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II,-SUBFACTORS ASSOCIATED WITH THE C*-TENSOR
CATEGORY OF A FINITE GROUP

REINHARD SCHAFLITZEL

We determine the subfactors N C R of the hyperfinite II;-
factor R with finite index for which the C*-tensor category of
the associated (N, N)-bimodules is equivalent to the C*-tensor
category Ug of all unitary finite dimensional representations
of a given finite group G. It turns out that every subfactor
of that kind is isomorphic to a subfactor R% C (R ® L(C"))H,
where R® is the fixed point algebra under an outer action
«a of G, H is a subgroup of G, ¢ : H — U(C") is a unitary
finite dimensional projective representation of H satisfying a
certain additional condition and (R®L(C"))¥ is the fixed point
algebra under the action o|H ® Ady of H on R® L(C").

Introduction.

Recently the concept of C*-tensor categories appeared in Jones’ theory of
subfactors. Mainly we are interested in C*-tensor categories as introduced
by J.E. Roberts and R. Longo in [7] (see also [12], [2] and [15]), in which
every object has a conjugate. C*-tensor categories of that kind are called
compact in this article. The most natural example of a compact C*-tensor
category is the category Uq of the unitary finite dimensional representations
of a compact group G. Compact C*-tensor categories may be regarded
as a concept to deal with more general symmetries than those described
by groups. In particular the unitary finite dimensional corepresentations
of a compact matrix pseudogroup (in the sense of S.L. Woronowicz [19])
form a compact C*-tensor category, but the concept of a compact C*-tensor
category is more comprehensive than that of a compact quantum group.
The (N, N)-bimodules belonging to a II;-subfactor N C M with finite
Jones index form a compact C*-tensor category Bycys- The number of the
equivalence classes of the irreducible objects of Bycas is finite if and only if
the inclusion N C M has finite depth. As S. Popa has shown, the subfactors
of the hyperfinite II;-factor with finite depth are completely classified by
their standard invariant, which is given by a single commuting square of
finite dimensional *-algebras (see [11]). A. Ocneanu found the so-called
flatness condition which allows to decide which of the commuting squares
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are standard invariants of finite depth subfactors (see [10]). Unfortunately,
checking the flatness condition requires very complicated computations in
most cases.

But using C*-tensor categories we get another method for the classification
of finite depth subfactors of the hyperfinite factor. It requires the solution
of two problems:

1) Classify all finite C*-tensor categories up to equivalence (i.e. all com-
pact C*-tensor categories for which the number of equivalence classes
of irreducible objects is finite).

2) Classify all subfactors N C R of the hyperfinite II;-factor R with
finite index, for which the associated C*-tensor category of the (N, N)-
bimodules is equivalent to a given C*-tensor category C.

The goal of this paper is to deal with problem 2), if C is the C*-tensor
category Ug for a finite group G. The main result of this paper is that every
subfactor N C R of this kind is isomorphic to a subfactor

R° c (R®L(CM))H,

Here R® denotes the fixed point algebra under an outer action o of G on R,
H is a subgroup of G, ¢ : H — U(C") is a projective representation of H
(satisfying a certain condition), and (R ® L(C"))" denotes the fixed point
algebra under an action of H where H acts on R by a| H and on L(C") via
the conjugation with 1. In the proof we have to generalize the method used
by M. Nakamura and Z. Takeda in order to determine the von Neumann
algebras between R® and R. The proof also uses induced representations
and the imprimitivity theorem. Unfortunately, it is possible that different
choices of H and v yield isomorphic subfactors.

This article is the abridged version of a part of the author’s Habilitations-
schrift [14].

1. Preliminaries.

1.1. C*-tensor categories.

We suppose that all sets appearing in this article are small, i.e. belong to
a fixed universe. Let C be a C*-tensor category. We assume that the objects
of C form a set. For two objects p and o of C, the (tensor) product of p and o
is denoted by po and the space of morphisms with source p and target o by
(p, o). The product of two morphisms T € (p, p’) and S € (0, 0’) is denoted
by T x S € (po, p'o’). 1, denotes the identity morphism of an object o of
C.

A compact C*-tensor category is a strict C*-tensor category for which
every object o has a conjugate ¢ and for which the space (¢, ¢) is one di-
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mensional (¢ unit object). [15] contains a detailed definition. A compact
C*-tensor category C is called finite if the number of the equivalence classes
of the irreducible objects of C is finite. The statistical dimension of an object
o of a compact C*-tensor category is denoted by d(o).

Let p be an object of a finite C*-tensor category C. C, denotes the following
full C*-tensor subcategory of C:

The objects of C, form the smallest subset O, of the set of objects of C
with the following properties:
(a) ¢, pe0,.
(b) If 7 € O,, then every object equivalent to 7 and every subobject of 7

belongs to O,.

(c) Ifr, ¢ €O, , thenTe O, and 7¢ € O,.
(d) Finite direct sums of objects of O, are objects of O,.

Let N € M be a an inclusion of II;-factors with finite Jones index
[M : N] < oo and with N # M and let

N=M,,CM=M,CM, CM,CDM;C...

be the Jones tower for N C M. An (NN, N)-bimodule is a Hilbert space H
endowed with a normal left action A\ and a normal right action p of N on
H such that A(N) and p(N) commute. The (N, N)-bimodules which are
equivalent to a subbimodule of yL?*(M})y for some k € N form a compact
C*-tensor category Bycpr, where the product of objects is the N-tensor
product ®y (see [15]). Bycas is the smallest C*-tensor category of (N, N)-
bimodules containing the bimodule xL?(M)y as an object.

1.2. II,-subfactors defined by finite C*-tensor categories.

It is possible to construct a finite depth subfactor of the hyperfinite II;-
factor for a given object o of a finite C*-tensor category C (see [15], Section
3.3, compare also [7]. The construction seems to be known to several people).
Let ¢ be an object conjugate to o. If d(o) > 1 the tower

(0,0)C(60,00)C(c60,000)C(6060,5000)C...
1 U U U U
(t,u) € (0,0) C (06,00) C (0G0,000) C...

of finite dimensional x-algebras fulfils the periodicity assumptions used in H.
Wenzl’s subfactor construction (Theorem 1.5 in [18]). (The inclusion of two
successive algebras in the same line is given by T'+— 1, xT or T +—— 15 xT
and for two algebras in the same column, it is given by T'+—— T x 1,.) Hence
the tower defines a II;-subfactor A C B, where the union of the x-algebras
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in the upper line (resp. lower line) is ultra-strongly dense in B (resp. A).
Obviously, B is the hyperfinite II;-factor. We get [B : A] = d(o)?. Let

A:B_1CB:B()CB1CBQCB3C...

be the Jones tower for A C B. The standard invariant

Cl=ANACANBCANB CANByC...
U U U
Cil=B'NnBCcBNB,CBNB,C...

of A C B is equal to

(t,0) C (0,0) C (00,00) C (000,000) C ...
(2) U U U
(t,0) C (0,0) C (g0,00) C....

Consequently, the subfactor A C B has finite depth. The C*-tensor category
Bacp is equivalent to the full C*-tensor subcategory C,; of C (see [15],
Theorem 4.1).

1.3. Subfactors of the hyperfinite II,-factor belonging to a given
finite C"*-tensor category C.

Let a finite C*-tensor category C be given. We assume that N G M = R
is a subfactor of the hyperfinite II;-factor R with finite Jones index such that
By is equivalent to C. Let A C B be the subfactor from Section 1.2, where
the C*-tensor category Bycy and the object xL?(M)y are used. Example
3.5 in [15] shows that N C M; and A C B have the same standard invariant.
So they are isomorphic according to S. Popa’s result [11] mentioned in the
Introduction. If we replace Bycar by the equivalent C*-tensor category
C and yL?*(M)y by the corresponding object o of C, we obtain the same
subfactor A C B. We observe that 0 = & and that the unit object ¢ is a
subobject of g. Furthermore we notice Bycy = Bycea,, which follows from
L*(M) C L*(M,) and L*(M,) = L*(M) @y L*(M).

If we want to find all subfactors N' G R of the hyperfinite II;-factor R for
which the C*-tensor category By is equivalent to C, we could proceed as
follows:

Regard the objects o of C with the following properties:

(a) o=o0,

(b) ¢ is a proper subobject of o,

(c) the C*-tensor category C, (= C,s by Property (a) and (b)) is equal to
C.
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Form the subfactors A C B for these objects o according to Section 1.2 and
determine the factors C' between A and B such that the subfactor A C B
is isomorphic to the subfactor A C B(A,C) where B(A,C) is the basic
construction for the subfactor A C C. For every subfactor A C C of that
kind the C*-tensor category is in fact equivalent to C.

1.4. Notation for groups and their representations.

The group algebra for a finite group G is denoted by C[G]. By a (unitary)
projective representation of a finite group G we mean a map m from G into
the set U(H) of the unitary operators of a Hilbert space H, for which there
is a function ¢: G x G — T :={z € C: |z| = 1} such that

(3) (g, h) w(g) m(h) = m(gh)

holds for g,h € G. The function ¢ : G x G — T is called a cocycle of
G. A projective representation 7 of G satisfying (3) is called a c-projective
representation of G. The projective kernel projkerm of m is projkernm :=
{g € G: m(g) € C1}.

L(H) denotes the algebra of all continuous linear operators on H. We
denote the action z € L(H) — w(g) z7(g~") of G on L(H) by Ad .

Two projective representations m, : G — U(H;) and 7y : G — U(Hy)
are called equivalent, if there are a unitary operator U : H; — H, and a
function p : G — T such that U m,(g) U* = u(g) ma(g) for every g € G.

Let H be a subgroup of G. We put N(H) := (\,cqgHg™"'. We use the
notation G/H for the space of the left cosets kH in G. We assume that a
set V of representatives for the left cosets kH, k € G, is fixed such that the
neutral element e belongs to V. For every g € G, g = k(g)h(g) denotes the
unique decomposition of g such that k(g) € V and h(g) € H.

If 7: H— U(K) is a finite dimensional representation of H we define
the induced representation ind 7 : G — U(K ® £*(G/H)) by

(ind7)(g) (§ ® k) = m(h(gk)) € @ dgrn
fore e K, keVand g €G.

1.5. The subfactor A C B for a finite group G.

We consider the C*-tensor category Ug of the unitary finite dimensional
representations of a finite group G. The product of objects is the usual tensor
product of representations, the object p conjugate to an object
p: G — U(H) is the contragredient representation, and (p, p) is the fixed
point algebra L(H) under the action Ad p.

There exists an outer action of G on the hyperfinite I1I;-factor R. V.F.R.
Jones proved that two outer actions of G on R are conjugate (see [5]). The
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fixed point algebra R® under an outer action o of G is a II;-factor. If
o0 : G — U(H) is a finite dimensional representation of G, @ ® Ad ¢ is an
action of G on R ® L(H) and the fixed point algebra (R @ L(H))¢ is a II;-
factor. The subfactor R® C (R ® L(H))“ has index (dimH)?. If dimH > 1
the standard invariant of this subfactor is equal to the standard invariant of
the subfactor A C B from Section 1.2 where the C*-tensor category Us and
the object o is used (see [17] or [13]). According to S. Popa’s result [11]
these subfactors are isomorphic.

2. The Theorem.

2.1. The subfactors R® C (R ® L(C"))".

As before we assume an outer action « of G on R. Moreover, let ¢ : H —
U(C") be a projective representation of a subgroup H of G. «| H ® Ad ¢ is
an action of H on R ® L(C"), let (R ® L(C"))" be the fixed point algebra
under this action. Then RY C (R ® L(C"))¥ is a II,;-subfactor with index
[G : H]-r% In [13] these subfactors are investigated and their principal and
dual principal graphs are computed. In [13] only ordinary representations
1) are used, but the transfer to projective representations is easy.

We review some facts from [13]. The tensor product 1)®1) of the conjugate
representation ¢ and of 1 is an ordinary representation of H and the induced
representation ind () ®) of G is defined on the Hilbert space V := C"@C"®
(*(G/H), where C" is the Hilbert space dual to C". The *-algebra £>(G/H)
acts on ¢?(G/H) by multiplication, the %-algebra

C = Cid=®L(C") ® (>(G/H) = L(C") @ (>(G/H)

of linear operators on V is invariant under the action Adind(¢)®1)) of G. Let
ern € £°°(G/H) be the linear operator on ¢*(G/H) determined by ez 0,5 =
Spram Orp for I € V. Every element x of (R ® C)¢ can be written uniquely
as & = > ey Tk @ exy where 2, € RQL(C"). x € (R® C)¢ — xz, defines
an isomorphism ¢ from (R ® C)¢ onto (R ® L(C"))#, hence the subfactors
R¢ Cc (R® 0)Y and R® C (R ® L(C"))# are isomorphic. By using this
result and an invariance principle due to A. Wassermann, one finds that the
subfactor obtained from R® C (R ® L(C"))# by an application of the basic
construction is isomorphic to R® C (R ® L(V))¢ where Adind (¢ ® v) acts
on L(V). So we obtain Brec(rencryr = Brec(roLoyc. According to the
Sections 1.2, 1.3 and 1.5, the C*-tensor category Bro c(rgr(cry)# is equivalent
to (Uc)imapew)- The kernel K of ind (1) ®1)) is equal to the projective kernel
projker+ | N(H) of the restriction of i) onto N(H).

By applying Theorem 27.39 in [3] and observing ind () ® 1) = ind (¢ ®1)),
we obtain that every irreducible representation of GG is contained in the n-
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fold tensor product (ind(¢) @ ¥))*" for some n € N if and only if K = {e}.
So Brec(rer(cryr is equivalent to Ug if and only if projker+ | N(H) = {e}.

The subfactor RY C (R ® L(C"))" is irreducible if and only if ¢ is irre-
ducible. We even have the more general result

(REY N(ROL(C") =C1@y(H)'.

The inclusion " D’ is obvious, the other inclusion follows from

Ry n(ReLc) ¢ (B nR)®LE))

Now let us formulate the main result of this article:

Theorem 2.2.  Let G be a finite group and let N C M = R be a subfactor
of the hyperfinite 11, -factor R with finite Jones index such that the C*-tensor
category Bycar s equivalent to Ug. Then there are a subgroup H of G, a
projective finite dimensional representation b : H — U(C") (r € N) of
H satisfying proj kery | N(H) = {e} and an outer action o of G on the
hyperfinite 11, -factor R such that N C M is isomorphic to

(4) RY C (R®L(C")"

2.3. Remarks. i i

(1) Let RY C (R®QL(C"))” and R® C (R®L(C™))¥ be two subfactors as
in Theorem 2.2 and let ¢) : H — U(CT) denote the projective representation
used in the second subfactor.

If there is an isomorphism ~ from G onto G such that v(H) = H and such
that the projective representation zﬁ o~ of H is equivalent to the represen-
tation 1, then the subfactors are isomorphic.

The converse is not true, as the following easy example shows:

Let G = Zy x Zy, G = H and v : Zy X Zs — U(C?) be the projective
representation of Z, X Z, given by the Pauli matrices:

o= (1) van=()

The subfactor R C (R @ L(C?))“ given by these data is an irreducible
subfactor with index 4 and depth 2. (The principle graph can be computed
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as in [13]. Observe that every irreducible projective representation with the
same cocycle is equivalent to .) All irreducible subfactors of the hyperfinite
II;-factor with index 4 and depth 2 are isomorphic to R C R or R** C R.
The C*-tensor category Broc(rgr(cyc is equivalent to Ug and Brzicp to
Uz,. Moreover, Ug and Uz, are not equivalent. So the subfactor RY C
(R ® L(C?))¢ is isomorphic to RY C R.

(2) The principal graph and the dual principal graph of the subfactors
(4) can be computed as in [13]. A slight modification is necessary as only
ordinary representations are used there.

The C*-tensor categories associated with the subfactors dual to the sub-
factors (4) are investigated in [14]. If ¢ is an ordinary representation they
can be described by the (H, H)-vector bundles over G introduced in [6] by H.
Kosaki and S. Yamagami. The general case requires a slight generalization.

2.4. Examples.

(1) Let G be the group S;. Theorem 2.2 (and Remark 2.3 (1)) imply that
there are three irreducible subfactors of the hyperfinite II;-factor such that
the associated C*-tensor category is equivalent to Ug:

e RS CR, [R: RS:] =6, depth 2.

e RS2 C R’2, [RE2 . RSs] = 3, unique subfactor of the hyperfi-

nite II;-factor with principal graph As.

e RS C (R®L(C?))% =: S (with the unique irreducible two dimen-
sional representation 1 : S3 — U(C?) of S;),
[S: RS:] =4, principal graph D{".

(2) Let G be the group Zs x S;. We denote the subgroup Z, x ((1,2)) =
Zy X Zy of Zy x S3 by K. Using the results of [4], V., §25, we obtain
that |[H?*(K,T)| = 2 and that |[H?*(H,T)| = 1 if H is a subgroup of G not
conjugate to K. Similarly as before, we find that there are three irreducible
subfactors of the hyperfinite II;-factor such that the associated C*-tensor
category is equivalent to Ug:

e RYCR, [R: R =12, depth 2.

o RE C RO = T [T : R] = 6.

e RYC (R® L(C?)X =: F (with the irreducible projective representa-

tion ¢ : K & Zy X Zy — U(C?) from Remark 2.3 (1)),
[F: R] =12.

We use the methods from [13] for computing the principal and dual prin-
cipal graph of the subfactor R“ C F. Every irreducible representation of H
with the same cocycle as 1 is equivalent to 1; hence the subfactor has depth
2.
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is the principal graph as well as the dual principal graph of R C F. Ac-
cording to [16] there is a 12 dimensional Hopf-+-algebra A such that R C F'
is equivalent to R4 C R where A acts on R by an outer action. A is neither
commutative nor cocommutative as in the principal and in the dual princi-
pal graph there are even vertices which are connected with the unique odd
vertex by more than one edge. In particular, R C F is not equivalent to
RY C R.

The C*-tensor category Bracr is equivalent to the C*-tensor category
Uycor of the unitary corepresentations of AP, where AP is the Hopf-*-
algebra A endowed with the reversed comultiplication (see [14] for details).
So the C*-tensor category Ug is equivalent to Uyeor although AP is not
commutative.

It would be interesting to find an answer for the following question:

Question 2.5. Does there exist non-isomorphic finite groups G; and G,
for which the C*-tensor categories U, and U, are equivalent?

Observe that neither the Tannaka-Krein theorem nor S. Doplicher’s and
J.E. Roberts’ results concerning compact groups and C*-tensor categories
with a symmetry (see [1]) imply the answer no.

3. The Proof of the Theorem.

Let G # {e} and let N C M = R be a subfactor of the hyperfinite II;-factor
R with finite index such that the C*-tensor category Bycas is equivalent
to Ug. Section 1.3 and Section 1.5 show that there is a finite dimensional
representation o : G — U(H) of G such that the subfactor N C M is
isomorphic to the subfactor

RY C (R® L(H))“

where G acts on R by an outer action o and on R ® L(H) by a ® Ado.
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As M is a factor between N and M, there is a factor P between R® and
(R ® L(H))® such that N C M is isomorphic to R C P. We intend to
determine the factors P between RY and (R ® L(H))®.

In [8] and [9] M. Nakamura and Z. Takeda showed that every von Neu-
mann algebra between RY and R is equal to R for some subgroup H of G.
Some parts of our subsequent considerations may be regarded as a general-
ization of the methods used there. We will investigate the von Neumann al-
gebras between ((R®QL(H))¢) and (R®)’ where the commutants are formed
in L>(R)@ H. R L(H) acts on L*(R)@ H by (r®@z)s®& =7s® z £ for
re€ R,z € L(H),s € R and £ € H. (5 denotes the element s € R, if it is
regarded as an element of L?(R).)

The commutant R’ of R in L*(R) is S = {p(r) : 7 € R} (p right multipli-
cation). B(g) p(r) = p(a(g)r) for g € G and r € R defines an outer action 3
of Gon S.

The commutant (R®)’ in L?*(R) is generated by S and {u, : g € G} where
u, is the unitary operator in L?(R) defined by u,7 = a(g)r for r € R, so
the commutant can be identified with the crossed product S xz G, which is
a II,-factor. It follows that the commutant (R%)" in L?(R) ® H is equal to
(S % G)®@L(H).

We determine the commutant ((R ® L(H))¢) in L*(R) ® H: Obviously
there is a homomorphism j from S x G into ((R®@L(H))%) given by j(z) =
x®1 for x € S and j(u,) = u, ® o(g) for g € G. j is injective and normal
and the image T := j(S x G) is a II;-factor contained in ((R® L(H))G)/. In
fact we have

T =((R®L(H))).
In order to show the last equation it suffices to verify [T' : j(S)] =
(RO L(H)Y)) : j(S)]. We have [T : j(S)] =[S x G : 5] = |G| as well as

[(ReLM)9) :j(S)] = [(ROLH)) : (RO LK)
= [ReL(H): (R L(H))] =|G|.
It is possible to derive the last equation from
(dimH)?- |G| = [R®L(H): R]-[R: R°] = [R® L(H) : R°]
= [R®L(H): (R®L(H))“]- (R®L(H))“ : R
and
(5) [(R®L(H))Y : R] = (dim H)?
(see [13] or [17] as to a proof of equation (5)).

Lemma 3.1. (i) Let Q be the finite dimensional x-subalgebra of S x G ®
L(H) generated by {u,@x : g € G, x € L(H)}, which obviously is isomorphic
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to C[G] ® L(H). Let D denote the set of all x-subalgebras D of Q with the
same unit like QQ and with the following property: There exist C-vector spaces
By C L(H), g € G, such that D is the direct sum @, uy® B, as a C-vector
space (B, = 0 is permitted).

The map F—— FNQ is a bijection between the set

F :={Fa von Neumann algebra: S C F C S x GQL(H)}

and D.

(ii) If F is a von Neumann algebra belonging to F and Er : S x G ®
L(H) — F denotes the conditional expectation onto F' corresponding to the
unique normalized trace tr of S x G @ L(H), then for any s € S, g € G and
x € L(H) there ezists an operator a € L(H) such that Er(su,®x) = su,®a.

Proof. Let F be a von Neumann algebra in F, let (vy,...,v,,) be an or-
thonormal base of H and let ¢;; € L(H) (i,7 = 1,...,m) be defined by
€U = 0, v; for k=1,... ,m. For x € L(H) and g € G there are unique
elements s,,; € S (h € G, 1,57 =1,...,m) such that

(6) Bp(ug@x) =) > Spajun @ €55

heG i,j=1

Ep(ug®@x)- (n®1) = Ep(uyn @ z) = Ep(ugnu,'u, @ x)
= Er(alg)n -4, ®2) = (a(ghn ®1) - Er(u, ©2)

holds for every n € S, hence

D osnijunn@e; = (alg)n®@1) Y spiun @ €5

hyi,j hyi,j
Using uy,-n = a(h)n-u;, we obtain s, ;;-a(h)n = a(g)n-s,;forh e G,ne S
and i,7 = 1,... ,m. Replacing n by a(g~*)n we get

Shij - a(hg™)n = n-sp;

for every n € S. If h = g this relation means that s, ;; belongs to SNS" = C1.
Since the action « is outer, for h € G\ {e} there is no element s € S\ {0} such
that s-a(h)n =n-s holds for every n € S. This implies s, ;; = 0 for h # g.
By summarizing the considerations from above we obtain Fr(u,®z) = u,®a
for a suitable operator a € L(H). Now (ii) follows immediately.

Moreover, we get Er(Q) C Q and Ep(Q) = FNQ. If Y-, u,®z, € FNQ,
then

Y uy®z, = Ep (Zug®:pg> = Ep(u, @ ).

geqG geqG geG
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Er(uy @ 24) € uy ® L(H) implies u, ® z, = Ep(uy, ® z,) € FNQ for every
g € G. Hence F'NQ is a direct sum @ uy ® B,.

The assignment Er — Er|Q is injective, furthermore Er | Q is the condi-
tional expectation from @ onto F N  with respect to the trace
tr | @ such that Er | @ is determined by its image F' N (. Hence the map
F e F— FNQ €D is injective.

We have to show that this map is surjective. Let C'= @ qu, ® B, be
a x-algebra in D. For g € G let (b),...,b"@) (n(g) € {0,1,...,m?}) be a
base of the C-vector space B,.

geG j=1

n(g)
F = {Zng,jug@)bf]: sg; €S8 forgeGand j=1,... ,n(g)}

is a *-algebra satisfying S C FF C S X G®L(H) and FNQ = C. It is not
difficult to prove that F' really is a von Neumann algebra. One easily sees
that the proof of this fact is not necessary for the proof of Theorem 2.2, so
we omit it. Ul

Lemma 3.2. Via F+— FN(C1®L(H)), we have a bijective correspon-
dence between  the wvon  Neumann  algebras F satisfying
T CF CSxG®L(H) and the x-subalgebras B of C1 @ L(H) = L(H),
which have the same unit as L(H) and are invariant under the action Ado
of G. The inverse map is

K

B+— Fp:= Zng,ju!]@U(g)bj: sg; €8 forgeG,j=1,... k,,
geG j=1

where (b',... b*) is a base of B.

Proof. Let F' be a von Neumann algebra between T' and S x G ® L(H) and
FNQ =®,cquy ® By be the decomposition of F'NE as in Lemma 3.1. We
put B := B.. Obviously B is a x-algebra. We get

(7) o(g9)B = B, for every g € G,
as the following conclusion shows:

r€By <= FEp(u, @) =1u,®x = (note u, ® o(g) € T')
= (u,®0(g)) Er(l®o(g ")) = (uy®0(9)) -1 @0(g") )
= Er(l®o(g ) =1o(g e
< o0(g ")z € B.
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The injectivity of F' —— F N Q implies that the assignment F' —— B is
injective, too.
If we multiply u, ® o(g) from right instead of from left we get

(8) Bo(g) = B, for g € G.

The relations (7) and (8) imply o(g) Bo(g~') = B for every g € G.
Conversely, let B be a x-subalgebra of L(H) with the same unit in-
variant under the action Ado. It is easy to check that D = @,qu, ®
o(g)B is a x-subalgebra of Q. According to the proof of Lemma 3.1, Fp
is the von Neumann algebra in L?(R) ® H associated with D. Clearly,
FpN(Cl®L(H)) =Band T C Fg C S x G ®L(H) hold. |

Lemma 3.3. The center Zr of a von Neumann algebra F between T
and S x G @ L(H) consists of those elements of the center Zp of B =
FN(C1®L(H)) which are invariant under Ado.

Proof. Zr =F'NF C (®@L(H))N(SxG®L(H)) = C1®L(H) (observe
S'NS x G = C1) and consequently Zr C B. B C F implies Zr C Zp.
Since the elements of Zp commute with u, ® o(g) for ¢ € G, we obtain
Zp C{xe€eZp:o(g)xo(g™t) =z}

Conversely, every element x of Zp invariant under Ad ¢ commutes with
S ®C1, B and u, ® o(g) for g € G. Since the von Neumann algebra F' is
generated by these elements, z belongs to Zp. l

Lemma 3.4. Let F be a factor between T and S xG®L(H) and let B :=
FN(C1®L(H)). There are a subgroup H of G, projective representations
p:H — U(CY and ¢ : H — U(C") and a unitary operator U : H —
Cl® Cr® *(G/H) such that p @1 is an ordinary representation of H,

(9) Uo(g)U* =ind(p @ )(g) forge G  and
(10) UBU* = L(C%) @ Cide ® ¢(G/H).

(In particular, if ¢ : H x H — T s the cocycle for v, so ¢(hi, hy) =

c(hi, he) (hi, he € H) is the cocycle for p.)

Proof. The proof of Lemma 3.2 showed o(g) Bo(g~') = B for every g € G.
Since every automorphism of an algebra maps the center of this algebra
onto itself, Ado leaves the center Zp of B invariant. So the group G
acts on the set {pi,...,p;} of the minimal projections of the center Zp
by g.p; = o(g9)p;o(g)~*. This action is transitive, otherwise there would
exist a projection p # 0,1 of Zp satisfying p = g.p for every g € G. Hence p
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would belong to the center Zr of F' by Lemma 3.3, which is a contradiction
to the assumption that F' is a factor.

So we are able to apply the imprimitivity theorem. There are a subgroup
H, an ordinary representation = : H — U(K) of H and a unitary operator
U:H— K®*(G/H) such that

Uo(g)U*" =indn(g) for g € G and
{UpJU*jzl, ,l}:{ZdK®6kH IfGV}

(see Section 2.1 for the definition of eyy). Without loss of generality we
assume U p; U* = idx ® eq.

From now on we will identify H and K ® ¢*(G/H) as well as o and ind 7.
The finite dimensional factor Bp; may be identified with a subfactor of
L(K)®Cey = L(K). There are finite dimensional Hilbert spaces C* and C"
and a unitary operator V : K — C? ® C" such that

V Bp, V* = L(C") @ Cider

holds.
Using V we identify K and C? ® C". We fix an element h € H. From
o(h)pyo(h)* = p; we conclude that

r=y®1®ey € Bp, =L(C") @ C1® Cey — o(h)zo(h)*
=7(h)(y@ m(h)" ®en

is an automorphism of Bp;. This automorphism is inner, hence there is an
operator p(h) € U(C?) such that

(11) w(h)(y ® ide ) (h)” = p(h) yp(h)* © ide:
for y € L(CY). Let h; and hy be elements of H. For y € L(C?) we have

p(hih2) y p(hihy)* @ 1 = m(hihg) (y ® 1)m(hihy)”
= m(h)(m(ha) (y @ 1) 7(he)*)m(he)" = p(h1)p(ha) y p(h2) p(h1)" @ 1.

Hence p(hihy) ™' p(hy)p(hy) € L(C?)" = C1. So there is a c(hy, hy) € T such
that c(hi, he)p(h1) p(h2) = p(hihs), hence p : H — U(CY), h —— p(h), is
a projective representation. Relation (11) implies that (p(h) ® 1)~ 'n(h) is
a unitary operator in (L(C?) ® Cidgr)’ = Cidea ® L(C"). Therefore there
is a unique unitary operator i(h) € U(C") such that w(h) = p(h) @ ¥(h).
Since 7 is an ordinary representation of H, ¢ : H — U(C"), h — 1 (h), is
a projective representation of H with cocycle c.
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For every j =1,... ,l thereisa g € G and a k € V such that p; = g.p1 =
idx ® epp. Hence

Bp; =o(g) Bp: 0(9)_1
— ind(p ® ¥)(g) (L(Cd) ®C1eC eH) ind(p ® ¢)(g)~"
= L(C") ® C1® Ceyn,

and Equation (10) follows. u

Every factor between R® and (R®QL(H))® is the commutant F” of a factor
F between T = ((R@L(H))G) and (RY)" = SxGRL(H). Let F be defined

as in Lemma 3.4. By applying U we identify H and C?®C" ®¢*(G/H) again.
Let C be the x-algebra Cidca ® L(C") ® £>°(G/H). We get

(S®B) =8 ®B = R® (LICH®C1e(*(G/H)) = RaC
and
F'={r € R®C: z and u, ® o(g) commute for every g € G} = (R®C)“.

So every subfactor N € M = R with finite index for which the C*-
tensor category By cas is equivalent to Uy is isomorphic to a subfactor R C
(R ® C)¢. The arguments from Section 2.1 show that this subfactor is
equivalent to R C (R ® L(C"))# and that the restriction of the projective
kernel of 1) to N(H) has to be {e}.
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