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A CARLESON ESTIMATE FOR THE COMPLEX
MONGE-AMPERE OPERATOR

MATS ANDERSSON

Let D be a pseudoconvex domain in C" that admits a
plurisubharmonic defining function p of class C2. We prove
that if uq,...,u, are bounded plurisubharmonic functions in D
and w = dd°log1/(—p), then (—p)"dd°ui A.. . Addu, A\w™ " /(n—r)!
is a Carleson measure. This is a global variant of the Chern-
Levine-Nirenberg inequality.

1. Introduction.

Let u,,...,u, be bounded plurisubharmonic functions in some domain {2
in C". It was proved in [2] and [3] that the Monge-Ampere expression
dduy A ... A ddu, defines a positive measure (defined via an appropriate
regularization), and the Chern-Levine-Nirenberg inequality, see [6], states
that for each K CC Q there is a C' = C(K, ) such that

/ dduy A ... ANddu, < Csupluyl...sup |u,|.
K Q Q

It follows from the proof that one can replace supg |u;| by [, |u;| in this
estimate for one of the functions u;.

The purpose of this note is to prove a global version of this inequality. Let
D be a pseudoconvex domain in C™ that admits a plurisubharmonic defining
function p of class C2. Let d® = (i/2)(0 — 9), w = dd°log(1/ — p), B = dd°p,
wr = w*/k! and B, = B*/k!. Moreover, let H! be the space of holomorphic
functions in ) such that

1fli = sup [ |fldo
p=—c¢€

eo>e>0

is finite, where do is the surface measure do = d°p A 3,,_1. We say that a
positive measure 7 in D is a Carleson measure if the estimate

(1.1) /D \Bldr < Cllgllm, e HY,
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holds.

Theorem 1.1.  Let uy,... ,u, be positive plurisubharmonic functions in
D (and r > 1). Then

(1.2) dr = (—p)"ddus A ... Nddu,. A w,_,
is a Carleson measure with norm

< ¢ pesupuy .. .sup Uy,
where ¢, = (r —1)Inl/(n —r)L

A few comments are in order.

If u; are bounded and plurisubharmonic it follows that dr is a Carleson
measure with norm < ¢, ,.e2"||u1 || g . .. ||ug] L.

Clearly Theorem 1.1 implies the Chern-Levine-Nirenberg inequality. The
variant with L' norm of one of the u; follows from Proposition 2.1 below
and its proof.

Theorem 1.1 is sharp. In fact, restricted to one variable it says that —pAu
is a Carleson measure in D if u is a bounded subharmonic function. This fact
was noted in [4] and it is also shown in [4] that any Carleson measure in the
unit disk that satisfies a small regularity assumption is given by such an ex-
pression, simply by taking ¢ as the Green potential of x1/(1—|z|). If Kk = 1 and
D is the ball, then w is the Bergman metric form and Theorem 1.1 then says
that (1 — |2]?)"!Au is a Carleson measure, where A is the Bergman Lapla-
cian (the invariant Laplacian) A = (1—|z|?)(} 0%/0z;0%;— " 2;2,.0/0z,;0Z},).
This was also stated in [4]. Even in this case the converse holds for reason-
able u, see [5]. (A similar statement holds for the Euclidean Laplacian Ag;
that (1 —|z]*)Agu is a Carleson measure. Just let us, ... ,u, be |z|? or p or
use (2.2) and then proceed as in the proof of Theorem 1.1. However, by the
same argument as in [4] it follows that (1 —|z]*)Agu even is a R*"-Carleson
measure.)

In a forthcoming paper, [1], Theorem 1.1 will be used to obtain new esti-
mates for the so-called HP-corona theorem in strictly pseudoconvex domains
in C™.

2. Proof.

The proof of Theorem 1.1 is based on the following proposition.
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Proposition 2.1.  Let uy,... ,u, be positive plurisubharmonic functions
in C>*(D). Then
(2.1)

—p)tdduy A ... ANddu, A wp_p < Cp SUP U ... SUP Up_q u,do,
P , p p
D oD

where ¢, = (r —1)Inl/(n —r)L
This proposition can be considered as a global variant of the Chern-Levine-

Nirenberg estimate, [6]. From Proposition 2.1 we can easily derive our main
theorem.

Proof of Theorem 1.1. To begin with we assume that all the functions u; as
well as ¢ are smooth up to the boundary. Notice that

e’ddv < dde”
for any real function v. Therefore we get for any ¢ > 0,
tdd°u|p| < et*Hoel?lddcty, < et o819l dde (tu + log |@|) < ddcetut1os 19l

If we just replace u, in Proposition 2.1 by exp(u, + log|¢|) we get that

1
/ |p|dT < ¢ppsUp Uy ... SUP Up—g — SUD e““/ |p|do.
D 13 oD

Taking t = 1/ sup u,. we get the desired estimate for smooth functions.

The general case is then obtained by applying this result to smaller do-
mains and a regularization procedure. Let uq,... ,u, be arbitrary positive
plurisubharmonic functions in D and let D, = {p < —e}. By a standard
regularization there are smooth plurisubharmonic u? that decrease to u; in
a neighborhood of D, when § — 0. According to Theorem 2.1 in [3],

Ts = dalcu‘ls A .ddcuf AWp_p — dduy A .. ddu, Nwp_, = T

weakly as measures in this neighborhood. From the smooth case (applied to
D.) we now have

/ (_P — 6)“7’5|¢’ < Cn’r/ |1,Z)|d0' < cn,rud)HHl'
D oD,

€

Hence,

[ (o—eyrivl <timint [ (=p— " mslyl < ol
D D,

€
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and by monotone convergence it finally follows that

[ ol < culvln.
D

O

Proof of Proposition 2.1. As expected the proof consists in a number of
integrations by parts. The crucial point is to keep check of all signs so that
negative terms can be discarded.

To begin with we claim that if a is a closed (smooth) (r,r)-form, then

(2.2) [ orerna=2 [ (ors na

r

In fact,

(n—r7)

| orerna= [ (=oyngrrna-

D T

/ d(—p)" ANd°pAB"" " Na
D

and an integration by parts in the last integral then yields (2.2).

Lemma 2.2.  Ifa is a positive closed (r — 1,7 —1)-form, u is positive and
plurisubharmonic and o > 2, then

(2.3) /D(—p)“ddcu A a < sup ua/ (=p)* taApB.

D
Proof of Lemma 2.2. First notice that
(24)  dd(=p)" = ala — 1)(=p)""2dp A d°p — a(—p)*ddp
< ala—1)(—p)* 2dp A dp.
Hence, since dp A d°p is a positive form,
(2.5)
/ (=p)dd°u N a = / udd(—p)* Na
D D
< supu/ ala—1)(—p)*2dp Adp A a.

D
However, since a is closed we can replace a(a — 1)(—p)*~2dp A d°p by
a(—p)*~tdd¢p on the right hand side of (2.5), since, in view of the equality

in (2.4), the difference is a closed form that vanishes on the boundary. This
proves the lemma. [l
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It is now easy to conclude the proof of Proposition 2.1. By repeated use
of the lemma we get, for a > r, that

/ (—p)2ddus A ...dd°u,. N "7

D

<a...(a—=r+2)supu;...supu,_q / (—p)* " Hddu, A "
D

Moving dd® from u, to (—p)* "' in the last integral and applying the in-
equality in (2.4) we get

/ (—p)ddus A...dduN"" < a...(a—T) / (=p)* " rudpAdpABTT
D D
When o« — r this becomes
/ (—p)'dduy A ...dd°u,. N """ < rl(n— 1)!/ u,do.
D oD

Combining with (2.2) we finally get (2.1). L
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