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COMPLETE CONICAL TYPE END
IMMERSED MANIFOLDS IN RY

JAIME RIPOLL

We introduce and describe the topology of a family of
complete immersed manifolds in RY, having a nice behaviour
at infinity, which we call conical type end manifolds. Our main
result states that a complete, non compact immersed manifold
in RY, whose limsup of the norm of the second fundamental
form times the intrinsic distance of the manifold to a fixed
point is strictly less than 1, as the distance goes to infinity, is
a conical type end manifold. In particular, it follows that the
manifold has finite topology and is properly immersed in R".

1. Introduction.

In this paper we introduce and describe the topology of a family of immersed
manifolds in RY having a nice behaviour at infinity, which we call conical
type end manifolds, defined as follows. Let M be a complete non compact
n—dimensional Riemannian manifold, and let ¢ : M — RY be an isometric
immersion. As usual, we identify M with ¢(M) and assume that 0 ¢ M.

Given p € M we denote by N(p) the orthogonal projection of p/|p| over
T,M*, where T,,M is the tangent space of M at p and T, M~ its orthogonal
complement in RY. Given o > 0, we say that M is a a—conical type end
immersed manifold of R if

(1) o == lim supd®(p,po)|N(p)| <1
d(p,po) —oo
where d(p, po) is the intrinsic distance in M from p to an arbitrary but fixed
point py in M.
An obvious example is as follows. Setting

SY(1) ={z e RY [ [z| =1},

take an immersed compact manifold V"' C SN71(1), and let M be the
part of the cone over V exterior to S¥~1(1), that is, M = {tz | t > 1,
x € V}. Since N(p) = 0 for all p € M, it follows that M is an immersed
a-conical type end manifold of RY for any o > 0 once one “completes” M
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with some compact immersed n— manifold of RY. Roughly speaking, this
example is typical at least in the case a > 0 in the sense that a a—conical
type end immersed manifold M, a > 0, is uniformly asymptotic to a cone
over a compact subset of the sphere (Theorem 1.1 (d)).

Our main result (Theorem 1.3) states that a complete non compact
n-dimensional immersed manifold M in RY, n > 1, N > 2, whose norm
of the second fundamental form A times the intrinsic distance d of the man-
ifold relative to a fixed point is uniformly strictly less than 1, that is,

(2) lim  supd(p,po)|4,| <1,

d(p,po)—00
is of this type, that is, has conical type ends. In particular, it will follows
that M has finite topology and is properly immersed in RY (see Theorem
1.1).

K. Enomoto ([E]) proved, under the assumption that M is properly im-
mersed and n > 2, that if the condition
(3) lim  d'""(p,po)|A4,] =0

d(p,po)—o0
is satisfied for some € > 0 then the inversion I(M) of M is a C* immersed
manifold at the origin O of R, where I(p) := p/|p|*. As a direct consequence
of this result one has, under the above hypothesis, that M has finite topology
and the Gauss map of M is continuous at infinity in each end of M. This
last conclusion fails if one assumes that condition (3) is satisfied just for
e = 0 (for example, cones over compact manifolds immersed in spheres as
defined above). Other results describing immersed manifolds in Euclidean
and hyperbolic space forms, satisfying condition (3), were obtained by A.
Kasue and K. Sugahara ([KS]).

Our contribution in comparison with Enomoto’s result and also others
obtained by Kasue and Sugahara is that we don’t require the properness
of the immersion and that our theorem gives a description of the manifolds
satisfying condition (3) with e = 0, and more generally, condition (2), cases
not yet considered.

In a recent work, H. Rosenberg ([R]) proved that a complete embedded
minimal surface in the Euclidean 3—dimensional space whose second funda-
mental form has bounded norm is proper. It is not known if this result holds
either for immersions or for higher codimensions. Of course, the assumption
of the minimality of the immersion is important in Rosenberg’s result. In
fact, under general hypothesis, condition (2) is sharp, as shows the following
simple example: The curve y(t) = e'(1+cost,sint) is not proper but satisfies

Jlim d”(p, po)|4,| = 0,
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for any 0 < 8 < 1.

We shall now give precise statements of our theorems. Recall that the
asymptotic boundary M., € SV~!(1) of an immersed manifold M of R¥ is
the pointwise limit of the subsets

(1/R)(M N SYH(R)) € SVTH(L)

as R — oo, where SY"Y(R) = {p| |p| = R}.
In the next two results we give a description of the conical type end
immersions:

Theorem 1.1. Let M be a complete n— dimensional a-conical type end

immersed manifold in RN, that is, satisfying (1), n > 1, a > 0. Then

(a) M is proper,

(b) there is Ry such that M is transversal to the hyperspheres SN ~1(R) for
all R > Ry,

(¢) M is diffeomorphic to the interior of a compact differentiable manifold
with boundary,

(d) if a > 0, then M converges continuously to its asymptotic boundary,
that is, there are a compact n—dimensional differentiable manifold L,
surjective 1mmersions

or: L — (1/R)(MNS"Y(R)), R>R,

converging uniformly C°, as R — oo, to a continuous surjective map
c:L— M.

It is possible to prove that a surface of finite topology whose Gauss map
extends continuously to the punctures is a conical type end surface. Hence,
Theorem 1.1 generalizes itens (1) and (2) of Theorem 1 of [JM].

When a = 0, the convergence of (1/R)(M N SY~!(R)) may not satisfy
(d). For instance, the asymptotic boundary of the plane curve v(t) =
(t,tcosInt), t € [1,00) is a whole strip in S*(1), as one easily sees. In
this example, we even have limg(, p,)—o0 sup [N (p)| = 0.

We observe that in a a—conical type end manifold, o > 0, the limit map
o : L — M, may not be a topological immersion, as one sees in the example
of the parboiled z = 2% + .

Denote by D(R) the closed ball centered at the origin of R* with radius
R.

Proposition 1.2. Let M be a complete a-conical type end immersed surface
in R3, o > 0. Assume that there are Ry and V such that each connected



186 JAIME RIPOLL

component Vo, i =1, ...k, of (1/R)(S*(R) N M) satisfies

L () (D)dt < V

i
R

for all R > Ry, where t is the arc length of 4. Then meD(R) Kdw is uni-
formly bounded, where K is the Gaussian curvature of M. If meD(R”) Kdw
converges as n — oo, we have the formula

k
(4) lim Kdw = 2rx(M) = > lim L(v},).
i=1

n—=0 JMAD(R,)

In particular, M has finite total curvature if and only if there exist the limits
limp .o L(V%), i =1,..., k.

It is interesting to notice two special cases of formula (4). One occurs when
the limit curves 7', ...,v* of M, are great circles in S?(1), this happening,
for instance, when the Gauss map extends to the infinity. In this case, it
follows from Theorem 1 of [JM] that each curve 7% converges C' with a
certain multiplicity, say m;, to 7', and formula (4) yields

Kdw =27 <X(M) - zk:ﬂ%)

a very known formula in minimal surface theory, also proved in [JM]. The
other case, in certain sense opposite to this one, occurs when ~* are points. In
this case, of course, the Gauss map does not extend to the infinity. Formula
(4) gives

/M Kdw = 2mx(M).

Exemples are the graphs of even degree polinomials whose coefficients of
higher degree are positive, where we have [, Kdw = 2. Also, certain
complete graphs over k& multiply connected domains, where we will have
Sy Kdw =27n(1 — k).

Related to formula (4), but in a more general context, K. Shiohama ([S])
proves that

/ KdM = 27x(M) — lim L(r)
M rT—00
where M is a finite total curvature anullus, and L(r) is the length of a
geodesic circle centered at some point of M divided by r.

In the next result, we give a characterization of conical type end manifolds
immersed in RY.
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Theorem 1.3. Let M be a complete non compact n-dimensional manifold
immersed in RN, n > 1, whose second fundamental form A satisfies

(5) lim  supd'***(p,po)|4,] < 1

d(p,po)—o0

for some a > 0. Then M is a a-conical type manifold.

2. Proof of the results.

We recall that M is a complete n—dimensional Riemannian manifold iso-
metrically immersed in RY. We identify M with its image in RY and assume
that 0 ¢ M.

Given p € M, we denote by p(t,p) the flow of the gradient in M of the
map F|y, where F : RY — R is defined by F(p) = (1/2)|p|>. Since M is
complete, p(p,t) is defined for all t. We choose an arbitrary point py € M.

If (1) is satisfied for some o > 0, then obviously there is R; > 0 such that
the critical points of F' are all inside the geodesic ball

By, (R1) = {p € M |d(p,po) < Ri}
of M.
Lemma 2.1. Let p € M be given. Setting r(p,t) = (1/2)|p(p,t)|?, we have
(6) r'(p,t) < 2r(p,t)

for all t. If (1) is satisfied for some « > 0, then there is a compact K C M
such that, if p(p,t) € M\K for allt >0 then

1 2 1
(7) SPIPe T < r(p,t) < SlpPe, ift >0
and if p(p,t) € M\K for allt <0 then

1 1 )
(7) e <r(p,t) < §Ipl2e““5a’t, ift <0.

Proof. We have
/ ]' ' /
r'=(30.0) =lo.0)

and, since

(8) "=p—1[pIN(p)
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we obtain

(9) v = 1o (1 [N (o))
—2r (1- [N (p)P) < 2r

which proves (6). Since r'/r < 2, by integration we obtain r(p,t) <

(1/2)|p|e** if t > 0, and r(p,t) > (1/2)|p|?e** if t < 0.
It folows from (1) that there is a compact K C M such that

L= NP > 5(1 - 62)

for all p € M\ K. Therefore, if p(p,t) € M\K either for allt > 0 ort <0
one has, from the second equality of (9)

r'(p, t)
r(p,t)

>1-42

in each case. By integration we obtain the remaining inequalities (7, 77),
proving Lemma 2.1. [l

Lemma 2.2. Let us assume that (1) is satisfied for some o > 0, and let Ry
be such that the critical points of F' are all inside the geodesic ball B,,(R;)
of M. Then
(i) there is Ry such that, given p € M\B,,(Ra), then p(p,t) ¢ B,,(R1) for
all t > 0,

(ii) given p € M\B,,(R), there is t <0 such that p(p,t) € By, (R1).

Proof. (i) By contradiction, let us assume the opposite. Then we can get
a divergent sequence p, € M and a sequence of positive real numbers ¢,
such that g, := p(pn,t,) € By, (R1) for all n. We have lim,,_, . d(p,, ¢,) =
oo, where d is the intrinsic distance in M. But from (6) and (7°), setting
Tn(qn,t) = (1/2)|p(¢n,t)|?, we obtain, for all n

0 0 0
@t < [ Ipannldt= [\t

d(Pn, n) < /

t
Sla [ i< o
e 2 max < o0
= | —o0 " g€Bg, (po) e

contradiction! This proves (i).
(ii) Given p € M\B,,(R;), the above computations show that the length

of the curve p(p, —t), ¢ > 0, is finite. Since M is complete, we can get a
sequence t, — oo such that g, := p(p,t,) converges to a point ¢ € M,
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which has to be a critical point of F. It follows that ¢ € B, (R;), proving
(ii). [l

Lemma 2.3. Given 0 < e <1, let U C M be such that d(q,po)|A,| < € for
all ¢ € U. Assume the ezistence of p € U which is not a critical point of F
such that p(p,t) € U for allt > 0. Then

6(1 _ y0)62t(1—€) + Yo — €
(1 —y0)e 19 +yo — €

(10) [N (p(p,1))|* <

for all t > 0, where yo = |N(p)|>. In particular
(11) lim sup [N (o(p, D) < .

Proof. Observe that

q N(q) 2 n q 2
(12) <,> =1- = Vi

lal” [N (q)] ; lql
where {V},..,V,,} is an orthonormal basis of T, M, so that the function

< ¢ N(q) >2
=\ T
lal” IN(q)|

is differentiable, even where N(gq) = 0. Setting

_ /et ’
(13) 1) = (Lo N 0)
where N = N/|N|, we will prove that
(14) y <201 —y)(e—v),

for all t > 0. If N(p(p,t)) = 0 at some ¢ then we have y(t) = y'(t) = 0 so
that (14) is satisfied at t. If N(p(p,t)) # 0 then \/y(s) is differentiable at
s=tand, at t

v =2(j5 >;2 I N2>+<|p| )
“ (= () (o) ) (o)

(15) y < —2(1—y)y+2’<|z|,ﬁ’>‘.
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But

_ / 1 . /12 / _
2 ’<p,N’>‘ —o|( PP g N = Nl <pl,vp,/|p,N>‘
d d lol [\ ]p']

—9 (1 - <‘Z‘,N>2> o] ‘<|Z:|, Vp’/p’lﬁ>’
< 2(1 = y)d(p, po) | Ap| < 2¢(1—y),

which, with (15), proves (14).
Let z(t) be the solution of the differential equation

Z'=2(1-2)(e—2)

satisfying z(0) = yo := y(0). We note that since p is not a critical point of
F, y(0) < 1. We see that z(t) is given by

(1 —yo)e* =9 +yy — €
(1 _ yo)e%(l—e) + Yo — €

(16) 2(t) =

being defined for all ¢ if € < g, and for

1 € — Yo

t> n
1—€¢ 1—1y

if yo < €. Since (e—yo)/(1 —yo) < 1, 2(t) is defined, in any case, for all ¢t > 0.
By comparison, since y'(t) < 2'(t) for all £ > 0 and y(0) = 2(0), we obtain

y(t) < =(b),

for all ¢ > 0, proving (10). Inequality (11) follows from (10), finishing the
proof of Lemma 2.3. [l

Lemma 2.4. Assume that there is p € M such that the curve t — p(p,t)
satisfies
Jim _sup d(p(p, 0), p(p, 1) Appn| < 1.

Then the image of the curve t — p(p,t), t € (—o0,0], lies in a compact subset
of M.

Proof. By contradiction, we assume the opposite. Since M is complete,
the curve t — p(p,t), t € (—o0,0], has infinite length. Setting r(p,t) =
(1/2) {p(p,t), p(p,t)), for t <0, we therefore have

/_0oo \/ 7 (p,t)dt = oo
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since 7’ = (p', p) = {p',p') . Since lim,_, . d(p, p(p,t)) = oo, it follows that
limy .o |Appty| = 0 and, given 0 < § < 1, there is ¢, < 0 such that

1- |pHAp(p’t)| >0

for all t < to. If N(p(p,t)) # 0 we can set N = N/|N| in a neighbourhood
of t. Since

p=p—(pN)N

we obtain

p =0 = (p,N)N~(p,N) N
and

(0", 0) = {0 ,0') = (p. N ) {p/,N")
so that

7"// 2 (7N \T :0/ \T
— = PP :2<1— p, N </,VP/N>)
v e (o8 (o Vs

> 2(1 = |pl[Apa|) = 29,

since the function t — p(u,t) is non decreasing, for all u € M. We may
therefore conclude that Wip s
r (p7 ) > 25

r(p,t)
for all t < t, satisfying N(p(p,t)) # 0. If N(p(p,t)) = 0 at some point ¢ then
we have, p”(p,t) = p'(p,t) so that r"(t)/r'(t) = 2.
It follows that »”/r" > 26, for all t < ¢, By integration, we obtain

, to 0!
1y P to) :/ r(p,8) 4 > 20(to — t)
rpt) S r(ps)

so that
r(p,t) < r'(p to)e T

It follows that

0 to 0

r! ,tdt:/ r! ,tdt+/ r(p, t)dt <
[ = [ e [rw

to 0
V' (pt / e<1*5><t*t°>dt+/ V7' (p, t)dt
(p.to) | , Vet

77’/(p,t0) 0 ’
== —|—/t0 /7 (p,t)dt < oo

contradiction! This proves Lemma 2.4. |

IN
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Proof of Theorem 1.1.

(a) Clearly, it follows from (1) that all critical points of F' are inside a
geodesic ball By := B, (R;) C M, where p, is a fixed point in M. We
assume that R; is such that K C Bj, where K is the compact given in
Lemma 2.1. By Lemma 2.2 (i), there is another ball By := B, (Rz) such
that p(p,t) € M\B, for all p € M\B; and for all t > 0. We assume that
Ry > R,. Given a divergent sequence {p,} C M\B,, we will prove that it
is divergent in the space. Reasoning by contradiction, we may assume that
{pn} converges in the space to p € RY. Given n, it follows from Lemma 2.2
(ii) that there is t,, > 0 such that g, := p(pn, —t,) € 9Bs, for all n. We choose
t, in such a way that p(p,,—t) ¢ 0B, for all 0 < t < t,,. We may assume,
without loss of generality, that ¢, converges to ¢ € B,. Furthermore, since
P, diverges in M and M is complete, t,, — 00 as n — oo. Given any divergent
sequence S,, of positive real numbers, we have

(17) lim |p(q, s,n)| = limlim |p(g, $m)| < Hm |p(gn, ta)| = lim |p,| = [p|

since the function ¢ — |p(u, t)| is non decreasing, for all u € M. On the other
hand, since p(q,t) € M\K for all ¢t > 0, it follows from Lemma 2.1 (7) that
lim; . |p(q,t)] = oo, contradicting (17). This proves that M is properly
immersed in the space and (a) is satisfied.

(b) Clearly (3) implies (b).

(c) Since M is proper and there is R, such that SV¥~!(R) is transversal to
M for all R > Ry, MNSY~!(R,) consists of a finite number of immersed com-
pact connected differentiable manifolds. It follows that M (R,) := D(Ro)NM
is a compact immersed manifold in RY with boundary, where D(Ry) is the
ball of the space centered at the origin and with radius Ry. If L is any con-
nected component of M\ M (R,) then the function F'(p) = 2|p|? restricted to
L has no critical points having its gradient orthogonal to the boundary N
of L. We then observe that the map

7:N x[0,00) = L
(p,t) = p(p,t)

is a diffeomorphism. In fact: It is obviously injective and a local diffeo-
morphism. But it is also surjective since all critical points of F' are inside
M(Ry) so that, by Lemma 2.2 (ii), given p € L\N, there is t > 0 such that
p(—t,p) € N. This proves (c).

(d) Let us assume that (1) is satisfied with o > 0. Then, there is no loss
of generality to assume that

(18) lim  d*(p,po)|N(p)| = 0.

d(p,po)— o0
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We will prove the existence of the limit

p(p, 1)
1m
t—oc [p(p,t)]

for all p € M\ By where B, is given in (a). Choose p € M\B,. Given any
unitary vector V in R it is enough to prove that the angle (p,t) between
V and p(p,t) has a limit for t — co. First assume that N =2 and V' = (1,0).
We can therefore write

p(p;t) = r(p,t)(sinb(p,t), cos 0(p, 1))

and we note that here r(p,t) = |p(p,t)|. Since (p,p’) = (p',p') = 1’ we
obtain

(19) " (1 - TI) — 92

r
and
!
(20) 1- = =|NP?
r
so that )
lim L 1
t—oo 7
and

’ 2 2
lim 72 (1—T> = lim (r“<p,N>) = lim (]p]a<p,N>> =0.
A r) = A AP,

Therefore, from (19), we have

lim re6" = 0.
From Lemma 2.1 inequality (7) we have r(p,t) > [p|2¢0 %) so that
limy_ o ea(lf‘;i)tH’(p,t) = 0. Tt follows that there is a positive constant C'
such that
2
0'(p,1)] < Cem@U 70", ¢ >0,

which implies the existence of the limit lim; .., 0(p,t).
If N > 2, we can write p(p,t) in spherical coordinates extending V' to an
orthonormal basis of the space and we will obtain

,r/ ,r/
R :0/2 2
r( r) +Zi:az
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for certains function a; = a;(p,t), where 0(p,t) is the angle between p(p,t)
and V. Since one still has (20), the proof continues as in the case N = 2.

Suppose that M N SY~'(R,) is the image of an immersion H : L — RY
where L is a (n — 1)-dimensional differentiable manifold and Ry is given as
in (¢). Given R > Ry, we define oy : L — (1/R)(M N SN (R)) by

or(r) = (1/R) (p(H(z),R) N S*'(R)).

By the implicit function theorem, it follows that o is a surjective immersion
for all R > Ry. From what we have proved above, it follows that o converges
as R — oo, to the map

o:L— My

r +— lim 7p(H($),t) .
= Jp(H(@), )

To prove the uniform convergence of the family {or}, we consider the family
{r: L — SN(1)} given by

G (R
I Jp(H (@), )

which clearly converges to o as t — oo. Given € > 0, by (18), there is a
geodesic ball Bs in M containing B such that

Ip|“|N(p)| < e

for all p € M\Bs. Let ¢; be such that p(H(x),t) € M\Bs for all ¢t > t; and
for all z € L. It follows that

[p(H (), 5)|*|N(p(H (2), )| < e

so that, by Lemma 2.1 (77),

(21) IN(UH), )| < s <

for all z € L and for all s > ¢;. Denoting by 6(x) the angle between o(z)
and V and, as before, by 0(x,t) the angle between 7(x) and V' we have

0(z) — 0(z, 1) < /:O 0/ (2, 5)] ds.
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By (19) and (21), setting r(x,t) = |p(H (z),t)|, we obtain

, _r'(s) (0 (@ s) _r'(z,s)
0"(, )] = \/r(x,s) (1 r(x,s)) = \/1 r(z, s)

a(1-82)s
€e 2
= N(p(H(2),8))| < —55
0
a(1-52)t
2ee” 7 =
0(z) —0(z,t) < ———
0a) 0w 0)| < =

proving that the family {7,} converges uniformly to o as t — oco. This proves
that o is continuous.

Now, given € > 0, there is ¢; such that |7 (z) — o(z)| <, for all t > ¢; and
for all z € L. Clearly, there is R; such that |og(z) — o(z)| < |7, (z) — o(z)]
for all R > R; and for all € L, implying that {or} also converges uniformly
to 0. This concludes the proof of Theorem 1.1. |

The completness of M in Theorem 1.1 is an essential hypothesis (to apply
Lemma 2.2). In this sense, it is interesting to observe the example of the
cone M over an immersed but not proper curve in the sphere. Condition (1)
is satisfied for all & but M is not proper.

Proof of Proposition 1.2. Applying Gauss-Bonnet theorem on M(R) :=
M N D(R), where D(R) is the ball of R? centered at the origin with radius
R, we get

(22) KM = 2mx(M(R) ~ /7 RO

M(R)
where k;(R) is the geodesic curvature of Rv;(R). We observe that
ki(R)(t) = (vi(R)" (1), n(t))

where t is the arc lenght of ;(R) and n(t) the exterior conormal vector of
OM(R) at ;(R)(t). We can write

(23)
ki(R)(t) = (vi(R)" (1), n(t) — v:(R)(1)) + (3(R)" (1), %(R)(t))
() = n(R)() - 1/R

I
—

=
—~
=
N—
I
)
~
N—

3

since (7;(R)(t),7:(R)(t)) = 1.
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From the boundedness of the total curvature of 4;(R)(t) in the space and
from (3), we get

(24) lim (i (R)"(2), (t) — %(R)(#))| dt = 0

R=00 Jyi(R)

since |n(t) —v;(R)(t)] — 0 as R — oo. Since M has finite topology, using
(22), (23) and (24) we therefore obtain

k
lim KdM = 2mx (M lim L(v;(R
o XN =Y Jim L)

proving Proposition 1.2. [l

Proof of Theorem 1.3. We will prove that the set Z C M of the critical
points of F' is bounded. By contradiction, let us assume the opposite. We
begin by showing the existence of a geodesic ball B of M such that Z\B is
a submanifold of M of dimension zero, that is Z\ B is constituted of isolated
points of M. Setting Ry = |po|, we have 2d(p, py) > |p| for all p € M\B,,(Ry).
Let B, closed, be chosen such that

<1

146,
(25) d(p,po) | Ap| < 5

and d(p,po) > 2(1+6,)/(1—46,) for all p € M\B. Given p € Z\B, let B,(R)
be a geodesic normal ball of M centered at p such that B,(R) C Z\B and
let V1, ..., V,, be vector fields on B, (R) which constitute an orthonormal basis
of the tangent space of M at any point of B,(R). Define f; : B,(R) — R by

fila) = <§|v>
Then Z N B,(R) =N, f; *(0). Given g € f;'(0), we have
V@ = 1 0+ () @1 + (v

iy |‘5”+<\ VY )

d(q, po)|Vi(fi)(q)] > 1 = d(q,po)|Agl
1-96,
>
=

so that
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and

1—0,

V(@) < —

i # ]

It follows that the gradients gradfi, ..., gradf, are linearly independent,
which shows that ZN B, (R) is the transversal intersection of n submanifolds
of M with dimension n — 1, proving our assertion.

Let ¢ € Z\B be critical point of F. Since ¢ is isolated, there is p € M,
p # q, such that the a—limit (with respect to the vector field gradient of F’
in M) of p is g, that is,

lim p(p, t) = q.

By choosing p close enough to ¢, we may assume that p(p,t) € M\B for all
t > 0. Setting

(26) ) = (LLD N p(p.1) )

lp(p, 1)

we have lim; ., y(t) = 1. On another hand, it follows from (25) and Lemma
2.3 with € = (1 + d,)/2 the existence of ¢, such that y(t) < e < 1 for all
t > ty, contradiction!

Therefore, there is a geodesic ball B,,, (R;) containing all the critical points
of F. We claim that there is Ry > R; such that if p € M\B,, (R2) then
p(p,t) ¢ By, (Ry) forallt > 0. In fact: By contradiction, assume the existence
of a divergent sequence p, in M and a divergent sequence t, of positive
real numbers such that g, := p(pn,t,) — 0B,,(R1). We may assume that
p(pn,t) € M/B, (Ry), for all 0 < ¢t < t,. Without loss of generality, we
may assume that g, converges to a point ¢y € B, (R;). It follows that the
curve t — p(qo,t), t < 0, is divergent in M and satisfies, by hypothesis,
lim;_,_ . supd(p,po)|A4,| < 1, contradicting Lemma 2.4. This proves our
claim. Ul

Since M is complete, we have
(27) Jim d(p(p, 1), po) = oo
for all p € M\B,,(R,). Let us prove that
(28) Jlim sup [N (p(p, £))| <1

for all p € M\B,,(R2).
Let R3 > Ry be such that (25) is satisfied for all p € M\B,,(R3). Using,
as above, Lemma 2.4, we can assure the existence of R4 such that p(p,t) €
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M\B,,(R3), for all p € M\B,,(R,) and for all ¢ > 0. Now, given p €
M\B,,(R>), by (27), there is ¢; such that p(p,t;) € M\B,,(R,). Therefore,
by Lemma 2.3, we obtain

1446,

<1
2

Jim sup [N (p(p, £))| = lim sup N (p(p(p, t1), 1)) <

proving (28).
We prove now that (3) is satisfied for a = 0. Let R4 be as above and set

d = max {|N()|, p € 0By (R.)} .
If d < (3+446,)/4 <1, then we have
(29) IN(p)| < (B+6a)/4 <1,

for all p € M\B,,(R4). In fact: given p € M\B,,(R,), thereis p; € 0B,,(R4)
such that p = p(p1, t1), for some ¢, > 0. Since p(p,t) € Br,(po), t > 0, if y(¢)
is defined as in (26) with p; instead of p, we obtain, from the proof of Lemma
2.3, y(t) < z(t) for all ¢ > 0, where z(t) is given by (16) with e = (1 +4,)/2.
This proves (29).
If d > (34 0,)/4, we set
1 d— 1t

_ 2
(30) T=y

and, since T' > 0,
K :={p(p,t)|p € By(Ra), 0<t<T}

is well defined. We then have |N(q)|* < (3+d,)/4 if ¢ € M\K. In fact:
Given ¢ € M\K, there is p € 0B,,(R4) such tha p(p,t;) = ¢, for some
t1 > T. By (16) and (30), we obtain, using again the proof of Lemma 2.3,
y(t1) < 2(t1) < (34 da)/4, that is,

2 (2 _ [ pot) _ 3+ da
NP = (5N ) = (L Mol t) ) = i) < =

This proves that M is a O-conical type end manifold.
Now, let us prove that M is a a—conical type immersed manifold. Since
it is a 0—conical type end manifold, we can take § > 0 and Rg such that

p(p,t) ’
0< <|p(p,t)|’N(p(p’ t))> <0
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for all t > 0 and for all p € M\B,,(Rs). Given p € M\B,,(Rg), set

10 = (220 N ))

p(p, )7

B = 1—«, and let us prove that lim, .., sup f(¢) < 1. Assuming the opposite,
there is a sequence t,, — oo such that lim,, f(¢,) = 1. Setting

(577 )

since lim, o, supa(t) < 1, there is to and ¢ < 1 such that ao/(|5]) < ¢, for
all t > to, where ag = a(ty). Let t; be such that a(t;) < a(ty) for all t > ¢,
and set ty = max{to,t;}. Then, for all ¢ > t,, we obtain

fl=- |p52<p,p><|pﬁﬁaN>+2<|pﬁﬂ’N><lfﬁﬁ’N/>
_25<1<|ppw’N>><|;ﬁﬁ’N> 2 () ()
:_25<1_<‘75,N>>f+|pl2a<w N><’Z|,NI>

< 213161 + 2d%+ (p, py) <| £V, 2 V)| < 208167 + 200

a(t) = d***(p(p,t), po)

where we have used that p’ = p — (p, N) N. Let g(t) be the solution of the
differential equation

(31) 2 = =2|08|0z + 2ay

satisfying the condition g(t2) = f(t2) = fo. By comparison, we obtain f(t) <
g(t), for all t > t,. Equation (31) can be easily integrated providing

a0 _ f
Qo 418 26725\5#
5|/3’ e—26|8 ’

which shows that f(t) < ao/d|5| for all t > t,, contradiction!

It is therefore proved that lim; .. sup f(¢) < 1. From this, as already made
above for the case a = 0, one can conclude that (1) is satisfied, proving that
M is a a-conical type end manifold, concluding the proof of Theorem 1.3.

g(t) =
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