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BOUNDARY VALUE PROBLEM OF
HARMONIC MAPS INTO CP" AND QP"

Y.L. XIN

We construct equivariant maps from B™*! into CP" and
QP", and prove the existence of such harmonic maps for equiv-
ariant boundary data which are not a priori required to have
small range.

1. Introduction.

The boundary value problem for harmonic maps is solvable when the bound-
ary image lies in a geodesic convex neighbourhood of the target manifold
(see. [Hal], [H-K-W]). In general, a size restriction of the boundary map
is necessary and the result in [H-K-W] is optimal. But, one still expects
the solvability for the boundary value problem with large image range when
the boundary condition is ‘sufficiently nice’. In [J-K] and [E-L1] the au-
thors consider the rotationally symmetric harmonic maps from B™ into S™
whose boundary values lie just outside of a geodesic convex neighbourhood.
Recently, many works have been written on maps from B? into S* (see [Ha],
[H-K-L1], [H-K-L2]|, [H-L-P] and [Z]).

It is natural to investigate the problem with large boundary data when
the target manifold with variable sectional curvature. The first candidate is
complex projective space with the Fubini-Study metric. In author’s previ-
ous work [X2] a reduction method for large and equivariant boundary data
has been exhibited, and the simplist case has been solved by the heat flow
method. In the present paper we study more general situations by the vari-
ational method. Besides the concrete results, the research on this problem
might give some implications on the obstruction of the solvability of certain
boundary value problems for a system of elliptic PDE.

Let B™*! be the (m+1)-dimensional unit ball. Under an S™ ! action the
base region D € R? is given by

D={(rz) eR*% r’+22<1, r>0}.

Then 7 = (r,z) : B™*! — D is an isoparametric map of rank 2. We denote
D = 0D \ {r = 0}. On the other hand the distance function from a
fixed point in CP" (res. QP") is an isoparametric function ¢ (0 < ¢ <
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). Let fi : S — CP""'(res. QP"Y), fo : S™1 — S!(res. S*) be
harmonic maps of constant energy densities % and %, respectively. By
using the geometric properties of the geodesic sphere in CP" (res. QP") we
can construct equivariant maps from B! into CP" (res. QP") from f, and
f2 as described in Section 3.

We first study the case m=2 which has interest in its own right and obtain

the following result.

Theorem A. For any equivariant boundary condition with respect to the
1soparametric map © and the isoparametric function ¢, whose restriction on
oD is a regular function ¢y (0 < ¢pg < Z) which is of order O(rv 122 as
r — 0, there exists a solution to the boundary value problem of equivariant
harmonic maps from B® into CP" with the above boundary data.

Remark 1. It is well-known that for complex projective space with the
Fubini-Study metric, the sectional curvature lies between 1 and 4, the radius
of the geodesic convex ball is 7 and its diameter is 7. The boundary condition
in our theorem overpasses the convex ball and can reach any possible range.

Remark 2. The above result holds true for quaternionic projective space.

We then study the higher dimensional case m > 2. The relevant ODE
is different from the former case and has no first integral. By employing
the stability theory in ODE and some estimates we are able to overcome
the difficulty and obtain the following Theorem B. As a by-product, our
construction can also supply the rotationally symmetric maps from B™ into
CP" (res. QP"). The reduced harmonicity equation is also Eq. (4.9). Lemma
4.7 below shows that there always exist the rotationally symmetric harmonic
maps from B™ into CP" (res. QP") for the given large boundary condition
¢(1) = ¢ < % without any dimension limitation. This phenomenon is in
sharp contrast with the case when the target manifold is sphere (see [J-K]
and [E-L1]).

Theorem B. Given an equivariant boundary condition with respect to the
isoparametric map 7 and the isoparametric function ¢, whose restriction on
oD is a regular function ¢y (0 < ¢g < I), which is of order O(rv***2) as
r — 0, if Ay > Ay then there exists a solution to the boundary value problem
of equivariant harmonic maps from B™+ into QP" with the given boundary

condition.

Remark. Theorem B is also valid for CP" as the target manifold. But
Ay = 0 in this case.
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2. The Geometry of CP" and QP".

Let 7 : S*"*! (res. S*%) — CP" (res. QP") be the usual Riemannian sub-
mersion with totally geodesic fiber S' (res. S*). For any Z € S?"*! (res.
S#+3) there exist X € S* ! (res. S*~!) and Y € S (res. S?) such that

(2.1) Z=(Xsing, Ycos¢g), 0< ¢ < g

where ¢ is an isoparametric function on S$?"*! (res. S *3) which equivariant
with respect to Riemannian submersion 7. This induces an isoparametric
function on CP" (res. QP"). We denote it by the same letter ¢. The level
hypersurfaces of ¢ are given by

(2.2) My = S*"'(sin¢) x S'(cos ¢)/S!

(res. My = S*"(sin ¢) x S*(cos qb)/S?’), 0< o< g
with the focal point A € CP" (res. QP") and the focal variety CP" " (res.
QP" ). One can easily see that M, is the geodesic sphere at the distance
¢ from A.

Every geodesic emanating from the point A lies in certain complex (res.
quaternionic) projective line passing through A. It follows that these projec-
tive lines are the integral manifolds of the distribution {n = grad ¢, Jn}, (res.
{n = grad ¢, Jin, Jon, Jsn}) where J (res. Jy, Ja, J3) is the complex (res.
quaternionic) structure of CP" (res. QP"). We know that CP' = S?(1) (res.
QP! = S*(2)) of constant sectional curvature 4, which is totally geodesic in
CP" (res. QP"). The integral curves of n = grad ¢ are geodesics in CP" (res.
QP"™). Thus CP' (res. QP") has the metric form in polar coordinates

(2.3) do* + (; sin 2¢>2 do?,

where 0 < a < 2w (res. da? is the metric form of S*). Tt follows that
Jn (res. J;n) lies in the principal direction corresponding to the principal
curvature —2 cot 2¢.

For any Z in a level hypersurface M, we draw a geodesic y(¢) connecting
the points A and Z (7 is unique and perpendicularly intersects My, since the
cut locus distance is ), then extend it to the focal variety CP" " (res. QP").
This yields a unique intersection point A’ € CP"~" (res. QP" ). These two
points A and A’ uniquely determine a complex (res. quaternionic) projec-
tive line CP' = S?(3) (res. QP' = S*(3)) which perpendicularly intersects
the geodesic sphere M, at S'(3 sin2¢) (res. S*(4 sin2¢)). Choosing a local
orthonormal frame field in CP"" (res. QP" ") near A’, then parallel trans-
lating it back to the Z along 7(¢), it can be proved that all of those lie



384 Y.L. XIN

in principal directions corresponding to the principal curvature —cot ¢ (see
[X1]). Hence, we have:

Proposition 2.1. The geodesic sphere
My = S (sin ¢) x S'(cos ¢)/S"
(res. My = S*"!(sin ¢) x S*(cos ¢)/S3>

in CP" (res. QP") has principal curvatures — cot ¢ of multiplicity 2n — 2
(res. 4n —4) and —2cot2¢ (res. of multiplicity 3).

3. Construction of Equivariant Maps into CP" and QP".

Let (M, g) and (N, h) be Riemannian manifolds with metric tensors g and h,
respectively. Harmonic maps are described as critical points of the following
energy functional

(3.1) B =3 [ eh=1.

where e(f) stands for the energy density. The Euler-Lagrange equation of
the energy functional is

(3.2) 7(f) =0,

where 7(f) is the tension field. In local coordinates

LOf o
(3.3) e(f) = 9% S,
o it OFFOfT\ 0
() = (AMf FoUTE a> oy

where I'; denotes the Christoffel’s symbols of the target manifold N. Here
and in the sequal we use the summation convention. For more detail knowl-
edge of harmonic maps please consult [E-L2].

Letm : M — M, 7, : N — N be Riemannian submersions. If f : M — N
is a fiber-preserving map, namely for the points x1, 2o € M, m(f(x1)) =
mo(f(x2)) provided 7y (xy) = mi(xs), then f is called an equivariant map
with respect to Riemannian submersions m; and m,. Due to the structure of
the Riemannian submersion there are vertical vector fields which are tan-
gent to fiber submanifolds and horizontal vector fields which are orthogonal
complements of the vertical vector fields. A map f is called horizontal if it
maps any horizontal vector field to a horizontal one.
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Now we are going to define a concrete equivariant map from B™** into
CP".

Let B™** be a unit (m + k)-dimensional open ball in R™**. Consider the
generalized cylindrical coordinates in B™**. For any Z € B™** there exist
X € S™ ! and (r,2y,...,2:) € D such that

Z =Xz, %),

where
k
D:{(r’zl""7zk)€Rk+l; 7"2+ZZ§<17 T>0}
=1
The Euclidean metric in B™** is then given by
k
ds® = dr® + r?ds® + Z dz;,
=1

where ds? is the standard metric in S™~!. Tt is easily seen that

dr]? = |dz]? =
By a direct computation
m—1
Ar = ,
,
AZg = 0.
Hence 7 = (r,z1,...,2;) : B™™* — D is an isoparametric map of rank

kE+1 With fiber submanifolds S™~!(r). In D we define a usual flat metric

dr? + Z dz} such that 7 : B™**\ {r = 0} — D is a Riemannian submersion.
=

On the other hand, on the target manifold CP" (res. QP"), as described
in the last section, there is an isoparametric function ¢ with focal point A
and the focal variety CP" " (res. QP" ).

Let f : S™ ! — CIP’”_l (res. QP" ") be a harmonic map with the constant
energy density &', fo : ™' — S'(res. S?) be a harmonic map with
the constant energy density % (if m > 2, Ay = 0 in the complex case).
Now we define a map f : B™** — CP" (res. QP") as follows. For any
7Z = (rX,z) € B"*\ {r = 0} we join A and f,(X) € CP"" (res. QP" ")
by the unique complex (res. quaternionic) projective line which intersects a
level hypersurface My...) at a circle S'(3 sin2¢) (res. a sphere S?(3 sin 2¢)).
By then using f> we have a point f(Z) € My, .) € CP", where the smooth
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function ¢(r, z) on D will be determined later by the harmonicity equation.
It is easily seen that f is an equivariant map with respect to Riemannian
submersions in both domain and target manifolds. It induces a harmonic
map between fiber submanifolds. It is also a horizontal map.

Thus, we can use the following reduction theorem (see [X1], pp. 273-275)
to derive the harmonicity equation.

Theorem 3.1. Let m : By — M, and 7 : E5 — M, be Riemannian
submersions, H; the mean curvature vector of the fiber submanifold Fy in
FE\, and By the second fundamental form of the fiber submanifold Fy in Es.
Let f : B, — E, be a horizantal equivariant map, f its induced map from M,
into My with tension field T(f). f* denotes the restriction of the fiber F}.
Then f is a harmonic map if and only if f* is harmonic and the following
equation is satisfied

T (f) + Ba(feer, fuer) — fuH1 =0,

where {e;} (t =m1+1,--- ,n1) is a local orthonormal frame field of fiber Fy
and 7*(f) denotes the horizontal lift of T(f).

Let H,; be the mean curvature vector of the fiber submanifold S™~! in
B+, Then by a computation we have

m—1209
=5
. m—10¢ 9
f*Hl__ r Ord¢

Let B, be the second fundamental form of the fiber submanifold M, in
CP" (res. QP"). Let {1e;} be a local orthonormal frame field of S™~'(%).
By a direct computation

1 1 A1 sin ¢ cos Ao sin 2¢ cos 2
B, (f*et;f*€t> _ M <§ ¢ A ¢2 ¢
r r r 2r

The defined map f induces a map f between base manifolds. Its tension
field is

— 82¢ 0%*¢
(1) = or? Z * 0z}
with horizontal lift

on [P 0%\ 9
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In what follows we only consider the case kK = 1. The equation reduces to

82(;5 (92¢ m — 1a¢> )\1 . )\2 . o
(3.4) 5z + 92 + o ﬁsm%) — ﬁs1n2¢cos2¢ =0,

(r,z) €D, o<¢<g.

If liII(lJ ¢(r,z) =0, then f can be continuously extended to whole B™!. Fur-

thermore, f(B™™!) does not lie in a complex (res. quaternionic) projective
line CP' (res. QP') for A\; # 0, since any complex (res. quaternionic) pro-
jective line starting from A intersects the focal variety CP" ' (res. QP" ')
at only one point. We are interested in the general case when both A; and
Ay do not vanish.

If the boundary data are also equivariant with respect to isoparametric
map 7 and the isoparametric function ¢, then the boundary condition is
also reduced to the boundary 9;D. Furthermore, suppose that the function
o = @|s, p satisfies the following conditions:

(3.5) 1) lim o = 0;
T

2) max ¢y < 35

Any solution to Equation (3.4) with boundary conditions (3.5) supplies
us a continuous map f from B™*! into CP" (res. QP"), which is smooth
harmonic on B™*\ {r = 0}. One can prove that the map is weakly harmonic
on whole B™*! by a cut-off function technique. Thus, by main regularity
theorem for harmonic maps (see [Hi] or [E-L2, p. 397]), f is a smooth
harmonic map.

4. Proof of the main theorems.

It is not difficult to obtain the energy functional of the above defined map
(up to a constant factor) as follows

B dP\? oL AN SR Az m—1
(4.1) E—/D [(87“) +<8z> —l—ﬁsm ¢+4—742$1n 20 r™drdz,

which is defined on the Hilbert space
X ={f € Li(B"*,CP" (res. QP"));
f is equivariant with respect to the Riemannian submersions}.

We will solve Equation (3.4) by finding a smooth critical point of the func-
tional (4.1).
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The following Lemma 4.1 and Lemma 4.2 are similar to that in [Z]. For
convenience to readers we record their proofs here.

Lemma 4.1. Any critical point ¢ of E is a local minimum in the sense
that

E(¢) < E(¢ +n)
provided n € C3°(D) and

d(0D, supp(n))

p (supp(n)) when m =2,
[d(0D, supp(n))]™ " = Clp

>C )
> (supp(n))]?, when m > 2,

where d(-,-) and p(-) denote the distance and the diameter, and C' is a con-
stant.

Proof. Suppose that ¢ € X is a critical point of E and 7 is a map in C§°(D).
Using integral by parts, Equation (3.4) and Taylor’s theorem, we have

2(E(¢) - B0 +1)
= [ (0R = 196+ )+ Aufsin® 6 —sin (6 -+

Ao(sin® 2 — sin® 2(¢ + 1) )r™ >
+ 4

_ / { ="V + i (sin® ¢ — sin® (¢ + 1) + n sin 2¢)r™
D

N Ao (sin® 2¢ — sin® 2(¢ + ) + 4 sin 2¢ cos 2¢) "3
4

D

}drdz

}drdz
< —/ r" N VnPdrdz + / (AL + Xo)nPr™ 3 drdz.
D D
When m = 2,

2(E(9) — E(¢ +n))

2
< ~d@D, supp(w) [ [Vofaras 1 JoCit Ahmdrdz
D

d(0D,supp(n))

When m > 2,

2(E(¢) — E(¢ + 1))
—[d(0D, supp(n))]™* /D |Vn|?drdz + /D()\l + Xo)ndrdz.
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Noting that the first eigenvalue of the Laplace operator on a bounded do-
main 2 C R" is bounded from below by {p(€2)}~2, we obtain the required
inequality, provided the condition on supp(n) is satisfied. L1

Lemma 4.2. Suppose ¢1 and ¢ are critical points of E and 0 < ¢ < ¢y
on D. Let o; be the boundary values of ¢;, i = 1, 2. Suppose 1 is a function
on 01D lying between ¥y and 1o, i.e. Py < 1 < hy. Then

c=inf{ E(¢); ¢1 < ¢ < ¢o, dlo,p = ¥}

18 a critical value of E and is achieved by a critical point ¢, i.e. there exists
¢ € X such that

d
(4.2) %E(d) +1tn)|i=0 =0, for all n e C (D).

Moreover, g1 < ¢ < ¢ on D and ¢|s,p = 1.

Proof. Consider a minimizing sequence {¢;} which has a weak limit ¢ in L?
sense. It is easy to see that E(¢) = ¢; in fact, ¢ is a strong limit of {¢;}
in L? sense. Therefore, ¢; converges to ¢ pointwisely almost everywhere,
01 < ¢ < ¢g and @lg, p = ?. In order to show that ¢ is a critical point of F,
we need to prove that (4.2) holds for all n € C§°. But it is enough to show
that (4.2) holds in the case m = 2 for those n € C§° satisfying (for m > 2
there are minor modifications)

(9D, supp(n)) = C p(supp(n)).
Let n be such a C§° function and consider
¢ =¢+tn, forall teR.

We define

Sy ={(r,2) € D; ¢ +1n > ¢2},
M, ={(r,z) € D; ¢ +1tn < ¢}

Since ¢; < ¢ < ¢9, S; and M, are subsets of supp(n) and they satisfy the
following conditions

d(aD, St) > Cp(St)7
(0D, M;) > C p(M,).
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Define
®2 on S,
=< p+tn on D\ (S;UM,),
o1 on My;
o = ¢+ tn on M,
! o on D\ M;
o = ¢+ tn on S,
R on D\ S,.

By the definition of ¢, we know that E(¢) < E(¢'). By using Lemma 4.1 we
have

E(¢") — E(¢ +1tn) = {E(d1) — E(¢1)} + {E(d2) — E(¢3)} < 0.
Combining these two inequalities, we get

E(¢) < E(¢ +tn).

The lemma, is proved. |

We now consider the case m = 2. The following Lemma 4.3 and Lemma
4.5 are refined versions of that in [X2]. Lemma 4.4 is cited from [X2] which
is waiting for appearence.

The key point is the existence of the upper barrier functions. Let us
consider the z-independent solutions of (3.4), which are solutions to the
following ODE

2
(4.3) % + %% — % sin 2¢ — %sinQd)cost) =0,

0<r<l, 0<¢<g.
To solve Equation (4.3) with the condition lim ¢(r) = 0 we make the change

of variable r = e*, —0o < x < 0. Then (4.3) becomes

P A\ Ay .
(4.4) g2 g S 2¢ — 5 sin 2¢ cos2¢ = 0,

4.5 —0o <z <0, O<¢<E, lim ¢(x) = 0.
2 _
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Multiplying (4.4) by j—f and integrating, we obtain

2
(4.6) (Z‘b) — A\ sin® ¢ — % sin®2¢ = ¢,
X

where c is a constant. Due to the conditions (4.5) the constant ¢ has to be
zero and (4.6) becomes

d
d¢ =4/ A1 + Ay cos? ¢sin ¢.
dx

Noting (4.5), the minus sign of the right hand side of the above equation is
impossible. Therefore, (4.6) reduces to

(4.7) % = /A1 + g cos? ¢ sin ¢.

For any initial condition ¢(zy) = 7, —00 < xy < 00, there is a unique solution
¢(x) to (4.7), which can be extended to whole line (—oo, 00) since the right
hand side of (4.7) is bounded. Notice that the constant solutions of (4.7) are
¢ =km, (k=0,£1,--- ,4+00). Let us consider the solutions ¢ of (4.7) with
initial condition 0 < 7 < 7. By uniqueness the solution curve on (z, ¢) plane
lies within two lines ¢ = 0 and ¢ = 7. Thus zgmm ¢(x) exists, which implies
that there exists a sequence of points {z} — —oo such that %(wk) — 0.
Considering Equation (4.7) on those points gives IEIPOO ¢(x) = 0. Similarly,

lim ¢(z) = m. In summarizing, we have:
Tr—00

Lemma 4.3. For any 7 < 7 there exists a unique solution ¢.(z) of (4.7)
satisfying the boundary conditions ¢.(0) = 7 and lim ¢(z) = 0. Further-
more,

¢r () < b5, (),

where 71 < To.

Lemma 4.4. Let ¢(r) be a solution to (4.3) satisfying the boundary condi-
tions -
limo(r) =0 and ¢(ro) = 2arctan (cr(}/x) < 5

r—0
Then we have the estimates
(4.8) 2 arctan (ch Al“r") < ¢(r) < 2arctan (crm) ,
where 0 < r <1y <1 and c is a positive constant.

Proof. Let ;
L) = % /3 siny
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for —oo < x < Inrg. It can be verified that 1) = 2arctan(cexp v\ z) is a
solution to the equation

Li(y) = 0.
For a solution ¢(z) to (4.7) with

#(Inro) = 2arctan(cry™) < g

d
Li(¢) = d%i —V/Aising

d
= £ — VAL F Apcos?psing + /AL + Ay cos? psing — v/ A sin ¢
= A1+ Apcos?psing — v/ A;sing > 0.

Notice that

¢(Inrg) =¢(nry), lim ¢(x) = lim ¥(z)=0.

r——00 r— —0Q

If there exists a point = € (—o0,Inry) such that (¢ —¢)(z) > 0, then there
is a positive maximum point zy € (—o0,Inry) of ¢ — 1p. We have

0 < Ly () (o) — L1 () (o) = v/ (sin (o) — sin (),

but the right hand side of the above expression is negative. The contradiction
implies ¢ < v on (—o0,Inry]. Reversing back to the original variable gives

¢(r) < 2arctan (CTN) .

Let

Ly(1h) = % — VA1 + A sinep.

Then any solution of (4.7) is a supersolution of Ly(¢)) = 0. By the similar
argument as the above we will obtain another inequality of (4.8) [l

Lemma 4.5. There exists a solution ¢ to Equation (4.3) satisfying the
condition liII(l) o(r) = 0 such that ¢|s,p > 1 where ¢ satisfies conditions:

VATA2) g5 — 0;

(1) ¢ is a regular function on 01D and is of order O(r
(2) max ¢ < 7.

Proof. By the condition (1) there are constants K and ¢ such that

P(r,z) < KpYhithe when r<§ and (r,z)e€dD.
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On the other hand, there is §; > 0, such that for r < §;

2erVArtAe N,
> KrV 1+ 2,

_ VTR > sing, = o
¢ = 2arctan (cr > sin ¢, 1+ 2r2vatr —

when ¢ > £ and ¢y < 1. Let ¢, is the solution to (4.7) as shown in

Lemma 4.3. Define ¢"(r) by

¢7(r) = ¢-(Inr),

which is a solution of (4.3). We can use Lemma 4.4 to conclude that there
is 79, such that
¢ (r) > on DN{r<dp},

where ¢y = min(d, d;). By Lemma 4.3 the above inequality holds for all 7 > 7,
with the same 6.

We see that ¢ (r) converges to m when 7 — 7 for each r € (0, 1]. Hence,
there is 71 > 79 such that

¢™(8o) > max )

which gives
¢ > on 9DN{d <r<1}.

Therefore,

¢ ="

meets the lemma. |

Now we are in a position to prove Theorem A which is an immediate
conclusion of the following result.

Theorem 4.6. Let

Py 0% 106 N\ . Ay .
ﬁ+@+;5—2—r251n2¢—ﬁsm2¢cos2gb:0
define on
D={(rz)eR* r’+2°<1, r>0}.

Let ¢ be a regular function on 8,D and be of order O(rv*2) as r — 0
with maxy < mw. Then there exists a smooth solution ¢ to the above equation
such that ¢|ls,p =1 and lir%qb =0.

Proof. We take the zero function as our ¢;. By Lemma 4.5 we also have the
upper barrier ¢,. According to Lemma 4.2 and Lemma 4.3 we obtain a local
minimum ¢ of E. By the standard elliptic regularity theorem ¢ is a regular
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solution of Eq. (3.4) with the boundary condition ¢|s,p = . It is easily
seen that lin% ¢ =0. [l

Let us study the case m > 3. The corresponding ODE to (3.4) is

d2¢ m—1d¢ A1 A2
- — 4 2 - 4 i 2 2 = .
2 . . o 5 S sin 2¢ o2 sin 2¢ cos2¢ = 0

(4.9)

It is the Euler-Lagrange equation of the following functional

(4.10) E= / [() + —si o+ %sm 2¢| r™tdr.

Obviously, Lemma 4.1 and Lemma 4.2 are also valid for one dimensional
case. Select ¢; =0 and ¢, = 7. By using those Lemmas we have a solution
¢ to (4.9) with the given condition ¢(1) = ¢; < 5. we know that 0 < ¢ < 7.
To analyze the behavior of the solution ¢ we make the change of variable
r=e", —oo <z < 0. Then (4.9) becomes

o,

dx?

d A A
+(m 2)—¢——1 'n2¢—§sin2¢cos?¢:0.

(4.11) -5

If there exists xy € (—00,0) such that ¢'(zy) < 0, then ¢'(z) < 0 and
¢"(x) > 0 when x < z,. This contradicts ¢ < 7. Therefore, ¢' > 0 on
(—00,0]. It turnes out that the existence of lim ¢(z) which has to be zero

by Eq. (4.11). From Equation (4.11) we see that the solution ¢ can be

extended to whole line (—o00, 00), since ¢’ is bounded (say, |¢'| < ;(;;’f;))
We use the standard method (see [Har|, Ch. VIII) to analyze the qualita-

tive properties of ¢ near 7. Let u(z) = ¢(z), v(z) = ¢'(x). Then Eq. (4.11)

becomes a plane autonomous system

(4.12) {“

v,
(2 —m)v + &t sin 2u + 22 sin 2u cos 2u.

Its linearized system at the critical point (7,0) is

u' =
(4.13) { W
( A)(u—=3) + (2 =mv.
The characteristic equation of (4.13) is



HARMONIC MAPS INTO... 395

When m > 24+2v/A; — Ay, (3,0) is a stable improper node. The solution ¢ is
monotone increasing to 7 as x — oo. In the case of m < 24+2v/A\; — Ay, (5,0)
is an attracting spriral point which means that the solution ¢ oscillates
around 7 and approaches 7 when x — oco. It is easily seen that even in the
late case ¢ always keeps positive.

In conclusion we summarize as follows.

Lemma 4.7. Assume m > 3 and Ay > Ay. There is a positive solution ¢
to (4.11) on (—o0,00) with lim ¢(z) = 0.

(1) Ifm <242V — g, then ¢ is monotone increasing before ¢ = 7 and
then oscillates around 7 and approaches 5 when x — oo.

(2) Ifm > 242\ — Ay, then ¢ is monotone increasing and approaches
to .
2

Remark. Eq. (4.11) is autonomous. For any constant ¢, if ¢(x) is its
solution, so is ¢(x + ¢). Therefore, for any x, there always exists a solution
¢ with ¢(z¢) = ¢o < § which have the properties shown in the Lemma 4.7.

Lemma 4.8. Let ¢ and ¢ be solutions to (4.4) and (4.11), respectively. If

lim v(x)= lm ¢=0 and ¢(z) = d(xo) < T,

then ¢ > 1) on (—oo,xg]. Furthermore, there exists ro < 1, such that
(4.14) ¢(In ) > 2arctan (crv ’\1+’\2)

for 0 <r <rg <1 and constant c.

Proof. Let
A A
L(n)=n"- 51 sin 29 — ?2 sin 27 cos 21
on (—oo,zp]. Then L(¢p) = 0 and L(¢) = —(m — 2)¢’ < 0. If there is

x € (—00, o) such that (¢»—¢)(z) > 0, then there exists a positive maximum
point & € (—o0, zg) of ¢ — ¢. We have

(= )\ . — . —
0 < L(¥)(z) - L(9)(T) = (¥ — ¢)"(Z) + j(sm 2¢(z) — sin 2¢(T))
+ %(sin 4¢(x) — sin 4 (z)),
but the right hand side of the above inequality is negative. The contra-

diction shows ¢ > 1 on (—o00,zy). By using Lemma 4.4 we obtain (4.14)
immediately. Ul
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Lemma 4.7 and Lemma 4.8 enable us to have the following conclusion.

Lemma 4.9. There exists a solution ¢ to Eq. (4.9) with limo é(r) =0, such
that ¢lo,p > 1, where v satisfies condition:
(1) 4 is a regular fuction on 0,D and is of order O (rv’\lﬂ"‘) as r — 0;

(2) max 1 < 7.
Then, we also have

Theorem 4.10. Let

A
(4.15) —+ — + == — ZLsin2¢ — 2 sin2¢cos2¢ = 0,
r r r 272
define on
D={(rz) eR% r*+2°<1, r>0}.

Let ¢ be a regular function on 0, D and be of order O (rv’““z) as T — 0
with max ¢ < 7. There exists a smooth solution ¢ to the above equation such
that ¢|a,p = 1 and lin%¢ =0.

We omit the proofs of Lemma 4.9 and Theorem 4.10 which are similar to
that of Lemma 4.5 and Theorem 4.6. When m = 2 Theorem 4.10 is a special
case of Theorem 4.6

Theorem B follows from Theorem 4.10 immediately.

References

[E-L1] J. Eells and L. Lemaire, Ezamples of harmonic maps from disks to hemispheres,
Math. Z., 185 (1984), 517-519.

[E-L2] | Another report on harmonic maps, Bull. London Math. Soc., 20 (1988),
385-524.

[H] R.T. Hamilton, Harmonic maps of manifolds with boundary, Springer-Verlag Lec-
ture Notes Math., 471 (1975).

[Ha] R. Hardt, Azially symmetric harmonic maps, Proc. Workshop on ‘Defects Singular-
ity and Patterns in Nematic Liquid Crystals: Math. and Phys. Aspects’, Université
Paris-Sud, 1990, 179-188.

[H-K-L1] R. Hardt, D. Kinderlehrer and F.H. Lin, Fzistence and partial reqularity of static

[H-K-L2]

liquid configurations, Comm. Math. Phys., 105 (1986), 547-570.

, The variety of configurations of static liquid crystals, Progress in Nonlinear
Diffrential Equations and Their Appl. (Birkhauser), 4 (1990), 115-132.

[H-L-P] R. Hardt, F.H. Lin and C.C. Poon, Azially symmetric harmonic maps minimizing
a relazed energy, Comm. Pure Appl. Math., XLV (1992), 417-459.




[Har]

[Hi]

[H-K-W]

[J-K]

HARMONIC MAPS INTO... 397

P. Hartman, Ordinary differential equations, John Wiley & Sons, Inc., New York,
1964.

S. Hildebrandt, Nonlinear elliptic systems and harmonic mappings, Proc. Beijing
Symp. on Differential Geometry and Differential Equations (Gordon and Breach),
(1980), 481-615.

S. Hildebrandt, H. Kaul and K.O. Widman, An existence theorem for harmonic
mappings of Riemannian manifolds, Acta math., 138 (1977), 1-16.

M. Jéger and H. Kaul, Rotationally symmetric harmonic maps from a ball into a
sphere and the regularity problem for weak solutions of elliptic systems, J. Reine
Angew. Math., 343 (1983), 146-161.

Y.L. Xin, Riemannian submersions and equivariant harmonic maps, Proc. Diff.
Geom. in Honour of Professor Su Buchin, World Scientific Publ. Co., (1993),
272-287.

, Heat flow of equivariant harmonic maps from B® into CP?, Pacific J. Math.,
176(2) (1996), 563-576.

D. Zhang, The existence of nonminimal reqular harmonic maps from B to S, Ann
SNS Pisa Ser 1V, 16 (1989), 355-365.

Received December 13, 1996. This reaserch partially supported by NNSFC, SFECC and

ICTP.

FupaAN UNIVERSITY
SHANGHAI 200433

CHINA

E-mail address: ylxin@ms.fudan.edu.cn
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BEEN RENUMBERED AS (4.15).



