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A CARLESON ESTIMATE FOR THE COMPLEX
MONGE–AMPERE OPERATOR

Mats Andersson

Let D be a pseudoconvex domain in Cn that admits a
plurisubharmonic defining function ρ of class C2. We prove
that if u1, . . . , ur are bounded plurisubharmonic functions in D
and ω = ddc log 1/(−ρ), then (−ρ)nddcu1∧ . . .∧ddcur∧ωn−r/(n−r)!
is a Carleson measure. This is a global variant of the Chern-
Levine-Nirenberg inequality.

1. Introduction.

Let un, . . . , un be bounded plurisubharmonic functions in some domain Ω
in Cn. It was proved in [2] and [3] that the Monge-Ampere expression
ddcu1 ∧ . . . ∧ ddcun defines a positive measure (defined via an appropriate
regularization), and the Chern-Levine-Nirenberg inequality, see [6], states
that for each K ⊂⊂ Ω there is a C = C(K,Ω) such that∫

K

ddcu1 ∧ . . . ∧ ddcun ≤ C sup
Ω
|u1| . . . sup

Ω
|un|.

It follows from the proof that one can replace supΩ |uj| by
∫

Ω |uj| in this
estimate for one of the functions ui.

The purpose of this note is to prove a global version of this inequality. Let
D be a pseudoconvex domain in Cn that admits a plurisubharmonic defining
function ρ of class C2. Let dc = (i/2)(∂̄ − ∂), ω = ddc log(1/− ρ), β = ddcρ,
ωk = ωk/k! and βk = βk/k!. Moreover, let H1 be the space of holomorphic
functions in Ω such that

‖f‖H1 = sup
ε0>ε>0

∫
ρ=−ε

|f |dσ

is finite, where dσ is the surface measure dσ = dcρ ∧ βn−1. We say that a
positive measure τ in D is a Carleson measure if the estimate∫

D

|φ|dτ ≤ C‖φ‖H1 , φ ∈ H1,(1.1)
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holds.

Theorem 1.1. Let u1, . . . , ur be positive plurisubharmonic functions in
D (and r ≥ 1). Then

dτ = (−ρ)nddcu1 ∧ . . . ∧ ddcur ∧ ωn−r(1.2)

is a Carleson measure with norm

≤ cr,ne supu1 . . . supur,

where cn,r = (r − 1)!n!/(n− r)!.

A few comments are in order.

If uj are bounded and plurisubharmonic it follows that dτ is a Carleson
measure with norm ≤ cn,re2r‖u1‖L∞ . . . ‖uk‖L∞ .

Clearly Theorem 1.1 implies the Chern-Levine-Nirenberg inequality. The
variant with L1 norm of one of the uj follows from Proposition 2.1 below
and its proof.

Theorem 1.1 is sharp. In fact, restricted to one variable it says that −ρ∆u
is a Carleson measure in D if u is a bounded subharmonic function. This fact
was noted in [4] and it is also shown in [4] that any Carleson measure in the
unit disk that satisfies a small regularity assumption is given by such an ex-
pression, simply by taking φ as the Green potential of µ/(1−|z|). If k = 1 and
D is the ball, then ω is the Bergman metric form and Theorem 1.1 then says
that (1− |z|2)−1∆u is a Carleson measure, where ∆ is the Bergman Lapla-
cian (the invariant Laplacian) ∆ = (1−|z|2)(

∑
∂2/∂zj∂z̄j−∑ zj z̄k∂/∂zj∂z̄k).

This was also stated in [4]. Even in this case the converse holds for reason-
able µ, see [5]. (A similar statement holds for the Euclidean Laplacian ∆E;
that (1− |z|2)∆Eu is a Carleson measure. Just let u2, . . . , un be |z|2 or ρ or
use (2.2) and then proceed as in the proof of Theorem 1.1. However, by the
same argument as in [4] it follows that (1− |z|2)∆Eu even is a R2n-Carleson
measure.)

In a forthcoming paper, [1], Theorem 1.1 will be used to obtain new esti-
mates for the so-called Hp-corona theorem in strictly pseudoconvex domains
in Cn.

2. Proof.

The proof of Theorem 1.1 is based on the following proposition.
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Proposition 2.1. Let u1, . . . , ur be positive plurisubharmonic functions
in C∞(D). Then

∫
D

(−ρ)nddcu1 ∧ . . . ∧ ddcur ∧ ωn−r ≤ cn,r supu1 . . . supur−1

∫
∂D

urdσ,

(2.1)

where cn,r = (r − 1)!n!/(n− r)!.

This proposition can be considered as a global variant of the Chern-Levine-
Nirenberg estimate, [6]. From Proposition 2.1 we can easily derive our main
theorem.

Proof of Theorem 1.1. To begin with we assume that all the functions uj as
well as φ are smooth up to the boundary. Notice that

evddcv ≤ ddcev

for any real function v. Therefore we get for any t > 0,

tddcu|φ| ≤ etu+log |φ|ddctu ≤ etu+log |φ|ddc(tu+ log |φ|) ≤ ddcetu+log |φ|.

If we just replace ur in Proposition 2.1 by exp(ur + log |φ|) we get that∫
D

|φ|dτ ≤ cn,r supu1 . . . supur−1

1
t

sup etur
∫
∂D

|φ|dσ.

Taking t = 1/ supur we get the desired estimate for smooth functions.
The general case is then obtained by applying this result to smaller do-

mains and a regularization procedure. Let u1, . . . , ur be arbitrary positive
plurisubharmonic functions in D and let Dε = {ρ < −ε}. By a standard
regularization there are smooth plurisubharmonic uδj that decrease to uj in
a neighborhood of Dε when δ → 0. According to Theorem 2.1 in [3],

τδ = ddcuδ1 ∧ . . . ddcuδr ∧ ωn−r → ddcu1 ∧ . . . ddcur ∧ ωn−r = τ

weakly as measures in this neighborhood. From the smooth case (applied to
Dε) we now have∫

Dε

(−ρ− ε)nτδ|φ| ≤ cn,r
∫
∂Dε

|ψ|dσ ≤ cn,r‖φ‖H1 .

Hence, ∫
Dε

(−ρ− ε)nτ |ψ| ≤ lim inf
δ

∫
Dε

(−ρ− ε)nτδ|ψ| ≤ cn,r‖ψ‖H1 ,
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and by monotone convergence it finally follows that∫
D

(−ρ)nτ |ψ| ≤ cn,r‖ψ‖H1 .

Proof of Proposition 2.1. As expected the proof consists in a number of
integrations by parts. The crucial point is to keep check of all signs so that
negative terms can be discarded.

To begin with we claim that if a is a closed (smooth) (r, r)-form, then∫
D

(−ρ)nωn−r ∧ a =
n

r

∫
D

(−ρ)rβn−r ∧ a.(2.2)

In fact,∫
D

(−ρ)nωn−r∧a =
∫
D

(−ρ)r∧βn−r∧a− (n− r)
r

∫
D

d(−ρ)r∧dcρ∧βn−r−1∧a

and an integration by parts in the last integral then yields (2.2).

Lemma 2.2. If a is a positive closed (r−1, r−1)-form, u is positive and
plurisubharmonic and α > 2, then∫

D

(−ρ)αddcu ∧ a ≤ supuα
∫
D

(−ρ)α−1a ∧ β.(2.3)

Proof of Lemma 2.2. First notice that

ddc(−ρ)α = α(α− 1)(−ρ)α−2dρ ∧ dcρ− α(−ρ)α−1ddcρ(2.4)

≤ α(α− 1)(−ρ)α−2dρ ∧ dcρ.

Hence, since dρ ∧ dcρ is a positive form,

∫
D

(−ρ)αddcu ∧ a =
∫
D

uddc(−ρ)α ∧ a
(2.5)

≤ supu
∫
D

α(α− 1)(−ρ)α−2dρ ∧ dcρ ∧ a.

However, since a is closed we can replace α(α − 1)(−ρ)α−2dρ ∧ dcρ by
α(−ρ)α−1ddcρ on the right hand side of (2.5), since, in view of the equality
in (2.4), the difference is a closed form that vanishes on the boundary. This
proves the lemma.
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It is now easy to conclude the proof of Proposition 2.1. By repeated use
of the lemma we get, for α > r, that∫

D

(−ρ)αddcu1 ∧ . . . ddcur ∧ βn−r

≤ α . . . (α− r + 2) supu1 . . . supur−1

∫
D

(−ρ)α−r+1ddcur ∧ βn−1.

Moving ddc from ur to (−ρ)α−r+1 in the last integral and applying the in-
equality in (2.4) we get∫
D

(−ρ)αddcu1∧. . . ddcur∧βn−r ≤ α . . . (α−r)
∫
D

(−ρ)α−r−1urdρ∧dcρ∧βn−1.

When α→ r this becomes∫
D

(−ρ)rddcu1 ∧ . . . ddcur ∧ βn−r ≤ r!(n− 1)!
∫
∂D

urdσ.

Combining with (2.2) we finally get (2.1).
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