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COMPLETE MINIMAL SURFACES DERIVED FROM
CHEN-GACKSTATTER GENUS TWO EXAMPLE

F.J. LOPEZ, F. MARTIN AND D. RODRIGUEZ

In this paper we present a family of complete minimal
surfaces in R? with one end, arbitrary even genus k, 4k sym-
metries and total curvature —4n(2k — 1). Furthermore if k # 6
they are the only examples satisfying these conditions. If
k = 2 our construction leads to the Chen-Gackstatter genus
two surface.

1. Introduction.

In 1982 Chen and Gackstatter [C-G] discovered two minimal surfaces with
finite total curvature in R3 and non-trivial topology. These examples have
only one end and the symmetry of the Enneper’s surface.

The first one is the only complete minimal torus in R? with total curvature
—8 (see [B], [L1]). The second Chen-Gackstatter example has genus two,
total curvature —127 and only one end. D. Hoffman noted that these sur-
faces represented examples with the least absolute total curvature 4(k + 1)m
for surfaces with fixed genus k, and conjectured that there should be such
examples of every genus. Recently Thayer [T] gave numerical evidence for
this conjecture, and Weber and Wolf [WW] and Sato [S] proved this con-
jecture using very different methods. Thus, the main issue here is to obtain
uniqueness results for these kind of surfaces.

On the other hand, the classical Chen-Gackstatter examples were gener-
alized in another way, first by Karcher [K]|, and later by Thayer [T], Sato
[S] (see Martin and Rodriguez work [M-R] for a new approach including
uniqueness results), Lépez [L2] and Weber and Wolf [WW]. These authors
have shown immersions with only one end and high topology and symmetry.

Except in the case of the Weber and Wolf method, which seems to be
very powerful, the other constructions have the same spirit of the Hoffman
and Meeks [H-M] generalization of the Costa surface [C]. Though this
last method is classical and explicit, it has the advantage of providing some
natural uniqueness results (see, for instance, [H-M]).

In this paper we use these ideas to show a new family of complete minimal
surfaces M, of genus k, k > 2, k even, that generalizes the Chen-Gackstatter
genus two example. Except in the case of kK = 2 which corresponds to the
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Chen-Gackstatter example, our examples do not lie in any of the families
of surfaces discovered by Thayer, Sato and Weber-Wolf. Furthermore, our
main achievement is to prove a uniqueness result for these surfaces under
some symmetry assumptions.

Summarizing, the surfaces M, have the following properties:

(i) M, is conformally equivalent to M, — {P}, where M, is a compact
Riemann surface of genus k and P € M.

(ii) M, has total curvature —4(2k — 1).

(iii) Mj has 4k symmetries.

(iv) M, intersects the (z1,x2)-plane in k straight lines meeting at equal
angles at the origin. Moreover the symmetry group Sym(M}) is gen-
erated by a rotation by angle 7/k around the x3-axis followed by a
symmetry with respect to the (z;,z;)-plane and a symmetry with re-
spect to the (z1,x3)-plane.

(v) M, is the genus two Chen-Gackstatter example.

Moreover, if M is a complete minimal surface with one end, genus k& #
6, 15, finite total curvature and #(Sym(M)) = 4k, then the total curvature
C(M) of M satisfies C(M) < —4(2k —1)m, and the equality holds if and only
if k£ is even and M is , up to rigid motions and scaling, the surface M.

The most important consequence of this is the following uniqueness the-
orem for the Chen-Gackstatter genus two example:

The Chen-Gackstatter genus two surface is the only complete
minimal immersion in R of genus two, total curvature —12w
and eight symmetries.

The hypothesis k # 6,15 above may seem to be unnatural. However, as
a consequence of elementary topological and algebraical arguments (see the
proof of Theorem 2 and Remark 1), it is in fact necessary.

This paper is laid out as follows:

In Section 2 we recall some basic facts about minimal surfaces, empha-
sizing the classical Weierstrass representation of minimal surfaces and the
results of Osserman and Jorge-Meeks.

In Section 3 we state our main existence result Theorem 1, and then we
obtain some technical lemmas in order to prove it.

Finally, in Section 4 we obtain the uniqueness result for the surfaces M,
mentioned above.

2. Preliminaries.

In this section we briefly review some of the results about complete minimal
surfaces of finite total curvature.
Let z : M — R? be a minimal immersion of an orientable surface M
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in three dimensional Euclidean space. Write C(M) the total curvature of x.
Using isothermal parameters, M has a conformal structure in a natural way
and we label (g,7n) the Weierstrass data of . Remember that the Gauss
map g of x is a meromorphic function on M, and 7 is a holomorphic 1-form
on M (for more details see [O]).

Moreover, x = Real [(¢y, ¢2, ¢3) where

. .
(1) 1= 5n(l— g°), b2 = %?7(1 + %), ¢3=nyg

are holomorphic 1-forms on M satisfying
3
(2) >l P#0.
j=1

In particular, ¢;, j =1,2,3, have no real periods on M.

In the remaining part of this section we suppose M is complete and
C(M) > —oo. Under these assumptions, A. Huber proved (see [H]) that
M is conformally diffeomorphic to a compact Riemann surface M punc-
tured in a finite number of points { P, ..., P.} and R. Osserman [O] showed
that (g,7n) extends meromorphically to M. Therefore, g has well defined
degree and C(M) = —4n deg(g).

Jorge and Meeks [J-M] proved that the asymptotic behavior of x around
an end P; is determined by the number:

v; = Maximum{ord(¢;, P;), j=1,2,3} —1

where ord(¢;, P;) is the pole order of ¢; at P,;.
Moreover,

T

(3) 2deg(g) = —x(M) + ) (v +1).

=1

Assume that M is not the covering of any minimal surface and write
Iso(M) the isometry group of M. Then, denote by Sym (M) the subgroup of
Iso(M) which consists of those isometries which are the restriction of a rigid
motion in R? leaving x(M) invariant. Calabi proved that Iso(M) = Sym(M)
if and only if there exists j € {1,2, 3} such that ¢; is not exact. A complete
discussion about this subject can be found in [H-M].

Through the paper D(n) denotes the dihedral group of order 2n.

We will need the following topological remarks. Let M be a compact
Riemann surface of genus k > 0. Given ¢y, ¢; € H1(M,Z), we label ¢; - ¢5 as
the intersection number of ¢; and cy. Consider B = {as,...,ax, b1,... ,bx}
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a homology basis of M. Denote the intersection matrix of B by Dy =
(di j)1<i j<2k, Where

a; - a; i,j <k
d . = ai-bj,k z§k:<]
o ai_k-bj j§k<Z

bk bix  ij > k.

By definition, B is a canonical homology basis if and only if

(0 |1
e (5 5)

For the details see [F-K].

We conclude these preliminaries by recalling the definitions of Euler beta
and gamma functions.

ForveNand z € C—{-1,-2,...}, the gamma function is given by

z

vlv

I(z) = Hm 2(z+1)(z+2)-(z+0v)

Among classical properties of gamma function, we emphasize the following

s

[(z+1) =2I(2), M2l —=2) = sin(mz)’

1
22711 ()T <Z + 2) = /7[(22).
For m,n € C, Re(m) > 0, Re(n) > 0, the beta function is defined by
1
B (m,n) = / (1 — )t
0

This is related to the gamma function according to

I'(m)C(n)

B (m,n) = Tontn)

A complete reference for these topics is, for instance, [Str].

3. The new family of examples.

In this section, we present a family of complete orientable minimal surfaces
with one end, arbitrary even genus k > 2 and high symmetry. If £ = 2, then
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this construction leads to the Chen-Gackstatter genus two example. We also
give an analytic uniqueness Theorem (Theorem 1) for these surfaces.

Let My,, k €N, k even, k > 2, a € R, — {1}, be the compact Riemann
surface:

My, = {(t,w) € (CUx)® : w®= M}

th—1
and label 0o = (00,00), 0 = (0,0), e5 = (% ,00), e % a = (¢* %" a,0),

j=0,... k—1.

We want to define proper minimal immersions of M;,, = M}, — {oo} into
R3, for every k > 2 (k even) and for a € R, — {1}, depending on k. Consider
the following Weierstrass data:

g=At"* 1w  ng=Bt"'*"'dt, AcR, BeC, |B=1

on M} ,. Then, defining ¢;, 7 = 1,2,3 as in (1), the inequality (2) is satisfied.
Therefore, as we have mentioned in Section 2, if ¢;, j = 1,2, 3, have no real
periods, we get a minimal immersion x : M, — R3 as follows:

T = Real/((ﬁh b2, P3).

The main achievement of this section is the following;:

Theorem 1.  For each k > 2, (k even), there exists only one ag € Ry —
{1}, depending on k, such that x : My ., — R® is well-defined for a suitable
choice of the constants A, B.

To prove this theorem, we need to introduce some notations, make some
topological comments and obtain several technical analytical lemmas.

The topological part consists of describing a homology basis that allows
us to simplify the period problem.

The analytical part consists of studying the behavior of the period func-
tions associated to the above Weierstrass data as functions of the parameter
a. This study includes the asymptotic behavior of these functions (Lemma
1), the classical bilinear relations (Lemma 2) and some other analytical prop-
erties (Lemmas 3, 4, 5, 6).

First, define the following mappings:

J7S:Mka—>ﬁka

J(tw) = (eFt,eFw)  S(tw) = ({w).
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Note that J is holomorphic and has order 2k, and S is an antiholomor-
phic involution. So, they generate a group which is isomorphic to D(2k).
Moreover, J and S fix 0, co, and J* fixes eﬁ, e a=35=0,... ,k—1.

Concerning to the topologycal part, we are looking for a homology basis
of M}, ,. We distinguish two cases:

Suppose a > 1. Let a;(s), 5;(s), 7 = 1,2, be the oriented simple closed
curves in the ¢-plane illustrated in Figure 1. We assume that a;(0) € R,
a1(0) > a, aa(0) € R, 1 > a3(0) >0, 5:(0) € R, 0 > 3,(0) > —1,
B2(0) € R, a > 35(0) > 1. Let a;(s) be the unique lift of o;(s) to M,
satisfying w(a;(0)) € Ry, j = 1,2. Denote in the same way as b;(s)
the corresponding lifts of 3;(s) with initial conditions w(b;(0)) € iR,
=12

Suppose 0 < a < 1. Now, «;(s), 5;(s), j = 1,2, are the oriented simple
closed curves in the ¢-plane of Figure 2. Here «;(0) € R, a;(0) > 1,
a2(0) € R, a > ay(0) > 0, 31(0) € R, 0 > 3(0) > —a, 3,(0) € R,
1 > 3,(0) > a. Let a;(s) be the unique lift of a;(s) to M), satisfying
w(a;(0)) € Ry, j = 1,2. Denote in the same way as b;(s) the lift
of B1(s), with initial condition w(b;(0)) € iR,. Define also by(s) the
unique lift of G5(s) such that w(by(s)) € iR_.

Figure 1. a > 1.
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Figure 2. 0 <a < 1.

In the following we identify d and its homology class [d], for any closed

curve d in M} ,. Then observe that

(4) J2 ) =a;, i=1, 2.

If we label a] = (J7),(a;), b] = (J9).(b;) (i=1,2; j=0,...,%—1), then

Bz{dﬁ{i:LQj:Q”wg—%

is a homology basis on M}, and the intersection matrix Dy is

al al v, bl
a 0] o] 110
al 0 E| -G | I
b | I G| E|o0
b 0] I | 0]o0

where F = (eij)lgi’jgk/g, G = (gij)lgi,jgk/2 are giVGHZ
1 i<
eij: *1Z>], gijzl,Vi,j
0i=j
and [ is the identity matrix of order %
Let 7, 7, 01, 03 be the following 1-forms on My,

dt ) dt £ dt
n=oy REtTwdh o= mree 0= Gy
Observe

B

¢1 = 7(7—1 - AQTQ)
2A
1 B

¢2 = 7(7—1 + A2T2)

2A



318 F.J. LOPEZ, F. MARTIN AND D. RODR{GUEZ

and ¢3 is exact.
So the period problem associated to (¢1, ¢2, ¢3) deals with the following
functions on Ry — {1}

1 1 1 1

Mar=g ), Po=g ) m a@=g) ™ el@=3]

T2.
The 1-forms o, and o5 and their period functions:

1 1 1 1
hi(a) = 9 ) o1, hy(a) = _i/b o1, ki(a) = _i/b 02, ka(a) = _§/b 09

they will occur naturally by deriving the 1-forms 7, 7 and the functions
fi, 9i, 1 = 1,2, with respect to parameter a.
It is not hard to see that

(5) J(m) =eFm, J(n) = e Ty, J(01) =eF oy, J*(0m) = e o,

Observe that a > 1 yields f;(a), g;(a),
implies fi(a),g1(a) <0, fa(a),g2(a) >0,

i(a), ki(a) >0i=1,2,and a < 1
i(a),k;(a) >0,i=1,2. From (4)

/ T = 2ifz-(a), / Ty = —2291(0,),
/ o3 = 2iki(a), / or = (—1)2hy(a),  i=1,2.

In the remainder of this paper, we denote f3 = cot(5;)f1 + 2f2, g5 =
cot(Z:)g1 + 292, hs = cot(J)hy — 2hy, ks = cot( )k + 2k,.

As we have mentioned above, to prove Theorem 1 we need to do a careful
analytical study of the functions f;, g;, ¢ = 1,2 and their derivates. For this,
the following technical lemmas will be useful.

Lemma 1. The asymptotic behavior of f;, g, ki, 1 = 1,2 at 0, 1, 0o is
given as follows:

(i)

, s 1 /1 k-1 . fila) o«
(lllg%fl(a)a __k%(27 2% )) (lllir%a_l_27

11 1 E+1 . [ | 11
i A0t =B (5500 ) e = ()
lim faa) = 2 lim fa(a)at = 1B (5.5, )
amy I\ = 5 ambe SV == (5o )
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(ii)
(1 3k- @) _w
i g1(a) = ﬁ(z’ ) 1Ty
1-2k 1 3 k-1 . 1-3k 1 3 2k—1
ahigom( a)a %% <272k‘>’ (111_1%92(@5‘ 2= ESB <2’2/<:)’
2 . e 1 /1 2k—1
o) =gy Jim (o = 19 (575 ).
(iii)
1 1 k- . 1 1 1 k-1
(=18 (3 5 ) dmhk@d =8 (550
1k 1 1 2k — . e 1 1 2k—-1
hm kQ( ) %% (27 2% ) ) ah—>nolo k2(a)a2 = %% (2’ 2k> )

where B is the classical Beta Function.

Proof. From the definition of f; it follows that

o | oth—1
_/1 t(ak—tk)dt

Several changes of variables give

kE_1 u—l
/ \/ —t’“ k/ udu

L((a*=1)s+1)" \/§
~1 ds.
- )/0 Vi-s ’

Jin 7100 /,/
a—>1a—1

1
Using that lim fi(a) = ll)in% fi <b) we obtain

Hence,

o lb’f/l((lb’“)s+bk)15xfk\/§d
S
0 \/1—8

. L 1 k+1
=— [ s7# (1—5)"2ds= %(2, 2k>'
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For computing the limit at 0 we need another change of variable. First, put
t= % in the expression of f; and obtain

1
- J;k) _ U —
fl(a) - k - 1+2k 5 ——du
\/ —akx uzm /1 —aku

1

1+2k dS

/ V1 —s( a’“—l—s(l —ak)) =

then

11k1 1 1 1 k-1
lima'= fi(a) = — | +<1‘$2d*—53(wm;>-

Similar arguments and changes of variables complete the above assertions
for g; and k;, i = 1, 2. |

Lemma 2.  The functions f;, g;, hi, ki, i € {1,3} satisfy:
ﬁ)ﬁ%+ﬁm=“$?%
) fiks + faky = 7,
(ili) gihs + gshy = Tl)
)

hiks 4+ hsky = 0.

Proof. Using classical bilinear relations we obtain
—@, - Dg' ' ¥y = 27i Residue (f72,00)

where

T2, 5 T2, T2y evny
Ag 2 /bk/z—1 2 /b(l, 2 Ak/2 1 )
E|0]| -1 | -G
010 0 -1
-1 _
Ds = I |0 0 0
G |1 0 E
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and 71 = df locally around oco. Taking into account (4) and (5) we conclude
that

sifon (o) [m [ [ [ [ ] o
17 [CO T T T T T To| = 471
Qk b11b12 b11b22 b21b12 2k—1

and using the definitions of the functions f;, ¢g;, ¢ € {1,3} it is not hard to
check (i). Applying the same argument to the pairs (71, 03), (72, 01) and
(01, 02) we obtain the equalities (ii), (iii) and (iv), respectively. Ul

Lemma 3. The following equalities hold:
(1) G =g it anhe

(11) do — L kiv

da 2
(111) % = 2a(a1" 1) f" B %hi”
() 4= Bt + Aok,
fori e {1,3}.

Proof. Formally,

dn _ 1k _1d(t) dr _ _ka*
da 24 2.7 " \w) da T 2

dov 1k 1 d<t>
da ~ 2a(a*—1)" 24 ' a(l—da¥) \w)’

dop _ 21 _ k=1 . 1 (t
N ? T a(l = ak) ’

da  2a(ak —1) 2a w

Integrating on the suitable curves, it is easy to deduce the statements of this
lemma. [l

Lemma 4. The followmg equations hold:
(1) hifs —hsfi= *G = )

A k—1

(ii) giks — g3k = “ree-nd

Proof. From Lemma 3, we can check the following equations

d 1

—k
%(h1f3 —h3f1) = T(hlfk? — hsf1),

d k—1
—(g1ks — gsk1) = ——(g1ks — g3k1).

da 2a
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If we integrate these ordinary differential equations then we obtain

Cla¥ if a > 1
h —h = 1—k
1(a) fs(a) — hs(a) fi(a) {D1a2 if 0<a<l1

Cga% if a>1
Dya=  if 0<a<l1.

g1(a)ks(a) — gs(a)ki(a) = {

Hence,

01‘02 1fa>1

hifs —h ks — gskn) =
(h1fs = hsfi)(g1ks — gski) {D1°D2 if 0<a<l.

Expanding and using (ii), (iii) and (iv) in Lemma 2 we conclude C; - Cy =
1672

Dy Dy=——t

T U2k —1)

Gamma Functions, we get

g1(a)ks(a) = gs(a)ki(a)

. But using Lemma 1 and the properties of Beta and

g1(a)ks(a) = g>(a)ks(a)

Cy = lim — = lim 2 e
a—00 a2z a—00 a2z
2 3 k-1 1 2k—1 1 2k—1 1 k-1
=2 [% <2’2k )% (2’% ) -3 (2’2k )% (2’2k ﬂ
_ 4
k(2k — 1)’
D, = lim g1(a)ks(a) ;193(61)161(0) — lim le(a)kg(a) ;gz(a)k1(a)
a—0 a =z a—0 a =z
2 1 3k—1 1 2k—1
=D (2’ 2k )“B (2’ 2%k )
___ 4
k(2k — 1)
and so, C; = Dy = L. O

Lemma 5. The functions fi, f3, g1, g3 satisfy
L odfi  a! 1 (2k — a7
(i) da  2(a* — 1)fi(a) +(=1 2(a* —1) 9i(a);

3(k—1)

.. dgi -1 a2 (Qk _ 1)ak—1
(11) da = (_1) 2 mfz(a) + ng(a),
forie{1,3}.

Proof. From Lemmas 2 and 4, observe that the functions h;, k; satisfy the



CHEN-GACKSTATTER SURFACES 323

following linear systems
f1k3+f3k1:%r gihs +gshy = ﬁ

—k

giks — gsk, = —ma 2 —fihs + fshi = 7 =

Solving and using (i) in Lemma 2, we obtain new expressions for ki, k3, hy,
hs depending on fi, f3, g1, g3. Substituting them in the equalities (i) and
(ii) in Lemma 3 we conclude the proof. u

Let us define ¢ : R, — {1} — R,
_ fa(a) _ g3(a)
A= )

As a consequence of the preceeding analysis we can state the following
lemma, which is fundamental in the proof of Theorem 1:

Lemma 6. The funtion ¢ vanishes at a unique point ag € Ry — {1}.

Proof. Firstly we study the asymptotic behavior of ¢ at 0, 1 and co. From
Lemma 1 we deduce that:

o f()()*fl(a)()__%(%%)
PO T s () <
. 16(k—1) .. 1
Jm ela) = G Ty i g Ty =
16(k—1) . 1
allgl+ QO( ) Maig’l+ a—1 = oo
(1At g@et) B (%
Jm p@)a™ = lim <a @) gl(a)a1;k> BT ER =

so, there exists ag €]1, +oo[ such that ¢p(ag) = 0.

In fact, ¢ has only one zero on R, — {1}. To see this we need to compute
¢'(a) and so do a careful analysis of the behavior of ¢. From Lemma 5, we
obtain:

P(@) = = (@1 f2(a) - 2k — g () LW N 0osle)

2(a* — 1) f?(a)gi(a)

and using (i) in Lemma 2 we deduce:

e
2ra”

(2k—1)f

.(a

a) +V2k —1g(a ))

¢'(a) = (
fi(a > ¢ g(a >)
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Labeling
p:Ry—{1} —R
pla) = a%fl(a) —V2k —1gi(a)

using the properties of f; and g, described in page 318, we observe that %
is positive in |1, +oo[ and negative in |0, 1[. It follows from Lemma 1 that:

. V2k—1 1 3k—1
lim pa) = ——% (2, 5% ) >0,
1—-v2k—-1
lim pla) =0, lim p'(a) = m( 5 ) <0,

lim p(a) = +oo.
Furthermore, if a; € Ry — {1} satisfies p(a;) = 0 then from Lemma 3

V2k = T(af - (2k — 1))gi (1)
2a, (alf - 1) ‘

p'(ar) =

Hence, to obtain a contradiction, suppose that a; €]0,1[. This implies
p'(a;) < 0, and since p(1) = 0, p/(1) < 0 we deduce that there exists
another point as €]0, 1] such that ax > ay, p(az) = 0 and p’(az) > 0, which
is clearly absurd. Thus p(a) > 0, Va €]0, 1].

Suppose a; is the lowest root of p in |1,+oo[. If a; €]1,v/2k — 1] then
p'(a1) < 0 which is contrary to the choice of a; and the facts p(1) =
0, p/(1) < 0. Therefore p(a) < 0, Ya €]1,+v/2k — 1[. Assume that p has
at least three zeroes ay, as, as in [v/2k — 1, +oo[. Without loss of generality,
we can suppose a; < as < a3z and these three points are the lowest roots of
p. Then as, a3 €]v/2k —1,400[ and so p'(az), p'(a3) > 0 which is absurd.
Thus p has at most two zeroes in |1, +o00].

The above remarks imply ¢'(a) < 0 Va €]0, 1[ and taking into account the
asymptotic behavior of ¢ at 0 and 1 we get ¢(a) < 0 Va €]0, 1. Analogously,
¢’ has at most two zeroes in |1,+oo[. Assume that ¢ has at least two
zeroes in |1, +o00[. According to the limits of this function at 1 and +o00 we
conclude that ¢’ has at least three roots, which is absurd. This contradiction
completes the proof. [l

Proof of Theorem 1. The immersion x is well defined if and only if

Real ([, ¢;) = 0, for every closed curve d in M, and j € {1,2,3}. As
¢; has only one singularity at oo, then Residue(¢;,00) =0, j = 1,2,3. So,

it suffices to prove:
Real (/qﬁj) =0, 57=1,2,3
d
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for any closed curve, d, lying in the homology basis B of M, , defined at the
beginning of this section.
If we put @ = (¢y, o, b3)" then J*(®) = R - ®, where R € O(3) is the
matrix
cos(w/k) sin(m/k) 0O
R= | —sin(w/k) cos(w/k) 0
0 0 -1

Hence using the last equality and (4), Real ([, ®) = 0, Vd € B if and only if:

Real(/blq>> :Real(/bch) )

Recall that ¢ is exact, ¢ = 2 (11 — A’7) and ¢ = (7 + A%r). Thus,
using the definitions of f;, ¢ = 1,2, the last equations hold if and only if
B? =1 and

fi(a) Aggl(a)
fa(a) = Aggz(a)

for some A € R, a € R, —{1}. As fi(a), gi(a) € R*, Va € R, —{1}, then the
existence of a, A satisfying the former is equivalent to solving the following
equation

(6) fia)gs(a) — fs(a)gi(a) =0

fi(a)
91(a)

function ¢, this means that ¢(a) = 0. Using Lemma 6 we conclude the
proof.

and putting A% =

> 0 (see page 318). Recalling the definition of the

4. Uniqueness results.

In this section we obtain some uniqueness theorems for the surfaces arising
from Theorem 1. Throughout this section and for the sake of simplicity we
denote these surfaces as M), instead of My ,,.

Let x : M — R3 be a complete orientable minimal surface with finite
total curvature and one end and label (g,7n) as its Weierstrass data. From
Huber and Osserman theorems, there exist a compact Riemann surface M
and one point P € M such that M is conformally equivalent to M — {P}.
We write k = genus(M) and assume that k > 2.

As an easy consequence of Hurwitz’s Theorem (see [F-K]), the group
Sym(M) is finite, and so up to a suitable choice of the origin, it is given by
a linear group of isometries of R3.
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When R > 0, R being big enough, we get D = ' ({(z1,z2,73) € R® :
2?2 +23+122 > R})U{P} is a conformal disc in M. Without loss of generality
D = D(0,1) and P = 0. Since Sym(M) leaves D invariant and fixes 0, the
group A = {S5 : S € Sym(M)} is either cyclic or generated by a rotation
around 0 and a symmetry with respect to a straight line in C containing 0
(that is, A is isomorphic to the dihedral group D(%), where d = f(Sym(M))
is the cardinal of A).

Up to rotations, we can suppose g(P) = oco. We denote J € Sym(M)
as a symmetry whose restriction Jiz; generates the subgroup of holomorphic
transformations of A. It is clear that ord(J) is either d or d/2. Observe
that J extends conformally to M and looked at as linear isometry it fixes
the zz-axis. If ord(J) > 2, this linear transformation is either a rotation
around the rz-axis or a rotation around the x3-axis followed by a symmetry
with respect to the (z1,x)-plane. Without loss of generality, we suppose
the rotation determined by J is by angle % As the normal limit vector
of x at P is vertical, the z3-axis intersects (M) in a finite set of points
and therefore J fixes a finite set of points of M. Define, for each Q € M,
the isotropy group Hg = {T € (J) : T(Q) = Q}, and the orbit of Q:
orb(Q) = {Q, J(Q),... , Jo"4)=1(Q)}. Note that orb(P) = {P}.

Theorem 2.  Suppose §(Sym(M)) = 4k and k # 6,15. Then C(M) <
—47m(2k — 1), and the equality holds if and only if k is even and v : M — R?
18, up to rigid motions and scaling, the minimal surface My, given in Theorem
1.

Proof. Riemann-Hurwitz formula gives:

2 — 2k = ord(J)x (5\;) —ord(J)+1— > (u(@)—1),

QeM
where 1(Q) = t(Hgp).

Since ord(J) € {2k, 4k}, then x (%) > 0, and so x (@) =2and % =
C. Thus,

]

—~
~
—~

<
~

> (u(@Q) —1) =ord(J) + 2k — 1.

QeM

In particular, there exist some points @) € M such that u(Q) > 1. Label
u: M — C = M/{(J) as the natural projection. The singular values of
u are denoted by {ai,...,a,} € C, s > 1, ie., u(Q) > 1 for each Q €
u({a, ... ,as}) and p(Q) =1 for each Q@ & u'({ay,...,as}). Choose
Q; € u () and define m; = ord(J)/u(Q;), i = 1,...,s. It is clear that
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m; € Zand 1 <m; <ord(J)/2,i=1,...,s. Then,

Hg, ={J" :n=0,1,...,0(Q;) — 1},
orb(Q;) = u () = {Qi, J(Qi), ..., T HQ:)}

and so,

S

> (@) =1) = (ord(J) — my).

QeM i=1
Hence, we deduce

S

(7) Z(ord(J) —m;) = ord(J) + 2k — 1.

i=1

From (7) it is obvious that s > 2. Using m; < ord(J)/2, i =1,...,s, and
ord(J) > 2k we get s < 4, i.e., s € {2,3}.
Given Q € M whose normal vector g(Q) is vertical, it is clear that:

(8) orb(Q) C g7 (9(Q)).

In order to see this, observe that g o J = g, §°'4Y) = 1. Furthermore, if Q
is a fixed point of J™ the multiplicity of ) as zero or pole of g is:
e If J™ is a rotation around the zs-axis,

ord(J)

m;

9) l; — 1, where [; € N.
e If J™ is a rotation around the xs-axis followed by a symmetry with
respect to the (1, xs)-plane,

ord(J)

l:— 1, where Ee N, E odd.
Qmi

(10)

We distinguish two cases: ord(J) = 2k, ord(J) = 4k.

First case: ord(J) = 2k.

From (7) once again, s = 3.

At this point, we can describe the underlying complex structure of M.
Up to a Mobius transformation, we put u(P) = oo, u(@Q,) = 0, and label
u(Q2) = ¢, u(Q3) =b; ¢,b € C—{0}, b # c.

Since d = 2ord(J) = 4k, there exists an antiholomorphic transformation
S € Sym(M) satisfying S? =1d, JoSoJ = S and so Sym(M) = D(2k).
It is clear that S fixes P and S(orb(Q;)) = orb(Q,), i,j € {1,2,3}. Since
S has order two, we can suppose without loss that S(orb(Q1)) = orb(Qy).
Thus, S induces an antiholomorphic automorphism S of the u-plane M/{J)
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that fixes oo, 0 and satisfies uo S = Sowu. Itis straightforward to check
that, up to a change of variables, S(u) = w.
If we define N = M — (orb(Q1) U orb(Q2) U orb(Q3)), then

uyn: N — C—{0,c,b}

is a 2k-fold unbranched cyclic covering, and the conformal structure of N
determines that of M. Let 3;(t), i = 1,2,3 be counterclockwise circuits
around 0, a and b respectively, and label Bi(t), i = 1,2,3 as its respective
lifts to N. Since J™(Q;) = Q;, i = 1,2,3, the end points of 3(t) will dif-
fer by a deck transformation of the form J"™: where h; € {1,...,2k/m;},
and ged(h;,2k/m;) = 1, i = 1,2,3. Furthermore, the choice of J gives
h; = £1 mod(2k/m;), ¢« = 1,2,3. Without loss of generality, we put
h; € {1,-1}, i = 1,2,3. The integers {hy, ho, h3} determine the induced
map from II; (C — {0, ¢,b}) into Z,, whose kernel corresponds to ., (II; (IV)).
Consider now the complex curve:

M,y = {(u,w) € (CU{oo}) : w** = ™" (u — )" (u — b)™*"*} .

The cyclic covering defined by the u-projection of M; has the same prop-
erties of u|y described above, and so they are equivalent, that is to say, up
to conformal transformations:

M=M,, J(u,w)=(u,6w), where 0=e%.

We denote [g]o, [g]e as the zero and polar divisor of g, respectively. It is
evident that Deg([g]o) = Deg([g]s) = deg(g). For more details see [F-K].

If m; < k, Vi € {1,2,3} then m; < 2—3’“ (recall that m; is a divisor of

3
2k). Hence, Zmz < 2k, which contradicts (7). So, at least one of them is
equal to k. \Z7Vi1thout loss of generality we suppose ms = k. Then, we have
my +mq = k+ 1. If my,my < k/2 we obtain m; + mq < k, which is absurd.
Therefore, we can assume that ms € {k, 2} and so we get two possibilities:
(i) m1:§—|—1,m2:%,m3:k;.
(i) my =1, my=myz=k.

Firstly, we study the case (i). In this situation k is a multiple of 3 and
2k is a multiple of 1 + k£/3. Hence, k € {3,6,15}. Our hypothesis implies
k=3, m =my =2 m3 =3 1If orb(Q;) C g *(c0), orb(Q;) C g~ *(0),
{i,7} = {1,2}, and as J? is a rotation, and using (8), (9) and (10) then we
get deg(g) = Deg([glos) = 4 + my(00) + 31, deg(g) = Deg([glo) = 4 + 3z,
where 1,1l € N and m,(oc0) is the multiplicity of g at co. It is easy to deduce
that I;,ly > 0 and so deg(g) > 5. If orb(Q;) Uorb(Q) is contained in either
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g (0) or g7!(oc0), then similar arguments lead to deg(g) > 8461 > 5,1 € N.
A discussion about the excluded cases k = 6,15 can be found in Remark 1
below.

Now consider case (ii).

First suppose k is odd.

Assume that J is a rotation. If orb(Q;) C g~*(c0) then using (8) and (9)
we get:

deg(g) = Deg([g]o) = 2k — 1 +my,(00) + 2k > 2k — 1, l €N
If orb(Q;) C ¢~ *(0), then using similar arguments, we have
deg(g) = Deg([glo) > 2k — 1+ 2kl, [ € N.

If deg(g) = Deg([g]o) = 2k—1 then I = 0 and so orb(Qs)Uorb(Q3) C g~*(c0).
Hence from (8) and (9) deg(g) = Deg([g]oc) > 2k +m,(c0), which is absurd.

Suppose now J is a rotation followed by a symmetry and suppose orb(Q,) C
g~ 1(0), then using once again (8) and (10) we obtain deg(g) = Deg([g]o) =
k—1+2lk, | € N. Jorge-Meeks formula (3) implies [ > 0. If orb(Q;) C
g (o0), from (8) and (10) Deg([g]o) is a multiple of 2k. In both cases
deg(g) > 2k — 1.

Assume now that k is even. If J is a rotation, the same proof of the case
when k is odd gives deg(g) > 2k — 1. Now, suppose J is a rotation followed
by a symmetry. If orb(Q,)Uorb(Q3) is contained in either g='(0) or g~ (c0),
then (8) and (9) imply deg(g) > 2k. When {g(Q2),9(Q3)} = {0, 0}, taking
into account that the multiplicity of ), as either zero or pole of g is k—1+42lk,
[ € N (see (10)) we get:

deg(g) > 2k — 1

and the equality holds if and only if [ = 0 and

[9]0 = Q]f_le’ T Jk_l(Qi)v [g]oo = Pk_le e Jk_l(Qj)

where {7,7} = {2,3}. Up to changes of variables and relabelings, we can
suppose i = 3 and j = 2. Labeling u = t*, i.e., t = w?(u — ¢)/(u — b), up to
a biholomorphism, we obtain:

2 ,  t(tF—D)

M:{(t,w)EC Cw —}

tk — ¢

g = Ath? "y, ng = B2 dt.

Up to scaling and rigid motions, A€ R, Be C, |B|=1.
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There exist two possibilities: S(orb(Q2)) = orb(Qs3) and S(orb(Q;)) =
orb(Q;), i € {2,3}. In the first case, S(¢) = ¢ = b and without loss of
generality we can suppose

S(t,w) = (/).

Looking at the Weierstrass data above, S does not correspond to any
symmetry of the surface. We deduce then that S(orb(Q;)) = orb(Q;), i €
{1,2,3} and so ¢,b € R — {0} and S(¢t,w) = (¢{,w). Up to a change of
variables, we can assume that ¢ = 1.

If b > 0, making a = v/b > 0, Theorem 1 leads to the surface M,.

If b < 0, write @ = ¥/—b > 0. We label 7, as an oriented simple closed
curve in the t-plane whose winding numbers around 0 and 1 are —1 and
around ae(zﬁkl)m, e%, are0,7=0,... ,k—1,1=1,... ,k—1. Furthermore
we assume that ~; satisfies 7,(0) € R, +;(0) > 1. In the same way we label
~2 as an oriented simple closed curve in the ¢-plane whose winding numbers
around 0, ae® are —1 and the winding numbers around aew, e,
are 0, j = 1,...,k—=1,1=0,... ,k — 1. Suppose Arg(.(0)) = ¥ and
|72(0)] > a. Let ¢; be the lift of ; to M, i = 1,2, with initial conditions
Arg(w(ci(0))) = 0, Arg(w(cz2(0))) = 5. Using the same notation as in
Theorem 1, we write 7, = % and 7, = t*2wdt. Hence, it is not hard to

check that

/ T = 2iF7, / Ty = —2iG, / T = —2ie? Fy, / Ty = —2ie” 2k Gy
c1 c1 c2 C2

where F;,G; >0, j = 1,2. If we suppose ¢, ¢, has no real periods then

B — .
AAJleABAjTQ,jzl,z.

If j =1 then B2 =1 and similarly j = 2 implies B?> = —1, which is absurd.

Second case: ord(J) = 4k.

Taking into account (7) then s = 2 and m; + my = 2k + 1. It is obvious
that mq,,m, < k leads to a contradiction. Since 4k is a multiple of m;,
i = 1,2, without loss of generality m; € {2k, %} Hence m, is even and so
J™ is a rotation. If @ is a fixed point of J™* then the multiplicity of @
as zero or pole of g is %(l‘l)ll — 1, where l; € N (see (9)). Taking (8) into
account one has

deg(g) > ord(J) Iy — my > ord(J) — my > 2k > 2k — 1.

This completes the proof. [l
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Remark 1. If k € {6,15} then it is possible to find algebraic curves M
of genus k, different to M}, and Weierstrass data (g,n) on M — {P} with
suitable symmetry such that deg(g) < 2k — 1. The analysis of the period
problem associated to the following Weierstrass data is a little different to

the one in Section 3, and it is still open.
For k = 6, consider (M = M — {P}, g;,m:), i=1,2, where

M—{(u,w) GCU{w}:wIQ—W}, beR—{0,1}, P = (00,00)
w’(u—b)? o u(u—1)?
91 ma M91 —Bmdu
_w(u—D) ~ou(u—1)?
92 A (u — 1) , M292 = Bmdu

For k = 15, take (M = M — {P}, g,n), where

M = {(u,w) € CU{oo} : w* = W}, beR—-{0,1}, P = (00, 00)
o wt(u—1)* o ut(u—b)T
9=4 u2(u—0)7"’ ng—Bw15(u_1)5du.

Corollary 1. The only complete orientable genus two minimal surface in
R3 with total curvature —12m and eight symmetries is the Chen-Gackstatter
example.

Proof. From Huber Theorem [H], M is conformally equivalent to M —{ P, ...,
P.}, where M is a compact genus 2 Riemann surface. Furthermore from
Jorge-Meeks formula (3) r € {1,2}. If r = 1 then v, = 3 and r = 2 gives
v; = v = 1. The second possibility leads to the catenoid (see [Sch]) which is
absurd. From Theorem 2 the first one corresponds to the Chen-Gacksttater
genus two example. [l
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