A = (f,§) for the manifolds M and M. It is clear from the
construction (or from uniqueness) that we have:

Proposition 6.2. ITo A=A andIlo ;1 = A.

Moreover the analytic function and the vector § (regarded as a Hermi-
tian matrix) also determine an analytic disc in the model F),. Thus if we

can characterize Disc (F,,,), then Disc (M) and Disc (M) are given as com-
plex linear images of this set, and these in turn approximate Disc (M) and

Disc (M) near the origin. This motivates the study of the disc set of the
model F,,.

In the foregoing discussion, we have considered approximating a general
rigid CR submanifold of finite type and CR dimension one. However, if the
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manifold has additional symmetry properties (such as ® depending only on
Re(z) or depending only on |z|), then we can use the models T, or R,,
instead of F;,. As we shall see, understanding the disc sets of these models
is considerably easier than the problem of understanding the disc set of F,.

7. The Polynomial Hull of T,,.
Recall that the polynomial hull of a set M C C™ is the set
{z e C™; Ip(2)| < sup |p| for all polynomials p} .
The main theorem of this section is the following.

Theorem 7.1. The polynomial hull of T,, C C™ is the convex hull of T,,.

Theorem 7.1 will follow from the following theorem on the disc set for 7,,
defined in (6.11).

Theorem 7.2.

(1) Disc(Ty,) is contained in the convexr hull of T,,.

(2) The convez hull of T,, is contained in the closure of Disc(T,,).
(3) Disc(T,,) — T, is an open set.

The above theorem and its proof imply that Disc (7,,) — T,, is equal to
the interior of the convex hull of T,,.

Proof of Theorem 7.2. We begin by describing the disc set of T,,. If A =
(f,9) = (f,92,--- ,gm) : D — C™ is an analytic disc with boundary in T,,,
then we must have

(7.1) Relg;(Q)] = [Re[f (O], ¢=1,2<j<m,

The functions g; are uniquely determined up to an additive imaginary con-
stant by the real part of f. Write f = u+w, and write Im[g;(0)] = y;. Keep
in mind that we are at liberty to choose the analytic disc f and the vector
y € R™. By the Poisson integral formula, A(¢ = 0) is given by the point

1 2m 1 2
(/ u(ele)dH—l—zyl,—/ w(e)?do + s, ...,
2m Jo 2w Jo
1

2m
T 10\m
27T/o u(e™) d0+1ym) :
Set
(7.2) W, = {(arl,mQ, ooy Tm) € R™| there exists u € C*([0,27]) with

1

xr, = —
T o

/O%[u(ele)]j &, 1<;j< m}
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Thus we have shown that
(7.3) Disc(T},) = Wy, + 1 R™.

Denote the convex hull of the set {(¢,t%,...t™) € R™|t € R} by T},.
Since the defining functions for 7;,, are independent of y = Im(z), to prove
Theorem 7.2 we must show that:

(1) Wi C Ly

(2) T, is contained in the closure of W,,;

(3) Disc (T,,,) — T, is an open set.

The problem of characterizing the set W,, can be viewed from the point
of view of measure theory by characterizing the set of “moment” sequences
Ti,...,%,, where

(7.4) %:/ﬂwm

for some Borel probability measure v on R. However, we shall give a geo-
metric solution to the problem as originally stated.

Lemma 7.3. The closure of the interior of W, is I',,.

Proof. First, we show that W,, is contained in T',,,. Let (£1,&,...,&,) be a
vector in R™ and suppose

(7.5) d gt >0  forallteR.
j=1

Let (21, 22,... ,Zm) € W,,. Then there exists u € C*([0, 27]) such that

(7.6) %:é;A%m@%Vw

for 1 < 7 < m. But then

(77) _ﬁf:lgjxj - ifj o [ty @]

- [ (i @[u(e”)}j) as

> 0.
This shows that

(7.8) Wi, C Ty
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To study the reverse inclusion, let (1, xs, ... ,x,,) be a point in T',,. Then
there are real numbers t,... ,t, and strictly positive numbers A;,... A,
such that
(7.9a) > =

k=1
and
(7.9b) Z)‘ktir =z for 1 <j<m.

Divide the interval [0,27] into n subintervals {I;} with the length of I
equaling 27w \;. Set

Note that
271'
(7.11) / )7 dt = Z)\ktk =z,
0

The function ug is not in the class C* unless n = 1. However since we can
approximate ug in the L™ norm by smooth functions, and since the Hilbert

transform is continuous in L™, the point (xi,...,x,,) is in the closure of
W,,. This establishes Lemma 7.3 and completes the proof of the first two
parts of Theorem 7.2. [l

To establish the third part of Theorem 7.2, we compute the differential of
the mapping F' : C* — R™ given by

(7.12) Flu) = (;ﬂ /OQWU(t) dm;ﬁ/o%[u(t)]zdt,... 7217T/027r[u(t)}mdt>.

The differential of F' is given by

(7.13)
DF,(h)
1 2 1 27 1 27 .
= (277 i h(t) dt, o ) 2u(t)h(t) dt, ... or ), mu(t)" " h(t) dt> )
If this is not a surjective map, then there exists (§1,...,&,) € R™ so that

(7.14) /O " {fj jgju(t)j-ll h(t)dt = 0
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for all h of small C* norm. This implies that
(7.15) S iGuy =0
j=1

for all t, and hence the function u takes on only the finite number of val-
ues given by the roots of the polynomial p(z) = Z;-n:ljfjxj_l. Since u is
continuous, this can only happen if u is the constant function given by the
average value of the function u over the interval 0 < t < 2x. In this case,
the resulting analytic disc is a constant whose point image is contained in
T... Therefore, Disc(T,,) — T, is open, as desired. |

8. The Polynomial Hull of R,,.
Recall that R,, is defined as
R, ={(w,z1,...,2,) € C" | R(z;) = lw[, 1<j<m}.

The main theorem of this section essentially states that the closure of the
disc set of R,, is convex in the normal variables, zi, ..., z,, and logarithmi-
cally convex in the tangential variable, w.

Theorem 8.1. Suppose wy,...,wy, € C and 0 < Ay,..., A p < 1 with
Zle Aj = 1. Then the point

L L L
(H w?%ZAjle!"’ +wi, ... ,ij\wﬁm +zym> e Ccmtt
j=1 j=1

j=1
belongs to the closure of the disc set of R,,.

Note that with w; = 0 and A; = 0, the theorem implies that the slice of
the disc set over the origin contains the slice of the convex hull of R,,, which
lies over the origin.

Proof. We first consider the case when one of the w;, say w;, is zero.
Define M : C*[0,1] — R x R™ by

(8.1) M(u) = <0,/01(u(t))2dt,...,/Ol(u(t))zm dt).

Here C*[0, 1] denotes the space of real valued functions satisfying a Holder
condition of order «. Since the defining equations for R,, are independent
of Imz; = y;, 1 < j < m, it suffices to show that any point of the form

L L
(82) q = (O,Z)\j|wj]2,... ,Z)\j|wj]2m)
j=1 j=1
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can be approximated by M(g) where g = |f| and f is the boundary values
(on the unit circle) of an analytic function that vanishes at the origin. To
do this, we first repeat the arguments of Section 7 to show that ¢ can be ap-
proximated by M(u) for an appropriate u € C*[0,1]. Next we approximate
w in the L*™[0, 1] norm by real-valued trigonometric polynomials of the form

N
(8.3) un(t) = Z ane*™m,
n=—N

By writing u?* — u3F as (u — un)Paog_1(u,uy) where Py is a polynomial
of degree 2k — 1, and then using Hoélder’s inequality, we obtain

sz

(8.4) /01(U(t))2’“ — (un (1)) dt < [Ju — un || || P (u, uy) ||

Since k¥ < m and wuy is bounded in L*™ norm, we see that M (uy) approxi-
mates M(u). Next, let

N
(8.5) Fy(Q) =¥ Y anc
n=—N

Clearly, Fy is holomorphic on the unit disc and Fy(¢ = 0) = 0. Let
gn(t) = |Fyx(e*™)]. Since M(gn) = M(uy), the point ¢, given above,
is approximated by M(gy), and gy is the boundary values of the modulus
of the analytic function, Fj, which vanishes at the origin. Therefore, ¢ is
approximated by the center of the resulting analytic disc with boundary in
M.

Now we consider the case where all the w; are nonzero. Let t; = |w;|.
As in Section 7, divide the interval 0 < ¢ < 1 into disjoint subintervals I;
of length A;. Define the step function u to have value ¢; on the interval I;.
Then

1
(8.6) / V2R dt = Z/\ 3",
0

Let a,, be the n' Fourier coefficient of the function log(u):

(8.7) a, = /01 log(u(t))e *™" dt,

and consider the following polynomial

(8.8) n(Q) =ao + Z anC".
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Note that Refy(e?™) converges to In(u(t)) in the L? norm for any p < occ.
Let a be an argument of Hle w;\j . Define

(8.9) Fyn(C) = explaa + fn ()]

Note that [ (u(t))?* dt is approximated by

1 1
(8.10) / | P (6279 2* dt = / exp(2kReFy (¢2™) dt.
0 0

Also note that Fy(¢ = 0) = e**"% which by the formula for a, is

(8.11) exp (za + /01 In(u(t)) dt) = exp (za + i Aj ln(tj)> = ﬁ w;\j.

j=1

Therefore, the point

L L L
Aj m
(8.12) q= (ij- N wilP Y A wyl )
j=1 j=1 Jj=1

is approximated (as N — o0) by the center of the analytic disc that is
generated by the analytic function fy. This completes the proof of the
theorem.

9. Discs for the Free Model F,,.

Recall that F), is defined as F,, = {(2,W) € C x MS| R(W) = &y(2)}.
Thus, analytic discs, A = (f,g) : D — C x MS for F,, must satisfy the
equation

(9.1) R(g(¢)) = Po(f(¢)) for [¢|=1.

Written out in components, this equation becomes
9ik(C) + gr; () ik

92) Gle) TILE) _ (o)D)

This equation determines the boundary values of (g) on the unit circle. Via
the Hilbert transform, this equation also determines the boundary values of
3(g) up to a constant matrix Y € H,,. Note that the matrices Re(g) and
Im(g) are related to R(g) and I(g) via the complex linear map () defined
in Section 4.3. Therefore, the Hilbert transform used here is the traditional

Hilbert transform factored through the map Q.
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As with T}, and R,,, we are interested in the disc set of F,,. By the
Poisson formula, the value of the analytic disc A at the origin is given by

(9.3) A(C =0) = (f(0), Do(f) +12Y)

where the j, k' entry of the Hermitian matrix ®,(f) is the term

(9.4 Balf) = 5 [ SEVTE @0

In this section, we examine the slice of the disc set of F,, which lies in
the normal space to F,, at the origin. Using the group action for F;,, one
can then obtain information about the disc set near other points of F;,. In
order for the point A(¢ = 0) to belong to the normal space to F,, above the
origin, we must have f(0) = 0 and Y = 0. Thus, the subset of the normal
space to F, above the origin swept out by centers of analytic discs of class
C* with boundaries in F,, is the set

(9.5)
VY ={X € H,,| there exists a holomorphic function f with boundary

values of class C* and f(0) = 0 such that X = ®,(f)}.

We must try to characterize the “moment” matricies [®;,(f)], 1 < j,k <m,
where

(9.6 )= oo [ £ T o

where f is the boundary values of a holomorphic function in the unit disc D
with f(0) = 0.

This extra condition on the measure restricts the range of the moment
matrices. First, note from Schwarz’ inequality that

2

S e _ L [TINE a0y 2N
O 3 eulhEE = 5 / C DG}

This inequality states that the norm of the moment matricies for the mani-
fold F}, is dominated “from above” by the norm of the moment matricies for
the radial case. The interesting fact, displayed by the next theorem (when
p = 2), is that the above inequality can be reversed (up to a uniform con-
stant factor). Therefore, the moment matrix for the free case is controlled,
from above and below, by the moment matrix for the radial case. As we
shall see, this theorem will imply that the range of the moment matrices for
F,,, is smaller than the convex hull of F,,.
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Even though p = 2 is the main case of interest we state and prove the
following theorem for any 0 < p < oco.

Theorem 9.1. Let 0 < p < 0o and let n be a positive integer. Then there
is a positive constant c(p,n) so that if f € HP™ and if (&,...,&,) € C™,

then
27
LR

Z fjf(ew)j

p

n 27 )
a0 = () SI6P [ 1) ao.

Here, the space H? refers to the space of analytic functions on the disc in
the Hardy space with exponent q.

We introduce the following notation. Let g be an entire function such that
g(0) = 0. For A > 0 set

(9-8) 39, A) = {C e Cllg(Q] < A},

and let 3¢ (g, A) be the connected component of ¥(g, \) containing the origin.

Lemma 9.2. There is a constant C, so that if P(¢) = Y1_, a;¢7 is a
polynomial of degree n vanishing at the origin, then for all X > 0,

Yo(P,A) € {C e ClI¢] < Copp(N)}

where pup(A) > 0 satisfies

S Jayl up(A) = A,
j=1

Proof. Given the polynomial P and X > 0, let Q(w) = +P(pup(A)w) so that
P(() = 2Q (5% )- Then

(9.9) Eo(PA) = pp(A) Zo(@, 1).

Thus it suffices to show that if Q(w) = Z?Zl bjw’ is a polynomial of degree
n vanishing at the origin, with >7_, [b;| = 1, then Xy(Q, 1) is contained in
a fixed disc independent of Q.

Let A = sup|¢| where the supremum is taken over ¥4(Q, 1). Then we can
find a curve in the complex plane going from the origin to a point (, with
|Cn] = A, with the property that |Q| < 1 along this curve. Hence we can
find points (i, (s, ... , (, such that

(1) 1Q(¢)| < 1 for all j;
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(2) |¢;] = 22 for all j;
(3) 1¢ — Gkl = £ A for j # k.

Now view the equations

bj(ck)jv I1<k<n

1

(9.10) QG) =

n
]:
as a system of n linear equations in the n unknowns {b,...,b,}. Using
Cramer’s rule, we see that b; = D;/D, where

GG
2 “ .. k ... n
0.11) py |
GG Ghe G
and D; is obtained from Dy by replacing the ¢} in the j* column by Q(().
We obtain a bound

n(n+1)

(9.12) |D;| <C, A"z I

while the Vandermonde determinant shows that

(9.13) IDy| > ¢, A"
Since Z?Zl |b;l = 1, this gives us a bound from above on A and proves
Lemma 9.2 [l

We now turn back to the proof of Theorem 9.1. For a function F' holo-
morphic in the unit disc D, we let

(9.14) NF(e?) = S}lsp |F'(2)]

where 'y is a nontangential approach region to the boundary point e*.
Recall the theorem of Burkholder, Gundy, and Silverstein which says that
for F € H?(D),

27 21
(9.15) /yﬂwwwz/ INF(e)[” do
0 0

for 0 < p < 0.
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Let f be holomorphic in a neighborhood of the closed unit disc, with
f(0) =0, and let {&y,...,&,} € C". Put F(z) =37, §; f(2)’. Then

(9.16)
p
2w | N ) 2
/ SO fefy d@:/ [P ()P b
o = 0
27
Zcp/ INF(e)|? db
0
:cpp/ AP Ln{6] INF(e)] > A} dA.
0
Put
(9.17) Ey={?||NF(e?)| > A}.

Then F, is a countable union of open intervals on the unit circle. Let T
be the union of the “tents” over these intervals, and let W, = D\T,. Then
|F(2)| <A ze€ Wy Put P(Q) =37, & {7, so that F(2) = P(f(z)). Thus
for = € Wy, |P(f(2))] < A, and since W, is connected and f(0) = 0, it
follows that f(z) € ¥o(P,A). By the lemma, it follows that

(9.18) lf(2)] < Coup(N) for z € Wy.
Hence
(919)  {|INFE)] > X} > {e? | INF(e)] > Copp(V)}.

It follows that
(9.20)

27
~/O i

> & ey

p

do > pcp/ N tmf{e? [ INf(e?)] > Copp(N)}dA.
0

In this last integral, make the change of variables A\ = 37_, [§;|(&-)’ so

that up(A) = £-. It follows that
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(9.21)

[

p
9

6 > e(p,n / [Z yg]st] m{8| Nf(e?) > s}%
n) z_: ]fj]p/o sP 7 'm{0 | Nf(e?) > s}ds

W3 lel [ NS a

27

Z & [ 1ren) .

This completes the proof of the theorem.

We conclude with two examples. The first example shows that the con-
clusions of Theorem 9.1 are not true if f is not the boundary values of a
holomorphic function. The second example shows that Theorem 9.1 implies
that the disc set of F}, is strictly smaller than its convex hull.

Ezample 9.3.  Set

a, for0<z<4i
fn($) = 1 "
-2, for - <z <1
Then )
folz)dx =0
0
Put & = a, and £&; = —1. Then an easy computation shows that
4
e
[l r@ e farpars S
while

1 1 4
6F [ f@P ot l&P [ 1)~

n

As n gets large, it is clear that the conclusions of Theorem 9.1 are not true
for this function f (which, of course, is not holomorphic).

Ezxample 9.4. We show that the disc set of Us is strictly smaller than the
convex hull of U;. We define ® : C — U, by

z|? 2Z2
@(z) = (LQ‘Z |Z|4> .
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We let M* be the convex combination A ®(€)+(1-\) (), where A\, = 515
so (0, M) belongs to the convex hull of U,). Let m¢, denote the j, k' entr
(so (0, g S Js y

of M¢. After a computation, we have

Z m§kEj§k

jk=1
- [(1 + ))& ]? + 2Re { <e3 — 1) 5152} + <e4 + 612) |£2|2] (1+e)
and

imj’jw N [(1 +ENaf + (64 + 612) I&P] (14

If m§, = ®;,(f) for some analytic function f with C* boundary values, then
Theorem 9.1 implies

2 2
Z m;kgjfk > sz;’j|£j|2
j=1

jk=1

where ¢ is a uniform positive constant. Set & = % and & = 1. Then
Zikzl mS,€ ;& stays bounded in e for 0 < € < 1, whereas 23:1 m$; 117 ~ 5.
This contradicts the above inequality when ¢ is small. Thus, for e sufficiently
small, m$, cannot be written as ®;.(f) for an analytic function f with C*
boundary values.
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CORRECTIONS OF ERRORS IN THE PAPER VERSION: THERE WERE TWO EQUATIONS (2.9)
IN THE PAPER VERSION. BOTH EQUATION NUMBERS HAVE BEEN REMOVED. THERE WERE
ALSO TWO EQUATIONS (6.7). THE SECOND HAS BEEN CHANGED TO (6.11).



